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Abstract During the on-orbit service of an deploy-
able antenna, the resonance of the antenna will affect
the accuracy of direction. The nonlinear dynamics of a
rigid-flexible space antenna is studied under the
conditions of two-to-one or three-to-one internal
resonance analytically and experimentally. The non-
linear dynamic equations for the planar vibration of
the antenna structure with two degrees of freedom are
derived via the assumed modes method. Then, the
resonance parameter planes are obtained according to
the length ratio, the mass ratio and the stiffness of the
torsional spring in the antenna system. Afterwards, the
method of multiple scales is utilized to obtain the
approximate solutions under two-to-one or three-to-
one internal resonance. Furthermore, the bifurcation
characteristics of the nonlinear normal modes of the
antenna system are investigated as well. The results
show that more than one nonlinear normal mode exist
over a wide range of the detuning parameter. To
validate the accuracy of the approximate solution, a
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numerical solution and an experimental investigation
are presented, respectively. The results show that both
the numerical and the experimental results agree well
with the analytical one.
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1 Introduction

Large space structures usually carry one or several
antenna subsystems for different space missions.
During the deployment and the on-orbit service of
space structures, the attitude of the antenna subsystem
need to be adjusted according to different space
missions. The application of manipulator to the
attitude adjustment and the vibration suppression of
the antenna is an important issue. In this study, the
antenna system is simplified as a rigid-flexible system
including a rigid arm and a flexible beam with a
torsional spring at the joint and only the in-plane
vibration of the antenna system is taken into consid-
eration. Such a rigid-flexible system is usually named
as the L-shaped beam in many previous researches.
Recent years have witnessed numerous studies on
the dynamic characteristics of the rigid-flexible multi-
body systems [1-4]. Researchers [5-8] have paid
attention to the study on the nonlinear dynamic
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behavior or the vibration suppression of a flexible
beam carrying an attached mass. A lot of researches
have focused on more complex beam structures as
well. For example, Ashworth and Barr [9] analyzed
the nonlinear resonant behaviors of both L-shaped and
T-shaped beam structures due to parametric excitation
theoretically. Balachandran and Nayfeh [10] obtained
the analytic solutions of the principal parametric
resonance and the 2:1 internal resonance for the in-
plane vibration of an L-shaped beam structures.
Nayfeh et al. [11] studied the three-mode interaction
resonant response of a system of three degrees of
freedom with quadratic nonlinearities. Apiwat-
tanalunggarn et al. [12] proposed a nonlinear compo-
nent mode synthesis method and studied the dynamic
characteristics of the composite structures. Erturk
et al. [13] established a distributed parameter model to
analyze the coupled electromechanical behavior of the
piezoelectric energy harvester on a basis of the
L-shaped beam-mass structure. Furthermore, Vyas
and Bajaj [14] introduced a T-beam micro-resonator
design due to the 2:1 internal resonance and illustrated
the nonlinear frequency-amplitude response of the
system. Wang and Bajaj [15] studied the forced
nonlinear response of a three-beam structure with
attached mass undergoing three-mode interactions.
They revealed that the amplitude response may
undergo a pitchfork bifurcation or a saddle-node
bifurcation, or a Hopf bifurcation. Onozato et al. [16]
investigated the chaotic vibrations of a post-buckled
L-shaped beam with an axial constraint. Very recently,
Harne et al. [17] analyzed the nonlinear internal
resonance and saturation phenomena of an L-shaped
vibration energy harvester.

In the available literature, the theoretical researches
of the nonlinear dynamics of serial systems have
received much attention. As experimental investiga-
tion is another essential tool to understand the
nonlinear dynamics responses of the beam structures,
many researchers have made efforts to study the
nonlinear dynamics of the flexible beam systems
experimentally as well. For instance, Haddow et al.
[18] studied the nonlinear resonances of a flexible
L-shaped beam-mass structure analytically and exper-
imentally, and demonstrated the jumping and satura-
tion phenomena of the structure. Then Nayfeh and
Balachandran [19] investigated the nonlinear
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responses of the similar structure subjected to primary
resonance excitations experimentally. They reported
that there existed the periodic and chaotic solutions,
Hopf and saddle-node bifurcations and saturation
phenomena. Nayfeh et al. [20] analyzed the linear and
nonlinear responses of two light-weight beams in a
T-shape configuration under a harmonic excitation
experimentally and obtained some phenomena pre-
dicted by theoretical method. Warminski et al. [21]
analytically and experimentally studied the modal
interaction of an L-shaped auto-parametric beam with
different flexibilities in two orthogonal directions. Cao
et al. [22] focused on the theoretical and experimental
investigation of planar nonlinear vibrations and
chaotic dynamics of an L-shaped beam structure
subjected to harmonic excitation. Recently, Wang
et al. [23] dealt with the experimental and numerical
investigations of the characteristics of particle damper
attached to the top free end of an L-shaped cantilever
beam.

Furthermore, in order to obtain the periodic solu-
tions of a nonlinear differential equation of high
dimensions, Rosenberg [24] proposed the concept of
nonlinear normal modes first. Then, Shaw and Pierre
[25] presented the invariant manifold method to derive
nonlinear normal modes. Afterwards, Nayfeh [26, 27]
developed the method of multiple scales to construct
the nonlinear normal modes of continuous systems
with internal resonance. Many researchers [28-33]
used the method of multiple scales to study the
nonlinear normal modes of various systems. Very
recently, Renson et al. [34] reviewed the recent
advances in computational methods both for
undamped and damped nonlinear normal modes.

The free vibration of a space antenna system is an
important issue since there is no persistent external
excitation during on-orbit service of the antenna. This
study deals with the analytical and experimental
studies on the nonlinear resonance of a space antenna
system of two degrees of freedom with the consider-
ation of the coupling between the motion of the rigid
arm and the deformation of the flexible beam. The
traditional method of multiple scales [35] is not
suitable for the rigid-flexible system since the mass
matrix here is not a constant matrix. In this study, a
multiple scales method in matrix form is developed for
the rigid-flexible system, in which the interaction of
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two modes is considered, based on the research in [36].
The remainder of the paper is organized as follows. In
Sect. 2, the nonlinear dynamic equations of in-plane
vibration of the antenna system are derived by using
the Lagrange equation. In Sect. 3, the nonlinear
resonance is analyzed by using the method of multiple
scales. Afterwards, the approximate solutions are
determined and their stabilities are discussed. In
Sect. 4, the numerical results are presented to validate
the approximate solutions of nonlinear resonance
analysis. In Sect. 5, the experimental setup and
experimental scheme are illustrated, and the results
of the nonlinear vibration experiments are shown.
Finally, some conclusions are drawn in Sect. 6.

2 Model of a rigid-flexible antenna system

As shown in Fig. 1, the study focuses on the in-plane
vibration of an antenna system, which consists of a
rigid arm and a flexible beam. The arm is hinged to the
main body of the satellite via a torsional spring and the
beam is fixed at the free tip of the arm. The main body
of the satellite is usually much heavier than the
antenna system. Thus, the motion of the antenna
system is assumed to have a little influence on the
main body of the satellite. That is, the main body of the
satellite can be considered as fixed in an inertial frame
of reference in the study. In addition, it is assumed that
the slender beam has a uniform cross-section and is
made of an isotropic material such that it can be
modeled as an Euler-Bernoulli beam when the

Fig. 1 The simplified model of a rigid-flexible L-shape antenna
system

deformation of the beam is small, and the rotation
speed of the antenna system is slow.

An inertial frame OXY of reference and a body
frame oxy of reference are established as shown in
Fig. 1, where the motions of the rigid arm is described
by rotation angle 6, and the deformation of the beam is
represented by w(x,?) in the body frame. Thus, the
kinetic energy and the potential energy of the antenna
system are given as

1 1 ., 1 [t
T:Emr‘lrh—i—ilﬂz-i-i /0 PAFSFpdx (1)

1 1 Pw\’
=—k0*+= | EI|=—) dx 2
V=3k +2/0 (ax2) @

where m, [, J and r; are the mass, the length, the inertia
moment and the position vector of the mass center of
the arm, respectively. p, A, L and EI are the density of
beam material, the cross section area of beam, the
length of beam, and the bending stiffness of beam,
respectively. r,, is the position vector of an arbitrary
point on the beam. k; is the stiffness of the torsional
spring.

Base on the assumed modes method, the dynamic
deformation of the flexible beam can be described by
the modal shape function and the modal coordinate of
a cantilever beam [37-39]. In this study, only the first-
order frequency vibration is taken into consideration.
Hence, the dynamic deformation w(x, ¢) of beam can
be approximately given as w(x,?) = ¢(x)q(t). Here,
@(x) is the first normalized modal shape function of a
cantilever beam.

Now, the following dimensionless parameters are
introduced

where o, = /2\/EI/(pA) and 2, = 1.8751/L. The
generalized coordinate vector is chosen as

n=[nn]"=[6g]". By substituting the kinetic
energy and the potential energy into the Lagrange
equation of the second kind, hence, the dynamic
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1
|3
M(n) = le/oLx(p(x)dx
k=" | i -

(db* + 1)+b2+%6(67/0L(p2(x)dxZb/OLgo(x)dx> é/Lxgo(x)dx

equation of the antenna system can be derived as

M(n)n + Ky —P(y,n) =0 (4)

where
The dot in Eq. (4) is defined as the derivative with
respect to the dimensionless time .

3 Nonlinear resonance analysis

In this section, the method of multiple scales is used to
analyze the nonlinear resonance of the coupled system
of two degrees of freedom governed by Eq. (4). Thus,
a third-order uniform approximate solution is assumed
for Eq. (4) as follows

n=mno+ ey (To, T1, Ta) + &°ny(To, T, T2)
+ &3 (To, T1, T5) + - - - (6)

where T, =¢"t, r=0,1,2---, and ¢ is a small
bookkeeping parameter. By substituting Eq. (6) into
Eq. (4) and expanding all matrices and vectors,
equating the same power of ¢, one has

Konng — Py =0 (7)
MOD(Z)”I +Ron; =0 (8)

MDD, + Ron, = —2MoDoDny — M (n,) D3,

— K>(ny,m1)n0 — Ky ()m,
+ PpDiny + Py(ny, Dony)

©)
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MoDgn; + Rons = —2MoDoDany, — 2MoDoDyip,
— MoDiy — 2M, (,)DoD: 1y
— M, (n,)Dgny — M (n,) D
- M(1y, '11)D5'11 —Ki ()1
=K (), — Ka(ny,m)m
= 2K>(111, m0)10 — K3 (1, 11, 11)M0
+ Pi2(Diny + Domy)
+ 2Py (111, Doty + Dinpy)
+ 2P21 (113, Doty ) + P3 (1, Doty )
+ P11 (1, 12) + Pa2(Dony, Diipy + Doipy)
(10)

where D, = 0/0T, represents the differential opera-
tors, and other matrices and vectors in Egs. (7)—(10)
read

My = M(n,),Ko = K(n,),Po = P(ny, Dong)  (11)

oM 0K
M(x) = [in]vKl(x) = {sz],f’n = [P11]
OP; OP;
= [a'l P12 = [Pryj] = a
J j
(12)
1 *M
M — |z
Z(xay) [Zaman] J]]a
1 K (13)
i
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Py(x,y) = {Px(x,y)} =

Py (x,y) = {Pax(x,y)} = 3 X0y
Pas(e.y) = (Pousley)} = |1 P
211X, ) = U211k\X, Y )y = 2617,-611]» iy
1 8*P,
Py (x,y) = {Pui(x,y)} = {mem}
(14)
1 oK
K = |—— XV
3
1 (0P oP;
P —{P = Exi+ Ly,
3(x7y) { 3k(x)y)} 6 (anl X; + anjy/>
(15)
Ry =Ky, — P;; — P;2Dy + 0,0y
oK oK
n n 16
= [{an et (e

Ho

In Egs. (12),...,(16), (); and (); are the entries of a
vector or a matrix, respectively, and all derivatives are
evaluated at n = #o. In Egs. (12),...,(15), x, y and z
represent )y, 42, Dony, D11y, Danyy, Doy, and Din, in
Egs. (9)-(10). Furthermore, in Egs. (14) and (15)

aPk aPk ,Pk n . -
(aﬂl z+— ) Z m 617"6 Sy X;Y; "m =23
(17)

At first, o can be determined by solving Eq. (7).
Then, if M, is nonsingular, Eq. (8) can be rewritten as

Dy + Som, =0 (18)

where §o = My 'R is a matrix function with respect
to no. By solving Eq. (18), the first-order approxima-
tion solution can be obtained as

m = Ay exp(io To)p, + A exp(—iw To)p,
+ Ay exp(imyTo)p, + Az exp(—imaTo)p,  (19)

where eigenvalues w;, w, and corresponding eigen-
vectors p, p, represent the natural frequencies and the

mode shapes of Eq. (4) around #, respectively, which
are acquired by solving the following eigenvalue
problem.

w’p = Sop (20)

It is obvious that the system may undergo 2:1 or 3:1
internal resonances according to the square and cubic
nonlinear terms in the system equation. To identify the
conditions of internal resonances, the parameter
combination of &, d and b are taken into account when
ko = 1. By solving Eq. (20), the conditions of internal
resonances can be obtained as follows

Loif (k+ 4 (d? 4+ 1) + 22)°= 10k (L (ap® + 1)+
b* —0.569%),m, = 2w;  holds;

2. if (k+4(d0? + 1) + 07)°= Lk (L (db? + 1)+
b* —0.569%), > = 3w; holds;

3. if (k+4(db? + 1) +07)°= k(L (dp? + 1)+
b* —0.569%), > = 4w; holds.

Figure 2 shows the parameter plane in the param-
eter space of (d, b, k), where different kinds of internal
resonances occur. In Fig. 2, there exist several kinds of
internal resonances, such as 3:1 and 2:1 internal
resonances.

In the following two subsections, 2:1 and 3:1
internal resonances are investigated in detail,
respectively.

3.1 2:1 Internal resonances

To describe the closeness of w; to 2w;, a detuning
parameter o is defined as w, = 2w + ¢0. By substi-
tuting the expressions of 7y and #; into Eq. (9), a
unique solution #, is obtained only if the secular terms
are orthogonal to every solution u;, which is given by

w;M{u; = Riu;(j = 1,2) (21)

Then, eliminating the secular terms gives rise to the
following differential equations

(ulv))D\A, +i(ula)A Ay exp(icTy) =0 (22)
(ung)DlAz + i(u;dz)A% exp(—iaTl) =0 (23)
where
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(b)

Fig. 2 The parameters for complete resonance condition. a

wy; = 2wy, b wy =3w;, ¢ wy = 4w,

vi =201Mop, +iPop,

% = oM (py)p; + 3M, (p1)p, — 2Ka(py,p2)1o
—Ki(py)p, —Ki(p1)py + P2 (py.p2)
+Py1(py,py1) + 0102(P22(py,ps) + P2 (py,p1))

v2 = 2w:Mops + iP1op,

% = oM (p,)p, — Ka(p1,py)1o — K1 (p1)p;

+ Py (py,py) — ©iPn(p,p))

As u; is the eigenvector, it can be normalized
such that uijj = 1. Afterwards, by letting A; =

@ Springer

ajexp(if;)/2, j=1,2 in Egs. (22) and (23) and
separating the real and imaginary parts, one arrives
at the modulation equations as follows

1 .
Dlal = Ealaz (u{dl) sy (24)
1 T
aiDf, = —Ealaz(ulocl)cosy (25)
Lo r .
Dia; = —54 (ular) siny (26)
1
aDfy = — Ea% (ugacz) cosy (27)
where
7=PBy— 2P+ 0Ty (28)
From Eqgs. (24) and (26), one has [35]
L, 1 5
74 + 5 C0dy = Ey (29)

where co = (ula;)/(ula) =ci/c; and Ey is an
energy constant determined by initial mode ampli-
tudes. When ¢y > 0, Eq. (29) is called the equation of
elliptic-type, whereas Eq. (29) is called the equation
of hyperbolic-type when ¢y <0. In addition, Egs. (25)
and (27) can be combined to

1
aD1y = ga + (—Ecm% + cla§> cosy (30)

With help of Egs. (26) and (29), Eq. (30) can be
rewritten in the complete differential form as

a%azcosy—ga%:l,o (31)
(&)
where L is an integral constant.
When ¢y >0, let a} =2EE(T)). Then, a3 =
2Ey(1 — &(T1))/co holds according to Eq. (29). Com-
bining Egs. (24) and (31) gives

o (d—f)2=f (& —5(& (32)
2C%EQ dT1 ! 2
where

(&) =01 -8),5(8)°
o Co I 20'E()
8E] [ o €2€0

2

(1-9 (33)




Meccanica (2018) 53:33-48

39

Y

Fig. 3 The conditions of periodic and aperiodic oscillations for
co>0

The analytical solution of Eq. (32) exists if and
only if £, (&)* > f,(£)* holds. There are three intersec-
tions &;, &, and &3 determined by the curves f; and f> as
shown in Fig. 3. According to the assumption of
a3 = 2Ey&(Ty), ¢ is a positive number. Hence, the
bounded aperiodic oscillation of the original system
occurs when ¢ € (&, &3) holds, as indicated by the
heavy line in Fig. 3.

In the case of ¢y <0, let ai = 2(Ey — |Eo|co&(T1)).
Then, one obtains a3 = 2|Ey|&(T;) and

1 d¢ ) .
2|EO|02 (dT > =f(8)” (S (34)
where

(&) = 5<|E | coé>2,fz<f>2

1 20 2
- (o +ZE 5) 35
8|Eo|’ ( T ol (35)

As illustrated in Fig. 4a, there are three intersec-
tions &1, &, and &3 determined by the curves f; and f> as
well. When ¢ € (&,,&,) or £ € (&, &3), as indicated
by the heavy line in Fig. 4a, the bounded aperiodic
oscillation of original system occurs. There is only one
intersection &; as shown in Fig. 4b which indicates
that the unbounded aperiodic oscillation of original
system may occur when & > &;.

Furthermore, for the case of ¢y > 0, Eq. (32) can be
written as

1,
/ .
0 K
1,
(a)
Jioh /
A
J N 1A
- 1\7‘5

(b)

Fig. 4 The conditions of periodic and aperiodic oscillations for
C()<O. acy <0,E0 <0, b Co <0,E() >0

Co dﬁ
2E, (dTl) (&= -&H)E-&) (36)

when ¢ € (&,,&;). By introducing the transformation

of (& —¢) =

ay = £/2E)[& — (& — &)sn?(pyt, )]
a == 2—]1;0 (1= &+ (& — &)sn*(pyt, )]

(37)
[E 53 51

For the case of ¢y <0, one obtains the following
expressions as

{ i\/_\/E0—|E0|Co ¢ —(&
= +/2|Eo|\/& —

(&3 — &) sin’ y, one has

where

fz—Cz

(38)

— &)sn?(pyt, 1))
— &)sn*(pyt,m)

(39)
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Fig. 5 Variation of & with ¢/a; for 2:1 internal resonance

where

_ |Eo|(&3 — &4) G -4
o 1 gmy W

Then, the approximate solution of 2:1 resonance
can be analytically obtained as

1 = 1y + elay cos(wyt + f1)py + az cos(2w1t + 2 + 7)p,]
(41)

It should be noted that the solutions of the nonlinear
normal modes of the original system correspond to the
steady state solutions of Egs. (24), (26) and (30).
Then, these mode solutions are asymptotically stable if
the eigenvalues of the Jacobian matrix of Egs. (24),
(26) and (30) at the corresponding steady-state point
are in the left-half of complex plane. Hence, the non-
trivial constant solutions are corresponding to
siny = 0. Then, the case of cosy = 1 [40] is consid-
ered. By linearizing Eqgs. (24), (26) and (30) near the
non-trivial constant solutions, the characteristic equa-
tion is given as follows

A 0 — 5515261
1
det| O A Eﬁ%cz =0 (42)
a) 15%
L ;
an e “ 2&% 2

where / is the eigenvalue of the characteristic
equation. The solutions of Eq. (42) are

@ Springer

1—
=0, 35=-a <61c2 + Zh%ﬁ) (43)

where h = a; /d,. The coupled mode is stable if

cicr + Ezc% /4 > 0. Otherwise, it is unstable.
According to the steady state solution of Eq. (30),
the following equation can be obtained
Wey —2¢ —22 =0 (44)
az
where h = a;/a, is the steady-state amplitude ratio.
Figure 5 illustrates the variation of & with ¢/a, when
wy:w; ~2:1 holds for fixed parameters d = 3,
b=0.6,k =0.6,k, =1and L = 10, respectively. As
shown in Fig. 5, the system has two stable coupled-
mode solutions when ¢/a; > — 0.1853 and no mode
solution when ¢/a, < — 0.1853.

3.2 3:1 Internal resonances

To describe the closeness of w, to 3w;, a detuning
parameter ¢ is defined as w, = 3w + ¢0. By substi-
tuting the expressions of #, and #; into Eq. (9) and
eliminating the secular terms, one has

DA;(T,,T>) =0 (45)

Hence, the second-order approximation of Eq. (4)
reads

0, =A4() [—Ml(m)Dém —Ka(ny,mp)n0 — Ko (y)my
+ P2 (11, Dony )]
(46)

where A(w) = A~ (w) = (Ry — Mow?*) ™" is a matrix
that matched each frequency of those harmonic terms
in the right-hand side of Eq. (46). Then, by substitut-
ing the expressions of 1o, #; and #, into Eq. (10), one
can get a unique solution #; only if the secular terms
are orthogonal to every solution ; given by

w;M{u; = Riu;(j = 1,2) (47)

Hence, the solvability conditions are obtained as
follows
(ufar)A] + (u]a0)ATA; + (u]a12)A A4,

+ (u{dH)AQK? CXp(iO’Tz)
=0 (48)
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(u;az)Alz (u2 dzo)A2A2 + (u2 dzl)AzAlAl

, (49)
+ (u, a23)A1 exp(—ioT,) =0

where ()’ denotes derivative with respect to T, and the
details of a;, ajo and o, j, 7,5 = 1,2,3 are listed in
“Appendix”. By letting A;(T2) = a;(T2) exp(if;(T2))
/2,j=1,2 in Eqgs. (48) and (49) and separating the
real and imaginary parts, one obtains the following
modulation equations

. 3 2
4ay + ajvior + arazvin

5 . (50)

+ ajax(vizi cosy — vz siny) =0

4alB1 JFQ?VIOZJFala%VIZZ (51)
+ a%az(vm siny 4+ vizpcosy) =0

day + @i + ardivay (52)
+ a? (vaz1 cosy + vz siny) =0

day f + Avam + aya’v
2B + a3 va0n + araivarn (53)

+ a?(—V231 siny + vp3pc087) =0

where v, = ujTozj, and v;; and v are the real and
imaginary parts of v;., respectively, y(T2) = f,(T2)—
33,(T2) + oT,. Hence, the second-order approxima-

tion of system is obtained as follows

1=y + elai (1) cos(wit + f1 (1) )1
+ay(t) cos(mat + f(1))po]

where

Zljr = w?’Ml (pj) r a)jwrPZZ(pjvpr) - KZ(pj7pr)n0
—Ki(p;)p,
Ljr = w}Z’Ml (p])pr + ij”P22<pﬂpr) - Kz(pﬁpr)no

_Kl(pj) r (55)

By combining Eqgs. (51) and (53), one obtains the
following equation

dayary = a1a3(3viza — vana)
+ 3ata3 (vi3; siny + vz cos y)
+ axa} (3viga — var2)
— a?(—\/231 siny -+ V237 COS '))) + dayaro
(56)

The solutions of the nonlinear normal modes of the
original system are corresponding to the steady-state
solutions of Egs. (50), (52), and (56). The stability of
these modes coincides with that of the corresponding
constant solutions of the modulation equations. The
solutions of the corresponding characteristic equation
are

1=0 )»53 = —a1a;B (57)

where B = v232h + 6V132V232h - (2\1232\/2()2 — 6\/122
Va2 + 6Vigeviza — 2vaiavin)h — 3viy,,  and  h=
@, /@,. The coupled mode is stable if B > 0. Other-
wise, it is unstable.

According to the steady state solution of Eq. (56),
one obtains

—vasoh® + (3viga — vana)h® + 3vizah?
4o (58)
(Bvizz — vam2) + ?} h=0
7

where h = a; /ay. The variation of i with ¢ /a3 for 3:1
internal resonance is shown in Fig. 6. In Fig. 6, the

-50 -25 0 25 50 75 100

2
cs/ar2

Fig. 6 Variation of / with /a3 for 3:1 internal resonance
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4Fig. 7 Comparison between the approximate solutions and the
numerical solutions. a The case of 2:1 internal resonance, b The
case of 3:1 internal resonance

parameters are setasd = 3,b =03,k =0.38,1x; = 1
and L = 0.3 to meet the requirement of w; ~ 3w,
when 3:1 internal resonance occurs. In Fig. 6, there
exist one stable and one unstable coupled-mode
solutions when o /a3 <24.48 or ¢/a} > 52.11 holds,
one stable and three unstable coupled-mode solutions
when 24.48 < /a3 <30.12, two stable and two unsta-
ble coupled-mode solutions when 30.12<g/a3 <
50.98, two stable coupled-mode solutions when
50.98 <a/a% <51.71, and three stable coupled-mode
solutions when 51.71 <¢g/a3 <52.11.

4 Numerical results

In this section, to validate the analytic results, the
approximate solutions given by Eqgs. (41) and (54) are
compared with the numerical results of the dynamic
equations of the rigid-flexible system Eq. (4) solved
via the Runge—Kutta method, respectively.

In the case of 2:1 internal resonance, to meet the
requirement of w, : w; = 2 : 1, the physical parame-
ters were set asd =3, b =0.6, k =0.6, ko, = 1 and
L = 10, respectively. Then in the case of 3:1 internal
resonance, the physical parameters were set as d = 3,
b=0.3,k=0.38,k; = l and L = 10, respectively, to
meet the requirement of w; : w; = 3 : 1. There is a
good agreement between the numerical solutions and
the approximate solutions for both 2:1 internal reso-
nance and 3:linternal resonance as shown in Fig. 7a,
b, respectively, with the initial state (a9, @20, B9, fa0)
= (0.05,0.05,0,0). In addition, Fig. 8 shows numer-
ical integrations of Egs. (24), (26) and (30) with the
initial state (a9, a20,y) = (0.1,0.2,7/12). The
energy in the system continues to be exchanged
between the two modes as shown in Fig. 8.

5 Experimental investigation of nonlinear
resonance

From the results of the analytic analysis, the nonlinear
bifurcation phenomena have been found in the rigid-
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Fig. 8 Modal amplitudes for 2:1 internal resonance

flexible structure of concern. Furthermore, in this
section, an experimental study is performed to verify
the analytic analysis in Sect. 3.

As shown in Fig. 9, the experiment equipment is
composed of an L-shape rigid-flexible structure, a
laser displacement sensor and data acquisition soft-
ware. Similar with the figure shown in Fig. 1, the L-
shape rigid-flexible structure is composed of a rigid
metal arm and a flexible metal beam-2 made of
aluminium in the experimental setup shown in Fig. 9.
Such a rigid-flexible structure is fixed at the free tip of
a cantilever beam-1 which can be equivalent to a
torsional spring. Hence, the rotation angle of the arm is
the same as that of the free tip of the beam-1, and the
deformation of the beam w shown in Fig. 1 is
corresponding to the deformation of the flexible
beam-2 which is measured by the laser displacement
sensor directly. As well known, the rotation of the free
tip of a cantilever beam under the external moment
applied to the same position can be expressed as

Laser Displacement
Sensor

Data

Acquisition
| Sftem

Sensor Controller
LK-G3001

Beam-2

Arm

Beam-1

Sensor
Controller

|

(b)

Fig. 9 Schematics and photographs of the experimental setup.
a Schematic of the experimental setup, b photograph of the main
experimental apparatus for 3:1 internal resonance

0p = —M,I* /(EI*). Then the equivalent stiffness of
the torsional spring can be derived as k; = EI*/I*,
where EI* and [* are the bending stiffness of the
flexible beam-1 and the distance between the free tip
of the flexible beam-1 and the clamping position of the
flexible beam-1, respectively. By adjusting the clamp-
ing position, the equivalent stiffness of the torsional
spring can be regulated to meet the requirement of the
internal resonance. Moreover, the translation of the
free tip of the flexible beam-1 has little influence on
the dynamic behavior of the beam-2 since it is parallel
to the axis of the beam-2 and the axial vibration of the
beam-2 is neglected. All the experimental data are
collected during the quasi-steady-state vibration to
assure the authenticity of the vibration signals.
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The length and the mass of the arm were 0.11 m and
0.0749 kg, whereas the length and the mass of the beam-
2 as 0.297 m and 0.0185 kg. The bending stiffnesses of
beam-1 and beam-2 were 0.0906 and 0.079 Nm?. By
adjusting the clamping position, the length of beam-1
was set as 0.129 m, then the equivalent stiffness of the
torsional spring was 0.7023 Nm to meet the requirement
of w, =~ 3w; when the 3:1 internal resonance
occurred. The vibration responses of the beam-2 were
measured by a laser displacement sensor.

Figure 10 illustrates the time history of the dis-
placement of the free tip of beam-2 for the experiment
case of 3:1 internal resonance and the corresponding
frequency spectrum for the case is illustrated in
Fig. 11. As shown in Fig. 11, the frequencies of the
experimental system meet the requirement of
w; = 3w;. Hence, the mode amplitude ratio for the
3:1 internal resonance can be obtained as shown in
Fig. 12 by ared circle A. Then, the vibration responses
of the beam-2 and their mode amplitudes a; and a, are
excited by adjusting the initial deformation of the free
tip of the beam-2. For the same detuning parameter o,
a/ a% and £ will vary with the change of a; and a,. So
dozens of experimental data can be obtained. Fig-
ure 12 presents the variation of the ratio of steady-
state amplitudes & with respect to o/ a%. As shown in
Fig. 12, the experimental data are coincident well with
the stable solutions correspond to the analytical
predictions and the unstable solutions predicted by
the analysis are not occurred in the experiment. The
results indicate that the approximate amplitude ratios
derived from the analytic method agree well with the
experimental data.

-0.10

_0'15 1 1 1 1
10 12 14 16 18 20

1(s)

Fig. 10 Time history of the free tip response of beam-2 for 3:1
internal resonance
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Fig. 11 Frequency spectrum for 3:1 internal resonance

20

Analytical
o Experimental|

Unstable {

220 1 1 1 1
-300 -200 -100 0 100 200

2
o/ a,

Fig. 12 Experimental and analytical results of amplitude ratio
for 3:1 internal resonance

Similarly, the experiment for 2:1 internal reso-
nance was carried out, wherein the length and the
mass of the arm were set as 0.205 m and 0.11 kg,
whereas the length and the mass of the beam-2 as
0.295 m and 0.0159 kg. In this case, the bending
stiffnesses of beam-1 and beam-2 were 0.1184 and
0.1026 Nm?. In order to meet the requirement of
Wy ~ 2w;, the length of the beam-1 was set as
0.041 m by adjusting the clamping position, and then
the equivalent stiffness of the torsional spring was
2.8878 Nm. The distance between the measured point
B and the free tip of the beam-2 is 0.173 m. Figure 13
presents the time history of the displacement of the
point B for 2:1 internal resonance, and the corre-
sponding frequency spectrum for the case is depic-
tured in Fig. 14. As shown in Fig. 14, the two
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Fig. 13 Time history of the point B of beam-2 for 2:1 internal
resonance

frequencies meet the requirement of w; =~ 2wm;.
Hence, by changing the initial deformation of the free
tip of the beam-2, dozens of experimental data of the
mode amplitude ratio for the 2:1 internal resonance
can be obtained. As shown in Fig. 15, the experimen-
tal data coincide well with the stable solutions
obtained by the analytical predictions.

As shown in Figs. 10 and 13, the vibrations of
beams in the experimental research damped very
slowly since the damping is very small, which is also
true for a real flexible space structure. So the responses
of the experimental cases during a small period can be
treated as a quasi-steady-state motion approximately.

Moreover, the natural frequencies of 3:1 and 2:1
internal resonances are listed in Table 1. As shown in

0.4
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g
3
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=
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Frequency(Hz)

Fig. 14 Frequency spectrum for 2:1 internal resonance

Fig. 15 Analytical and experimental results of amplitude ratio
for 2:1 resonance

Table 1, the natural frequencies of the experimental
cases are very close to the analytical ones. The results
indicate that the dynamic equation derived based on
the assumed modes method in this research is
feasible.

From the experiment results, the nonlinear bifur-
cation phenomena is observed. There is a agreement
between the experiment and the analytic results in a
wide range of ¢/ a%, however, there is no experimental
data in the right of Fig. 12 corresponding to positive
value of /a3. The main reason is that the detuning
parameter ¢ is always negative with respect to the
physical parameters in the experimental study due to
the restriction of the rigid-flexible structure. The
curves shown in Figs. 6 and 12 are reversed in each
other. The reason is that the corresponding coefficients
are in different unfolding parameters regions, hence,
their topologies are different.

Table 1 Comparison of natural frequencies of analytical and
experimental results for 3:1 and 2:1 internal resonances

Type Order Analytical Experimental Error
(Hz) (Hz) (%)
3:1 1 3.74 3.54 —5.35
2 10.93 10.48 —4.12
2:1 1 5.04 5 —0.79
2 10.11 10.08 —0.3
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6 Conclusions

This study investigates the nonlinear internal reso-
nances of an L-shape rigid-flexible antenna system
theoretically and experimentally. The study shows that
the antenna system has various internal resonances,
such as those of 3:1 and 2:1, under different combina-
tions of structural parameters. Using the method of
multiple scales, one can derive the approximate solu-
tions of those internal resonances. Then the frequency-
amplitude responses of internal resonances are deter-
mined and the stabilities of the internal resonances are
analyzed. The approximate solutions of those internal
resonances are consistent with numerical solutions.

An important contribution of the study is to analyze
the nonlinear internal resonances of the L-shape rigid-
flexible structure via experimental tests. There is a
good agreement between the analytical and experi-
mental results both of which indicate that there exists
bifurcation phenomena of the frequency-amplitude
response of an internal resonance.
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Appendix

The details of a;, a;o and a,, in Egs. (48) and (49) read

o) = —2iwMop,,ar = —2iw,Mop,

a10 = O{[4M 1 (p)AQw1) (M, (py)py — P22 (p1,p1))
+M(A0)(M(p,)p) +Pxn(pi,p1)))P:
+M,(AQ2w1)(Mi(py)p; — P2(p1.p1)))Pi1]
+wi2M,(p,.p))p1 +Ma(p,.p, )p)]
+201Py(py, AQ2w1) (M1 (py)p,
—Px»(p1,py1)))

*20 = w3[4M1(p2)A(2w2)(M1 (p2)P2 — P2(py,p,))
+M 1 (A(0)(M1(py)ps + P2(p2,p2)))P>
+M 1 (AQ2w2)(M1(py)p> — P2(p),p2)))P))]
+ 3[2M5(p,p2)P2 + M2 (py,p2)ps)
+203P2 (P2, A(2,) (M, (p1)p>
—Pxu(p,,p,)))

(59)
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a2 =

o2 =

(@1 = )M, (p2) A1 — @2)(3M1 (p,)p,
+ w102Pn(py,p,))
+ (@1 + @2)*Mi (p2) A1 + ) [3M1 (p, )P,
— w10 Py(py,py) + 0IM, (p2)p,
— 0102P;(p3,p1)] + W7 3M (A(0) (M1 (p,)p>
+ P (ps,p2)))P
+ My (A1 — @) (03M 1 (py)ps
+ 010:Pn(py,p2)))P2
+ o3M i (A1 + @) (03M1 (py)ps
— w10 Py(py,p,)
+ 0IM{(p,)p, — ©102Pn(p5,p)1)))P2
+ 201 M5 (p,p>)py + 205Ma(py,p>)p>
+ 2w§M2(I’17P2)P2
— (01 — ©2)Pn(py, (w1 — 02)(03M, (p1)p,
+ w10Pu(py,p,)))
+ oy(@1 + ©2)Pr(py, () + 03)(03M 1 (py)p>
— w10P»(py,p,)))
+ (01 + 02)Pr(py, Alwr + @) (0IM, (p2)p,
— w1 Py(ps;p1)))
(@2 — 1)’ M, (py)A(wr — 1) (0IM1 (p2)p,
+ 010:P20(py,py))
+ (01 + @2)*Mi (p) A1 + @2)[0M (p,)p,
— 010:Pn(p,,py)
+ w3Mi(p,)py — 0102Pu(py,p)]
+ @iy M (A(0) (M (p))p; + P2(p1,p1))P:
+ oMy (A2 — 1) (M (p2)p,
+ w102P%(py,p1)))P)
+ oM (A(01 + @) (0} M (p2)p,
— w102Pn(py;py)
+ My (py)p, — 010:Pn(py,p,)))Py
+20;M(py,p1 P2 + 20iMa(p2, py )P
+2wiM:(p,.p) )P
— w1(02 — 01)Pn(py, A(wr — 01)(0TM (p,)p
+ 010:Pn(py,p))))
+ o1 (01 + 02)Pr(py, A(wr + 02) (7M1 (py)p,
— w102P»(p,,p1)))
+ o1 () + 02)Pa(py, Alw) + 02)(05M, (p,)p,
— w10P»(py,p,)))
(60)
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13 = (02— 01)° M, (py) A2 — 1) (@i M, (p,)p,
+ w102Pn(py.py))
+ OiM i (A(02 — 1) (0]M (p,)p,
+ 0102Pn(py,p1)))P:
+ 03M(py,p1 P2+ 207 M (p.p 1 )P
+ 01 (02 — 1) P (py, A2 — 1) (0TM, (p2)p,
+ w102P»(py,p1)))
oy = 0} [4M, (py)A(201) (M, (py )P — P2a(py.P))
+ M (AQ2w1) (M (p,)p, —P2(py.p1)))p1]
— 201Pu(py,AQ201) (M (p )P, — P22(py.p1)))
+w%M2(Pl’pl)pl
(61)
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