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Abstract There is an increasing requirement for

improved accuracy of the rolling models which are

widely used in rolling plant in order to produce high-

quality products, because this accuracy is important

for rolling schedule setup and automatic control. A

three-dimensional mathematical model for cold roll-

ing using tangential velocity field and energy method

is firstly proposed to investigate the deformation of the

strip at the roll gap based on elastic and plastic

mechanics. The field and geometrical approximation

yield criterion are used to integrate the internal plastic

deformation power. The friction power is analyzed

using the co-line vector inner product method. Finally,

the analytical expressions of roll separating force and

roll torque are obtained quickly considering the effect

of roll flattening on the roll separating force. The

predicted roll separating forces are consistent with

other researchers’ models, especially for on-line

measured roll separating forces in a tandem cold

rolling plant. The accurate predicted results provide

valuable guidelines for optimization of rolling

process.

Keywords Cold rolling � Tangential velocity field �
Energy method � Flattened roll � Roll separating force

List of symbols

hin; hout Half of the initial and final strip

thickness at entry and exit respectively

h0, h1 Half of the initial and final strip

thickness at entry and exit in plastic

deformation zone

hmb; hmf Half of the average strip thickness in

backward and forward slip zone

respectively

Dhin;Dhout Half of the reduction in elastic

deformation and recovery zones

respectively

hx (ha) Half of the strip thickness

Es;Er Young’s modulus of strip and roll

ms, mr Poisson ratio of strip and roll

rsin; rsout Resistance of strip deformation at entry

and exit sides

rb; rf Backward and forward tension stresses

Dh Half of the reduction in plastic zone

Dh = h0 - h1
R Original radius of work roll

R0 Flattened roll radius of work roll

l Projected length of roll-strip contact arc

in plastic deformation zone

b Strip width

h Bite angle

a Contact angle
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an Neutral angle

U Flow volume per second

m Friction factor

D _eij
� �

The power per unit volume

vR Roll speed

e Reduction ratio, e ¼ Dh=h0
_Wi Internal plastic deformation power

_Wf Friction power

_Ws Shear power

_WT Tension power

U Total power

M
p
min

Minimum value of roll torque in plastic

zone

F
p
min

Minimum value of roll separating force

in plastic zone

v Arm factor

Fe
in Roll separating force of elastic

deformation zone

Fe
out Roll separating force of elastic recovery

zone

F Total roll separating force

rs Resistance of strip deformation

considering tension stress in plastic

deformation zone

M Total roll torque

k Yield shear stress, k ¼ rs
� ffiffiffi

3
p

H0 Initial strip thickness

nr Stress effective factor

1 Introduction

Setup draft schedule is one of the most important bases

for rolling schedule optimization. This requirement is

directly related to accurate prediction of the roll

separating force which is significant for the admissible

limits of mill capabilities and thickness accuracy,

especially for cold strip rolling. So, it is necessary to

establish a high accuracy method to predict roll

separating force.

Many studies have been reported in literature aimed

at developing analytical models to predict the roll

separating force and torque in cold strip rolling. The

pressure distribution model along the arc of contact at

the work roll and strip interface was developed by

Karman using a differential equation. And then some

simplified assumptions were used to solve complex

differential equations. Tselikov [1] proposed some

assumptions including the substitution of the contact

arc by its chord, and Coulomb’s model of friction, and

then found a solution of Karman’s differential equa-

tion considering the backward and forward strip

tension stresses. Taking into account the elastic

deformation of contact arcs at entry and exit, Bland

and Ford [2] obtained the analytical expressions of

pressure distribution and roll separating force using

some predigested assumptions, thus avoiding most of

the numerical integration in Orowan’s [3] theory. Hill

[4] developed a general relation between the roll

separating force, the strip tension stress and the energy

required for the deformation based on Bland–Ford’s

study. The method developed by Stone [5] to predict

roll separating force was based on simplified slab

analysis of deformation considering the effects of strip

tension and flattened roll. The simplified solution for

roll separating force was researched by Freshwater

[6, 7] by means of eliminating the yield stress

derivative term. A new dynamic model of the rolling

process was established by Hu and Ehmann [8, 9]

which took into consideration the influence of roll

horizontal and vertical movements. Le and Sutcliffe

[10] developed a new analysis for cold rolling of thin

strip, and the effect of tensions on the non-dimensional

load and forward slip was investigated. An online roll

separating force model for cold rolling mill by

numerical integration method was developed by Chen

et al. [11] according to the load equilibrium equation

and the boundary condition. A non-circular contact arc

was obtained naturally as a part of the solution of the

governing equation by Guo [12, 13] who proposed a

semi-analytical solution of Karman’s rolling equation.

The above analytical models (also known as conven-

tional mathematical models) were established using

slab method and most of them were based on

Karman’s and Orowan’s models. The slab method

needed some assumed conditions and reduced predic-

tion accuracy of the models. The energy method is a

powerful approximate technique available to analyse

metal forming processes [14]. There are relatively few

studies about cold rolling using the energy method.

Sezek et al. [15] analyzed cold rolling using the dual-

stream function velocity field according to the energy

method, but the explicit mathematical expression of

rolling force was not obtained.

In recent years, finite element method has been

widely used to investigate the cold rolling, which is
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more intuitive and precise with the fast development

of computer technology. A rigid-plastic finite-element

and an elastic–plastic finite-element solution of the flat

rolling process were obtained by Malinowski et al.

[16] to research deformation, temperature-fields, roll

separating force and roll torque. A 3D thermo-elastic

plastic finite-element model coupled with a 3D heat-

transfer finite-difference model was developed by Lin

and Lin [17] to analyze the variation of the cold rolling

characteristics of roll separating force, stress and

temperature. A set-up model for tandem cold rolling

mill to maximize the throughput was developed by

Reddy [18]. In the Reddy’s work, power consumed

was calculated and compared for various reduction

schedules obtained by distributing the strip thick-

nesses in arithmetic, geometric, harmonic and quad-

ratic series. A 3D-rigid plastic finite element method

was considered by Jiang [19] for simulating a thin strip

rolling. The modeling of the shape, profile and flatness

for cold rolling of thin strip with friction variation was

discussed. Montmitonnet [20] proposed a coupled

numerical model for hot and cold rolling process and

presented a reviewing of models for the mechanical

study of the cold strip. Since the computation time and

memory capacity required for analytical method are

much smaller than those required for analysis by the

finite element method, so development of an analytical

method based on energy method is also desired for

practical usage.

In the present paper, a successful method has

been proposed to compute the analytical solution of

roll separating force in cold rolling process using

energy method based on a new tangential velocity

field which has not been reported to be applied to

rolling. The validity of the calculated results is

discussed through comparing those with other

researchers’ models and on-line measured ones.

The change rules of neutral point and stress factor

are investigated respectively.

2 Roll separating force in plastic deformation zone

The deformation zone in the roll bite can be divided

into three major parts: the zone of elastic deformation,

the zone of plastic deformation, and the zone of elastic

recovery as shown in Fig. 1. A Cartesian coordinate

system is set up at the midpoint of the entry section in

plastic deformation zone and the axes x, y and z

represent length, width and thickness directions of the

strip respectively. Due to the symmetry of deformation

zone, only a quarter is considered. The half thickness,

first order derivative equations of deformation zone

are as follows:

hx ¼ Rþ h1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � ðl� xÞ2

q

ha ¼ Rþ h1 � R cos a

8
><

>:
ð1Þ

h
0

x ¼ � l� x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � ðl� xÞ2

q ¼ � tan a ð2Þ

2.1 Tangential velocity field

Deformation in the width direction is negligible [15]

when the shape factor of the strip satisfies that the ratio

of width/thickness is greater than 10 in cold rolling.

Only elongation is considered and widespread is

neglected, and then the width b remains approximately

a constant. A new tangential velocity field is proposed:

vx ¼ v0 1þ 1

k
tan k

h0 � hx

h0

� �� 	

vy ¼ v0h
0
x

1

h0
sec2 k

h0 � hx

h0

� �
� 1

hx
1þ 1

k
tan k

h0 � hx

h0

� �� 	
 �
y

vz ¼
v0h

0
x

hx
1þ 1

k
tan k

h0 � hx

h0

� �� 	
z

8
>>>>>>><

>>>>>>>:

ð3Þ

According to Cauchy Equation, the strain rate com-

ponents from Eq. (3) are:

_ex ¼ � v0

h0
sec2 k

h0 � hx

h0

� �
h0x

_ey ¼ v0h
0
x

1

h0
sec2 k

h0 � hx

h0

� �
� 1

hx
1þ 1

k
tan k

h0 � hx

h0

� �� 	
 �

_ez ¼
v0

hx
h0x 1þ 1

k
tan k

h0 � hx

h0

� �� 	

8
>>>>>>><

>>>>>>>:

ð4Þ

where k is undetermined parameter. In Eqs. (3)–(4),

the incompressibility condition is _ex þ _ey þ _ez ¼ 0;

the velocity boundary conditions of entry are

vxjx¼0¼ v0, vy
��
y¼0

¼ 0, and vzjz¼0¼ 0; the velocity

boundary condition of roll-strip contact zone is

vzjz¼hx
¼ �vx tan a. So they are kinematically admis-

sible velocity and strain rate fields. The flow volume

per secondU ¼ v0h0b ¼ vnhnb ¼ vR cos anb Rþ h1�ð
R cos anÞ ¼ v1h1b, and then the value of k in various

production conditions can be got.
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2.2 Internal plastic deformation power

The locus of geometrical approximation (GA) yield

criterion is an equilateral but non-equiangular dodeca-

gon [21]. It lies between the loci of Tresca andTSS yield

criteria and is very close to that of Mises yield criterion.

GAyield criterion canwell fit the classical experimental

data for different ductile metals which was verified by

Zhang [21]. The equations of GA yield criterion in the

Haigh Westergaard stress space and the plastic power

per unit volume D _eij
� �

are (r1 [ r2 [ r3):

r1 �
60

ffiffiffi
2

p
� 16

217
r2 �

233� 60
ffiffiffi
2

p

217
r3 ¼ rs; if r2 �

1

2
r1 þ r3ð Þ

233� 60
ffiffiffi
2

p

217
r1 þ

60
ffiffiffi
2

p
� 16

217
r2 � r3 ¼ rs; if r2 �

1

2
r1 þ r3ð Þ

8
>><

>>:

ð5Þ

D _eij
� �

¼ 1000

1683
rs _emax � _eminð Þ ð6Þ

Noticing _emax ¼ _ex, _emin ¼ _ez in Eq. (4) and substi-

tuting these into the Eq. (6), GA yield criterion is

adopted to integrate the internal plastic deformation

power _Wi as follows

_Wi ¼
Z

V

D _eij
� �

dV ¼ 4000

1683
rs

Z l

0

Z b

0

Z hx

0

ð _emax � _eminÞdxdydz

¼ 4000

1683
rs

Z l

0

Z b

0

Z hx

0

� v0

h0
sec2 k

h0 � hx

h0

� �
h0x




� v0

hx
h0x 1þ 1

k
tan k

h0 � hx

h0

� �� 	�
dxdydz

¼ 4000

1683
rsU

1� eð Þ
k

tan keð Þ � 2

k2
ln cos keð Þ þ e

� 	

ð7Þ

2.3 Friction power

The friction only acts on the interface between the

roll and strip. Note that the friction stress sf ¼ mk

and tangential velocity discontinuity Dvf are always

co-line vectors on the interface, as shown in Fig. 1, so

the concrete co-line vector inner product [22] is used

O′

O

inh

z

x

inhΔ

0h
outhΔ

1h outh

0R

lin

II III

l outl

inθ

xv
zv

Rxv

Rzv

fvΔ
fτ

α

x

xh

R

θ

outθ

0v

1v
fσ

bσ

y

Entrance Exit

O′′

b

b

A B
I

Fig. 1 Definition sketch of the roll bite zone. I, the zone of elastic deformation; II, the zone of plastic deformation; III, the zone of

elastic recovery
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to integrate the friction power _Wf . It is found

(‘‘Appendix 1’’)

_Wf ¼ 4mkbR
U

h0b
1þgb

k

 �h


� ln
1þcosanþsinanð Þ 1þcosh�sinhð Þ
1þcosan�sinanð Þ 1þcoshþsinhð Þ

þ 1þ
gf

k

 �
ln
1þcosanþsinan
1þcosan�sinan

	
þvR h�2anð Þ

�

ð8Þ

where m is friction factor calculated in Ref. [11], gb
and gf are the parameters of backward and forward

slip zone, gb ¼ tan k h0�hmb
h0

 �
; gf ¼ tan k h0�hmf

h0

 �
;

hmb ¼ h0þ2han
3

; hmf ¼ hanþ2h1
3

.

2.4 Shear power

According to Eqs. (1), (2) and (3), there is

h
0
x¼l ¼ h

0
a¼0 ¼ 0, mzjx¼l¼ my

��
x¼l

¼ 0 in the exit section

x ¼ lð Þ of deformation zone. Therefore, there is no

shear power in the exit section. But on the entry

section x ¼ 0ð Þ

vy x¼0j ¼ 0; vz x¼0j ¼ � v0 tan h
h0

z ð9Þ

There exists discontinuous velocity. Then the shear

power _Ws is required for shear action along the surface

of velocity discontinuity as follows

_Ws ¼ 4k

Z h0

0

Z b0

0

Dvtj jdydz

¼ 4k

Z b

0

Z h0

0

v0 tan h
h0

zdydz

¼ 2kbh0v0 tan h

¼ 2kU tan h ð10Þ

2.5 Tension power

Tension stress technology between stands must be

used in the modern cold rolling process for reducing

roll separating force and improving flatness quality.

The tension power _WT is

_WT ¼ 4 rbbh0v0 � rf bh1v1
� �

¼ 4U rb � rf
� �

ð11Þ

2.6 Total power functional and its minimization

Substituting Eqs. (7), (8), (10) and (11) into the total

power functional U ¼ _Wiþ _Wf þ _Ws þ _WT , the ana-

lytical solution of total power functional U can be

received

U ¼ 4000

1683
rsU

1� eð Þ
k

tan keð Þ � 2

k2
ln cos keð Þ þ e

� 	

þ 2kU tan hþ 4U rb � rf
� �

þ 4mkbR

vR h� 2anð Þ þ U

h0b
1þ gb

k

 �h


ln
1þ cos an þ sin anð Þ 1þ cos h� sin hð Þ
1þ cos an � sin anð Þ 1þ cos hþ sin hð Þ

þ 1þ
gf

k

 �
ln
1þ cos an þ sin an
1þ cos an � sin an

	�

ð12Þ

The total power of Eq. (12) is minimized with

respect to the arbitrary variable an, and then the value

closest to the actual power required is got. Differen-

tiating the total power and setting it to be zero, and

then the following equation can be obtained

dU
dan

¼ d _Wi

dan
þ d _Wf

dan
þ d _Ws

dan
þ d _WT

dan
¼ 0 ð13Þ

where

d _Wi

dan
¼ 4000

1683
rsN

1� eð Þ
k

tan keð Þ � 2

k2
ln cos keð Þ þ e

� 	

ð14Þ

d _Wf

dan
¼ 4mkbR �2vR þ

N

h0b
1þ gb

k

 �h


ln
1þ cos an þ sin anð Þ 1þ cos h� sin hð Þ
1þ cos an � sin anð Þ 1þ cos hþ sin hð Þ

þ 1þ
gf

k

 �
ln
1þ cos an þ sin an
1þ cos an � sin an

	

� UR sin an
3h20b

2 sec2 k
h0 � hmb

h0

� ��

ln
1þ cos an þ sin anð Þ 1þ cos h� sin hð Þ
1þ cos an � sin anð Þ 1þ cos hþ sin hð Þ

þ sec2 k
h0 � hmf

h0

� �
ln
1þ cos an þ sin an
1þ cos an � sin an

	

þ U

h0b cos an
2þ

gb þ gf

k

� ��

ð15Þ
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d _Ws

dan
¼ 2kN tan h ð16Þ

d _WT

dan
¼ 4N rb � rf

� �
ð17Þ

where N ¼ dU
dan

¼ vRbR sin 2an � vRb Rþ h1ð Þ sin an.
The optimal value of an in various production

conditions can be obtained by solving Eq. (13). The

minimum of total power Umin can be attained by

substituting optimal value of an into Eq. (12). Then,

the corresponding minimum values of roll torque and

roll separating force in plastic deformation zone can be

determined respectively [22]:

M
p
min ¼

R0
_Wiþ _Wf þ _Ws

� �

mR
; F

p
min ¼

M
p
min

2v
ffiffiffiffiffiffiffiffiffiffiffi
2RDh

p ð18Þ

3 Roll separating force in elastic deformation zone

According to generalized Hooke’s law, half of the

elastic deformation and recovery zones’ reduction

Dhin and Dhout are

Dhin
hin

¼ 1� m2s
Es

rsin �
ms 1þ ms
� �

Es

rb ð19Þ

Dhout
hout

¼ 1� m2s
Es

rsout �
ms 1þ ms
� �

Es

rf ð20Þ

According to Fig. 1, the projected length of the roll-

strip contact arc in elastic deformation and recovery

zones are lin ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2RðDhþ DhinÞ

p
�

ffiffiffiffiffiffiffiffiffiffiffi
2RDh

p
and

lout ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2RDhout

p
respectively.

The roll-strip contact arc in elastic deformation

zone is so small that it is simplified as a chord. And the

roll separating force of elastic deformation zone

Fe
in considering backward tension stress is [23]

Fe
in ¼ 2b

Z 0

�lin

Es

1� m2
hin � hx

hin
þ ms
1� ms

rb

� �
dx

¼ 2b

Z 0

�lin

Es

1� m2
hin � hx

hin
dxþ 2b

Z 0

�lin

ms
1� ms

rbdx

¼ bhin
1� m2s
Es

ffiffiffiffiffiffiffiffiffi
R

2Dh

r

rsin �
ms

1� ms
rb

� �2

þ 2blin
ms

1� ms
rb ð21Þ

The roll-strip contact arc in elastic recovery zone is

predigested as a parabola. The roll separating force of

elastic recovery zone Fe
out considering forward tension

stress is

Fe
out ¼ 2b

Z lþlout

l

Es

1� m2
hout � hx

hout
þ ms
1� ms

rf

� �
dx

¼ 2b

Z lþlout

l

Es

1� m2
hout � hx

hout
dx

þ 2b

Z lþlout

l

ms
1� ms

rf dx

¼ 4

3
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Rhout
1� m2s
Es

rsout �
ms

1� ms
rf

� �3
s

þ 2blout
ms

1� ms
rf ð22Þ

ð22Þ

4 Calculation and discussion

4.1 Total roll separating force and torque

calculations

According to Eqs. (18), (21) and (22), the total roll

separating force F acting on strip elastic and plastic

deformation zones is

F ¼ Fe
in þ Fe

out þ F
p
min ð23Þ

The total roll torque M acting on strip elastic and

plastic deformation zones is

M ¼ M
p
min þ 2 Fe

in lþ lin

2

� �
� Fe

out

lout

2

� 	

¼ M
p
min þ Fe

in 2lþ linð Þ � Fe
outlout

� �
ð24Þ

Strip deformation resistance increases dramatically

due to strain hardening in cold rolling. So, the flattened

roll radius and the length of roll-strip contact arc

become larger, which affects the roll separating force

significantly. Therefore, the flattened roll radius’

model considering the effect of elastic deformation

and tension stress is used in calculation as follows [24]

R ¼ R0 1þ
4 1� m2r
� �

pErb

F
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dhþ Dht þ Dhout

p
þ

ffiffiffiffiffiffiffiffiffiffiffi
Dhout

p� �2

" #

ð25Þ

where Dht ¼ ms 1þmsð Þ
Es

ðrbhin � rf houtÞ.
The coupling calculation between the roll separat-

ing force and roll flatten radius can be carried out by

iterative computation. The computing flow chart is

shown in Fig. 2 and the process terminates when the
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radius is convergent. The condition of convergence is
Ri�Ri�1jj

Ri
� 0:001 in this paper.

In order to verify the prediction capability of the

analytical model in this paper, practical data of roll

separating force measured in a tandem cold rolling plant

are used. This production line consists of five-stand

tandem cold rolling mills, and the roll separating force is

measured by pressure transmitters which equipped in

every stand. Taking the material of MRT-2.5 steel

product for example, the strip width is 885 mm and the

thickness is reduced from 2.3 to 0.28 mm in the 5 rolling

stands. The roll circumferential velocity vR and reduction

e for Nos. 1–5 stands are shown in Table 1. The

regression model of deformation resistance for the

MRT-2.5 steel at entry side rsin, exit side rsout, and
plastic deformation zone rs considering tension stress

can be expressed as [24] (‘‘Appendix 2’’):

rsin ¼ 450:00þ 264:00
ffiffiffi
3

p � ln H0

h0

� �� 	

� 1� 0:20exp � 10:00
ffiffiffi
3

p � ln H0

h0

� �� 	
 �
ðMPaÞ

ð26Þ

rsout ¼ 450:00þ 264:00
ffiffiffi
3

p � ln H0

h1

� �� 	

� 1� 0:20exp �10:00
ffiffiffi
3

p � ln H0

h1

� �� 	
 �
ðMPaÞ

ð27Þ

rs ¼ r � 0:7rb þ 0:3rf
� �

� 10�6

¼ 450:00þ 264:00
ffiffiffi
3

p � ln 3H0

h0 þ 2h1

� �� 	

� 1� 0:20exp � 10:00
ffiffiffi
3

p � ln 3H0

h0 þ 2h1

� �� 	
 �

� 0:7rb þ 0:3rf
� �

� 10�6 ðMPaÞ
ð28Þ

Processing parameters input

End

Start

Calculate tangent velocity field

Calculate and minimize total power

Calculate plastic zone roll torque        
        and roll separating force N

Y

convergence

Calculate roll flattening radius  R i

?

       Calculate elastic zone roll 
      separating force       and  in

eF out
eF

min
pM

min
pF

Calculate total roll separating force F

Calculate roll torque  M 

Fig. 2 Flow chart of the calculation for roll separating force

Table 1 Rolling conditions

in a plant

Error 1: the roll separating

force errors between present

predictions and measured

ones. Error 2: the roll

separating force errors

between present predictions

and Hill’s model. Error 3:

the roll torque errors

between present predictions

and measured ones

Stand number 1 2 3 4 5

e (%) 33.80 37.37 37.32 31.11 32.04

rs (MPa) 391.29 427.03 485.97 545.47 628.48

vR (m s-1) 3.95 6.34 10.20 14.75 21.85

R0 (mm) 212.62 212.31 212.50 212.02 212.54

R (mm) 257.48 276.66 304.88 388.07 463.53

Measured roll separating force (kN) 7326.16 7605.83 6899.70 6949.97 7334.48

Measured roll torque (kNm) 75.70 61.40 42.60 25.96 20.98

Present model’s roll separating force (kN) 7448.99 7785.38 7034.86 7225.51 7340.45

Present model’s roll torque (kNm) 78.05 61.70 44.15 26.21 21.87

Hill model’s roll separating force (kN) 7513.76 7206.62 7084.63 7236.05 7862.41

Error 1 (%) 1.68 2.36 1.96 3.96 0.08

Error 2 (%) -0.87 7.43 -0.71 -0.15 -7.11

Error 3 (%) 3.11 0.49 3.65 0.98 4.25
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The roll separating force and torque determined by

present model are compared to the values measured in

the tandem cold rolling plant. In addition, the roll

separating forces calculated by present model and

Hill’s model are compared, and these results are

summarized in Table 1 respectively for different

stands. The roll separating force and torque predicted

by present model are within ?3.96 and 4.25%

severally of those measured in the plant. The present

model’s roll separating force and torque are slightly

higher than the measured ones, because the upper

bound method of energy method is used in this paper.

The results of the present model are in a good

agreement with Hill’s model within ±7.43% error.

The comparison between the present model’s roll

separating force and the results of Hill’s, Tselikov’s

and Stone’s study under the various reductions is

shown in Fig. 3. Obviously, the roll separating force

increases linearly with the increasing of reduction.

And this is caused by the increasing of the roll-strip

contact arc and the metal plastic deformation, which

leads to increase the required roll separating force. The

relative percentage error among the methods is less

than 10.6%, which indicates that the present approach

has enough accuracy and can be applied to analyze the

cold rolling process.

As shown in Fig. 2, the roll separating force is

obtained by iterative computation between the roll

separating force and roll flatten radius. Total iterative

computation process of roll separating force and

flattening radius in stand no.5 using present model

[Eq. (23)] and flattened roll radius’ model [Eq. (25)] is

displayed in Fig. 4, and then mark every iterative step.

The iteration starts with R = R0 = 212.54 mm, i is

iteration time, each iteration is composed of two steps:

i - 1 and i - 2 (i = 1, 2,…6 in stand no. 5). i - 1 is

roll separating force calculation using Eq. (23) and

roll flattening radius received in the previous step.

i - 2 is roll flattening radius calculation using

Eq. (25) and roll separating force gained in the

previous step. The values of roll separating force and

flattening radius under iteration times in stand no. 5 are

shown in Fig. 5 based on the calculation method of

Fig. 4. Present model achieve the condition of

convergence while iteration time is i = 6 according

to Figs. 4 and 5. The results reflect that the roll

separating force influences the roll elastic flattening

obviously during cold rolling.
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4.2 Effect of rolling parameters on location

of neutral points

The value of xn/l represents the neutral point’s

location. Figure 6 shows the backward and forward

tension stresses are the dominant parameters of the

neutral point’s location. The neutral point gets close to

the exit side while forward tension stress decreases or

backward stress increases, because the peak value’s

location of compression stress between roll-strip

moves toward the exit side.

It can be seen from Fig. 7 that the friction factor

m and reduction e influence the location of neutral point
obviously.The forward slipdecreaseswhenmdecreases

or e increases as the neutral point goes to the exit side.

4.3 Influence of rolling parameters on stress state

coefficient

In Fig. 8, the stress state coefficient nr ¼ F= 4blkð Þ is a
function of the backward and forward tension stresses.

As the peak value of compression stress between roll-

strip decreases when backward stress or forward

tension stress increases, nr decreases linearly as rb
or rf increases, especially for backward stress.

Figure 9 illustrates that the stress state coefficient

nr has a positive correlation with friction factor m or

reduction e. In addition, the effect of reduction on the

nr is marked.

5 Conclusions

The tangential velocity field and corresponding strain

rate field are firstly proposed to be applied in tandem
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cold rolling considering the effect of roll flattening on

the roll separating force. The analytical solutions of

roll separating force and stress effective factor are

obtained based on elastic–plastic mechanics using

energy method. The error of predicted roll-separating

forces by present model is within ?3.96% compared

with measured ones in the plant and less than ±7.43%

compared with Hill’s results. The analytical solutions

are reliable and adequate to research tandem cold

rolling process. The neutral point moves toward the

exit side while reduction and backward tension stress

increase, or friction factor and forward tension stress

decrease. The stress factor nr increases while reduc-

tion and friction factor increase, or forward tension

stress and backward tension stress decrease.
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Appendix 1

According to the concrete co-line vector inner product,

the friction power _Wf is

_Wf ¼ 4

Z l

0

Z b

0

sf jDvf jdF ¼ 4

Z l

0

Z b

0

sfDvf dF

¼ 4

Z l

0

Z b

0

ðsfxDvx þ sfyDvy þ sfzDvzÞdF

¼ 4mk

Z l

0

Z b

0

ðDvx cos aþ Dvy cos bþ Dvz cos cÞdF

ð29Þ

where a; b; c are the angles between sf and the

directions of x, y and z axes.

Since the tangential velocity discontinuity Dvf and
the tangent of the roll surface have the same direction,

then the values of direction cosines can be determined

by Eq. (1), and they are

cos a ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � ðl� xÞ2

q

R
;

cos c ¼ � l� xð Þ
R

¼ sina; cos b ¼ 0

ð30Þ

The differential element of the roll surface from

Eq. (2) is

dF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðh0

xÞ
2

q
dxdy ¼ sec adxdy ð31Þ

The components of tangential velocity discontinuity

Dvf on roll surface from Eq. (3) are respectively:

Dvx ¼ vR cos a� v0 1þ 1

k
tan k

h0 � hx

h0

� �� 	

Dvy ¼ �v0h
0
x

1

h0
sec2 k

h0 � hx

h0

� �


� 1

hx
1þ 1

k
tan k

h0 � hx

h0

� �� 	�
y

Dvzjz¼hx
¼ vR sin a� v0 tan a 1þ 1

k
tan k

h0 � hx

h0

� �� 	

ð32Þ

Substituting Eqs. (30), (31) and (32) into Eq. (29) and

integrating, then obtains

_Wf ¼ 4mkb

Z l

0

vR cos a� v0 1þ 1

k
tan k

h0 � hx

h0

� �� 	
 �
dx

�

þ
Z l

0

vR sin a� v0 tan a 1þ 1

k
tan k

h0 � hx

h0

� �� 	
 �
tan adx

�

¼ 4mkb I1 þ I2ð Þ

ð33Þ

I1 ¼
Z l

0

vR cos a� v0 1þ 1

k
tan k

h0 � hx

h0

� �� 	
 �
dx

¼
Z xn

0

vR cos a� v0 1þ 1

k
tan k

h0 � hx

h0

� �� 	
 �
dx

�
Z l

xn

vR cos a� v0 1þ 1

k
tan k

h0 � hx

h0

� �� 	
 �
dx

¼ vRR
h
2
� an þ

sin 2h
4

� sin 2an
2

� �

þ 1þ gb
k

 �
v0R sin an � sin hð Þ þ 1þ

gf

k

 �
v0R sin an

ð34Þ

10 15 20 25 30 35 40 45

0.80

0.85

0.90

0.95

1.00

1.05

1.10

1.15

n σ

ε [%]

m=0.07
m=0.1
m=0.13
m=0.16

Fig. 9 Effect of e and m on nr

2078 Meccanica (2017) 52:2069–2080

123



similarly

I2 ¼
Z l

0

vR sin a� v0 tan a 1þ 1

k
tan k

h0 � hx

h0

� �� 	
 �
tan adx

¼ vRR
h
2
� an þ

sin 2an
2

� sin 2h
4

� �

þ 1þ gb
k

 �
v0R ln

1þ cos an þ sin anð Þ 1þ cos h� sin hð Þ
1þ cos an � sin anð Þ 1þ cos hþ sin hð Þ

�

þ sin h� sin an� þ 1þ
gf

k

 �
v0R ln

1þ cos an þ sin an
1þ cos an � sin an

� sin an

� �

ð35Þ

Substituting Eqs. (34) and (35) into Eq. (33), and then

Eq. (8) is gave.

Appendix 2

The form of MRT-2.5 steel deformation resistance

model is chosen in this study as

r ¼ Aþ Bffiffi
3

p ln H0

h

� �h i
1� C � exp � Dffiffi

3
p � ln H0

h

� �h in o
.

Taking some uniform initial thickness H0 of strips, the

measured deformation resistance values of MRT-2.5

steel after different rolling deformations are obtained

as shown in Table 2. A, B, C, D are determined base on

these experimental data.

And then the deformation resistance model in

different reductions is obtained. So substituting h ¼ h0
into deformation resistance model obtains the defor-

mation resistances at entry side rsin in Eq. (26);

substituting h ¼ h1 into deformation resistance model

obtains the deformation resistances at exit side rsout in
Eq. (27).
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