Meccanica (2016) 51:2665-2688
DOI 10.1007/s11012-016-0445-8

@ CrossMark

NONLINEAR DYNAMICS, IDENTIFICATION AND MONITORING OF STRUCTURES

Stochastic stability and dynamics of a two-dimensional
structurally nonlinear airfoil in turbulent flow

Prince Singh - Hoong Chieh Yeong - Huiqing Zhang -

Zoi Rapti - Navaratnam Sri Namachchivaya

Received: 17 July 2015/ Accepted: 4 May 2016/ Published online: 7 June 2016

© Springer Science+Business Media Dordrecht 2016

Abstract The present study considers the application
of stochastic dimensional reduction (low-dimensional
approximation of stochastic dynamical systems) to a
11-dimensional nonlinear aeroelastic problem exhibit-
ing a Hopf bifurcation, with one critical mode and
several stable modes. The analysis is performed close to
the critical value of the bifurcation parameter (the
freestream airspeed) that induces flutter in a 2-D airfoil.
The system is excited by multiplicative and additive real
noise processes whose power spectral densities are given
by the Dryden wind turbulence model. The homoge-
nization procedure yields a two dimensional Markov
process characterized by a generator. Further simplifi-
cation yields a one dimensional stochastic differential
equation that characterizes the amplitude of the critical
mode of the original system. This simplified low-
dimensional coarse-grained model, which captures the
essential stochastic dynamics close to flutter instability,
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is used to efficiently simulate the long-term statistics of
the slow variables. The explicit forms of the homoge-
nized drift and diffusion coefficients of the reduced
stochastic differential equation are determined. The
explicit formulas contain both the stochastic perturba-
tions in the unstable and stable modes as well as the
action of the nonlinear terms. The reduced order (coarse-
grained) model is verified by comparison of distribution
functions, obtained computationally, with the original
system. Additionally, the top Lyapunov exponent found
analytically compares well with the exponent obtained
by numerical experiments using the original system.
This analysis provides a transparent medium for apply-
ing the homogenization procedure and may be of interest
to aircraft designers.

Keywords Flutter - Homogenization - Stochastic
Stability - Dimensional Reduction - Stochastic
Bifurcation

1 Introduction

In the present work, we examine the flutter character-
istics of an airfoil in turbulent flow, modeled as a rigid
flat plate. Turbulence is a common factor in airplane
accidents, for example loss of in-flight control asso-
ciated with wind gusts, which can cause substantial
damage to the aircraft and injuries to crew and
passengers (see Belcastro and Foster [1]). Although
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the effects of turbulence depend on aircraft size, we
consider a nontrivial classical airfoil model as a basis
for developing a unified framework for studying the
effects of nonlinearity and noise in a multi-dimensional
system that exhibits flutter instability (i.e. when the
deterministic system undergoes a Hopf bifurcation).
The dynamics of a structurally nonlinear two
dimensional airfoil has been studied numerically by
Lee et al. [2] and Poirel and Price [3]. This paper
provides novel, theoretically sound results for effi-
ciently studying instabilities and associated stochastic
bifurcation scenarios in the neighborhood of the flutter
airspeed. Specifically, the work presented here

e revisits the stochastic multiscale problem studied
in Namachchivaya and Van Roessel [4], in which
the martingale problem approach is used to
rigorously obtain a reduced-order representation
of a dynamical system with rapidly oscillating and
decaying components, driven by white noise. This
paper extends the findings of Namachchivaya and
Van Roessel [4] to a system driven by real noise, in
this case a 2-degree-of-freedom airfoil model with
wind gust/turbulence forcing. We obtain a 1-di-
mensional representation of the critical mode of
the 11-dimensional aeroelastic system, in the
vicinity of the flutter airspeed.

e validates the asymptotic results through compar-
ison of numerical simulations of the original and
reduced-order models. To the best of our knowl-
edge, this is one of few examples in which the
asymptotic solution for stability and bifurcations
are compared to the numerical simulation of a
11-dimensional real application.

The main result is a 1-dimensional homogenized
stochastic differential equation that captures the com-
bined amplitude of pitch and heave oscillations when
the system is close to flutter. This homogenized
stochastic differential equation has the potential to
serve as a computational inexpensive platform for
accurately capturing the essential flutter characteristics
of an airfoil undergoing instantaneous probabilistic
dynamic instability. Appropriate vulnerability crite-
rion that capture these instabilities can be formulated
and incorporated in the airfoil design for improved
passengers, crew, and aircraft safety. In this spirit, we
derive the explicit formula for the homogenized
stochastic differential equation based on model
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parameters. The results are hoped to be flexible enough
for aircraft designers to obtain the reduced stochastic
differential equations corresponding to their models.
Furthermore, the homogenization procedure presented
here can be adopted by other researchers who may wish
to obtain accurate localized results for noisy systems in
the proximity of a critical system parameter. Below, we
provide an outline of the work presented here.

First, in Sect. 2, we adopt the 2-degree of freedom
ordinary differential equation for a thin airfoil origi-
nally derived by Fung [5], and explain the associated
aerodynamic forces. The latter entails consideration of
the displaced mass and circulatory terms from aero-
dynamics. The circulatory terms are modified to
account for the effects of horizontal and vertical
components of wind gust/turbulence, as done by many
authors (see, for example, [3]). The ciculatory terms
are found to comprise of exponential kernels, which
makes analysis mathematically intractable. Two aux-
iliary second order oscillators are adopted to overcome
this hurdle, which increases the dimension of the
system. Wind gust in the circulatory terms is modeled
using two stochastic differential equations. Specifi-
cally, the time correlation of the solutions to these
stochastic differential equations corresponds to the
power spectral density of real turbulence determined
in Yeager [6] (the Dryden model).

Second, in Sect. 3 we outline the reduction tech-
nique, which is at the crux of this work. This technique
requires appropriate scalings to be introduced (for
time and nonlinearities) so that the stochastic dynam-
ics of the overall system (including noise processes)
can be characterized by slow, intermediate, and fast
components. Readers may be aware of asymptotic
techniques that handle such multiscale problems in the
deterministic context, for example the method of
multiple scales (see, for example, [7]). However, in the
stochastic context, the main task is to obtain a reduced-
order representation using a martingale problem
approach for Markov processes, which is an ideal tool
for studying weak convergence of Markov processes,
as explained in Ethier and Kurtz [8]. Reduced-order
models were obtained with rigorous proof in Namach-
chivaya and Van Roessel [4] (Theorem 4.2) and are
extended here without proof for the real noise case.
The slow and intermediate components are associated
with the “critical” and “stable” modes of the system,
respectively. The fast component is the driving wind
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gust, enters the equations of motion as a noise process.
The noise process is assumed to satisfy certain mixing
conditions (Doeblin’s condition that guarantees that
the fast variable rapidly attains its invariant measure)
to facilitate the ensuing homogenization. The under-
pinning of classical homogenization is a separation of
time scales, which involves the convergence of a
sequence {x“()} of processes parameterized by & to a
limit process in some sense. It is important that the
limit process x°(¢) obtained by this procedure be much
more mathematically tractable than the true physical
process, and the parameter value ¢, corresponding to
the physical process, be small enough to yield a good
approximation. The most widely used sense of the
limit is that of weak convergence of measures as
discussed in Namachchivaya and Van Roessel [4] and
references therein. In essence, the problem boils down
to solving a set of Poisson equations associated with
the generator of the multi-scale Markov process.

Then, in Sect. 4, numerical simulations using the
original and reduced-order systems are presented to
validate the theoretical result obtained from solving
the Poisson equations in Sect. 3. The top Lyapunov
exponent (which characterizes the exponential growth
rate of trajectories starting from two nearby points) for
the reduced system is calculated analytically and
compared with the top Lyapunov exponent obtained
by numerically simulating the critical modes of the
original system. Finally, in Sect. 5, we conclude with a
discussion of our results.

2 The nonlinear aeroelastic dynamical system

We consider a two-dimensional airfoil with two
degrees of freedom (Fig. 1): a rotation around the
airfoil’s elastic axis and a vertical translation (heave
motion). Rotation about the elastic axis, denoted by «,
is positive when the airfoil is pitched up. Heave
motion, denoted by £, is the vertical translation of the
elastic axis from a mean position, and is positive
downwards. The configuration « = 0 corresponds to a
null angle of attack relative to the freestream. No angle
of incidence is considered, so the airfoil pitch motion
corresponds to the angle of attack. The pitch (o) and
heave (h) motions are governed by the following (dots
represent derivative with respect to physical time 7):

mox,béi + mh + Kyh = —L(1), (2.1a)

Mean position

Un u(t)

Fig.1 Two-dimensional airfoil with degrees of freedom o and £

IEA&+qub];l.+KIO(+K3OC3 :MEA(I). (21b)

The above equations of motion are obtained by
considering the balance of aerodynamic forces and
moments about the elastic axis of the airfoil. The form
of (2.1) is a result of modifying the equations that
govern the dynamics of a two-dimensional airfoil (see
Fung [5]) to include a cubic torsional stiffness (see
Poirel and Price [3]). There is no coupling between the
two degrees-of-freedom when the airfoil is balanced
(i.e., the center of mass coincides with the elastic axis,
x; = 0). Coupling arises from the inertia terms when
x, # 0.

The terms L and Mgs on the right hand side
of (2.1a) and (2.1b) represent the aerodynamic loads:
the lift force and the aerodynamic moment about the
elastic axis, respectively. We now briefly review the
historical development of the lift force expression.
Wagner [9], developed a model for the unsteady lift
acting on a two-dimensional airfoil for arbitrary
pitching motion. Wagner analytically computed the
effect of an idealized planar wake vorticity on the
circulation around the airfoil in response to a step input
for the angle of attack. Then, a model to study flutter
instability was developed by Theodorsen and Mutch-
ler [10]. Both Wagner’s and Theodorsen’s theories
were derived analytically for an idealized two-dimen-
sional flat plate airfoil moving through an inviscid,
incompressible fluid. The motion of the flat plate is
assumed to be infinitesimal, leaving behind an ideal-
ized planar wake. Both of these theories modified the
quasi-steady thin airfoil theory (which ignores the
effect of wake around the airfoil) by including the
effect of the wake history on the induced circulation
around the airfoil. The effect of the wake can be quite
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significant as it effectively reduces the magnitude of
the aerodynamic forces acting on the airfoil. This
reduction in turn can have a significant effect on the
flutter velocity.

The quasi-steady thin airfoil theory assumes that
the pitch, o, and heave, h, motions of the airfoil are
relatively small. Thus, the effects of & and h appear as
an effective angle of attack and an effective camber,
respectively, which may be combined into a total
effective angle of attack for the entire airfoil. How-
ever, thin airfoil theory breaks down for rapid
maneuvers and therefore it becomes necessary to
include displaced-mass and circulatory terms. Theo-
dorsen’s model extends the quasi-steady thin airfoil
theory to include displaced-mass forces and wake
vorticity effects. Based on Theodorsen’s model, the
lift force acting on a strip of unit span is:

=1LP(1)

L(t) = LE(t) + prb*{h — aybéi + Us}

(2.2)

In Eq. (2.2), LP(¢) constitutes non-circulatory forces.
It is associated with the fluid inertia (i.e., apparent
mass forces). The circulatory forces L (¢) model the
effects of boundary vorticity and shed wake convect-
ing downstream at a constant velocity U. In the
following, we describe the expression for LC(f),
obtained based on the physical assumption that flow
velocity at the trailing edge is finite. The equivalent
of (2.2) for Mg(¢) in (2.1b) can be obtained by
similar arguments:

Mga ([) = (% + ah>bLC(t) -+ athD(t)

1 b*
- (2 - ah>bLD(t) - %oc

From the theory of oscillating airfoils (see Fung [5]
and references therein), under bending and pitching
oscillations, the circulation about the airfoil is deter-
mined by an effective downwash velocity acting at the
%—chord point from the leading edge of the airfoil.
Under constant airspeed U, circulatory lift is

LE(t) = 27‘EprW%(l)¢W(t),
where @" (¢) is Wagner’s indicial response function,
b is half the chord length (see Fig. 1), and p and U are

the freestream density and constant airspeed, respec-
tively. Downwash at the %—chord is given by
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wy(t) = (1) + Ua(t) + ba(r) G - ah>.

The first term 4 represents a uniform downwash due to
vertical translation h. The second term represents
uniform downwash corresponding to the pitch angle o
(using approximation U sin o = Ua for small o). The
last term represents non-uniform downwash due to a.
Before proceeding further with the description of
circulatory lift, we will recast the problem in the time-
varying freestream airspeed and unsteady flow setting.

The extension of lift Eq. (2.2) to the case of time-
varying airspeed was based on developments in helicopter
aerodynamics theory, specifically the works of Dinyavari
and Friedmann [12], Friedmann [13] and Friedmann and
Robinson [14], which extended Greenberg’s theory (see
Greenberg [15])to the general case of arbitrary airfoil
motion and time-varying velocity. First, the airspeed
U becomes a time-dependent quantity, U(z). Additionally,
transient loads that occur due to external disturbances
need to be modeled. Disturbance velocities that are
normal to the flight path are called gusts, or turbulence,
and they influence the circulatory terms. They are
captured by downwash at the leading edge and at the %—
chord-point. The circulatory terms in turn affect the
airfoil motion via the aerodynamic loads. Turbulence
is decomposed into longitudinal/horizontal and verti-
cal components, ur and wr, that are separated by o. It
is worth noting that uy and wy act as parametric and
additive forcings to the overall system, respectively.
ur enters the equations of motion as part of the
freestream velocity while wy is equivalent to down-
wash at the leading edge [as can be seen in (2.9)]. This
is consistent with previous work (see Poirel and Price
[3] and references therein) for including gust/turbu-
lence effects in the airfoil equations of motion.

Based on the preceding discussion, we rewrite the
airspeed and circulatory lift expressions accordingly.
It is assumed that non-uniformity in the flow around
the airfoil is a result of small disturbances superim-
posed on a uniform steady flow. Hence, the airspeed
term now comprises of a constant part U,: (mean
airspeed) and a time varying part ur(¢) (horizontal
component of turbulence):

U(t) = U* + (1), where ((t) = eur(t),

where ¢ is a small scalar quantity. Equivalently, we
write
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U(1) = Uy (1 + €*ur(r)),
(2.3)

Unsteady effects due to the horizontal component
of turbulence are captured using Wagner’s indicial
response function @Y (¢) (see Fung [5] and Wagner
[9]) that has been discussed earlier. Circulatory effects
due to the vertical component of turbulence are
captured using Kiissner’s gust penetrating function
@ (1) (see Fung [5] and Kussner [16]), and are
included in the system via an additional term in L€ (t).
In this time-varying, unsteady flow setting, the circu-
latory lift term takes the following form, with time-
varying airspeed and an additional component due to
downwash at the leading edge (vertical component of
turbulence, wr):

LE(t) = 2mbpU (1) ws(1)®" (1) + 2mbpU (1) w1 (1) DX (1).
(2.4)

The approximate expressions of Wagner’s and Kiiss-
ner’s functions have the same form:

IUI

(1)~ 1—Ale” s —A’ 0 >0,

where we use superscript / = W, K to represent the
expressions for Wagner’s and Kiissner’s functions,
respectively. The coefficients are A} = 0.165,
AY =0.335, b} =0.0455, bY = 0.3 [17] and Af =
0.5791, AX = 0.4208, bX = 0.1393, b5 = 1.802 (see
Leishmann [18]). Note that in the setting of (2.3), Van
der Wall and Leishman [19] justified the assumption
that the airspeed in @" (¢) can be set as a constant U*
when the frequency and amplitude of airspeed vari-
ations are small.

We now turn to modeling the turbulence compo-
nents. The two-sided power spectral densities for the
horizontal and vertical components of turbulence are
given by the Dryden Model (see Yeager [6]) as

orgx 1
Sur ((D) = p 2 (253)
1+ (#w)
2
2 L 143(Lo
Org* Ux
Swp(w) =—" ( )2 (2.5b)

respectively. The overall characteristics are governed
by the scale of turbulence / and intensity %, which are
common to both components. After transforming the
above turbulence spectra into the time domain via the
inverse Laplace transform (with Gaussian white noise
as input and the respective turbulence velocity as the
output), we arrive at the following set of stochastic
differential equations for turbulence components:

* ar*

duT(t) =-TI MT(I)dt +or Tth y
* 3r* s

dwr(t) = [—I™*wr(t) + c(t)]dt + o7 TdW’ ,

(2.6b)

(2.6a)

where c(-) satisfies

3
de(r) = —I™*c(1)dt + (1 - \/5) o7 (F:)czwf.

(W', W?) represent two independent Wiener pro-
F* def U*

Zm

cesses, and

We now return to the discussion of the expression
for circulatory lift. Note that the expressions for
circulatory lift due to downwash at the %—chord length
(horizontal turbulence) and leading edge (vertical
turbulence) are similar, differing by Wagner’s and
Kiissner’s functions. Therefore, we will discuss both
terms simultaneously, using superscript [ = W,K to
indicate Wagner’s and Kiissner’s functions, respec-
tively. If we consider an impulsive increment in the
downwash then the circulatory lift per unit span (2.4)
can be found to be

2mpbU (1) [¢’(t)w’(0) + /0 i (5) 22 = 9)

S

ds|,

(2.7)

where " (-) & w4 (), WK () L wr ().

Now, the memory term in (2.7) is given in terms of
an exponential kernel, which constitutes to an integro-
differential equation. To make analysis tractable, we
would like to replace the integral portion in (2.7) with
the output of a forced oscillator. Thus, let us consider
an auxiliary oscillator:

(bl —&—b’)?’:' blbl <l;*) o = w(0). (2.8)

@ Springer
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A straightforward calculation (see, for example, [23])
reveals that the expression in the square brackets
in (2.7) is equal to

U\’ U*
-t (S2) o - (atod + ) G

+ w(0) + &' (0)W! (1),

where ¢

All the preceeding arguments for circulatory lift
force can be translated to the aerodynamic moment. In
view of these arguments for aerodynamic loads, (2.1a)
and (2.1b) become

w_1 K _
_E’C =1.

mx,bé + mh + Kph

= —[pnb® (h — anbéi + U(1)3)
+ 2mpbU(F) [w%(t)diw(o) - g‘w}
+ 2nprm* [wr(1)®*(0) — @K]]7 (2.92)

Igab + mx,bh + Kyo + K30
. 1 1
= pnb? (hahb —b (E - ah> U(t)s — b (aﬁ + g) oc)
1
+ 21pb*U (1) <ah ¥ 2) [w%(t)diw(o) - @W}
1
+ 2npb*UX (ah + 5) [wr(t)®¥(0) — g¥], (2.9b)

with auxiliary variables

= —w(0)

bl (UX\’ U*
(Y -y
forI = W,K.

With appropriate initial conditions, (2.9) describe
the system states (airfoil degrees of freedom), with
appropriate forcing functions given by (2.8) (aerody-
namic degrees of freedom). Equations (2.9) and (2.8),
along with (2.6), represent a well-defined problem for
the present study to be conducted.

The aeroelastic model (2.9) with auxiliary equa-
tions (2.8) can be combined and cast as a non-
dimensionalized spring-mass-damper system with a
cubic stiffness matrix:

M)[2"] + [D(0)][2] + [K(0)][d] + [K3][2°]) = Fr
(2.10)

@ Springer

with [2]% [z h ¢¥ K], Fz=(0 0 0 wr',

and (-)' represents derivative with respect to non-

dimensional time 7 = UTm*t Equation (2.10) represents
a 4-degree-of-freedom nonlinear aeroelastic system
excited by real noise processes, ur(t) and wr(t),
modeled by (2.6). The coefficient matrices in (2.10)
are shown in “Appendix 1”. We note that « is the only
state that has not been non-dimensionalized and the
others have been scaled as follows (i.e., from dimen-
sional (f) — non-dimensional (7)):

h — bh, UX — bw,U,, ur — boyur,
¢ — bwycy, wr — bw,wr,
b b
oV — ", - o5,
@y Up, @y Unp
2 20 % 1
l—bl, o7 — (bw,) 07, € ——¢.

bw,

In the above, for example, & — bh is equivalent to
h = bh', where the prime on the non-dimensional
variable on the right side of the equality is dropped for
notational convenience. w, is the natural frequency of
pitch (frequency of the solution to the unforced
equation). Decomposing the damping and stiffness
matrices in (2.10) into their respective time invariant
and time varying components:

[D(7)] = [Do] + eur(7)[Di],
[K(7)] = [Ko] + eur(7)[Ki],

and defining gdéf[g, Z]", (2.10) can be cast as an eight-
dimensional system of differential equations in state
space,

g, = [Adlg, + €[Bolur(t)g, + [Colq’ + €p[N].
(2.11)

We shall tune the parameter p accordingly in the
ensuing analysis to see the effect of the vertical gust
component (inside [N]) in the framework of the
original problem. For the subsequent analysis, (2.11)
forms the basis of the model that will be considered
and it collapses to the aeroelastic problem for the case
p=1

The system (2.11) cannot be solved explicitly.
However, under some assumptions made with respect
to the nonlinearities, we can obtain approximate
solutions. These assumptions are based on the physics
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of the problem and the phenomena that one is
interested in studying. To this end, we shall be more
specific and study the effects of noise on systems that
are close to certain bifurcation points, i.e. we ana-
lyze (2.11) in a neighborhood of a critical system
parameter, U,, = U;,. We first introduce the following
scalings as in Namachchivaya and Van Roessel [4]:

q — €q, (Um — Ufn) — 8.

The spatial scaling is justified from the fact that we are
considering perturbations about the trivial solution in
analyzing stability. Furthermore, the additive forcing
is of O(€®) in (2.11) and so the system decays to the
trivial solution at steady state.

Consider a transformation,

(2.12)

where [7T] represents a matrix of eigenvectors of
[Ao(U¢,)] that have been arranged in accordance to the
real part of the corresponding eigenvalues sorted in
descending order. We remark that we also
study the unfolding of the linear critical system
[A((US)] hence giving us the flexibility to explore
the bifurcation characteristics of the aeroelastic

system in the vicinity of the critical airspeed. Denote

by pe &ef (X, Y) € R? x R®, where X* represents the

non-dimensionalized critical modes and Y* represents
the non-dimensionalized stable modes. Employ-
ing (2.12) and the previous arguments in (2.11), we
have

v =B (v, US) + eb' (v, ur (1), wi(r))

+ eV, U5, (2.13)

€
Vi =,

where the order 1 term in (2.13) is linear in v¢. The
coefficient matrix is block diagonal, with the top 2 x 2
square matrix being skew symmetric and the remain-
ing blocks being negative definite. Details of the terms
in (2.13) are given in “Appendix 1”. (2.13), (2.6a),
and (2.6b) characterize the overall system.

3 Dimensional reduction

To proceed further, we define

v déf(vi, ur (1), c(1), WT(‘E))

déf(f(; Y;a MT(‘C)v C(T)a WT(‘C))a
(X, Y ur,e,wr) e RZx RO x R x R x R.
ur is now the parametric noise given by the non-
dimensionalized form of (2.6a) and w7 is now the
additive real noise given by the non-dimensionalized
form of (2.6b), which is dependent on the now non-
dimensionalized c. Let us further define

where

r= R(ﬁ;)déf”)z(HRz, 0= @(ﬁ;)dgarctan <§3>
1

Our goal is to study the behavior of R (V%) and show
that the law of R(V¢) converges to an identifiable limit
as € — 0. The main result is an asymptotic description
of the dynamics of R(V%):

The law of {R(V); > 0} converges to the law of
{Fs; ©>0}, where 7 is the solution of the stochastic
differential equation:

dr, = bR(fr)dT + O'R(ff)dWT, o = R(V) (31)

br and o are the homogenized drift and diffusion
coefficients of R(v<), respectively. The homogenized
drift coefficient contains two distinct components: (1)
the stochastic effects from the “critical” modes
comprising of the stochastic components in the
stable “heavily damped” modes, and (2) the nonlinear
terms.

Note that R(vS) is slowly varying. Therefore, we
need to look on a time scale of O(%) to observe

fluctuations. The Markov process v; € R is charac-
terized by a time-scaled generator, which will be
crucial our investigation of the convergence of the
laws of various processes.

3.1 Problem formulation: homogenization
at a diffusive time scale

Let (Q, F, P) be a probability space that characterizes
the process generated from (2.13) and consider

€

(Xﬂ Y ur,c,wr) = (X (@), Y(®), ur(d), c(®), wr(d)),

where @ € Q. In order to analyze the asymptotic
behavior of the process generated by the time-scaled
generator of (2.13) as e — 0, it is necessary to remove
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the rapidly oscillating term % [B]X in 5’ (5 is defined
in “Appendix 1) via a transformation

X = efXe. (3.2)

This transformation induces an explicit t-dependence
in the rate of the multi-scale process—we introduce

0c def gyt
T 52

Hence we are considering a nonlinear R*-valued

to avoid having to address time-averaging.

critical process X¢, an RO-valued stable process Y¢, an

S-valued 6 process (S = [0,2x]), and an R3-valued

. def .
noise process Z¢ = (ur,c,wr) € R*. In view of the

previous arguments and a time change © — e, (2.13)
can be rewritten in a generic form:

1
dXt =—a® (XS, Y4, 05, Z8)de + a' (XE, Y5, 65 dr,

€

T VTt T YT

X5 = x € R? (critical),

(R S R4

dys = elz b0 (YS)dr + é b (XS, Y5, 05, Z8)de

+ b7 (XS, Y5, 05 dr,

Tt T

Y5 =y € RO (stable),

05=0¢S,

T

1
d()é = - (}J()d’[,
€

dzt = 612 A (z8)dr + é g (z8)aw:,

Z§ = z € R® (real noise).
(3.3)

It is worth noting that augmenting the real noise
processes (2.6) to Eq. (2.10) yields a 12-dimensional
system (including the intrinsic 6) defined by (3.3)
excited by Wiener process.

Let G denote the generator of Z¢, which contains a
diffusion term. In the limit as ¢ — 0, G has a unique
unique invariant measure (i(dz) for each initial z, and
the following limit exits for measurable f:

7 =tim [z @),
The generator of the 12-dimensional process (3.3) is
given by

Edef1 0,0,z 1 X,y X,
1z :6—232 Z>+E$} Dy ), (34)

where the fast, intermediate and slow generators are
defined as
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(,0.2) def o, \ O 0

Ca(x,y, O,Z)g+ b'(x,y,0,z) 0

(x.y) el
Zi Ox oy’

(xy) def 3 0 2 0

LV =a (x,y,@)a—i—b (x,y,@)a.
For every fixed ¢ > 0, the processes (X¢,Y<, 6 Z°)
together form a Markov process that is characterized
by the infinitesimal generator #¢ acting on smooth
functions. The main objective of the homogenization
theory is to show that the slow process X¢ itself is a
Markov process in its own right as e — 0, and identify
its generator 1.

To sum up, our goal is to study (3.4) to (1) show that
as € — 0, the dynamics of the slowly varying quantity
X¢ converges to a Markov process, and (2) identify the
generator of the limiting law. Our aim is to do this via
stochastic dimensional reduction, based on the results
of Papanicolaou et al. [20]. The technique used here is
based on that of Namachchivaya and Van Roessel [4].
To this end, we consider the Cauchy problem associ-
ated with the generator #¢ in the proceeding section.

3.2 Theoretical results: stochastic dimensional
reduction

Let .#° be the generator as described previously.
Consider the following Cauchy problem:

ou¢
- X 707Z,T =ZLU X, >9>Z7Ta
o (Y ) (x,y ) (3.5)

u'(x,y,0,2,0) = f(x).

It is well known that uf(x,y,0,z, r)dicf[Ex v.0,z
) ) )

[f(X¢)] satisfies the Kolmogorov equation, with the
expectation taken with respect to the probability
measure of the process X:. However, due to coupling
between the stochastic processes, X: depends not only
on the starting point x of the process X, but it also
depends on the starting point (y, 0,z) of (Y¢,0:,Z5).
Let us now construct an expansion:

Mf(xaya 67 <, T) = uO(xvyv 07 <, T) + eul(x,y, 61 <, T)

+ ezuz(x,y, 0,2,7) + ...+ €"up(x,y,0,z,7).
(3.6)
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In this section, we describe an outline of the calcula-
tions involved in obtaining a reduced-order descrip-
tion of the 12-dimensional system. Details of the
calculations are presented in “Appendix 2”. They are
similar to the calculations of Namachchivaya and Van
Roessel [4].

Substituting the expansion (3.6) into (3.5), we
obtain a set of 3 Poisson equations at increasing
orders of e. From the first of these equations, we
observe that u, is only a function of x and t, i.e.
uo(x,y,0,z,7) = u(x,7) (see (7.1), “Appendix 27).
The remaining two non-homogeneous partial differ-
ential equations (PDEs) are forced by u. The solution
of the second PDE can be obtained in terms of u by the
Feynman-Kac formula. Combining results from the
first two PDEs with application of the solvability
condition on the third PDE gives us a PDE of the form

d
Pu(x,7) — au(x, 7) =0,

u(x,0) = f(x)

for u, where the reduced-order generator P s a
differential operator in x only. (3.7) describes a
density-valued function of a process in R2, the state
space of X¢. By the stochastic dimensional reduction
results of Papanicolaou et al. [20], we can find a

(3.7)

stochastic process in R? that is close to X¢ in
distribution for small ¢ (weak limit of X¢ as ¢ — 0)
based on the generator 7. That R? process consists
of angle and amplitude coordinates, which live on
[0,271] x R C R%. For studying flutter, we will be
interested in the amplitude component. We obtain a
stochastic differential representation of the amplitude
component using Z'! in Sect. 3.3.

For the Feynman—Kac representation of #; and the
solvability condition, the transient and invariant

densities of fast processes (Y°,0°,Z°) with rate i

in (3.3) are required (Y* is the deterministic process
equivalent to Y at rate 1; see “Appendix 2”). The
coefficients of #'T in (3.7) are in terms of averages
with respect to the transient and invariant densities of
(Y, 0°,Z°). (Y°,0°,Z°) are mutually independent,
hence the joint density equals the product of the
densities. The densities of ¥* and 6° are known based

on (3.3): Y* is an asymptotically stable process that
decays to its initial condition and 0° varies with
constant rate wg on a circle with radius determined by

the initial conditions of x. The density of Z¢ need not
be obtained explicitly. Recall that Z¢ is the stochastic
process that represents the turbulence components
((2.6a), (2.6b)). Averages with respect to the density
of Z¢ are obtained in terms of power spectral densities,
which are determined from the Dryden model for
turbulence. Hence, 1 is of the form
2 5 1& 2

t— (x) — 4 — () ———
L= ; bl (X) ax,- + 2 Uzz:l al](X) ax,-axj ’
where b(x) and d;(x) are in terms of power spectral
densities of turbulence (see “Appendix 2” for calcu-
lations and explicit expressions).

3.3 Amplitude process

At this point we wish to determine %' that charac-

terizes the Markov process generated by r = R(z) o
IXllgz = +/x} + x3. To this end, let us apply Itd’s
formula on test functions of r, ®(R(x)) € C(R?). We
have

_do

ZH(@oR)() = = (RW)(ZTR)()
1d*®
2dR2 (R(x)){dR,dR)(x),
(3.8)
where

br(F) = (LTR)(x), ok(F:) = (dR,dR)(x),

oR , ([ OR
6x,~ o ax,-

(dR,dR)(x) < D ai(x) ().

In view of (3.1), the homogenized coefficients are
calculated to be

_ 7 3
bR(fT) = (3//))}7—Rf3 +§ |:K1§MT (0) +§K2§Z(;S(2wo):|

F . -
+ 5 [ SI (@0 +7) + S (@0~ )

— KsSI (0 +7) — KeS) (00— )]

+f
4

4 4
sin, A, @sin, A, €08, A @QCOS,4r
E KIS (UJo)—O—E KO S (a)o)}
r=1 r=1
p Cos
+EK8SWI'(Q)O)7

and
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.
o) =g [26150,(0) + 1285 (200)|

+ S S (0).

We have obtained, explicitly, the homogenized results
that capture the behavior of the critical modes of the
12-dimensional system (3.3). Both drift and diffusion
coefficients are given in terms of parameters of the
original system (2.10) (definitions of the terms
involved can be found in Appendices 2 and 3). It is
worth comparing the general results derived in
Namachchivaya and Van Roessel [4] for the white
noise case with the above drift and diffusion terms.
First, the noise contributions are given interns of sine
and cosine power spectral densities, as opposed to a
flat power spectral density for the white noise case in
Namachchivaya and Van Roessel [4]. The effects of
additive noise (vertical turbulence) are given by terms
with g in the above drift and diffusion terms. Since the
derivation of deterministic terms are unchanged, in the
presence of cudric nonlinearities in the aeroelastic
model, the modified R given in Namachchivaya and
Van Roessel [4] can be used in the reduced model.

The reduced model (3.1) will provide a framework
for computing standard statistical measures of stabil-
ity, exit time laws, and stationary solutions (see
Arnold et al. [21]). These results are verified in the
following section.

4 Numerical results

In this section, we present various numerical results
pertaining to the aeroelastic problem. The following
numerical values are used (see Poirel and Price [3])
U, = 4.31,
x, = 0.25,

ap = —0.5,
ks = 400,

u =100,
1 =50,

ry =0.5,
or = 1.

(4.1)

Note that as / goes to zero, the case of white noise
results since the power spectral density becomes flat.

4.1 Results for the real noise case: parametric
excitation

We present the results from using (3.8) with the
numerical values sampled at different frequencies

@ Springer
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Fig. 2 CDF of the critical modes of the original system
(dashed) and the reduced system (solid)

from the various power spectral densities. Figure 2
shows the cumulative distribution functions (CDFs) of
the critical modes of the original system and the
reduced system for the case of horizontal turbulence
(i.e., pp = 0). From the agreement of the plots, we can
assert that the distribution of the critical modes of the
original system are indeed captured by the reduced
system and hence this one dimensional model can be
used for investigating flutter further. The reduced
system in Fig. 2 is characterized by

br = (0.03234+0.142336)7 — 0.11717 +3.84714§,
0% =0.147257 +7.69427 o

[based on (3.1), with &=0.15, zero unfolding
(f=0), and the flow and system parameters as
in (4.1))] Numerical integration for the critical and
stable modes is performed using a combined predic-
tor-corrector scheme for the deterministic drift and
O(2) weak stochastic Taylor scheme, similar to that
introduced in Talay [22]. A stochastic strong Taylor
O(1.5) scheme is used for stochastic integration of the
turbulence processes.

4.2 Stability and bifurcation analysis: parametric
excitation

In investigating the stability of the critical system, the
Lyapunov exponent which quantifies the degree of
“sensitivity to initial conditions” (i.e., local instability
in a state space) is used. For the critical system, the top
Lyapunov exponent is defined as
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1
2 Tim = In 7|
T—00 T

almost — surely.

The top Lyapunov exponent gives us the rate of
divergence of two trajectories that started in the vicinity
of the equilibrium point after a long time. Hence, the
sign and the magnitude of this value is indicative of the
overall stability of the system after a long time.

It is known from Arnold et al. [21] that the top
Lyapunov exponent obtained by linearizing the original
system and employing Oseledec’s Multiplicative
Ergodic Theorem is equivalent to the top Lyapunov
exponent obtained from the homogenized system (3.1).
To proceed with the analysis, let us first rewrite the
homogenized drift and diffusion coefficients as

c

Rv3
27, TR

bR(f‘L’) = afr + 0%(?1) = df% + C,

where
!/ 1 3 cos
a=o ﬁ + g KISMT (0) + EKZSuT (2600)

1
+3 {Kﬁfff’x(wo +7) + 1S, (w0 — )

_ngzirn,»c(wo + V) _ K6§Sin’K(a)o _ 7)}

ur

1[4 L 4 ‘
+Z Z Ksmﬁ,g;lrn.m.(wo) + Z Kcos,)v,.gft(;s,).,(wo)‘| 7
r=1 r=1

3 . R N R

R= 3 {81011 + 81122 + 82112 T 82000
1 -

d = [2615,,(0) + Kzgng(zwo)} ,

Cc = %Kgg‘c;):(wo).

We now consider the case of parametric perturbations
only (i.e., ¢ = 0) in analyzing the stability of the trivial
solution. We note that, in the vicinity of the trivial
solution, the cubic nonlinearity should have little
effect on the stability of the critical system . Hence we
set R = 0 (and valid only when R < 0 which is true for
our case) for the following analysis. Application of
1t6’s formula on In |7;| gives, at f = 0,

d
R = (a - 5) =0.068711, (o finite).

It is worth noting that the drift and diffusion terms bg
and % were derived for the airfoil model in which
wind gust is modeled using the Dryden model. This
was accommodated by augmenting the original equa-
tions of motion (2.1) with two stochastic differential

Eq. (2.6) representing colored noise that corresponds
to the power spectral densities in (2.5). Hence, ),If
evaluated above incorporates realistic turbulence. We
have used the fact that the steady state value of the
ratio of a martingale to its quadratic variation in the
limit as 7 — oo is zero. Using this result from the
reduced system, the top Lyapunov exponent of the full
system s estimated as ¢ A’f . The positive top Lyapunov
exponent obtained indicates that a D-bifurcation has
occured, which is related to the loss of stability of the
reference measure (i.e., the invariant measure associ-
ated with the trivial fixed point of the reduced random
dynamical system—Dirac measure dy at ¥ = 0). Upon
further verification of this positive sign, we can assert
the almost-sure instability of the equilibrium point of
the nonlinear, dissipative dynamical system when at
the flutter speed (i.e., all solutions that start near the
equilibrium point of the system diverge away from
each other at a rate of ezﬂff).

Figure 3 shows the results of determining the top
Lyapunov exponent of the full system by numerical
integration. The same numerical scheme as in
Sect. 4.1 is used for integration with ¢ = 0.5. Solid
lines are the quantity 11n |r| for 10 realizations while
the broken line shows the average over 2400 realiza-
tions. The linear fit of the mean solution (i.e., the slope
of which is the top Lyapunov exponent of the full
system, A7) is shown embedded within the same plot.
It is clear the actual Lyapunov exponent of the full
system is €22F = 8.6497 x 10~*. Similarly, Fig. 4 is
for the reduced system.

The Lyapunov exponent estimated by the reduced
system is €275 =9.2270 x 10~*. We see that the

analytical top Lyapunov exponent, )ff, is close to its

numerical counterpart, A5, and 2% and differs from A"

by ~ 6 %.

Since the 2-dimensional homogenized random
dynamical system (generated by (7.6) in “Appendix
27) exhibits an S'-symmetry, the (;,6) processes
decouple and hence the 7, process of the nonlinear
system is by itself a Markov diffusion process, and its
non-trivial stationary density is given by

-7 ()7 ool

with v déf% — % In view of the definition of 7, the joint

stationary density is given by
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~Uaig 100 200 300 400

Fig. 4 Lyapunov exponent of the reduced system

) = s () 42 e g (53 42|

We now let 5, (i.e., the D-bifurcation point) be the
value of § for which v =0 and we let p (i.e., the
Phenomenological (P)-bifurcation point) be the value
of f§ for which v = 1. On one hand, for § < f8,, we have
v<0 and the fixed point 7 =0 is asymptotically
stable (i.e., the stationary probability density p(F) is a
delta function at 7 = 0). The equilibrium point of the
full system looses its stability at the airspeed U,, =
U¢ + €*Bp. On the other hand, for f > Bp, we have
v > % and the density is maximum at 7 = jR;/%d. The
appearance of a new peak at fj, where the probability
density first exhibits a crater is called a P-bifurcation
point and it occurs in the full system at the airspeed
Un = U + € fp.

In Fig. 5, we present the bifurcation diagram to
illustrate better the D- and P-bifurcation points. Plots
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of the stationary densities of the reduced system are
presented for an > neighborhood of f = 0. It is clear
that at the D-bifurcation point, the top Lyapunov
exponent /1§ of the reference measure is zero. For
/1123 <0, the trivial solution is stable and the nontrivial

solution does not exist. For /5 > 0, the trivial measure
is unstable and hence there exists a nontrivial invariant
measure. The nontrivial solution can be further
examined via the two distinct growth rates of the
process generated by %11 given in (7.6) in “Appendix
2”. The sum of these growth rates are related through
the trace formula of the Stratonovich stochastic
differential equation characterized via the Hormander
equivalent of #' as done in Arnold et al. [21].

We next consider the moment stability of the response,
.. If E[(7,)"] tends to a finite value as T — oo, then the
system will be stable in the p’th moment. Let us
formally define the pth moment Lyapunov exponent for
the homogenized system with zero nonlinearity (i.e.,
R = 0) and pure horizontal turbulence

1
¢(p) & lim —InE|r|” for 7 # 0.
T—00 T

Following the work of Namachchivaya and Vedula
[24] and assuming that the specified conditions are
satisfied, the moment Lyapunov exponent for the
system can be approximated as

8(p) = €8:(p) + O(€),

where

_P

g 80"+ 12S," (2a0) + Kk3S; " (wo + 7)

22(p)

+ K4§cos.x(w0 _ V) _ ngsin,K(wO + V)

ur ur

4
— K6§Zfl',“”‘(wo —7)+2 (Z KSi“‘*’SZ‘;”)"(wO)
r=1

4
+ Z Kcns,i,gzgs,/w (w0)> ]
r=1

2
+’1’—6 [z;c, Su, (0) + Kzgf;f(zwo)] :
and p € 4 = any compact subset in R.

Now, the top Lyapunov exponent ),'f can be found
alternatively by ¥ = ¢/(0) where the prime denotes
differentiation with respect to p. Furthermore, in light
of the large deviations result of Baxendale [25], the
nontrivial invariant measure undergoes a P-bifurcation
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Fig. 5 Bifurcation diagram for the homogenized system:
Change in the distribution and density of the critical modes
(x1, xp) as the bifurcation parameter f§ varies pass the D- and
P-bifurcation points. The top figures show the cdf of the

modulus y/x} + x3, the bottom figures show the change in shape

at 8, corresponding to g(—d) = 0 where d = dim R
In particular, the f§p correspoding to the homogenized
equation (see Fig. 5) occurs when d = 1.

In Fig. 6, we present comparisons between CDFs of
the reduced and full system at regions of interest,
namely, 2f,,100p,208, to discuss the range of
validity of the homogenized stochastic differential
equation for studying essential characteristics with
respect to the two bifurcation points. From the relatively
good agreement of the CDFs (shown at the top in
Fig. 6), we can assert that the one dimensional stochas-
tic differential equation is indeed an accurate and
computationally efficient model that captures the
essential flutter characteristics of the aeroelastic model.
It is evident that this one-dimensional model is valid for
a large region hence adding to the robustness of this
model. Additionally, various joint probability densities
of the aerodynamic states taken from the full system are
presented in Fig. 6.

Figure 7 presents the top Lyapunov exponent
obtained at various f’s from the homogenized model.
These values are a good representation of the original
system’s result at the prescribed f due to the

of the joint density of (x;, x,). The joint density is a d-measure
before the D-bifurcation. As the system transitions from the
D- to P-bifurcation, the density stretches about the support of the
J-measure, until the P-bifurcation, where it takes a crater shape

agreement of the CDFs for the range 2/, through
20fp shown in Fig. 6.

A linear fit of the data in Fig. 7 results in Ag
growing at a rate of 0.0322 with respect to . This
corresponds to a positive growth rate of 4.3233 x
10~* in the top Lyapunov exponent with respect to
unfolding for the full aeroelastic model for the case of
pure parametric excitation.

4.3 Results for the real noise case: combined
excitation

The two-dimensional process ng[wr c]" given by
Eq. (2.6b) is linear and hence the solutions of these
stochastic differential equations are gaussian. Thus,
the stationary distribution of this process is distributed
normally with the two statistics, my, and Py:

. (F*)Z
0 1 a
moo:|: :|a Py =- 2 ;

(M*)*(1 - v3)
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Fig. 6 Comparison of CDFs at nonzero unfolding, at 25, 10fp
and 20fp: The top figures show the cdf of the modulus of the

critical modes +/x3 + x3. Bach figure shows the comparison
between the cdfs constructed using the full system (solid) and
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(h)

homogenized system (dashed). a—c show the joint density of the
critical modes, d—f presents the joint density of pitch and pitch
rate, g—i gives the joint density of heave and its rate
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Fig. 7 Lyapunov exponent from the reduced model for a range
of unfolding

0.8 [

Fig. 8 CDFs of the critical modes of the original system
(dashed) and the reduced system (solid) for the case of
combined excitation

The stationary joint density of Z; can be easily found

via the multivarite normal distribution:
1

B 27| Py |

1
X exp <—2(Zt - mOC)TPgO1 (z, — mw)>

Dst (WT7 C)

Therefore, the initial conditions for the states of the
two-dimensional process Z; can now be sampled from
the previous stationary probability density and hence
the simulation of the full system can be facilitated. The
stationary density, p, (7), of the 7 process in this setting
is given by

i 25E g Q[+

X exp <R Vz)
—7
d )

., _defa—d def _ . .
with ¥=224(,¢ é}—‘?, v non-negative, and this
density satisfies the stationary Fokker-Planck
equation:

) 19

*& (bR(f)Pst(f)) + EW (Uga(f)Pst(f)) =0,

with initial condition: p (¢, T|Fo, 7o) — O(F; — Fo)
as T — 1. The homogenized coefficients br, o are
given in Sect. 4.1. In view of the definition of 7, the
joint stationary density is given by

Fig. 9 Joint densities at § = 0 for combined excitation: a shows the joint density of the critical modes, b presents the joint density of

heave and its rate, ¢ gives the joint density of pitch and pitch rate
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20"exp (=)
r@o)

X <g) X7 +x3 Kg) (xf+x3) + l} o

R
X exp <H(x% +x§)> .

pst(xl ,X2) -

In order to obtain asymptotic results, we consider
the case of p = 1 and hence we are considering the
vertical component of turbulence to be at O(e?) in
the original aeroelastic model given by Eq. (2.11).
Figure 8 shows the plot of the CDFs of the critical
modes of the reduced and full systems at zero
unfolding, f =0. Figure 8 was generated with
& = 0.05, using the same numerical scheme stated in
Sect. 4.1. From the relatively good agreement of the
CDFs in Fig. 8, we can assert the validity of this one
dimensional model in capturing the essential flutter
characteristics of the aeroelastic model in the vicinity
of the flutter airspeed for the combined vertical and
horizontal turbulence setting. Figure 9 presents the
various joint probability densities taken from the full
aeroelastic system whose CDF of the critical modes is
given in Fig. 8. It has been verified for a range of
nonzero unfolding (i.e., § # 0) that all normalizable
joint densities (i.e., probability density) exhibit a
crater shape. Thus, a D-Bifurcation does not occur in
the case of combined excitation (see Fig. 5 for a lucid
picture of the transition of the densities between
bifurcation points). This result is commensurate with
that obtained by Poirel and Price [3].

This homogenized model may further be used to
study the effect of combined excitation on the full
aeroelastic model for a range of nonzero unfolding.
Although not considered in the present work, this
homogenized model can additionally be used to
accurately estimate the top Lyapunov exponent of
the full aeroelastic system when excited by both
multiplicative and additive noise.

5 Conclusion

We considered an 11-dimensional stochastic model
that represents a 2-degree-of-freedom aeroelastic
problem, with aerodynamic forcings generated by
an additional 2-degree-of-freedom model and a 3-di-
mensional turbulence model, and extensively charac-
terized the modeling involved. A method of stochastic
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dimensional reduction based on the work of Papani-
colaou et al. [20], Namachchivaya and Lin [26] and
Namachchivaya and Van Roessel [4] was developed,
for non-white noise excitations. In developing the
stochastic averaging scheme, it is assumed that the
random perturbations are small, but over a long time
their effects are significant. In order to understand
these effects, the reduced model encoded the structure
of the unperturbed dynamical system which allowed
one to look at the quantities of interest on an
appropriate time scale. The averaging principle per-
mits us to obtain the equations governing the evolution
of these slow variables. The method was then applied
to the aeroelastic problem in the vicinity of the critical
bifurcation parameter. This simplified low-dimen-
sional coarse-grained model was used to efficiently
simulate the long-term statistics of the slow variables.
The goal of this technique was to obtain a one
dimensional reduced model that would characterize
the stochastic dynamics exhibited by the critical
modes of the original system and in turn allow for
aerodynamic flutter to be investigated in the presence
of turbulence. This technique was facilitated by the
fact that the system under consideration comprised of
components that rapidly oscillate and decay, and noise
processes that satisfy strong mixing conditions, so that
they attain invariant measures very quickly and hence
could be averaged out. Explicit formulas for the
homogenized drift and diffusion coefficients were
derived and these quantities were given in terms of
various power spectral densities that could be readily
found from the Dryden model. The formula contains
terms representing contribution from the stochastic
components in the stable “heavily damped” modes
and the “critical” modes (this contribution was
explicitly obtained for the first time in Namachchivaya
and Lin [26]).

One of the key findings is that, in addition to
providing a qualitative behavior of the stochastic
dynamics, the results from asymptotic methods are
capable of capturing the quintessence of noise-
induced instability and stochastic bifurcations of the
original system, as shown in Figs. 2, 3, 4, and 8.
Numerical experiments were conducted for the cases
of pure longitudinal and combined excitations and the
CDFs of the critical modes of the original and reduced
systems converged in both instances. This verifies the
results obtained from the homogenization procedure.
Finally, the top Lyapunov exponent was calculated
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analytically for the one-dimensional system and
compared with the numerical value obtained from
the nine-dimensional system for the case of parametric
excitation. The Lyapunov exponent values were found
to be relatively close to each other, allowing us to
comment on the overall stability of the full system
using the one-dimensional system.
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Appendix 1

The terms in (2.10) of Sect. 2 are as follows:

S )
AR I SR
pry ry g
= 1
[M] w-M 1es o0 oo
Il Il
0 0 10
L0 0 0 1.
[ € 1 ? € 1 € 1 Wi w wipWw 1 KK KK 1
u E_ah u‘ §—|—ah 2u¢ §+ah (A1 b —|—A2b2) 2 §+ah (Alb1 —|—A2b2)
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(3
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U U2 I 7
e 0 Y Y 0
I 0 0 0 KK |
K
=000
Un
[K;]=|0 00 0,
0 000
Lo 0 0 0
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def
where u¢ = 1 4 eur(t), w* := ewr(1), and w, and w,
are the natural frequencies of heave and pitch [fre-

The coefficient matrices in (2.11) of Sect. 2 are as
follows:

quencies of the solutions to the decoupled, unforced [Ao] :[z]*l[L], [Bo] = [Z]fl[Q},
Eq. 2.1)]. - o1 _ -1
As mentioned in Sect. 2, the damping and stiffness (Col =lz] (6], [N] = (2] (),
matrices [D] and [K] can be decomposed into their where
respective time invariant and time varying components: - I 0 } . { 0 I }
[D(%)] = [Do] + eur(7)[D1], Lol T LK) —([Bo] )
[K(7)] = [Ko] + eur(7)[Ki], [ o 0 } Gl — [ 0 0}
S ] I
where - 0
0
M=,
LWr
[ /1 : 1 1 1 T
(5 _ ah) (5 + ah) > (5 + a,,> (AVBY £ AVBY) 2 (5 + a,,> (AR 1 AKDK)
wio o ury - ury
3
[Do] = (5 N “h) 1 2(AVBY + AYDY) 2(AKDE + AKDK) ,
H H H H
1
an =5 -1 by +bY 0
L 0 0 0 K+ bk i
[ (1 2 1 ! WLW | AWLW 1
- _a ——ay) 2(z+an ) (AYBY +AYBY)
2 \2 . \2 0
ury wr; pry
w2 Ju Ju
0 0 0 0
L 0 0 0 0]
[ 1 1 WL W 1 K7K |
1 EJra;, §+ah bl b2 2 E—i—ah blbz
— N 0 _ _
Un ow pry pry
[Ko] = 1 ((,l)h/wo()z ufbi’ngV Zb{(bé( N
2 Uz, Ju i
-1 0 bYbY 0
L 0 0 0 bX bk ]
- 1 | -
> <_ + ah> > (_ + a,,) B BY
2 2
-—— 0 ——F5— 0
ur; ury
[Ki]= % 0 by bY 0
u
-1 0 0 0
L 0 0 0 0]
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The terms in (2.13) of Sect. 2 are as follows: dup
ggﬁJ)MO(xayae,Zv ) bo( ) ay ()C y,@ Z,T )
B (v, U‘)—[Ao( ) ] [A(U‘)]E oue
El (V WT 'C)) SB()T]MT( ) +w0 o0 (x7ya O,Z,T)
= p[}d (B ]ur(f)v + Guo(x,y,0,2,7) =0,
2
€ c\ __ 6
b (v, Uy) = [ +G(v) } gg‘o’%l(x,y,e,z,r) a(x,y,0,z) o 0(x y,0,2,7)
F = B[say(U,)T] = B[A'(U,,)], ou
1 0
G= [S][COL -b (X,y,G,Z)a—y(x,y,Q,z,T),
8 3 8 37 0.z ouy
(EZnWWﬁ,HW<§ZnWWO , LF 59,029 = =a(5,3,0,2) 2 (63.0,2,7)
i=1 i=1 1 ouy
- b ()C,y79,Z)—(X,y,0,Z,T)

[1] = wr(2)[S1s, - . ., Sgs]”, where [S] = [T]".

Due to the block diagonal form of the linear operator,
A(U¢,), we can write

0 —o
0}7w0€R+

B 0 0
AlUS)=10 R 0 7whereBz{ 0
(o
00 C 0

—Kk =7 . ,
R= ,and C = diag(4;), 4 <0,i=1,...,4.
—K

The remaining terms are

D E1 _ K M
A/(U’C”){H J_’[B][g Aﬂ
81(“;)_
Gu)'=| |
gs(”i)_

where D and K are 2 x 2 matrices, E and M are 2 x 6
matrices, H and N are 6 x 2 matrices, and J, L are
6 x 6 matrices, and

_ def .
gm( ) gm ykxxjxk - gmlllxl
2 . 2
+ 822X + 3m122%155 + 381 12X X2

form=1,...,8, and g, are constants.

Appendix 2

Here, we describe the calculations involved in
Sect. 3.2. Substituting the expansion (3.6) into (3.5),
we have a set of Poisson equations at increasing orders
of e:

dy

Ou

N o
(a (x,y,0) o (x,y,0,2,7)

0
B (x,y, 0) 22

o (x,y,0,z,7)

au()

—a; 0.z, T))

(7.1)

Since G is an operator in z alone, it is clear from the first
equation of (7.1) that uy(x,y,0,z,7) = u(x,7). Thus,
the second and third equations of (7.1) simplifies to

0,2 0
L (x.3,0.2.7) = —a(x.y.0.2) 5 (x.7).

0. 0
gg19~~)u2(x7y797z7r) —a ()C y,E)Z) a’; (.X y7027 )

0
7b1(x7y7 0,z)alyl(x7y,0,z, T)

We first investigate the O(%) dynamics in (3.3) to
obtain the transient and invariant measures of the fast
generator CS,”?H’Z. Let us denote by . the flow map
induced by the deterministic vector field b°(y)
of (3.3), i.e. Y. (y) is the flow of Y* starting from y if
it was driven only by the O(%) dynamics. The transient
measure is a delta measure centered at i, (y): dy_¢,) (1)-
Since the vector field is asymptotically stable, we can
associate a measure defined by the following limit
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Joo(n) = do(n) € lim

T—00

m o, ().

For the 0° process, all orbits live on a circle whose
radius is dictated by the values of the initial conditions
x1 and x; of the process X:. More precisely, contained
in a closed orbit, we can associate a measure defined
by the following limit

T

6r(8) = = Tim ~ [ Bpyuns(6) ds.

T =T fo
For the noise process, it is natural to obtain the final
results in terms of the spectral densities of the input noise
Z¢ whose generator is G. To this end, we express the
solution in terms of the Green’s function g({, ;z,0)
for G*. The Green’s function for G* is the solution of
0g
a:g*g7 g(C>OaZ7O) :50(Z_C)

Since they are independent, the transient density of the
O(%) components is

ps(v:0,2,n,&,0) =9, () 0,..,(&) - &l 52,0).

Now we are in a position to evaluate the PDEs (7.2).
The coefficients a°(x,y, 0, z) and b'(x,y,0,z) in (3.3)
are both linearly dependent on the process Z¢, which
invariant distribution has zero mean, so

E[a°(x, Y, 0%, 2] = E[b'(x, Y%, 6,2°)] =0,

where E[-] is expectation with respect to the invariant
density p.. Thus, the Fredholm alternative implies
that the first equation of (7.2) has a bounded solution.
Now employing the Feynman—Kac formula (see, for
example, Chapter 5 of Karatzas and Shreve [27]) and
defining
u;(xm):a(x,‘c), h(x,y,0,z;7 )—a (x,,0,2)u,
the bounded solution of the first equation of (7.2) is
given by

ui(x,y,0,z,7) =Ey g, [/ h(YY,H’;,Z X, ‘E) ds]
0

Zlfdfénéﬁéf““@O%“”)

ps(n, &, 5y, 0,2) dndldg, (7.3)

@ Springer

where x and 7 are parameters and the transient density
does not depend on x due to the fact that the fast
components of Y¢ 6, Z¢ are independent of the slow
process X°. Furthermore, we note once again that y, 0
and z represent the starting points of the processes
YS, 0%, Z¢ respectively. Since E[a®(x,Y<,0°,Z¢)] =0
(see above), the centering condition is automatically
satisfied:

/R/S/R h(n, & x,7) poc(n, €,¢) dndéd{ = 0.

Making use of the above expression for the transient
density, (7.3) can be written as

//Rﬁ//w (8 D1l )

o (1) 0,..,(8) - g(C,52,0) dndédl.

ui (x,y,0,2,7)

Now, let us consider the last of the Poisson equations
in (7.2) more carefully:

ggﬁ‘Z)MZ(x7ya 07 <, T) = _aj(‘)(x7y707z)
aul 6
0, 0 0
ax,-( ,3,0,2,7) = b} (x,,0,2) ayj( ,,0,2,7)
ou ou
(. Ou _ou
(der 0w -Fwa) 09

Note that the transient and invariant measures are not
functions of the slow variable x, but only of the initial point
(y,0,z). Keeping this in mind and integrating with
respect to (= y) and &(= 6) we can rewrite (7.4) as

gg:_"v()’z)uz(x’ Y, 07 <y T) = _a(‘)<x7 Y, 97 Z)

[ o{ (s

+ 67 () u;i (xa T)+ai (xv lybx (y)v oS

+ 0, Ol (x, f))g(é,sa z,0) d0)

*° 0
_bl X,y,H,Z / dS(/ a?xvlpsyaws
e 0 [ s (a0

+ao%@mmmsamd9
0 0
- (e ) - )
]

= ¢(x,,0,2,7).
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Applying the solvability condition {¢(x,y, 6,z,7), P
(y,60,2)) =0, where py(y,6,z) is in the kernel of
pW02).

P

/R// xy’Hzpoo(y,Hz)/ ds

from the previous remarks. We further note that the
cross terms between ¢,(ur), ¢,(c,wr) have been
dropped because of the independence between the
horizontal and vertical noise. Additionally, we define

L (00005 0.0 59 5,0 o0+ 0.0, 5 )lG5i2.0) ) it

/// ,xy,92poo(y,92)/ ds
RO R3

0
X(/sewagl( Cwos+9C)|w lp()

—==ul, (x,7)g(,5;2,0) dC) dyd0dz

J
[ 0.0 () 0 - 2 bz = o
R® R Ox; ot

Equation (7.5) yields the homogenized equation for
u(x, 7).

We now provide a brief overview of the computa-
tion involved at this point. The complete details can be
found in Singh [11]. In order to simplify the calcula-
tions further, we look at b' (v, ur, wr), Ez(v‘,U;l)
in (2.13) and note the change of coordinates in (3.2)
that motivates an appropriate structure for the vari-
ables a’(x,y,0,z), b'(x,y,0,z), a'(x,y,0). These
variables are defined in terms of the matrices K, M,
S, N, L, D as given in (2.13) as well as in terms of
functions of the respective noise processes: ¢ (ur),
@,(c, wr). Furthermore, the invariant measure is given
as

50()’) ) Vl(Zl) : Vz(Zz,Zs)

0 =
Poso(y,0,2) o ;

where v; - v, is the invariant measure of the real noise
process, which are independent. The transition density
of the noise process can be decomposed as

g(C,S;z, 0) =481 (gl,S;ZhO) ! g2(C27 4/335; ZZaZ370)‘

We treat ({5, (3) in g2({s, (3, 5;2,0) as one quantity in
the analysis that follows.

We then integrate out both y and 6 variables,
respectively, in the solvability condition that follows

the covariances (time correlation) in terms of func-
tions of the respective noise processes ¢ (ur),

¢2(C7 WT) as

R, (5) CE[@, (ur(2)) @y (ur (v +5))]

= / o1 (Ovi(0) (/&R 0 (()g1(C,552,0) dC/)dC

Elpa(e(), wr(©)a(c(x + 5),wr(x + )]
[osom@ ([ o:res(c520 ar Jar

Their time integrals are the power spectral densities:

def

*%‘4’2( )

S (0)E2 [ 2, (s)ds,
0
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which can be readily found from the Dryden Model.

We also define the (I, j)th element:

COS, def 0 ()
Surjl / 2(/)] CO ) a i |y =0 d

1n C] a i
S;ml( )d—f/o Ry, (5)S°(wos) lg)iy) |,—o ds.

We define the various damped spectra as follows:

(o0 £2 [ ¢ () ons)i,
. , df o0 bl
i on) 22 [ ¢t (38" ons)is

fori=1,...,4, and

o
&

Sz(;sﬁk(wo) def 2/0 7;@%(/71( )C (a)os)ds,

o
&

S (o) £2 /0 TR, (5)S° (0s)ds.

Now, the partial differential equation (7.5) is written
in terms of these power spectral densities. The
homogenized generator " will be an operator that
depends only on the two dimensional slow variables
Xz, hence the test functions associated with & Tt will be
of the form f (x.). Therefore, let f be a smooth function
of x only, and the generator that produces the slow
process is given by

2 2
_ 1
PTEN b () — 42 a .
; i) ax, 2Za Gx,GxJ (7.6)

with the homogenized coefficients given by

bi(x) = xi (ﬁ”g{ + (] + )+ [ + Sy (2000)
+T S (200) + 73,54, (0)]

1

8{ SCOSK(w +/)+TE SCOSR(COO*’Y)

+nk§§ll‘lK(w0+/)Jrntkgglnh(w()i,y)]

ur

ThllS, 1 8 sm Ar @sin, 0% Ar @08,
Ar Ar r Ar
+ Z Z SllT ) + Z Sur 0)
r=1
1 ) -
g[S (@0 =7) + ST (@0 +7)] [57,’;” @0 = 7) = S5 (@0 +7)] 0 0 0 0
[Sf,': (0 +7) = Sy (w0 = 7)) [Sfff (w0 —7) + Sy (@0 +7)] 0 0 0 0
, 0 0 i 5;7‘ 1 () 0 0 0
S (o) = A
0 0 0 SCOB'AZ(Q)()> 0 0
0 0 0 0 i S;‘;’ (@) 0
0 0 0 0 0 ZSZT H(wo) |
[ 1 .. .
3 [Si" (0 = 7) + Sy (o + 7)) [§fff (w0 +7) = Sy (@0 = 7)] 0 0 0 0
1 - )
SIS (0 —7) = SN +7)] SN (o0 =) + S (k)] O 0 0 0
, 0 0 S () 0 0 0
Sui(wo) =
sin, /.
0 0 0 SMT 2 (o) 0 0
0 0 0 0 Z §;‘; % (0ag) 0
1 )
i 0 0 0 0 0 250 (o) |

@ Springer



Meccanica (2016) 51:2665-2688

2687

and
R x2 + x2
dyx) =22 St (2w0) + miSi (200)|
p cos sin
+ 2 S () + mySin (o)
S, (0
—|—7:1( ) ( lox% + nnx% + 7 x1x2>

where the definitions of the various 2 X 2 matrices "

are given in “Appendix 3”.

Appendix 3
B ¥ V1 . |-R -R
— g —
b B ~ _ |,
L=y o R R
. [r2 O ) 0
T = , T = ,
L0 2 x5 0
. [ k1 — K7 2K1K7 4 K3  Ks
_—21/K1K7 K1 — K7 ’ —Ks5 K3 '
I Kg Ke —Ks K3
= , 7 = ,
L—K6 K4 —K3 —Ks
7 '_K6 K4 sind Ksm,l, COSAr
= , T - < ] sin. 4 )
| —K4 —Kg )OS Ar FSiLr

cos,4, __sin,/,
oy _ KOS S 5 kg O
KcSin A KO8, ’ 0 Ky ’

9 l: 0 K8:| 10 l: K1 — K1K7:|
= , T = s
—Kg 0 —\/K1K7 K7
7'[” - |: K7 \/K1K7:| 7['2 - |:2\/KT1K7 K1 — K7 ]

VEIKT Ky K1 — Ky —2/K1K7 ’
d d dip —d

5 — 11;22”,: 122 21,d,-,~€D7

K1 = (ki +kn)°, k2= {(kn *kzz)z + (k12 +k2|)2}7
K3 = (my — myy)(no — nyy) + (mia + may) (ni2 + na1),
Ky = (my + myy)(no + nyy) — (my2 — moy)(n12 — na1),
Ks = (mia 4+ ma1)(no — nyy) — (moy — myy)(ni2 + nay),
Ko = (maz + myy)(ni2 — n21) + (M2 — may) (n22 + n11),

where m;; € M and n;; € N,

Ksin,/lr :{_ml(r+2)n(r+2)2 + m2(r+2)7’l(r+2)l }7

oS, A

K *{ml(r+2)n(r+2)l + m2(r+2)n(r+2)2}7

forr=1,...,4,

K7 =(kia — ka1)?, kj € K,
Kg :{f12 +f22}a

_ 3 . N .
R=— g{glzm + 8112 + 82112 + 82000}

R=- g{g1:112 + g1:222 - gZ:lll - g2:122}'
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