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Abstract Flow structures and thermal aspects of

buoyancy-driven flow occurring in the presence of

protruded heater inside a square enclosure are inves-

tigated under different thermal boundary conditions of

the enclosure for two common fluids (of Prandtl

numbers Pr = 0.71 and 6.9) at various Rayleigh

numbers (Ra = 103–106) numerically. The study is

conducted considering a single heater as well as a set

of two identical heaters located symmetrically on the

bottom wall of the enclosure. Results reveals that the

heat transfer, energy flow and fluid flow are markedly

dependent on the heater aspect ratio, Ra, Pr and

thermal boundary condition. Although with the single

heater symmetric trends of fluid and heat flow are

observed, the strong asymmetric flow features are

found in case of the double heaters for Pr = 6.9 at

higher Ra. Some interesting energy and fluid flow

patterns are evolved depending upon the values of

heater aspect ratio, interspatial heater distance and

enclosure’s boundary condition. The visualization of

mass and energy transports are properly appreciated

using streamfunction and heatfunction. Total fluid

flow inside the enclosure is analyzed by applying a

novel approach based on streamfunctions of thermally

induced vortices, which is also used to formulate a

new streamfunction based symmetry indicator. It is

seen that, with the increase in heater height although

the total flow decreases, a consistent trend of increas-

ing heat transfer is observed. The nature of steady-

state solutions for the cavity is also analyzed by

gradually increasing and decreasing Ra. Symmetry

breaking bifurcation has been identified for Pr = 6.9.

The bifurcation characteristics changes from super-

critical to subcritical bifurcation depending upon

thermal boundary conditions of the enclosure.

Keywords Protruded heater � Natural convection �
Heatlines � Heat transfer � Supercritical bifurcation �
Subcritical bifurcation � Vortical structure based
symmetry indicator

List of symbols

A Heater aspect ratio

d Distance between two heaters

D Dimensionless interspatial distance

g Acceleration due to gravity

h Heater height

H Dimensionless heater height

Ih Symmetry indicator based on h
Iw Symmetry indicator based on w
L Length/height of the enclosure
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Nu Nusselt number

p Pressure

P Dimensionless pressure

Pr Prandtl number

qi Dimensionless total heat inflow

qo Dimensionless total heat outflow

Ra Rayleigh number

SSC Side-side cold condition

STSC Side-top-side cold condition

T Temperature

u, v Velocity components

U, V Dimensionless velocity components

w Heater width

X, Y Dimensionless Cartesian coordinates

Greek symbols

a Thermal diffusivity

b Volumetric expansion coefficient

h Dimensionless temperature

m Kinematic viscosity

P Dimensionless heat function

q Fluid density

s Dimensionless time

W Dimensionless streamfunction

Subscripts

1H, 2H One heater, two heaters

1HE Single heater enclosure

2HE Double heater enclosure

a Ambient

avg Average

c, h Cold wall, hot wall

max Maximum

min Minimum

tot Total

1 Introduction

Apart from different natural manifestations, free or

natural convection finds widespread applications in

many industrial and engineering fields. For instance,

natural convection is frequently used for cooling of

electronic devices, where undesirable heat is gener-

ated as a by-product of normal operation. Natural

convection is also very common in several other

engineering and environmental applications. Solar

energy, pond, lake and reservoir, air conditioning and

ventilation, nuclear reactor, energy storage, furnace,

heat exchanger, materials processing like solidifica-

tion and crystal growth, micro-fuel cell design,

oceanic current, climate change, are just a few

examples among many others. From long past to

recent time, researchers have paid a considerable

attention to study different types of natural convection

problems. Extensive reviews exist on natural convec-

tion in locally heated enclosures [1–3]. Later,

Narasimham [4] also furnished an extensive review

on natural convection in connection with discrete heat

sources in enclosures and pointed out the direction for

further researches therein. Natural convection is

extensively used for passive cooling of electronic

devices [5, 6].

Aydin and Yang [7] numerically investigated

natural convection of air in a square cavity with

partial heating from below and symmetrical cooling

through sidewalls considering isothermal heater and

sidewalls. The same heater-enclosure-geometry but

using iso-flux heater instead of isothermal heater,

Sharif and Mohammad [8] investigated heat transfer

process taking into account of inclination angle of a

rectangular cavity. Calcagni et al. [9] conducted

experimental as well as numerical study of natural

convection in a square enclosure with discrete heat

source at bottom and cold sidewalls. All these works

have considered top wall (of the enclosure) as

adiabatic, sidewalls as cold, and bottom wall (on

which wall-mounted flushed heater is located) as

adiabatic.

The study was also carried out using the protruded

heater. Varol et al. [10] numerically analyzed natural

convection using a protruding heater in a triangular

enclosure, and found that the heater dimension affects

the temperature distribution, flow field and heat

transfer. Paroncini and Corvaro [11–13] and Nardini

et al. [14] considered an isothermal protruded heater

projected from the bottom wall of an enclosure, of

which horizontal walls were insulated and vertical

walls were cold. The effects of the position and height

of this heater (width fixed) on heat transfer were

analyzed for Ra � 106 using air (Pr = 0.71). AlAmiri

et al. [15] also analyzed an isothermal protruded heater

using air, but considered the width variation of the

heater and suggested some heat transfer correlations

using dimensionless groups. Bakkas et al. [16]

2160 Meccanica (2016) 51:2159–2184

123



numerically explored the effects of inter-block spac-

ing and block height on fluid flow and heat transfer

characteristics, by periodically mounting rectangular

hot blocks on the lower wall of a two-dimensional

horizontal channel. Earlier, Baek et al. [17] carried out

both experimental and numerical investigations of

combined heat transfer of a heat source protruded from

adiabatic vertical wall in a three dimensional enclo-

sure. Dagtekin and Oztop [18] analyzed natural

convection using two heated partitions in an enclosure,

and found that, the position of partitions affects fluid

flowmore than heat transfer. None of these works used

heatfunction and heatlines [19–22] to explain trans-

port phenomenon of heat (or energy) flow in enclo-

sures or channels.

Literature review shows that, though the study of

natural convection using the flush-mounted heater

(heating element lying along enclosure wall) was

undertaken by many researchers, the study of natural

convection using the protruded heater is addressed

relatively less. Enclosure’s thermal boundary condi-

tion always influence the heat transfer process. To

explore the same an experimental and numerical study

was conducted on a single protruded heater of constant

perimeter considering sidewalls and top wall cold

condition and is recently reported by Biswas et al.

[23]. Present work is an extension of [23]. In the

present work, the effect of change in thermal boundary

condition of enclosure’s walls is investigated system-

atically. When the protruded heater is located on the

bottom, cooling through the sidewalls or cooling

through both the sidewalls and top wall could be

representative configuration for many applications

such as electronic cooling. So both of these thermal

conditions are applied in this work. Furthermore, the

consideration of double protruded heaters at bottom is

included on the purview higher heating load with

restricted overall size. Both single and double pro-

truded heaters are taken at different heights or aspect

ratios. For double heaters, the effects of interspatial

distance between two heaters are also taken into

account. Two common working fluids, air and water,

are utilized in this work. Consideration of water as

working fluid is important for submerged cooling,

which is relevant on the context of ever-increasing

demand on effective heat removal from electronic

components. In this respect, Alfieri et al. [24] reported

a fundamental hydrothermal investigation of the

integrated water cooled three-dimensional chip stacks,

with high volumetric heat generation. Kota et al. [25–

27] also presented a novel conduction-natural con-

vection based cooling solution for thermal manage-

ment of 3D stacked electronics through immersion

cooling.

The major objective of this work is to analyze

energy transport phenomena using heatlines [19–22]

and to quantify overall heat transfer coefficient for the

heater as well as the enclosure for all the cases as

mentioned above. The consideration of Bejan’s heat-

lines those are generated after solving heatfunction

equations is very important for analysis and visual-

ization of energy flow properly while the convection is

sufficiently strong [19–22]. Moreover, a novel concept

has been developed and implemented to estimate

buoyancy-induced flow rate and degree of asymmetry

by using the summation of maximal and minimal

streamfunctions of individual vortices. A bifurcation

analysis is also conducted to explore the nature of the

evolved flow asymmetry in the cavity.

2 Problem definition, mathematical formulation

and numerical procedure

The problem geometry considered consists of a square

enclosure (L 9 L) and rectangular heaters (w 9 h) pro-

truded from insulated bottom surface of the enclosure,

as shown in Fig. 1. Two different configurations, one

with single heater and other with two-identical heaters

as shown in details in Fig. 1a, b, respectively, are

considered in this study, where both the configurations

are arranged symmetrically about the mid-vertical

plane. The width (w) of the heater is taken fixed (0.2L),

whereas its height (h) is varied from 0 (flush-mounted

condition) to 0.5L maximum. The heater surface

temperature is assumed to be maintained uniform of

Th. The thermal condition of the enclosure is governed

by the surrounding ambient temperature (which acts as

an isothermal heat sink at temperature Tc), so two

different thermal conditions are implemented for the

enclosure: one with cold sidewalls and top wall

insulated, and other with all walls cold except the

bottom wall. These conditions are applied to both the

single and double heater enclosures, and for brevity,

addressed by terms SSC (side-side cold) and STSC

(side-top-side cold) in this work.

The analyses of fluid and energy flow, and heat

transfer are carried out assuming unsteady
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incompressible Newtonian flow in a two-dimensional

Cartesian geometry within the validity of Boussinesq

approximation [28]. Furthermore, the viscous dissipa-

tion in energy equation is neglected following similar

earlier works [10, 15, 21, 29]. Resulting dimensionless

governing equations for mass, momentum and energy

balances are formulated as

oU

oX
þ oV

oY
¼ 0 ð1Þ

oU

os
þ U

oU

oX
þ V

oU

oY
¼ � oP

oX
þ Pr

o2U

oX2
þ o2U

oY2

� �

ð2Þ

oV

os
þ U

oV

oX
þ V

oV

oY
¼ � oP

oY
þ Pr

o2V

oX2
þ o2V

oY2

� �

þ Ra Pr h ð3Þ

oh
os

þ U
oh
oX

þ V
oh
oY

¼ o2h
oX2

þ o2h
oY2

� �
ð4Þ

where, Prandtl number (Pr) and Rayleigh number (Ra)

are defined as

Pr ¼ m
a
and Ra ¼ gbðTh � TcÞL3

m2
Pr

respectively, and the definitions of dimensionless

variables are described by

ðX; YÞ ¼ ðx; yÞ
L

; ðU; VÞ ¼ ðu; vÞ
a=L

;

P ¼ ðpþ qgyÞ � pa

qa2=L2
; h ¼ T � Tc

Th � Tc
; and

s ¼ t

L2=a

where, u and v are the dimensional velocity compo-

nents along the x and y axes, X and Y are dimensionless

distances, t and s are the dimensional and dimension-

less time respectively. The dimensionless pressure P is

defined considering both static pressure change ðqgyÞ
and ambient pressure ðpaÞ: The fluid properties

utilized here are density q; kinematic viscosity m;
volumetric thermal expansion coefficient b; and

thermal diffusivity a: Their values are taken as

constant. However, the density variation for buoyancy

force is addressed through b and local temperature

different.

The thermal conditions of heater surfaces, and the

cold and adiabatic walls of the enclosure are set by

h ¼ 1; h ¼ 0 and oh=oY ¼ 0; respectively. Zero

velocity (U = V = 0) is set at all enclosure walls

and heater surfaces following no-slip and no-penetra-

tion conditions. With these boundary conditions, the

governing equations are solved utilizing an in-housed

code based on Finite Volume Method (FVM),

SIMPLE algorithm [30], Alternate Direction Implicit

(ADI) sweep and Tri-Diagonal Matrix Algorithm

(TDMA), iteratively. For the convergence of solu-

tions, the maximum residual and continuity mass-

defect are chosen less than 10-8 and 10-10, respec-

tively. The validation of the same code against the

benchmark results has been presented earlier by

Mahapatra et al. [29]. Further to it, one experimental

validation, and another numerical validation against

the results of AlAmiri et al. [15] have been conducted

using a single protruded heater configuration, and

found satisfactory. However, these validation results

are reported recently in Biswas et al. [23] and can be

found therein. The grid size for the present numerical

simulation is chosen 100 9 100, after performing a

Fig. 1 Physical description

of the enclosure with

protruded heater(s). a Single
heater enclosure, b double

heater enclosure
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grid independence study with four different grid sizes

(40 9 40, 80 9 80, 100 9 100 and 150 9 150) fol-

lowing a non-uniform grid distribution.

In this work, heat transfer analyses for the single

heater and two-heater enclosures are reported in

nondimensional form in terms of total heat inflow qi;

total heat outflow qo; and average Nusselt number

ðNuavgÞ when the transient simulation reaches a

steady-state condition (and qi ¼ qo). These quantities

are calculated considering local Nusselt number (Nu)

of heating walls of the protruded heater and cooling

walls of the enclosure as detailed below.

Nu for left, right and top surfaces of a protruded

heater (or of the enclosure) are given by,

Nul ¼ � oh
oX

����
left wall

; Nur ¼ � oh
oX

����
right wall

; and Nut

¼ � oh
oY

����
topwall

; respectively:

ð5Þ

Using above relations, the heat inflow and average

Nusselt number for the single heater and the two

heaters are formulated using dimensionless height

ðH ¼ h=LÞ and width ðW ¼ w=LÞ of heater and

interspatial distance ðD ¼ d=LÞ as

qi; 1H ¼
ZH

0

NuldY þ
Z0:5ðLþWÞ

0:5ðL�WÞ

NutdX þ
ZH

0

NurdY ð6Þ

qi;2H¼
ZH

0

NuldYþ
Z0:5ðL�DÞ

0:5ðL�DÞ�W

NutdXþ
ZH

0

NurdY

0
B@

1
CA

þ
ZH

0

NuldYþ
Z0:5ðLþDÞþW

0:5ðLþDÞ

NutdXþ
ZH

0

NurdY

0
B@

1
CA

ð7Þ

Nuavg; 1H ¼ qi; 1H

2H þW
and Nuavg; 2H ¼ 0:5

qi; 2H

2H þW

ð8Þ

whereas, the heat outflow from both the single heater

and two-heater enclosures and Nuavg on the basis of all

the cold walls are expressed by

qo¼
Z1

0

NuldY

þ
Z1

0

NurdY forside-sidecold SSCð Þconfiguration

ð9Þ

qo ¼
Z1

0

NuldY þ
Z1

0

NutdX þ
Z1

0

NurdY

for side-top-side cold STSCð Þ configuration ð10Þ

Nuavg; 1HE ¼ qo=2 and Nuavg; 2HE ¼ qo=3 ð11Þ

Using Eqs. (8) and (11), the overall heat transfer

coefficients for all heating surfaces and enclosure’s

cooling surfaces can be computed separately in an

integrated manner. The prediction of heat transfer on

the basis of total surface area will bemore useful for the

designing of such system, as it takes care of both

symmetric and asymmetric flow structures that may

occur in the cavity.

The steady-state heat transfer mechanism from the

protruded heater to the enclosure’s walls is analyzed

using heatlines [19–22] as it can describe heat

transport properly while the convection mode is

present. It takes into account of both the conductive

and convective heat fluxes. Heatfunction equations for

present study are expressed in the first-order differen-

tial form as

� oP
oX

¼ Vh� oh
oY

and
oP
oY

¼ Uh� oh
oX

ð12Þ

Heatlines (that indicate constant heatfunctions) are

generated using the solved velocity and temperature

fields as a part of post-processing, by solving Eq. (12)

iteratively following an integration method. In similar

way, streamfunction equations for the protruded

heater enclosures are solved and utilized to represent

overall fluid-flow pattern in the flow domain in terms

of streamlines (constant streamfunctions), which are

defined as

� ow
oX

¼ V and
ow
oY

¼ U ð13Þ
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The streamfunction on the outer surface of flow

domain is set to zero as the boundary walls are

impermeable, while a reference point with zero value

is chosen at the middle of bottom wall of the enclosure

for the solution of heatfunction equations.

Apart from flow visualization, the streamfunction, in

this work, is used to extract global information

regarding the total flow occurring in the cavity and

the state of flow whether symmetric or asymmetric.

Under natural convection, the maximum or minimum

value of streamfunction indicates the amount of fluid-

flow induced from differential heating of the enclosure.

In a confined enclosure the induced flow appears in the

form of recirculation or vortex, and it may be one or

many, symmetric or asymmetric vortices depending

upon the problem specification (distribution of thermal

conditions on the cavity) and values of involved

parameters (Ra, Pr). Under the circumstances a tool

is necessary that can measure the overall quantity of

induced flow irrespective of number of circulation

vortices present in the cavity. To handle this situation in

a general way, an approach of magnitude sum (without

sign) of all w at the centre of individual vortices is

conceived and the same is utilized in this work as an

estimate for total fluid flow ðwtotÞ; expressed as

wtot ¼
Xn
k¼1

wkj j ð14Þ

where, n indicates number of recirculation vortices. It

can be used for a single circulation situation where

wtot ¼ wj jmax and for two symmetric or asymmetric

circulations where wtot ¼ wmax þ wminj j: It should be

mentioned here that for two or more circulations

usuallywmax orwmin is used, which could not be a good

indicator to reflect the total flow occurring in a cavity

as it indicates a part-flow occurring in some portion of

entire flow domain. The proposed wtot can address

single- to multi-vortical flow situation and can provide

a comparable basis.

3 Results and discussion

To attain the stated objectives of present work, the

numerical simulations are carried out by placing a single

heater as well as double heaters symmetrically on the

bottomwall of the enclosure under twodifferent thermal

boundary conditions (SSC and STSC) for a range of

Rayleigh numbers (103–106) considering two com-

monly used working fluids, air (Pr = 0.71) and water

(Pr = 6.9). For double heaters, the study is extended for

three interspatial distances (D = 0.1, 0.2 and 0.3), as the

distance influences the heat transfer process and flow

structure. Only the steady-state results are presented in

this work ignoring all the transient behaviors. As

expected from the symmetric heating at bottom and

cooling from sidewalls or side and top walls, in general,

the hot fluid rises up along the mid-vertical plane of the

enclosure and descends along cold sidewalls for all the

cases considered in this work. It results the formation of

two primary dominating circulations in the left and right

halves of the enclosure. Heat flows from the protruded

heater through the working fluid to the cold walls of the

enclosure. However, the natures of heat and fluid flow

depend on heater number (single or double) and height

(or aspect ratio A), enclosure thermal condition (SSC or

STSC), type of working fluid (air or water), driving

strength of buoyancy force (expressed in terms of Ra)

and interspatial distance (D) for double heaters.

The work is organized to emphasize fluid and

energy flow structures in the cavity using streamlines

and heatlines, first for single protruded heater enclo-

sure and then for double protruded heater enclosure

considering air and Ra B 105 with respect to different

heater aspect ratios. The effect of interspatial distance

on the flow structures is presented next for Ra = 106.

Thereafter, the analyses of heat transfer and thermally-

induced buoyancy flow for both the heater configura-

tions are carried out in comprehensive manner for air.

Afterwards, the study of water based single and double

heater enclosures is discussed following the same

structure as used for air.

3.1 Study of single heater enclosure using air

(Pr = 0.71)

The heat transport from heater to fluid and from fluid

to enclosure’s walls is governed by thermally-induced

convection in the enclosure. The area of fluid-domain

decreases as the height of the protruded heater

increases. The relative dominance of convection over

conduction depends upon Rayleigh number (Ra), and
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the convection is stronger at higher Ra. Accordingly,

the numerical simulation of the single heater enclosure

is conducted at different Ra by varying the heater

height for both the thermal conditions (SSC, STSC)

and the corresponding results of isotherms, streamli-

nes and heatlines are presented with respect to heater

aspect ratio (A) for a Ra value in top, middle and

bottom panels, respectively, in Figs. 2 (for SSC) and 3

(for STSC) for Ra = 103 and 105.

3.1.1 Effect of aspect ratio under SSC thermal

condition

The effect of aspect ratio and Ra value on the energy

and fluid flow structures under SSC thermal condition

is presented in Fig. 2. The evolution of isotherm

contours with the increase in heater aspect ratio can be

realized along each row of respective Ra in Fig. 2. For

each case, non-dimensional temperature is varying

from 1 at heater surface to 0 at sidewalls of the

enclosure. Accordingly, the isotherm contours are

distributed surrounding the periphery of the heater

towards the sidewalls in a particular manner. How-

ever, the width of the temperature bands (distance

between any two consecutive isotherms of equal

interval) evidently reduces with the increase in aspect

ratio due to the increase in enthalpy input in the

enclosure for the same Ra. At lower Ra = 103 due to

weaker circulation velocity, heat transport from the

heater surface is mainly governed by conduction

mode. Most of the isotherms, in the form of layers of

similar curves, enclose the heating body with the

adiabatic bottom wall of the enclosure. In the second

row of this figure, two counter-rotating circulations

mirrored about the mid-vertical plane are formed for

all values of A. The cores of circulations are slightly

shifted upwards with the increase in heater height.

Heatlines for Ra = 103 shown in the third row are

generated from the surfaces of the heater and ended to

either sidewalls symmetrically. The heat energy is

directly transported through the well-bordered corri-

dors of heatlines. The value of maximum heatfunction

is evidently increases with the increase in heater aspect

ratio as noticeable from heatline contour value near

the bottom of the enclosure.

As Ra increases (Ra = 105), in the fourth row, the

surrounded isotherms are densely distributed over the

heating surfaces indicating a sharp temperature vari-

ation therein and the rest of the isotherms are connected

between the adiabatic bottom and top walls orthogo-

nally. The fluid-flow pattern inside the enclosure

changes with aspect ratio due to increase in heater

height, however the fluid rotates symmetrically in anti-

clockwise (at left) and clockwise (at right) directions as

the heater are located at the middle of bottomwall. The

fluid nearby heater being hot moves upward like a

plume along the mid-vertical plane of the enclosure

and is deflected at top adiabatic wall towards either

sidewalls. Afterwards, it descends down in releasing

heat along the cold vertical walls. The values ofw at the

centre of left circulation vortex for different aspect

ratio are sequentially mentioned in the caption of

Fig. 2. This indicates that the strength of the circula-

tion increases as A increases up to certain value

(A = 1) due to higher heat input, thereafter decreases

due to reduction in fluid volume in the enclosure.

Heatlines for Ra = 105 (last row of Fig. 2) are also

symmetric and markedly concentrated along mid-

vertical plane, indicating a flow of intense energy flux.

At Ra = 105 the strength of convective heat flux

increases and forms energy recirculation indicated by

closed-loop heatlines. The rate of heat transfer is much

higher compared to that of Ra = 103 due to strong

convection and again increases with A.

3.1.2 Effect of aspect ratio under STSC thermal

condition

The flow features of single protruded heater enclosure

underSTSCare shown inFig. 3. In this case, the topwall

of the enclosure is allowed to exchange heat along with

sidewalls, and the heat transfer characteristics become

different compared to that of earlier SSC configuration.

Marked changes compared to isotherm patterns of

earlier SSC case are observed in this case. All the

isotherms surround the heater, originate from bottom

wall and end thereon like inverted U, irrespective of

Ra and A values. However, overall circulation pat-

terns, compared to SSC configuration, remain almost

unchanged with STSC configuration; two symmetrical

fluid circulations are observed in the cavity. Signifi-

cant changes are observed in heatlines distribution. In

the third row for Ra = 103, heatlines from the
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protruded heater are distributed over the three walls (at

top, left and right) in a straightforward manner due to

conduction dominant flow. However, when Ra is

moderately high, at Ra = 105 heatlines form closed-

loop circulations due to high convective heat flux. The

rate of heat transfer increases. For both Ra values as A
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increases, more amount of heat from the top surface of

the protruded heater is directly absorbed by the top

cold wall of the enclosure. Flow patterns are

symmetric, and w at the centre of left circulation

vortex changes with A as mentioned in the caption of

Fig. 3.
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3.2 Study of double heater enclosure using air

(Pr = 0.71)

The results of double heater enclosure for the SSC and

STSC conditions at different Ra, A, and interspatial

distance (D) are presented systematically in Figs. 4, 5,

6 and 7.

3.2.1 Effect of aspect ratio under SSC condition

Figure 4 shows the evolution of mass and energy

transport structures in the presence of two identical

protruded heaters under SSC configuration. The

heaters are placed symmetrically about the mid-

vertical plane of the enclosure at an interspatial

distance of D = 0.2. With the double heaters, the

isotherm contours also surround both the heaters as

reflected from the plots for Ra = 103 and 105 along the

first and fourth rows of Fig. 4.

At Ra = 103 isotherms make semicircular loops

with bottom wall when A\ 1, whereas most of the

isotherms get connected between the adiabatic bottom

and top walls at higher A. As Ra increases the hot

fluids coming over two individual heaters are joined

together and move upward along the mid-vertical

plane like a hot plume, which is clearly indicated by

the peaks of isotherm curves along the vertical mid-

section.

In regard to streamline plots, two symmetric

circulations are located over the heater. For flushed-

heaters (A = 0), the streamline patterns are almost

identical for both the cases of single heater (Fig. 3)

and double heaters (Fig. 4). For other A, the size of the

primary circulations drastically reduces with the

increase in aspect ratio. The size of fluid-circulations

particularly at higher A = 2.5 markedly shrinks as the

fluid volume and obstruction-free space inside the

enclosure are reduced significantly.

At Ra = 103, end-to-end heatlines are observed

between the heaters and the sidewalls of the enclosure,

which provide direct transfer of energy from the heater

to the cold sidewalls through the slowly rotating pool

of fluid. Over the each sidewall heat is transferred non-

uniformly with a higher rate at the bottom. This trend

becomes reversed at higher Ra = 105 due to the

formation of energy recirculation cells indicated by

closed-loop heatlines. Heatlines near the top wall are

parallel as this wall is adiabatic. It is interesting to note

that the heatlines originating from the outer sides of

two heater travel longer path to reach their nearest

walls when A B 1. However, when A = 2.5, from

lower part of these outer surfaces, the heat flows to the

nearest sidewalls following the shortest route. Recir-

culation-free heat transportation is observed at lower

Ra for all A. In contrast, energy circulation persists for

all A at higher Ra = 105, with decreasing in size. The

energy recirculation cells are significantly lifted up at

higher A = 2.5. Two minor circulations of mass and

energy fill up the space in-between two heaters for all

protruded heaters irrespective of A. As mentioned in

caption of Fig. 4, w value is found to decrease from

A = 1, due to the reduction in more fluid volume in the

presence of two heaters.

3.2.2 Effect of aspect ratio under STSC configuration

The effects of aspect ratio and Ra value on the flow

fields under STSC thermal condition of double heater

enclosure are shown in Fig. 5. Three adjacent walls at

left, top and right of the enclosure are cold. It results

the isotherm distribution like inverted U as found in

case of the single heater, but with a wide base due to

the presence of two heaters. The either ends of

isotherm contours are located on the same bottom wall

of the enclosure. At Ra = 103 as heat transfer is

dominated by conduction mode and isotherms are

distributed in regular manner without any distortions.

The distortions appear at higher Ra = 105 due to

stronger recirculation velocities at the outer region of

circulation vortices. This stronger velocity deflects

isotherms towards sidewalls at top, whereas at lower

portion, pushes them towards the heaters’ top.

The mass transport patterns are similar for both Ra

values, however the vortex strength is higher with

increased Ra due to stronger convection. The aspect

ratio also affects similar way, with reducing vortex

size at higher A. At Ra = 103 end-to-end heatlines

from one heater are distributed over one sidewall and

half of top wall of the respective side. The energy

recirculation cells are formed at Ra = 105. The heat

transfer is found to increase with increasing A due to

convection dominant flow.

3.2.3 Effect of interspatial distance between two

heaters at Ra = 106

The effect of interspatial distance (D) between two

protruded heaters on the flow structures is shown in
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Fig. 6 for both SSC and STSC conditions at Ra = 106

and D = 0.1 and 0.3 using three aspect ratios, A = 0,

1 and 2.5.

A close inspection of isotherms and heatlines in

Fig. 6 reveals that the heat transfer increases margin-

ally with higher D = 0.3 for all A values of SSC

A=0 A=0.5 A=1.0 A=2.5 

R
a=

10
3

R
a=

10
5

0.
1

0.3

0.
3

0.5
0.70.7

0.1

0.5

0.
1 0.1

0.5

0.30.
3

0.7
0.9

0.7

0.5

0.
3

0.7

0.
1

0.9

0.5

0.1

0.7

0.3

0.5

0.1
0.9

0.7

0.
1

0.
3

0.5

0.7

0.30.5

-0.80.8

0

0.2

0.4 -0.4

-0.2

0.6 -0.6

-0.40.4

-0.8

-0.2

-0.6

0

0.6
0.8

0.2

-0.8
-1

0.2 0

0.6

0.4

-0.6

-0.4

0.8

-2

-0.2

1

2

0.8

0

2 -2

-1
-0.81

0.4

0.2

0.6

-0.2

-0.4

-0.6

0.1

0.
30.3

0.5 0.
1

0.7

0.
5

0.1 0.
10.

5 0.
30.3

0.7

0.9

0.5

0.3 0.5

0.1

0.9

0.
5

0.
10.
3

0.7

0.
1

0.9

0.
7

0.3
0.50.1

0.7

0.
30.5

-4

-4

-1
-2

4

2

4

-4

-1-2

-4

0

4

1
2

1

-4

-4
-6

2 -2

0 -11

0

4

6

4

-4

-2-1

4

4

2
1 0

-4

-4

4 00

Fig. 4 Visualization of flow fields of double heater enclosure using air under SSC configuration at different A (0–2.5), Ra (103, 105):

isotherms (top panel), streamlines (middle panel) and heatlines (bottom panel) for each case of Ra. For A = 0–2.5, w = 0.176, 0.192,

0.187, 0.119 at Ra = 103, and w = 12.792, 12.942, 12.130, 7.365 at Ra = 105

Meccanica (2016) 51:2159–2184 2169

123



condition (Fig. 6a) and for STSC (Fig. 7b) up to

A = 1.w values as noted in figure caption indicate the

same fact of higher circulation strength with the higher

value of D. The size of minor vortices in between the

two heaters increase with increased D. Under STSC

with smaller D = 0.1 at A = 2.5 (Fig. 6b and column
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5), some interesting flow structures are observed. An

inverted plume replaces the rising-plume like isotherm

contour that consistently appeared along mid-vertical

plane as if originating from the cold top wall. In

addition to this, horn-shaped isotherms appear at the

outer top corners of two protruded heaters. Why it

D=0.1, A=0 D=0.3, A=0 D=0.1, A=1 D=0.3, A=1 D=0.1, A=2.5 D=0.3, A=2.5
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Fig. 6 Effect of interspatial distance on isotherms (top panel),

streamlines (middle panel) and heatlines (bottom panel) at

Ra = 106 for air: a SSC, b STSC. For A = 0–2.5, w = 31.683,

33.974, 28.682, 31.924, 20.434, 20.978 for SSC, and

w = 41.364, 41.752, 44.910, 44.163, (26.448, 17.563), 32.364

for STSC

Meccanica (2016) 51:2159–2184 2171

123



Fig. 7 Assessment of total heat transfer (qo or qi) and total induced flow (wtot) under SSC and STSC using air for a single heater

enclosure, b double heater enclosure and c interspatial heater distance
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happens so can be understood by observing the

streamlines patterns. Here, the earlier-seen two pri-

mary circulations are broken down into four signifi-

cant vortices. The newly formed vortices over the

heater top rotate in opposite direction to their mother

circulations. The breaking of primary circulation

(which are sufficiently stronger w = 26.448,

17.563, and involve with higher velocity) is happened

due to the failure of taking sharp-turn over the heater

towards the mid-vertical axis within a short distance

(D = 0.1). In case of D = 0.3, it gets sufficient space

to execute gradual turning as could be seen from

corresponding streamline plot. This peculiarity (as

seen for isotherms and streamlines) is carried forward

for the transport of heat in the form of four energy

recirculation cells. Two significant energy circulations

for each half of the flow-domain are observed in

heatline plot, and heat transfer is found to increase

significantly. All flow-fields structures shown in Fig. 6

indicate that the flow structure of air at Ra = 106 is

symmetric irrespective of D (as well as thermal

condition).

3.3 Trends of global parameters for air

The trends of heat transfer and induced flow in the

presence of the protruded heater are presented in

Fig. 7 in terms of qo (=qi at steady state) and wtot: As

explained in Sect. 2 in connection with Eq. (14), that

wtot is a magnitude sum (without sign) of minimum

and maximum streamfunctions of all vortices and

measures the total thermally-induced flow occurring

in the enclosure irrespective of number of recircula-

tion vortices and their symmetric or asymmetric

appearance. It could be a powerful analyzing tool to

handle complex flow structures consisting of multiple

significant circulations as found in this work for

double heaters under STSC shown in column 5 of

Fig. 6b and as shown in Fig. 7b, c. The results reveal

that both the heat transfer ðqoÞ and total flow ðwtotÞ; in
comparison with SSC condition, significantly

increases under STSC condition when Ra � 105 for

both single and double protruded heaters (Fig. 7a, b),

due to greater cooling surface under STSC condition.

Heat transfer ðqoÞ increases with the heater aspect ratio
for both single (Fig. 7a) and double (Fig. 7b) heater

enclosures, as heating surface area increases with the

increase in the heater aspect ratio. In contrast, the total

induced flow ðwtotÞ steadily decreases as the aspect

ratio increases particularly after A[ 1, due to the

reduction in fluid volume in the cavity for single heater

enclosure, irrespective of Ra value. As higher rate of

heating occurs in the presence of double protruded

heaters, so with it qo and wtot are found comparatively

higher than that of single protruded heater. At higher

Ra (106), sudden difference in trends of qo and wtot are

observed under STSC condition when A increases

above 1.5. wtot increases significantly due to breaking

of two primary vortices into the four as shown in inset

of Fig. 7b, and corresponding heat transfer also

increases (Fig. 7b). The interspatial distance between

the two protruded heaters (Fig. 7c) also cause some

marked influences on the natural convection in the

enclosure, and the trend depends on heater aspect ratio

particularly for STSC condition. In general the heat

transfer increases at D = 0.2, that is, when the heaters

are located from the wall at a distance same as the

interspatial distance. Heat transfer increases remark-

ably at A C 2 under STSC condition. Compared to

SSC, STSC yields high fluid flow wtot as found for qo;

due to greater heat transfer (through the increased

cooling surface at top) causing higher circulation

velocity. Moreover, wtot is found higher at lower

A (=0.5) due to vortex break-up (shown in inset of

Fig. 7c).

3.4 Study of protruded heater enclosure using

water (Pr = 6.9)

The study of the protruded heater is extended to

investigate the submerged passive cooling using water

(Pr = 6.9) as working fluid for both SSC and STSC

conditions in the range of Ra = 103–106. The results

show that up to Ra = 105 fluid and energy flow

structures, and isotherm distribution are similar to that

of air, pattern-wise. The symmetric flow fields, as

found for air, are observed for all A values when

Ra B 105 irrespective of number of heater and

imposed thermal boundary condition considered in

this work. So the corresponding flow structures are not

presented here, for brevity. The flow structures of

water corresponding to Ra = 106, when the convec-

tion plays significant dominant role on the flow, is

considered for illustration in the form of comparison

with those of air in following subsections.
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3.4.1 Single protruded heater enclosure

The simulated results of single heater enclosure at

Ra = 106 for both water (Pr = 6.9) and air

(Pr = 0.71) are presented for SSC and STSC condi-

tions in Figs. 8 and 9, respectively. The flow structures

are found to be symmetric for both water (Figs. 8a, 9a)

and air (Figs. 8b, 9b) under both the thermal condi-

tions. The basic trends of all these flow fields resemble

to the trends that observed for air at Ra = 105. In

Fig. 8 during the convection dominant flow at

Ra = 106, the isotherms for both water and air are

densely localized at the heater surfaces and the

enclosure surfaces, and their distortions are more

pronounced here. Comparing the isotherms of water

with that of air, particularly with contour values of 0.2

at A = 0 and 0.3 at A = 0.5, it seen that area of hotter

fluid region is higher for high Prandtl-fluid water. A

thin thermal boundary is formed near the enclosure’s

walls and it becomes thinner with the increase in

heater aspect ratio for the same Ra, due to the

reduction in the velocity boundary layer thickness.

The streamline patterns are symmetric about mid-

vertical plane for all the cases of aspect ratios and

fluids shown in Fig. 8, however the position and shape

of their circulation cores differ. With air the core is

significantly lifted upward, whereas the same of water

at different aspect ratio is found to be located about a

half-height distance of the distance between the heater

top and the top of enclosure wall. The value ofwmax (or

wmin) is comparatively higher for water due to higher

heat transfer through greater thermal conductivity.

The end-to-end heatlines between the heater surfaces

and the enclosure sidewalls and the closed-loop

recirculating heatlines are observed in all the cases.

The maximum heatfunctions of water is higher than

those of air, indicating higher rate of heat transfer is

possible using water.

In Fig. 9, the changes with respect to same-

valued contours of water and air are well marked.

For both the fluids, the cooling at top cold wall

(since STSC) is significant, as indicated by con-

centrated isotherms thereon. Heatlines originating

from the heater are distributed over the three

enclosure walls, and also form energy recirculation.

The lifting of vortex cores as found for SSC

condition of air is not prominent under STSC

condition due to availability of top cooling. The

observations regarding the effect of aspect ratio

remain almost unchanged. However, under STSC

condition the heat transfer with water is marginally

increased compared to that of air.

3.4.2 Double protruded heater enclosure

The results corresponding to the double heater enclo-

sure are shown in similar way as above in Figs. 10 and

11 for water and air at Ra = 106. The isotherms,

streamlines and heatlines of water (Pr = 6.9) in

Fig. 10a at A = 0.5, 1, and Fig. 11a at A B 1 show

an asymmetric distribution. However, for the same in

case of air in Figs. 10b and 11b, the flow symmetry is

found to exist about mid-vertical plane with Ra = 106

irrespective of the imposed thermal boundary condi-

tion (SSC or STSC). In general the heat transfer is

found intensified in the presence of two protruded

heaters located at a distance of D = 0.2, indicated by

concentrated contour lines in all the plots of isotherm.

Comparing Fig. 10a with Fig. 11a, the flow asymme-

try is strongly marked under STSC condition. It should

be mentioned here that all the numerical simulations

were carried out using transient forms of governing

equations as mentioned in Eqs. (1)–(4) and no-oscil-

lating behaviors were noted at the steady-state solu-

tions. Apart from flow asymmetry, the breaking of

primary circulations is observed in the last column of

Fig. 11 for both the fluids under STSC condition. The

four significant recirculation cells are formed as noted

and discussed earlier in case of air with interspatial

heater distance D = 0.1 in column 5 of Fig. 6b.

Perhaps through this breaking of circulation the flow is

maintained symmetry for water at higher aspect ratio

A = 2.5.

3.4.3 Effect of interspatial distance with water

(Pr = 6.9)

The influence of interspatial distance between two

heaters on the asymmetric flow structures (as noted

earlier in Figs. 10, 11) of water is shown in Fig. 12 for

both SSC and STSC conditions. Under SSC, the fluid

and energy flow structures and isotherms are perfectly
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symmetry irrespective of the heater aspect ratio when

interspatial heater distance is small (D = 0.1), as

indicated in Fig. 12a. But the symmetry breaks at the

higher distance (D = 0.3), which is clearly observed

when A C 1. The same is not applicable to STSC

shown in Fig. 12b. With the flushed-heater (A = 0),
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the asymmetry persists irrespective of values ofD. The

higher value of D consistently generates asymmetric

flow-fields patterns irrespective of A. When the

distance is closer (D = 0.1), the flow symmetry is

governed by the two primary fluid and energy

circulations at A = 1 and A = 2.5.
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The sharing of heat transfer among the cold

walls is greatly influenced by the asymmetric

recirculation, as can be understood from heatline

plots under STSC condition in Fig. 12b. At A = 0,

the heat transfers through the left and the right

sidewalls are not alike. The position, size and
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orientation of core zones of mass and energy

recirculation are not consistent with the varying

degree of associated asymmetry. The degree of

asymmetry, and type and number of solutions are

analyzed further using the tool of symmetric

indicators later in Sect. 3.6.
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3.5 Trends of global parameters for water

(Pr = 6.9)

The trends of heat transfer and induced flow in the

presence of the protruded heater using water are

presented in Fig. 13 in terms of qo and wtot: wtot can

take care of the cases of symmetric, asymmetric, and

multi-vortex flow situations as observed with

Pr = 6.9. The results show a monotonous rise of heat

transfer ðqoÞwith the increase in heater aspect ratio for
single protruded heater in Fig. 13a, and also for two

protruded heaters in Fig. 13b. Up to A = 1 and

Ra\ 105, no significant change is noted in qo between

SSC and STSC conditions. The closer interspatial

D=0.1, A=0 D=0.3, A=0 D=0.1, A=1 D=0.3, A=1 D=0.1, A=2.5 D=0.3, A=2.5
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distance (Fig. 13c) cause lesser heat transfer, in

general. Heat transfer is remarkably high for

D = 0.2 under STSC, as also found earlier for the

case of air.

In regard to total flow ðwtotÞ, the monotonous trends

are maintained throughout except for STSC at

Ra = 106. With the aspect ratio wtot; though tries to

increase somewhat due to increased circulation from

Fig. 13 Assessment of total heat transfer (qo ¼ qi) and total induced flow (wtot) under SSC and STSC configurations using water for

a single heater enclosure, b double heater enclosure and c interspatial heater distance
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higher heat input through larger heater surface area,

falls consistently with the increase in aspect ratio due

to reduction in fluid volume and flow space. In case of

STSC condition of double heaters wtot appears in

zigzag manner (as seen from Fig. 13b, c) due to strong

asymmetric feature in the flow structure. wtot is

consistently found higher with STSC compared to

SSC, as the heat transfer with STSC condition is

relatively higher. The formations of multiple signif-

icant vortices are shown in Fig. 13b, c.

3.6 Bifurcation analysis

Although the heating and cooling are done symmet-

rically about the mid-vertical plane, the asymmetry in

flow-field structures is found to evolve as seen in

Fig. 11a for Pr = 6.9 with two protruded heaters. It

inspires to conduct further study to explore the nature

of asymmetry evolved in the cavity. The detailed

analysis of vortical flow feature is performed by

choosing the heater aspect ratio (A) and distance

between two heaters (D) as 1.0 and 0.2, respectively.

Simulations are executed by gradual increasing Ra

from 103 to 106 (forward study) and gradual decreas-

ing Ra from 106 to 103 (backward study) for both SSC

and STSC thermal conditions. The results are post-

processed using usual temperature based symmetry

indicator ðIhÞ as mentioned in [31] and a novel

streamfunction based symmetry indicator ðIwÞ; respec-
tively expressed by

Ih ¼
Z1

0

Z1

0

ðhðX; YÞ � hð1:0� X; YÞÞ2 dX dY ð15Þ

Iw ¼
Xn
k¼1

wk=
Xn
k¼1

wkj j
 !2

ð16Þ

where, X and Y indicate the position of temperature

nodes, dX and dY are the width and height of the

individual (computational) cell. It is to be noted that

the computational grids are mirrored about the mid-

vertical plane of the enclosure. Iw is formulated in

normalized form by considering the sense of rotation

of each individual vortices through a sum along with

the sign of w; and utilizing wtot mentioned earlier in

Eq. (14).

The analyses of the flow-field structures for the

present problem are demonstrated in Fig. 14 using two

symmetric indicators (Ih and Iw) expressed by

Eqs. (15) and (16). Results in Fig. 14 shows both Iw
and Ih satisfy zero value for air (Pr = 0.71), indicating

a perfectly symmetry flow structure about the mid-

vertical plane for entire studied range of Ra, irrespec-

tive of heater numbers (one heater, two heaters) and

thermal conditions (SSC, STSC). The symmetry is

also found to maintain for water (Pr = 6.9) with single

protruded heater irrespective of thermal boundary

conditions and Ra values.

However for water (Pr = 6.9) with double

heaters after a critical Ra, the departure from

symmetry ðI 6¼ 0Þ or a symmetry breaking bifurca-

tion is observed in Fig. 14 under both the SSC and

STSC conditions. In case of SSC condition, the critical

point is noted at Ra = 4 9 105, and the forward and

back travel of solutions have traced the same path

indicating a supercritical bifurcation. Development of

gradual asymmetry is indicated through snapshots of

isotherm (in Ih plot of Fig. 14a) and streamline (in Iw
plot of Fig. 14b) for SSC configuration. For STSC

configuration, subcritical bifurcation with a clear

hysteresis phenomenon is observed for Ra in between

1.5 9 105 and 6 9 105. Subcritical bifurcation was

also observed by Ridouane and Campo [32] in a

bottom-heated isosceles triangle. In case of forward

simulation as Ra increases above the critical value of

2 9 105, I increases monotonically up to

Ra = 6 9 105 and the central main plume shifts

towards left (Coanda effect) causing asymmetric

circulations in the cavity as indicated by correspond-

ing flow-field snapshots shown on the fig-

ures (Fig. 14c, d). However after Ra = 6 9 105 with

further increase in Ra, no significant change occurs in

the overall flow structure, which is indicated by a

small change in I value due to someminor adjustments

in flow fields. In case of the backward simulation with

decreasing Ra from the highest value of 106, the

strength of the convective flow gets reduced progres-

sively; and the steady-state solutions take place

following a separate path below Ra = 6 9 105 till

Ra = 1.5 9 105. With the decreasing Ra the left

circulation vortex augments in size and pushes the

main plume towards mid-vertical plane.

For both types of bifurcation, the developed Iw
shown in Fig. 14b, d indicates the same values of all

critical Ra indicated by Ih (shown in Fig. 14a, c).

However, as expected (from different quantities and
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formulae) the orders of magnitudes of Iw and Ih are

different. The comparison of Iw and Ih in Fig. 14

suggests that the developed Iw can be utilized as a new

tool for symmetry or bifurcation analysis.

4 Conclusions

The present work investigates buoyancy-driven flow

using a single and double protruded heaters of various

aspect ratios in a square enclosure using air

(Pr = 0.71) and water (Pr = 6.9) under two different

thermal boundary conditions, one with side-side

cooled (SSC) configuration and other with side-top-

side cooled (STSC) configuration, for Rayleigh num-

ber (Ra) ranging from 103 to 106. The energy flow

along with usual fluid flow is investigated using

Bejan’s heatlines and streamlines considering bottom-

mounted, protruded heaters positioned symmetrically

about mid-vertical plane of the enclosure. The salient

observations of this work are as follows:

• The energy flow from the protruded heater to the

cold walls of the enclosure is taken place through a

set of well-defined corridors formed by the end-to-

end heatlines between the heater surfaces and the

enclosure walls without energy recirculation cells

when Ra B 104 and with energy recirculation

when Ra C 105.

Fig. 14 Symmetry analysis of flow-field structures of pro-

truded heater enclosures considering single and double heaters

(at aspect ratio A = 1), and SSC and STSC thermal conditions

both for air (Pr = 0.71) and water (Pr = 6.9); temperature

based symmetry analysis (shown in a, c at the left) and vortical

structure based symmetry analysis (shown in b, d at the right)
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• Heat transfer with STSC thermal boundary condi-

tion is consistently found to be higher compared to

that with SSC condition. Heat transfer using water

is superior to that using air. Heat transfer using

double heaters becomes higher.

• Increasing heater aspect ratio increases heat trans-

fer, but decreases the induced fluid flow due to

reduction in fluid volume.

• The flow structures for the case of air are

symmetric within the study range (Ra B 106) for

both the single and double heaters irrespective of

the thermal condition and interspatial heater

distance.

• Breaking of primary circulations and formation of

peculiarflowstructures areobservedwith the changes

of boundary condition, heater height and fluid.

• The flow structures for the case of water are

found to be symmetric for single heater for all Ra

values, and also for double heaters when

Ra B 105. After Ra = 105 a significant asym-

metric flow structures are observed, which

strongly depends on heater height (or aspect

ratio), interspatial distance, and applied thermal

condition. SSC thermal condition and smaller

interspatial distance favor more towards the

formation of symmetric flow structure.

• A novel concept of summation of maximal and

minimal streamfunctions of individual vortices is

developed and utilized to estimate the total

induced flow in the enclosure.

• With the heater height, a consistent trend of

increasing heat transfer with decreasing total flow

is noted in the study.

• The evolved flow asymmetry is also addressed

through a bifurcation analysis using both temper-

ature based symmetry indicator Ih, and stream-

function based symmetry indicator Iw: Both the

symmetry indicators coherently measure the

degree of asymmetry of the obtained solutions.Iw
is a major outcome of this work and could be

utilized as an investigating tool for the analysis of

the state of flow.

• Within the study range of Ra (103–106), the

symmetry solutions are observed for air

(Pr = 0.71) irrespective of number of heaters or

thermal conditions.

• However for water (Pr = 6.9), the symmetry

persists with the single protruded heater for all

ranges of Ra. It persists also with double protruded

heaters up to Ra = 105, afterwards the flow

becomes asymmetric. The nature of asymmetric

solutions strongly depends on imposed thermal

condition on the enclosure. Under SSC thermal

condition, supercritical bifurcation is observed

after a critical Ra = 4 9 105; whereas, subcritical

bifurcation is found under STSC condition after a

critical Ra = 1.5 9 105.

Present work reveals an important fact on asym-

metric flow feature for double protruded heaters with

water as working fluid (Pr = 6.9) under symmetrical

heating and cooling configuration. Interestingly we

have observed both supercritical and subcritical

bifurcation depending upon the thermal boundary

condition of the enclosure.
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