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Abstract Thermally induced bifurcation buckling of
rectangular composite plates reinforced with single
walled carbon nanotubes is investigated in this
research. Distribution of CNTs across the thickness
of the plate is considered to be uniform or functionally
graded. Thermomechanical properties of the con-
stituents are considered to be temperature dependent.
Equivalent properties of the composite media are
obtained by means of a modified rule of mixtures
approach. First order shear deformation plate theory is
used to formulate the governing equations. An energy
based Ritz method is used to obtain the algebraic
presentation of the stability equations. Due to their fast
convergence feature, Chebyshev polynomials are
adopted as the basis of the shape functions. Various
combinations of clamped, simply supported, sliding
supported and free boundary conditions with normal to
edge immovable or movable features are considered.
An iterative process is applied to obtain the critical
buckling temperature of composite plates with tem-
perature dependent material properties. Numerical
result are given to explore the influences of various
parameters such as characteristics of CNTs,
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geometrical characteristics of the plate and boundary
conditions. It is shown that, in most of the cases, FG-X
pattern of the CNTs is the most influential case since it
results in higher critical buckling temperatures.
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1 Introduction

In classical thin solid structures, such as beams, plates
and shells, studying the buckling phenomenon is of high
interest. Similar to mechanical buckling, thermal stresses
may result in buckling when certain conditions are met
for boundary conditions and types of thermal stresses.
With the introduction of novel types of materials, such as
functionally graded materials (FGM) or carbon nan-
otubes (CNTs), recent researches of investigators are
focused on these classes of materials.

Thermal stability of functionally graded material
plates is well-documented in the open literature in the
past decade. Some authors investigated the linear
thermal buckling response of functionally graded
material plates [1-5] and some others used a com-
pletely nonlinear analysis to obtained the critical
buckling temperature as well as post-buckling equi-
librium paths of the plate [6—12].

Carbon nanotubes (CNTs) have exceptional ther-
momechanical properties which made them as a
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candidate for reinforcement of the composites [13].
It is reported that nonuniform distribution of CNTs
may be achieved through a powder metallurgy
process [14]. Therefore the concept of FGMs and
CNTs may be achieved together through a nonuni-
form distribution of CNTs through a specific
direction [15]. This class of materials are known
as functionally graded carbon nanotube reinforced
composites (FG-CNTRC).

Uniaxial and biaxial buckling of composite plates
reinforced with single walled carbon nanotubes is
reported by Jafari et al. [16]. Ehselby-Mori-Tanaka
and modified rule of mixtures approaches are used to
estimate the properties of the nanocomposite media.
Solution of this research is suitable only for plates with
all edge simply supported. Exact closed form expres-
sions are provided through the Navier solution
method. Mechanical buckling response of FG-
CNTRC composite plates with various boundary
conditions and subject to various combinations of
compression/tension loads is investigated by Lei et al.
[17]. Solution of this method is based on an element-
free kp-Ritz method. Since nonsymmetric distribution
of CNTs across the thickness of the plate results in
nonlinear bending rather than the buckling/postbuck-
ling problem, only symmetric distributions of CNTs
across the plate thickness are considered. Zhang et al.
[18] studied the buckling response of FG-CNTRC
plates resting on the Winkler elastic foundation.
Elastic foundation is of conventional type which acts
in compression as well as in tension. First order plate
theory is used to obtain the governing stability
equations. Similar to the investigation of Lei et al.
[17], uniaxial compression, biaxial compression and
combined compression/tension types of buckling are
considered in this research. Material properties of the
composite media are obtained according to a modified
rule of mixtures approach. In two other studies, Lei
et al. [19] and Zhang et al. [20] investigated the
buckling behaviour of moderately thick skew plates
with or without contact with elastic foundation using
mesh-free methods based on a first order shear
deformation theory. For the case of an FG-CNTRC
plate integrated with two identical piezoelectric lay-
ers, Wu and Chang [21] studied the bifurcation
buckling based on Reissner’s mixed variational the-
orem. In this study, three dimensional elasticity
formulation is used rather than a two dimensional
lumped plate theory formulation. Plate is subjected to
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in-plane biaxial compression and finite element
method is used to solve the stability equations.

Shen and Zhu [22] investigated the buckling and
post-buckling responses of sandwich plates with
CNTRC face sheets in thermal environment. It is
shown that characteristics of CNTs in face sheets are
influential on buckling and post-buckling features of
the sandwich plate. Shen and Zhang [23] studied the
thermal buckling and postbuckling of FG-CNTRC
rectangular plates with symmetric distribution of
CNTs across the plate thickness. It is reported that,
plates with intermediate volume fraction of CNTs
have not, necessarily, intermediate critical buckling
temperatures. Zhang et al. [24], also, studies the post-
buckling of FG-CNTRC rectangular plates with edges
elastically restrained against translation and rotation
under the von-Karman plate assumptions. Rafiee et al.
[25] proposed a closed form solution for thermal
postbuckling of rectangular plates made of FG-
CNTRC plates integrated with smart piezoelectric
layers with all edges simply supported.

Similar to stability analysis of FG-CNTRC plates,
many studies are available on geometrically nonlinear
static response [26—29], vibrational behaviour [30-
36], dynamic response [37] and dynamic stability [38]
of plates made from FG-CNTRC.

As the above literature survey reveals, while the
literature is wealth enough on the subject of mechan-
ical stability of FG-CNTRC plates, the only available
works on the subject of thermal stability of FG-
CNTRC plates belong to Shen and Zhang [23] and
Rafiee et al. [25]. The above-mentioned researches,
however, are confined to the case of plates with all
edges simply supported. Present investigation aims to
analyze the thermal buckling response of FG-NCTRC
plate subjected to uniaixal or biaxial in-plane thermal
loading via a Ritz formulation which is valid for
arbitrary types of in-plane/out-of-plane boundary
conditions. First order plate theory is used to obtain
the governing equations of the plate. Material prop-
erties of the matrix and reinforcements are assumed to
be linearly thermoelastic. Chebyshev polynomials are
used as the basis shape functions suitable for arbitrary
boundary conditions such as simply supported,
clamped, free and sliding supported. An eigenvalue
problem is established to obtain the critical buckling
temperatures of temperature dependent rectangular
FG-CNTRC plates. After performing the comparison
studies to assure the effectiveness and correctness of
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the proposed formulation and solution method, para-
metric studies are given to explore the influences of
various involved parameters such as volume fraction
and dispersion profile of CNTs, geometrical properties
of the plate and boundary conditions. It is shown that,
all of the above-mentioned parameters are influential
on buckling temperature and buckled shapes of the
plate. Especially the FG-X pattern results in higher
critical buckling temperature and is more suitable for
thermal stability resistance.

2 Basic formulation

An FG-CNTRC rectangular plate is considered is this
research. Thickness, width and length of the plate are
denoted by, &, b and a, respectively. The conventional
Cartesian coordinate system with its origin located at the
center of the plate where —0.5a <x < + 0.5a, —0.5b
<y< 40.5h,and —0.52 <z < + 0.5his considered.

Plate is made from a polymeric matrix reinforced
with single walled carbon nanotube (SWCNT). Distri-
bution of SWCNT across the plate thickness may be
uniform (referred to as UD) or functionally graded
(referred to as FG) [26, 30-32, 39, 40]. In this research,
three types of FG distribution of CNTs and the UD
case are considered. FG-V, FG-O and FG-X CNTRC
are the functionally graded distribution of carbon
nanotubes through the thickness direction of the
rectangular composite plate.

Generally, the effective thermo-mechanical prop-
erties of the FG-CNTRC rectangular plate are
obtained using the well-known homogenization
schemes, such as Mori-Tanaka scheme[41] or the rule
of mixtures [42]. For the sake of simplicity, in the
present research, the rule of mixtures is used to obtain
the properties of the composite plate. However to
account for the scale dependent properties of
nanocomposite media, efficiency parameters are
introduced. Accordingly, the effective material prop-
erties may be written as [43—47]

Ey = VenESY + V,E™

M _Ven Ve
E» ESY Em (1)
Mo Ven . Vi
G G]Cév G"

In the above equations, 1, 7, and 75 are the so called
efficiency parameters and as mentioned earlier are

introduced to account for the size dependent material
properties of the plate. These constants are chosen to
equal the obtained values of Young modulus and shear
modulus from the present modified rule of mixtures
with the results obtained according to the molecular
dynamics simulations [43]. Besides, ES, ESY and
GSY are the Young’s modulus and shear modulus of
SWCNTs, respectively. Furthermore, E™ and G™
indicate the corresponding properties of the isotropic
matrix.

In Eq. (1), volume fraction of CNTs and matrix are
denoted by V¢y and V,,, respectively which satisfy the
condition

VCN + Vm =1 (2)

As mentioned earlier, three types of functionally
graded CNTRC plates are considered. These types
along with the UD type are the considered patterns of
CNT dispersion through the thickness of the plate. In
Table 1 distribution function of CNTs across the plate
thickness is provided.

It is easy to check from Table 1 that, all of these
types have the same value of volume fraction. The
total volume fraction across the plate thickness in all
of these cases is equal to V(. In FG-X type
distribution of CNT is maximum near the top and
bottom surfaces whereas the mid-plane is free of CNT.
For FG-O, however, top and bottom surfaces are free
of CNTs and the mid-surface of the plate is enriched
with CNTs. In FG-V, the top surface is enriched with
CNT and the bottom one is free of CNT. In UD type,
each surface of the plate though the thickness has the
same volume fraction of CNTs.

The effective Poisson ratio depends weakly on
position [43, 44] and is expressed as

V2 = Vayyl + V" 3)

Table 1 Volume fraction of CNTs as a function of thickness
coordinate for various cases of CNTs distribution

CNTs distribution Ven
UD CNTRC Vin
FG-V CNTRC Vi ( 142 %)
FG-O CNTRC
2V (1 -2 %‘)
FG-X CNTRC . 12l
Ay

@ Springer



2188

Meccanica (2016) 51:2185-2201

Following the Shapery model, longitudinal and trans-
verse thermal expansion coefficients are expressed as
[43]

_ VenER oY + V,Era"
 VenESN + V,Em

o2 = (1 + V) VenaSy + (1 4+ V") Vo™ — vipay

(4)
where in the above equation, a7 oSV and o™ are the

thermal expansion coefficients of the constituents.

First order shear deformation theory (FSDT) of
plates suitable for moderately thick and thick plates is
used in this study to estimate the kinematics of the
plate [48]. According to the FSDT, displacement
components of the plate may be written in terms of
characteristics of the mid-surface of the plate and cross
section rotations as

d11

u(x,y,z) = uo(x,y) + z20,(x, y)
v(x,y,2) = vo(x,¥) + 20, (x, y) (5)
w(x,y,z) = WO(xay)

In the above equation u, v, and w are the through-the-
length, through-the-width and through-the-thickness
displacements, respectively. Mid-plane characteristics
of the plate are designated with a subscript 0. Besides,
transverse normal rotations about the x and y axes are
denoted by ¢, and ¢,, respectively.

According to FSDT, in-plane strain components are
written in terms of mid-plane strains and change in
curvatures. Besides, through-the-thickness shear
strain components are assumed to be constant. There-
fore, one may write

Exx Exx0 Kxx
&y €0 Kyy
ny = nyO +z Kxy (6)
Vxz Vxz0 Kxz
yyz VyzO Kyz

In this study, a rectangular plate under the action of
uniform heating is under investigation. At least on two
parallel edges of the plate normal to edge displace-
ments are restrained. Under such conditions, the plate
cannot go thermal expansion at least along one
direction and compressive thermal stresses are
induced. Therefore, buckling phenomenon may hap-
pen. It is known that buckling is a nonlinear
phenomenon which should be obtained under
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geometrically nonlinear analysis. Meanwhile, when
only bifurcation buckling is of interest, stability
equations are linearised. Therefore, to obtain the
stability equations associated with the onset of buck-
ling, strain components may be assumed to be
infinitesimal and therefore linear strain-displacement
relations suffice. In such solution method, the potential
energy due to the prebuckling forces should be
included as is shown in the next.

Considering the above mentioned discussions, the
components of the strain associated to the mid-surface
of the plate are linearised and are equal to

Exx0 uo.x

&yy0 Yo,y

Yo ¢ = § Uoy + Vo (7)
ysz (Px + WO,x

Vyz() (py + wo,y

and the components of change in curvature compatible
with the FSDT are

Koxx Dy x

Kyy Pyy

Ky 0 =4 Pxy T Pyx (8)
Kyz 0

Ky, 0

where in the above equations () . and () , denote the
derivatives with respect to the x and y directions,
respectively.

For linear thermoelastic materials, stress field may
be written as a linear function of strain field and
temperature change as

Oxx On O O 0 0
Tyy Opn On O 0 0
e b= 0 0 Qu 0 0
T 0 0 0 05 O
Ty 0 0 0 0 O ©)
& — A1 AT
&yy — U AT
X Vyz
Pxz
Vxy

where, T and T, are, respectively, the elevated
temperature and reference temperature, respectively.
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Besides, Q;’s (i,j=1,2,4,5,6) are the reduced
material stiffness coefficients compatible with the
plane-stress conditions and are obtained as follow [49]

On = IL’ On = L,
— V1aVa I —viavy
On = vk Qu = Gy, 0Oss =G,
I — vy

Oss = G2 (10)
Ny (A1 A 0 By B O 0
Ny, A An 0 By, Bxp 0 0
Ny 0 0 A O O Be O
Myw | [Bu B2 O Dy D O 0
My [ |Ba Bn O Dy Dy 0 0
M, 0 0 Bg O 0 D¢ O
0. 0O 0 o 0 0 0 KAu
o.) Lo o o o o o o

and loading type. However, approximate values of
k =1,k =5/6or k = n?/12 are used extensively. In
this research, the shear correction factor is set equal to
Kk =135/6.

Substitution of Eq. (9) into Eq. (11) with the
simultaneous aid of Eqgs. (5)—(8), and (10) generates
the stress resultants in terms of the mid-surface
characteristics of the plate as

0 7 €xx0 N )Z;
0 €yy0 N, ;;
0 yxyO 0
0 K MT
— ’;‘ (12)
0 Kyy M,
0 Kxy 0
0 b 20 0
KAss 1 \ 7.0 0

Stress resultants of the FSDT may be obtained
upon integration of stress field through the thick-
ness. Stress resultant components in this case
become [48]

Ny Oxx
Ny, Oyy
Ny Tay
M., +05h | g
= / dz (11)
M,y —0.5n | <0y
M,, Ty
QXZ KT.’CZ
Qyz KTyz

In the above equation, k is the shear correction factor
of FSDT. As known, adoption of a shear correction
factor results in more accurate buckling loads and
somehow compensate the errors due to the assumption
of uniform transverse strains. Evaluation of accurate
shear correction factor for FG-CNTRC plates is not
straightforward since this factor depends on the
boundary conditions, material properties, geometry

In the above equation, the stiffness components A,
Bjj, and D;; indicate the stretching, bending-stretching,
and bending stiffnesses, respectively, which are cal-
culated by

+0.5h .

(A, By, Dy) :/ (04,204, 7°Qy)dz (13)
~0.5h

Also, NI ML, i =, x,y are the thermally induced force

and moment resultants which are obtained upon
calculation of stress resultants as

Ni M, 0RO O] [on
NT MT = (T — To)dZ
y M, —osh LQr2 On] o2

(14)

It is of worth-noting that, under uniform temperature
rise and for FG-X, FG-O and UD types of CNT
distribution, no thermal bending moments are pro-
duced. Besides, due to the symmetric distribution of
CNTs across the thickness in these three cases, the
stretching-bending coupling stiffness components, i.e.
Bjj’s are all equal to zero.

@ Springer
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Stability equations of the plate may be obtained
with the aid of static version of the Hamilton principle
[48]. At the onset of buckling, one may write

S(U+V)=0 (15)

where U is the virtual strain energy of the thermoe-
lastic plate which may be calculated as

+05a +0.5b +0.5h
oU = / / / axxésxx + 0yy08yy
—05a J—0.56 J—0.5h

+ Tay0yy + KTuz07y, + myzéyyz)dzdydx
(16)

and 0V is the virtual potential energy of the prebuck-
ling loads due to the constant uniform heating. It is of
worth-noting that, even under uniform heating, bifur-
cation phenomenon may not occur. Considering the
distributed patterns of CNTs across the plate thick-
ness, in this study, three symmetric patterns and one
nonsymmetric pattern are taken into consideration. As
mentioned earlier in FG-V type of CNT dispersion and
even in uniform heating, thermal moments are gener-
ated. Obviously, the induced thermal moments
enforce the plate to deflect unless the thermally
induced moments are surpassed by the supports. As
known, clamped and sliding supported edges are
capable of applying the additional bending moment at
the support when is necessary, however, simply
supported and free edges are unable to reveal such
feature. Therefore, thermal buckling occurs for arbi-
trary type of FG-CNTRC plate with combinations of
clamped and sliding supported edges. However, for
plates with at least one edge simply supported or free,
distribution of CNTs across the thickness should be
symmetric.

Considering that the above conditions are met for
the occurrence of thermal bifurcation buckling, pre-
buckling forces may be obtained according to the in-
plane boundary conditions. For the case when in-plane
displacement components are equal to zero at the
edges (all edges are restrained again thermal expan-
sion), prebuckling forces are equal to thermally
induced loads. Therefore, the potential energy of the
prebuckling forces at the onset of buckling is equal to

+0.5a  +0.5b

- NXW07X5W0,X
/OSa /OSb (17)
+ N,

)ywo’yéwo.y)dydx
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However, when two parallel edges of the plate are not
restrained to move in normal to edge direction, in that
direction, only thermal expansion is generated and
thermal forces are not induced. In this case, prebuck-
ling thermal forces should be obtained using the same
process developed by Jones [50]. In a plate with free
boundary conditions along y = +b/2, while the two
other edges are restrained against thermal expansion,
the prebuckling forces are obtained by Jones [50]. The
work done by such thermally induced forces at the
onset of buckling may be written as

+0.5a +0.5b Al ]
T
- / / <A )y - Nxx) WO,xéwo,xdydx
—0.5a 0.5b 22

(18)

3 Solution procedure

While the stability equations and the associated
boundary conditions may be obtained through the
application of Green theorem to the expression (15),
energy based methods also may be used to solve the
stability equation (15). In the present research, Ritz
method with Chebyshev basis polynomials is used to
derive the stability equations in a matrix representa-
tion. Accordingly, each of the essential variables may
be expanded via Chebyshev polynomials and auxiliary
functions such that

=
Z

wo(x.3) = R'(x.7)

Il
=
~.
Il
-

Mz
-
=
B
©
5
=

vo(x,y) = R(x,)
i=1 j=1
N, N,

wolx,y) = R¥(x, ) WP0PG)  (19)
i=1 j=1

0.63) = R() 3 S KPP ()

0,(63) = R () 3 S TiPiP)

I\
=
~.
Il
-

where in the above equation P;(x) and P;(y) are the i-th
and j—th Chebyshev polynomials of the first kind
which are defined by
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P;(x) = cos((i — 1) arccos(2x/a))
P;(y) = cos((j — 1) arccos(2y/b))

Besides, functions R*(x,y),o = u,v,w,x,y are the
boundary functions corresponding to the essential
boundary conditions. It is known that in Ritz family
methods, adoption of a shape function depends only on
the essential boundary condition. Four types of
boundary conditions are used in this study. clamped
(C), simply supported (S), free (F) and sliding
supported (X). For a clamped edge all of the in-plane
and out-of-plane essential variables are restrained. For
a simply supported edge normal and tangential
displacements, lateral displacement and tangential
slope are restrained and for a sliding supported edge
only normal slope is restrained. At a free edge none of
the boundary conditions are essential. Therefore, the
essential variables associated to each of these cases
may be written as

(20)

For a clamped edge:
x==a/2:up=vo=wo =@, =, =0
y=%b/2:up =vo=wo = ¢, =, =0
For a simply supported edge:
x==%a/2:up =vo=wy =, =0
y==2b/2:ug=vo=wy=¢, =0

For a sliding supported edge:
x==a/2:up=vo=¢,=0
y==%b/2:up=vo =, =0

For afree edge:
x==%a/2:—
y=1b/2:—

The shape functions of the Ritz method should be
chosen according to the above essential variables. All
of the Chebyshev functions are nonzero at both ends of
the interval. Therefore, auxiliary functions R*, o =
u,v,w,x,y should satisfy the essential boundary
conditions on each edge of the plate. Each of the
functions R*, & = u, v, w, x, y may be written as

(2 (-2 02 (-3
(22)

Each of the variables p, ¢, r and s depends on the
essential boundary conditions and are equal to zero or

one. For instance in a plate with clamped boundaries
on x = —0.5a and x = +0.5a, simply supported at y =
—0.5b and sliding supported at y = +0.5b, auxiliary
functions are as

(22030
o= (202030
(5023
e (202
R = (1+2) (1-2) (1-2)

Finally substitution of Eq. (19) into the Eqs. (15)
results in an eigenvalue problem as

(23)

(K*—K&)X =0 (24)

where K¢ is the elastic stiffness matrix which is
originated from Eq. (16) and K# is originated from the
geometrical stiffness matrix from Eqgs. (17) or (18).
Each of these matrices has 5 x N, X N, rows and
columns. The above system should be treated as a
standard eigenvalue problem to obtain the critical
buckling temperature. It should be mentioned that,
since the temperature dependency of the constituents
is taken into consideration, a successive procedure
should be carried out to obtain the critical buckling
temperature. To initiate the process, at first, thermo-
mechanical properties of the CNTs and matrix are
evaluated at reference temperature. Thermomechani-
cal properties are then computed at the obtained
temperature and the eigenvalue problem is repeated
again to extract a new critical buckling temperature.
This procedure continues until a converged critical
buckling temperature is achieved.

4 Numerical results and discussion

Present study aims to analyse the thermal buckling
behaviour of FG-CNTRC moderately thick rectangu-
lar plates with temperature dependent material prop-
erties. In this section, at first, convergence and
comparison studies are conducted. Afterwards,
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parametric studies are performed to examine the
influences of involved parameters. In the rest of this
manuscript the following convention is established for
boundary conditions. For instance, in an SCSX plate,
the first letter is associated to x = —0.5q, the second
letter is the boundary condition at y = —0.5b, the third
letter denotes the boundary conditions at x = 40.5a
and finally the last letter is associated with the
boundary at y = +0.5b. Unless otherwise stated, Poly
(methyl methacrylate), referred to as PMMA, is
selected for the matrix with material properties E" =
(3.52 — 0.0034T) GPa, v =0.34 and o™ =45(1+
0.0005AT)10 %K. In calculation of elasticity modu-
lus of matrix T = Ty + AT where Ty = 300K is the
reference temperature and 7 is measured in Kelvin.
(10,10) armchair SWCNT is chosen as the reinforce-
ment. Elasticity modulus, shear modulus, Poisson’s
ratio and thermal expansion coefficient of SWCNT are
highly dependent to temperature. Shen and Xiang [51]
reported these properties at four certain temperature
levels, i.e. T = 300,400, 500 and 700 K. The magni-
tudes of Eyy, Exn, G2, %11, %, and vi; for CNTs at
these four specific temperatures are given in Table 2.

Since this study aims to analyse the critical
buckling temperature of FG-CNTRC plates under
temperature dependent assumptions, it is necessary to
obtain the thermomechanical properties of CNTs as a
continuous function of temperature. For this purpose,
for each of the thermomechanical properties of the
CNT, a third order interpolation is done to obtain the
properties of CNT as a function of temperature. As a
result of interpolation, each of the properties may be
written as

ESN(T)(TPa) = 6.3998 — 4.338417 x 10T + 7.43
x 107072 — 4.458333 x 107°1°

ESY(T)(TPa) = 8.02155 — 5.420375 x 107°T
+9.275 x 107°7T% — 5.5625 x 107°73

GV (T)(TPa) = 1.40755 + 3.476208 x 107°T
—6.965 x 10772 + 4.479167 x 10°°T3
aN(T)(107%/K) = —1.12515 4 0.02291688T
—2.887 x 10772 4+ 1.13625 x 107873
aSN(T)(107%/K) = 5.43715 — 0.9.84625 x 107*T
+29x107'T? +1.25 x 10773
vV =0.175
(25)

Han and Elliott [52] performed a molecular dynamics
simulation to obtain the mechanics properties of
nanocomposites reinforced with SWCNT. However
in their analysis, the effective thickness of CNT is
assumed to be at least 0.34 nm. The thickness of CNT
as reported should be at least 0.142 nm [53]. Therefore
molecular dynamics simulation of Han and Elliott [52]
is re-examined [43]. The so-called efficiency param-
eters, as stated earlier, are chosen to match the data
obtained by the modified rule of mixture of the present
study and the molecular dynamics simulation results
[43]. For three different volume fractions of CNTs,
these parameters are as: #; = 0.137 and 5, = 1.022
for Viy =0.12. 5, =0.142 and #, =1.626 for
Vey =017 n; =0.141 and 1y, =1.585 for
Véy = 0.28. For each case, the efficiency parameter
15 is equal to 0.71,. The shear modulus Gy3 is taken
equal to G whereas G»3 is taken equal to 1.2G1, [43].

4.1 Convergence and comparison studies

In this section, convergence and comparison studies
are provided. At first a convergence study is given to
obtain the required number of shape functions in series
expansion of the Ritz method. Convergence study is
provided in Table 3. For this purpose, critical buckling
temperature parameter of isotropic homogeneous
plates with all edges simply supported are evaluated

Table 2 Thermo-mechanical properties of (10,10) armchair SWCNT at specific temperatures [51] (tube length = 9.26 nm, tube

mean radius = 0.68 nm, tube thickness = 0.067 nm)

T (K) ECN(TPa) ESY(TPa) GV (TPa) vy 2N (1076/K) 2SN (10-6/K)
300 5.6466 7.0800 1.9445 0.175 3.4584 5.1682
400 5.5679 6.9814 1.9703 0.175 4.1496 5.0905
500 5.5308 6.9348 1.9643 0.175 4.5361 5.0189
700 5.4744 6.8641 1.9644 0.175 4.6677 4.8943
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Table 3 Convergence study for critical buckling temperature
parameter 1000AT,,o of isotropic homogeneous SSSS square
plates with v = 0.21 and various side to thickness ratios

(N, N,)  a/h=100 a/h=20 a/h=10 a/h=5
(3.3) 0.1409 3.4700 132507  44.9211
(4.4) 0.1265 3.1209 119835 413139
(5.5) 0.1265 3.1209 119835 413138
(6.6) 0.1265 3.1200 119801 413038
(1.7) 0.1265 3.1200 119799 413033
(8.8) 0.1265 3.1200 119799 41.3033
9.9) 0.1265 3.1199 119795 413016
(10,10) 0.1265 3.1199 119795  41.3016
Shen [54]  0.1265 3.1194 11.978 41.297

for various number of the assumed shape functions.
Results are compared with those obtained by Shen
[54] based on an exact analytical solution. It is seen
than Ritz method always serves an upper bound for the
critical buckling temperatures of the plate. Further-
more, After adoption of 10 shape functions in both x
and y directions highly accurate numerical results are
achieved. Consequently, in the rest of this work,
number of shape functions in Ritz approximation is set
equal to Ny = N, = 10.

A comparison is presented in Table 4 on critical
buckling temperature parameter of cross-ply symmet-
ric laminated plates. For the sake of comparison,
characteristics of the plate are set equal to those from
the references. A square plate made of an orthotropic
material with material properties E; = 15E5, Gip =
G]3 = 0.5E22, 023 = 03356E22, Vi = 0.3 and a1 =
0.0150y; is considered. Critical buckling temperature
difference parameter in this comparison is defined as
AToy,. Results of this study are presented for two
layering schemes, namely [0] and [0/90/0]. In each
case two width to thickness ratios are assumed. Results
of the present research are compared with the results of
Matsunaga [55] based on a global higher-order theory,
three-dimensional elasticity-based results of Noor and

Burton [56], and results of Singh et al. [57] based on
meshless finite element method using third order
theory. It is seen that, numerical results of this study
match well with the aforementioned works which
accepts the accuracy and effectiveness of the proposed
solution and formulation in the present study.

One of the available researches on thermal buckling
of CNTRC rectangular plates belongs to Shen and
Zhang [23]. In the study of Shen and Zhang exact
solution is presented to obtain the critical buckling
temperature of FG-CNTRC plates with all edges
simply-supported and symmetric pattern of CNT
dispersion across the plate thickness. Unlike the present
case, Shen and Zhang [23] used the classical rule of
mixtures to obtain the longitudinal thermal expansion
coefficient of the CNTRC. Therefore only in this
example and for the sake of comparison, longitudinal
thermal expansion coefficient is evaluated as

o1 = VCNOCICfV —+ VmO!m (26)

Critical buckling temperature of FG-CNTRC plates
with two different side to thickness ratios and three
different length to side ratios are evaluated and
compared with those of Shen and Zhang [23].
Comparison is carried out in Table 5. It is seen that
results of our study match well with those of Shen and
Zhang [23].

4.2 Parametric studies

After validating the numerical results of this study
with the available data in the open literature, para-
metric studies are conducted in this section. Numerical
results are provided in Tables 6, 7, 8 and 9 and Figs. 1
and 2. In all of this section, critical buckling temper-
ature is obtained under the assumption of temperature
dependent material properties.

Table 6 presents the critical buckling temperature
of FG-CNTRC plates. In this table, various combina-
tions of simply supported and clamped conditions are

Table 4 Comparison of critical buckling temperature difference parameter, AT,,0,; for square SSSS cross-ply laminates

Lay-up blh Present Matsunaga [55] Noor and Burton [56] Singh et al. [57]

[0] 100 0.7469 x 1073 0.7463 x 1073 0.7463 x 1073 0.7463 x 1073
20 0.1739 x 107! 0.1739 x 107! 0.1771 x 107! 0.1752 x 107!

[0/90/0] 100 0.9921 x 1073 0.9910 x 1073 0.9961 x 1073 0.9917 x 1073
20 0.2346 x 107! 0.2291 x 107! 0.2308 x 10! 0.2308 x 10!
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Table 5 Critical buckling temperature, 7.,(K) of SSSS FG-
CNTRC rectangular plates with V¢ = 0.17 and temperature
dependent material properties

alb, blh Type Present Shen and Zhang [23]
1.0,20 UD 343.00 343.00
FG-X 359.43 359.52
1.5,20 UD 325.08 325.08
FG-X 335.14 335.54
2.0,20 UD 319.03 319.01
FG-X 325.68 326.16
1.0,10 UuD 399.03 399.44
FG-X 419.13 419.09
1.5,10 UD 374.66 374.59
FG-X 394.42 394.66
2.0,10 uD 363.86 363.67
FG-X 380.94 377.46

Various side to thickness and aspect ratios are considered

considered for the edges of the plate. As stated earlier,
thermal bifurcation buckling in plates with at least one
edge simply supported takes place when distribution
of CNTs across the thickness is symmetric with
respect to the mid-plane. Therefore, only FG-X, FG-O
and UD CNTRC plates are considered. Three different
patterns of the CNT dispersion and three different
magnitudes of volume fraction of CNTs are consid-
ered. A square plate with length to thickness ratio
a/h = 30 is considered. From the numerical results of
this table it is concluded that, for all cases, FG-X plates
have higher buckling temperature than UD case and
the latter dispersion profile results in higher buckling
temperature in comparison to plates with FG-O type of
CNT dispersion. For all of the studied cases in this
table, increasing the volume fraction of CNT results in
higher critical buckling temperature. However the
influence of volume fraction of CNTs on critical

Table 6 Thermal buckling Boundary conditions Type Viy = 0.12 Viy = 0.17 Viy =028
temperature T..(K) for
square FG-CNTRC plates SN uD 420.3703 422.6275 434.4771
with a/h = 30, various FG-X 449.0291 4535322 474.6826
volume fraction of CNTs,
different graded pattern and FG-O 379.9912 379.7433 385.6686
combinations of S and C SCSC UD 437.8200 440.0585 447.4740
edges FG-X 476.9579 482.0888 493.8651
FG-O 389.8706 390.8179 393.8727
SCss UD 426.5649 428.5238 438.9547
FG-X 456.8312 462.4126 481.9622
FG-O 381.8417 381.9920 387.2202
ccce UD 561.5707 571.5140 577.8439
FG-X 597.0642 614.4112 625.7757
FG-O 501.0371 504.8352 513.7900
CSCS UD 538.6131 547.5073 561.6472
FG-X 568.3926 584.3437 609.6522
FG-O 483.0916 485.0283 498.3931
cccs uD 543.5920 5523654 563.5335
FG-X 575.2267 591.4898 610.3639
FG-O 485.9552 488.5219 500.7041
ccss UD 481.6283 486.2792 498.6593
FG-X 516.0845 525.9173 545.7405
FG-O 431.4170 432.6502 440.5358
CCsC UD 498.7899 505.2330 515.1643
FG-X 533.4550 545.5234 564.5335
FG-O 442.5950 444.1633 449.4430
CSSS UD 476.9768 480.6302 4933922
FG-X 5147671 522.9329 540.0177
FG-O 425.0026 425.9865 434.9565
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Table 7 Thermal buckling Boundary conditions Type Viy =0.12 Viy =0.17 Viy =028
temperature T,,(K) for
Sqligre/l:lG-C;:I)TRC. plates ccce uD 561.5707 571.5140 577.8439
vw(;lun?e frae tio;lv(ff“g‘l‘\fﬁ, FG-X 597.0642 614.4112 625.7757
different graded pattern and FG-O 501.0371 504.8352 513.7900
combinations of X and C FG-V 529.5172 537.3850 550.7551
edges ccex UD 541.5753 550.1713 562.0526
FG-X 574.0102 589.6564 609.1062
FG-O 487.0667 489.9096 501.5818
FG-V 516.4236 523.7059 540.5338
CXCX UD 545.7897 555.3589 566.3932
FG-X 575.1468 591.9157 612.1900
FG-O 482.9084 484.8447 498.1785
FG-V 517.5165 523.0890 537.1724
ccxc UD 410.4058 411.9697 425.6823
FG-X 437.1615 441.0613 464.6675
FG-O 378.9807 379.7285 384.9231
FG-V 392.5021 394.5453 405.6597
CCXX UD 391.5104 392.9325 407.4350
FG-X 410.6407 414.2345 439.8130
FG-O 367.6227 367.6345 374.4760
FG-V 381.2169 383.0962 395.8041
CXXX UD 390.2247 392.5502 406.1927
FG-X 405.5669 410.2949 436.4458
FG-O 358.2722 357.1367 366.6267
FG-V 375.6559 374.8235 388.1690
XCXC UD 364.7833 368.1326 376.8900
FG-X 369.1066 375.4019 396.1049
FG-O 361.4049 362.9827 366.1939
FG-V 365.4714 369.4561 380.7864
XCXX UD 316.7557 317.6388 319.9532
FG-X 317.9081 319.5818 325.1344
FG-O 315.8585 316.2683 317.0876
FG-V 316.9551 318.0286 321.1583

buckling temperature is not comparable to the influ-
ence of CNT dispersion pattern. It is observed that,
maximum buckling temperature belongs to a plate
with all edges clamped and the minimum one belongs
to the one with all edges simply supported. This is
expected since clamping results in higher local
flexural rigidity in comparison to simply supported
edge. Considering the fact that FG-CNTRC plates are
orthotropic, as seen, buckling temperature of CCCS
and CCSC plates are not equal. Considering various
combinations of clamped and simply supported

boundary conditions in square plates, numerical
results reveal that critical buckling temperature may
be sorted from high to low in plates with the following
boundary conditions: CCCC, CCCS, CSCS, CCSC,
CCSS, CSSS, SCSC, SCSS, SSSS.

Table 7 presents the critical buckling temperature
of FG-CNTRC plates with combinations of clamped
and sliding supported edge. Both clamped and sliding
support boundary conditions, are capable of applying
the additional bending moment in the prebuckling
state and therefore plate remains flat even when the
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Table 8 Critical buckling temperatures 7., (K) for SSSS FG-
CNTRC plates with FG-X type of CNT dispersion, various
aspect and side to thickness ratios

alb blh Vi, =012 Vi =017 Vi =028
08 100 3264442 326.8382 332.7388
50 395.8360 396.5316 411.9645
30 511.8921 518.8456 533.8224
20 630.6262 650.2838 643.5145
10 100 316.6240 316.7554 320.8529
50 361.9401 362.8735 375.7231
30 449.0291 453.5322 474.6826
20 565.0145 579.0660 593.6007
12 100  311.8853 312.2107 315.2405
50 3453733 346.7878 357.1273
30 4143599 418.8973 439.4821
20 518.6412 530.4655 541.5596
15 100 308.1456 308.0527 309.9251
50 331.2706 331.0456 337.5244
30 379.7663 379.9137 393.1864
20 455.9459 458.7011 475.5308
20 100 304.2378 304.2632 305.3594
50 316.6240 316.7554 320.8529
20 344.2250 344.7655 354.5800
10 3922411 394.0970 411.0742

distribution of material properties is not symmetric
with respect to the mid-plane. Consequently, plates
with combinations of C or X edges, and subjected to
arbitrary type of CNT dispersion reveal the thermal
bifurcation buckling. In this table, four cases of CNT
dispersion and three types of volume fraction of CNTs
are considered. Square plates with width to thickness
ratio a/h = 30 are under investigation. It is seen that,
critical buckling temperature of FG-V plate is also
lower than those with FG-X type of CNT dispersion.
Therefore from this table and Table 6 it is concluded
that, FG-X type of CNT dispersion is the most
influential type in thermal stability. It is observed that
critical buckling temperature in FG-CNTRC plates
decreases permanently when profile of the CNT
through the thickness changes in order from FG-X to
UD, then FG-V and finally FG-O. The key issue in
higher buckling temperature of FG-X plates in com-
parison to the three other cases is the fact that, bending
stiffnesses of the plate are much more in FG-X case
since in the latter case the surfaces that are far from the
mid-plane are much more enriched with CNT.

@ Springer

Table 9 Critical buckling temperatures T..(K) for FG-
CNTRC plates with two parallel edges free, various types of
CNT dispersion, V& =0.12, b/h =50 and various aspect
ratios

alb  blh CFCF SFSF CFSF CFXF
0.8 UD 588.9004  409.4219  486.2655  409.4667
FG-X 648.6430 449.2390 541.5037 449.2726
FG-O 488.5555 362.2013 412.5338  362.2621
1.0 UD 520.4770  375.5222  434.2592  375.5639
FG-X 581.5349 404.9044 479.8350 404.9379
FG-O 4353279 341.8365 378.0741 341.8900
1.2 UD 470.7697  355.0346  400.6470  355.0723
FG-X 5252763 3774119 437.4189 377.4431
FG-O 401.2215 329.9460 357.0731 329.9919
1.5 UD 421.3874  336.8435 369.3452  336.8741
FG-X 464.5090 352.5080 396.4552 352.5343
FG-O 369.6185 318.8456 338.3172 319.7243
20 UD 3755660 321.5654 341.7839  321.5859
FG-X 404.9405 331.1463 359.2432  331.1646
FG-O 341.8910 311.3281 332.4832 311.3500

Tables 8 present the critical buckling tempera-
tures of SSSS FG-CNTRC plates with various
aspect ratios and also various side to thickness
ratios. Three different magnitudes are considered for
the volume fraction of CNTs whereas dispersion of
CNTs is of FG-X type. Numerical results of this
table reveal that, similar to square plate, increasing
the volume fraction of CNTs enhances the buckling
temperature of the plate. Besides, when width and
thickness of the plate are constant, increasing the
length of the plate results in lower critical buckling
temperature.

An example of thermal buckled shapes of FG-
CNTRC plates with FG-X type of CNT dispersion is
presented in Fig. 1. Square plates with various
boundary conditions comprising of C and X type of
edges, side to thickness ratio a/h = 30 and volume
fraction V§y = 0.28 are considered. It is seen that
essential boundary conditions are satisfied at the
supports since at the sliding supported edge lateral
displacement is not restrained. Unlike the case of fully
clamped square isotropic plate which thermally buck-
les in a double symmetric shape, FG-CNTRC CCCC
plate buckles in a shape which is symmetric along the
x direction and antisymmetric along the y direction.

Table 9 is devoted to the case of plates where two
parallel edges are free and the two others are restrained
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Fig. 1 Lateral displacement mode shape of FG-CNTRC square plates with FG-X type of CNT dispersion, a/h = 30, volume fraction
V¢y = 0.28 and various boundary conditions
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«Fig. 2 Lateral displacement mode shape of FG-CNTRC
rectangular plates with a/b = 2, FG-X type of CNT dispersion,
a/h = 50, volume fraction V(, = 0.12 and various boundary
conditions

against thermal expansion. In such case as mentioned in
Eq. (18), auniaxial type of buckling exists since the edges
y = +b/2 are free to expand. As seen from Eq. (18),
the compressive thermally induced force along the x
direction is much lower than the one observed in
biaxial thermal buckling. Consequently, it is expected
that critical buckling temperatures for such plates are
higher than those subjected to biaxial thermal loading.
For this reason, a thin plate with b/h =50 is
considered and four different types of boundary
conditions are examined. Five different aspect ratios
are considered and as expected with increasing the
plate length, critical buckling temperature decreases.
A comparison among the results of Tables 8 and 9
reveals that, critical buckling temperature of thermally
loaded SFSF plates are even higher than SSSS plates
subjected to biaxial thermal compression. As an
interesting result, it is observed that, critical buckling
temperature of SXSX and CFXF are close to each
other and approximately are equal. However, as
expected the thermally buckled pattern for these two
cases of boundary conditions are completely different.

Figure 2 demonstrates the thermally buckled pat-
tern of FG-CNTRC plates with various boundary
conditions, CNT volume fraction V¢ = 0.12, FG-X
pattern of CNTs, a/h =50 and a/b=2. In this
figure both uniaxially and biaxially loaded plates are
depicted. Again, it is observed that, essential condi-
tions are satisfied at the edges. Unlike the CCCC plate
examined in Fig. 1, it is seen that buckling pattern of
the plate is double symmetric. Such feature is expected
since aspect ratio is of the main factors in buckled
pattern of the rectangular plates.

5 Conclusion

Based on the first order shear deformation theory of
plates, thermal buckling response of carbon nanotube
reinforced rectangular plates is investigated in this
research. Properties of the CNTs and the polymeric
matrix are assumed to be temperature dependent. Only
the case of uniform temperature rise parameter is
considered. Distribution of CNTs across the plate

thickness may be uniform or functionally graded. To
obtain the thermomechanical properties of the com-
posite plate, a refined rule of mixtures approach is
developed to capture the size dependent features of
CNTs. A Ritz solution with the Chebyshev basis shape
functions suitable for arbitrary boundary conditions is
implemented to construct the eigenvalue problem
associated with the critical buckling temperature and
buckled shapes of the plate. Numerical examples cover
the influences of volume fraction of CNTs, dispersion
pattern of CNTs, boundary conditions, plate aspect ratio
and width to thickness ratio. It is shown that, in all of the
studied cases, FG-X distribution of CNTs is the most
efficient type for thermal buckling analysis since under
such distribution, critical buckling temperature is
higher in comparison to the other types of distribution
of CNTs. Furthermore it is shown that, in-plane and
out-of-plane boundary conditions, aspect ratio, side to
thickness ratio and CNT volume fraction are all
influential on critical buckling temperature as well as
buckled pattern of the plate.
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