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Abstract A two-dimensional (2D) finite element
(FE) sectional analysis system is developed for
nonhomogeneous anisotropic beams established on a
refined displacement-based elasticity theory. The
classical effects due to elastic couplings, and nonclas-
sical effects pertaining to three-dimensional (3D)
warping displacements are incorporated in the formu-
lation. The formulation allows for a generalized
refined model with 12 x 12 stiffness matrix which
subsequently encapsulates the Timoshenko model,
Vlasov model for restrained torsion, and refined model
for fully nonuniform warping (NUW). In addition, the
shear center and tension center offsets are computed as
cross-sectional properties based on the extended
Trefftz’ theory for anisotropic beams. The accuracy
of the sectional analysis is substantiated for isotropic
as well as anisotropic, closed and open section beams
with and without end restraints. The results indicate
reliable predictions of the elastic properties for
isotropic as well as anisotropic beams compared with
the analytical solution, 3D FE solution, and other
state-of-the-art methods. The static behavior of the
beams is shown to be significantly influenced by the
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NUW effects especially in the vicinity of beam
boundaries.
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1 Introduction

With the advances in composites technology, the
elastic properties of beams can be tailored to achieve
desired stiffness and strength which are required to
adjust the static and dynamic characteristics. Beams
are slender structures typically with the axial (length-
wise) dimension much larger than the sectional
ones [1]. They are widely used in civil, mechanical
and aerospace engineering fields for modeling aircraft
wings, and helicopter/wind turbine blades, and bridge
structures. In the past decades, significant efforts have
been made in the analysis methodology of straight and
prismatic, nonhomogeneous anisotropic beams. The
full 3D analysis of the layered anisotropic beams is a
cumbersome task requiring elaborate modeling and
large computation time. For the simplified and
efficient modeling of 3D beams, the analysis is
generally decomposed into a local 2D cross-sectional
level and a global one-dimensional (1D) beam level,
referred to as the dimensional reduction [1]. The need
for accurate modeling and analysis of layered
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composite beam sections have led to the development
of various sophisticated theories. The modeling of
both the classical effects (elastic couplings), and
nonclassical effects such as the warping displacements
and the warping restraints is essential for accurate
determination of the sectional elastic properties of
composite beams [2]. The 3D displacements, strains,
and stresses can also be systematically recovered
using the sectional elastic constants computed from
sectional analysis followed by internal loads compu-
tation from 1D beam analysis [1]. Furthermore, the
cross-sectional analysis integrated with a 1D beam
analysis can be exploited for the structural optimiza-
tion which can drastically reduce the required com-
putation time compared to that of full 3D beams.

There are various approaches available in the
literature for the modeling of complex beam sections.
Primarily, they can be categorized into two: a shell-
wall based analytical approach and a FE analysis-
based method. In the former approach, the walls of the
beam section are idealized as contour of the mid-walls
modeled into thin shells. This approach offers closed-
form analysis solution for anisotropic beams with thin-
walled and moderately thick-walled configurations.
However, the model is limited to simple shell-wall
type beam cross-sections. In the latter approach, the
cross-section is discretized into 2D FEs. This approach
is more suited to nonhomogeneous sections with
arbitrary geometry and material distributions.

The analytical-based methods have an extensive
history including Rehfield et al. [3], Chandra et al. [4],
Smith and Chopra [5], Chandra and Chopra [6], and
Jung et al. [2]. An appropriate approximation of the
shell-wall displacement field was assumed to deter-
mine the strain energy and the cross-sectional stiffness
matrix of composite beams and blades. Berdichevsky
et al. [7] and Badir et al. [8] developed a systematic
approach to refine the displacement approximations
through a variational asymptotic method. They ana-
lyzed thin-walled composite beams with open and
closed cross-sections. Volovoi and Hodges [9] pro-
posed a linear, asymptotically consistent theory for
anisotropic thin-walled beams. They studied the effect
of in-plane (hoop) bending moment also known as in-
plane shear for special cases of elastically-coupled
composite box beams. Jung et al. [2] presented a
mixed force-displacement approach along with the
effects of shell-wall thickness, transverse shear, hoop
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moment, and torsional warping restraint to obtain the
cross-sectional stiffness properties.

The FE analysis-based approach has been followed
by arelatively few researchers. The seminal work done
by Giavotto et al. [10] laid the foundation of the linear
FE cross-sectional analysis based on the anisotropic
beam theory. They modeled the in-plane and the out-
of-plane warping displacements using a generalized
Saint-Venant (SV) beam theory. They proposed the
concept of central solutions to determine the cross-
sectional uniform warping field and stiffness coeffi-
cients while the end effects were represented through
eigenmodes called as extremity solutions. They
obtained diffusion lengths of a box beam and a
rectangular homogeneous beam, however, the effect
on 1D static behavior using those eigenmodes as well
as the influence on open section composite beams was
not studied. Borri and Merlini [11] and Borrietal. [12]
later extended this theory for nonlinear analysis, and
subsequently for initially curved and twisted beams.
Cesnik and Hodges [13] proposed a FE cross-sectional
analysis called variational asymptotic beam sectional
analysis (VABS) based on the work of Berdi-
chevsky [14] to model complex anisotropic beams
with initial twist and curvature. A slightly different
version of VABS was later reported by Yu et al. [15,
16]. They realized the generalized Timoshenko and
Vlasov theories through the asymptotic expansion of
the strain energy derived in terms of slenderness ratio
as a reference parameter. Recently, the previous
expression of the strain energy transformation in the
variational asymptotic formulation was corrected by
Yu et al. [17] which showed a considerable influence
on the composite beams with circumferentially uni-
form stiffness layup as well as for the beams with initial
twist and curvature. Kim and Kim [18] adopted an
asymptotic method along with a mixed variational
approach to develop a Rankine-Timoshenko—Vlasov
theory which resulted in improved correlation for
composite box and I-section beams.

The beams are categorized into closed and open
section beams based on the geometric shape. The
warping restraints at the boundaries can have notice-
able impact on the behavior of open section beams.
Generally, the extended Vlasov’s theory Vlasov [19]
is considered to be sufficient to model the behavior of
open section beams which takes into account the
influence of torsional warping restraint. Chandra and
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Chopra [20] studied experimentally and analytically
the effect of torsional restraint on the composite I-
beams. The analytical solution was obtained using a
shell-wall based beam theory. Jung and Lee [21]
followed a mixed force-displacement approach and
used a shell-wall based formulation to obtain the
torsional warping related stiffness coefficients. A 7 X
7 matrix was formulated including the transverse shear
and torsional restraint effects. Yu et al. [16] extended
the variational asymptotic method in VABS to com-
pute the generalized 5 x 5 Vlasov stiffness matrix
through reduction procedure from 6 x 6 Timoshenko
like stiffness matrix with reference to the generalized
shear center. It needs to be emphasized that the
modeling of full NUW (such as shear, bending, and
extension) due to boundary restraints is lacking in the
earlier works. The fully clamped boundary constraints
restrict the out-of-plane shear deformations inducing
additional axial stresses. The Poisson’s effect (sec-
tional in-plane distortion) due to bending and/or
extension vanishes under the presence of boundary
constraints. Since the deformations may be coupled
due to geometric or material couplings, the ramifica-
tions of the restraints on the global behavior may be
noteworthy, especially for the anisotropic beams.
The accurate prediction of shear center location is
crucial for the practical application of beams, partic-
ularly in the comprehensive analysis of helicopter/
wind turbine rotor blades where the diagonal elastic
stiffnesses are normally used along with the locations
of the shear center and tension center to decouple the
stiffness terms. However, the shear center must be
used with caution for cases with nonzero elastic
couplings between bending—torsion and extension—
torsion for anisotropic materials. Kosmatka and
Dong [22] recognized a SV semi-inverse method to
predict the location of shear center for homogeneous
anisotropic beams. Yu et al. [23] used the shear
coupling stiffness coefficients from the 6 x 6 stiffness
matrix in the FE cross-sectional analysis VABS to
predict the shear center location. Lee [24] presented a
shell-wall based analytical approach to compute the
shear center of thin-walled composite beams. In the
present formulation, Trefftz’ theory of isotropic
beams [25, 26] is extended to a generalized form for
nonhomogeneous anisotropic beams to estimate the
shear center offset. An important feature of the

Trefftz’ theory is that the shear center is independent
of the material properties for isotropic beams.

The present study focuses on the development of a
versatile FE sectional analysis for nonhomogeneous
anisotropic beams with NUW. To the authors’ knowl-
edge, the effects of full NUW have not yet been studied
in the previous works. The formulation is established
from the displacement-based anisotropic elasticity
theory. The unique features of present formulation
are: (1) the effects of classical elastic couplings and
nonclassical 3D warping displacements (which include
contributions from extension, shear, torsion, and
bending) are modeled in generic form; (2) the nonuni-
form 3D warping which induces secondary stresses due
to boundary restraints is incorporated; (3) the resulting
12 x 12 sectional stiffness matrix represents general-
ized Timoshenko model for bending and shear,
generalized Vlasov model for restrained torsion, and
refined model for full NUW; (4) the shear and tension
center offsets are derived as cross-sectional properties
based on the extended Trefftz’ definition for aniso-
tropic beams; and (5) in addition, the elastic as well as
inertial properties are computed with reference to the
user defined axis, and transformed to the sectional
offsets such as shear center, tension center, mass
center, and principal bending and inertial axes. This
provides the user with freedom to choose any refer-
ence for the global 1D beam analysis. The recovery of
sectional strains and stresses can be performed under
given loading conditions or given generalized strains.
Several isotropic as well as composite open and closed
beam sections are analyzed to demonstrate the
performance of the present analysis.

2 Theory

The theoretical foundation is based on the anisotropic
elasticity theory that incorporates the effects of NUW.
The derivations of shear center and tension center
offsets are presented based on an extended Trefftz’
theory for anisotropic beams. The sectional inertial
properties are systematically obtained from the 3D
kinetic energy. The schematic of the beam section is
shown in Fig. 1 where x-axis passes through the beam
reference line, and y- and z-axes form the beam cross-
sectional plane.
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Fig. 1 Schematic of the beam section

2.1 Assumptions

The present formulation is established on the follow-
ing assumptions:

(A1) The beam is considered to be straight and
prismatic.

(A2) The material is assumed to be linearly elastic.

(A3) The formulation is valid for small and linear
strains at the beam sectional level.

2.2 Material constitutive relations

From the generalized Hooke’s law, the linear elastic
stress—strain relation for anisotropic material is given
by

om = Cpén (1)

where g, is the stress vector, &, is the strain vector,
and C,, is the material elastic constants matrix in the
material coordinate system. The matrix C,, is fully
populated for generally anisotropic materials.

The material constitutive relations in beam coordi-
nate system can be obtained by rotational transforma-
tions through the fiber orientation 63 and layer
orientation 0; of anisotropic materials, as shown in
Fig. 2. These can then be expressed as

z=z'

(@) (b)

Fig. 2 Material orientations with reference to beam coordinate
system xyz. a Fiber orientation 63 b Layer orientation 0,
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og=Ce (2)

where the stress vector ¢ and strain vector ¢ are defined
as

6=|0u 0y 0Ox 0Oy 0z GyZJT (3)

T
e=|&x &y &z &y &z &)

2.3 Kinematics

The position vector of an arbitrary material point
located on the undeformed beam is denoted by

x=|x y zJ".
2.3.1 Displacements

The position vector X of an arbitrary material point on
the section of the deformed beam is defined as

X=x+u (4)
whereu=|u v w]” represents the displacement
of an arbitrary material point on the section, and
defined as the sum of the roto-translational displace-

ments u;p of the beam reference line and the sectional
warping displacements ¥, as given by

u=up+¥ (5)

where,

wp=Bq, ¥=1|v, ¥, ¥.|

a=[u" W w0 o ¢, .|,

100 0 z —y (6)
B=|101 0 —z 0 O

001 y 0 0

where u°,v°,w® represent the translations, and

by, by, ¢, denote the rotations of the beam section. Th-
ese translations and rotations are obtained from the
elastic analysis of 1D beam, and can be viewed as the
rigid motion of the beam section.

2.3.2 Warping constraints

The warping field is six times redundant as defined in
Eq. (5). It can be conveniently considered that 1D
beam displacement field describes an average behav-
ior of the cross-section in terms of rigid translations
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and rotations. The 1D displacement vector u;p thus
represents the average deformation of the cross-
section. The first three constraints for the warping
can then be obtained as

/Alﬁ,-(x,y,z)dAZO, (i:x,y,z) (7)

The next three constraints are obtained by averaging
the local rotations about x-, y-, and z-axes as given by

/A [l//z,y(x7ya Z) - !//}*,z(xvya Z)} dA =0 (83)
/A[l//x,z(xvyaz) - ‘//zﬁx(xﬂiaz)} dA =0 (8b)
A [l//y‘x(xaya Z) - l//x,y(xaya Z)] dA =0 (SC)

where (-) ., () , and (-) _ indicate the derivatives with
respect to x, y, and z, respectively.
The constraints can be written in compact form as

/AQW‘PdAzo )

where 9, is the operator matrix defined as

10 07
0o 1 0
0 0 1
7=y ), (10)
o, 0 —d,
-0, o 0 ]

where 0y, 0y, O, represent the derivatives with respect
to x, y, and z, respectively.

2.3.3 Strains

With the assumption of small strains and small local
rotation, the 3D strains ¢ can be expressed in terms of
displacements as

e=Zu+ 2 (11)

where (-)' indicates derivative with respect to x, and
P, and &, are the operator matrices defined as

1843
0 0 07 10 0]
3 0 0 010
3 0 0 0 0 1

z, = . Py = (12)
0 9 0 000
0 0 & 000
L0 0. ) [0 0 0]

Substitution of displacements from Eq. (5) results in
¢e=9Bq+ Z,Bq + LW+ LY (13)

The generalized strain measures I can be defined in
terms of q as

T
F=17% 7% 7 Kk & K| =Tq+d
(14)
where 7y, is the extensional strain, y,,7, are the
transverse shear strains, r, is the rate of twist (or

twist curvature), k,, k. are the bending curvatures, and
the matrix T is given by

00 000 07
00000 —I
00001 0

T = (15)
00000 O
00000 O
00000 O]

Using the above relation for 1D generalized strain
measures, the strains from Eq. (13) result into

8:$bBF+ESlP—|—$b'P, (16)

2.3.4 Discretization of warping displacements

The warping displacements can be discretized using
isoparametric shape functions as

lp(xhy’ Z) = N(y’ Z)A()C) (17)

where N represents the matrix of FE shape functions,
and A represents the nodal values of warping
displacements.

The warping constraints in Eq. (9) can be dis-
cretized using Eq. (17) as

@ Springer
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/EZWNAdA: (/ @deA>A:DA=ATDT=0
A A
(18)

where D denotes the discretized warping constraints
matrix.

2.4 Governing equations
2.4.1 Sectional strain energy

The strain energy per unit length of the beam
(sectional strain energy) U, can be obtained as

1 1
U, :—/eTadA :—/STCsdA (19)
2Ja 2)a

The first variation of the sectional strain energy is
given by

oUs = / de' CedA (20)
A

Substituting the strain-displacement relations from
Eq. (16) and using discretized warping displacements
from Eq. (17), the variation of the sectional strain
energy can be obtained in compact form as

SAY'TA E G (A

U, ={ oA Ef H Q|{ 4 (21)
or GT Q" R||T

where,

A= / (ZyN)'C(Z,N) dA

E= / (ZyN) C(Z,N) dA

G= / (ZyN)'C(Z,B) dA

H= / (Z,N)"C(Z,N)dA

Q= / (ZN)'C(Z,B)dA
A

R = / (Z,B) C(ZB) dA

A

The matrices A, E, G, H, Q, and R describe the effects
related to geometric and material couplings of the
beam section.

@ Springer

2.4.2 External work

The sectional stress resultants F for SV warping can be
obtained from the tractions p acting on the section as
given by

F = / B pdA (23)
A

with

F=|F. F, F, M, M, M|,

(24)
p:|_6xx Oxy szJT

where F, is the extensional force, F, and F are the
transverse shear forces, M, is the torsional moment,
and M, and M, are the bending moments.

Neglecting the surface and body forces, the external
work per unit length of the beam W; due to the
tractions p is given by

W= [ () s (25)

Substituting Eqgs. (5) and (6) and using the stress
resultants from Eq. (23), the external work can be
expressed as

W, = [q"F+q'F] + / (P"p+¥'pdA  (26)
A
The first bracketed term in the above equation is
independent of warping displacements and depends
only on the rigid displacements of the section. The first
variation of external work dW, can be obtained as

SW, = [5(Tq +q) F+5q" (F - TTF)}
(27)
+ / [0¥Tp+o6¥p'] dA
A

Using the definition of I from Eq. (14) and substitut-
ing the discretized warping displacements from
Eq. (17), the variation of external work can be
expressed as

T

sA p
W, =< o4 P b +oq" (F—-T'F)  (28)
or F

where,
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P= / N'pdA, P = / N’p' dA (29)
A A

2.4.3 Energy principle

According to the principle of virtual work, the
variation of the total energy is stated as

SIT = 8U, — W, =0 (30)

Substituting Eqs. (21) and (28) in the above equation,
energy principle for a unit beam length can be
formulated as

T T

oA A E G]|(A oA P
oA El H Q|{ A= 44 P
or Gl QT R||T or F
+46q" (F' = T'F)

(31)

For arbitrary 64, 3A’, 6T, and &q, the above equation
results in the following set of equilibrium equations,

AA +EA+GI =P (32a)
E'A +HA+QI =P (32b)
G'A+Q"A+RI'=F (32¢)
F =T'F (32d)

Differentiating the first equation with respect to x, and
combining first two equations, the equilibrium equa-
tions are reduced into

AA"+ (E—E")A' +GI'-HA-QI'=0

(33a)
G'A+Q"A+RI'=F (33b)
F =T'F (33¢)

Differentiating the above set of equations with respect
to x,

AA"+ (E-E"NA"+GI" —HA' —QI' =0
(34a)

G'A"+Q"A +RI'=F =T'F (34b)

F'=T'F =T'T"F=0 (34c)

Note that the second and higher derivatives of A and I’
vanish which leads to the following set of equilibrium
equations,

o w{71={one) -
PN (.

(35b)
Note that the matrices A and E are not present in the
above equations which implies that they do not affect
the warping solution. These will however be required
for the resolution of beam stiffness matrix described in
the later section.

E-E’' G
-GT o0

2.5 Warping solution

Atthe global 1D level, the SV warping displacements (A)
can be conveniently assumed to have contributions
from sectional stress resultants F (which are linearly
proportional to the generalized strain measures and
their derivatives), and therefore can be expressed as

A=AF, A =AF, I'=IF, I'=[F
(36)

where A (a 3n x 6 matrix, n is the total number of
nodes) and I" (a 6 x 6 matrix) are the coefficient
matrices which correspond to the contributions of each
stress resultant in A and I, respectively. The terms
with (-) indicate the coefficients corresponding to the
derivatives of generalized strain measures present in
the sectional stress resultants. The coefficient matrices

I"and I are constant over the beam section. Note that
in the classical Timoshenko beam theory, only the out-
of-plane transverse shear deformations are modeled
and their distribution is assumed to be linear over the
section. On the contrary, the present formulation
makes no such assumption, and both the out-of-plane
and in-plane warping displacements are discretized in
a very general manner leading to a generic nonlinear
distribution of sectional warping over the beam
section. The warping displacements can thus appro-
priately characterize any elastic couplings present in

@ Springer
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the section which may be crucial, especially for
composite beams.

The above approximation of warping displace-
ments can be applied to the equilibrium equations
obtained in Eq. (35). With the inclusion of warping
constraints from Eq. (18), this leads to

'H Q D' [A 0
Q" R o ||| =|T" (37a)
(D 0 0]]|6 0
[H Q D[4
Q" R o0 ||T
D 0 o0]|o6
- s . (37b)
E-E" G 0][4 0
=| -G" o0 o||[|+ |
0 0 0]|o 0

where I¢ is a 6 x 6 identity matrix, and @’ and @ are
the Lagrange multipliers corresponding to the warping
constraints. The structure of the matrix on the left hand
side is sparse and symmetric which can be solved
using any available sparse direct or iterative solver.

2.6 Generalized Timoshenko like sectional
stiffness matrix

The generalized Timoshenko like 6 x 6 stiffness

matrix is constituted using the SV warping which is

assumed as uniform along the beam axis. With the

known warping solution from Eq. (37), the strain

energy variation (6U;) from Eq. (21) becomes
A1'TA E G|[AX

oU, = oF" | 4 E' H Q||A|F (398
r G" Q" RJ|T

The variation of the external work can be restated in terms

of Timoshenko like sectional flexibility matrix S as

oW, = SI'"F = SF'SF (39)

where S can be determined using energy principle
defined in Eq. (30), as given by

71'rTA E G114
s=|il |e" H Q|| i (40)
I G" Q" R||T

@ Springer

The generalized Timoshenko like stiffness matrix K
can be computed by inverting the flexibility matrix,
which is given by

K=S8" (41)

The above stiffness matrix K takes into account the
effects of elastic couplings, transverse shear, and
Poisson deformation. For the case of general aniso-
tropic beams, the 6 X 6 stiffness matrix may be fully
populated. It is noted that the initial development of
the governing equations and the resolution of warping
displacements follow the central solutions of Giavotto
et al. [10]. With regard to the NUW model (extremity
solutions), the present formulation differs from [10] in
that the NUW is described by introducing the warping
moments (bimoments) and the warping derivatives
(A’) expressed in terms of nonzero derivatives of
generalized strain measures (I”). A refined 12 x 12
sectional stiffness matrix is subsequently obtained
from the strain energy expression through the static
condensation. Detailed description on NUW is pre-
sented in the next section.

2.7 Nonuniform warping and refined sectional
stiffness matrix

In the generalized SV beam approach, the beam
sections are allowed to warp freely while the end
effects due to boundary conditions are neglected.
However, under the presence of boundary constraints,
additional internal loads and subsequently the sec-
ondary stresses are induced to prevent the section from
warping leading to a nonuniform distribution of
warping displacements along the beam span. These
effects are pronounced near the restraint region which
decay along the beam axis. Giavotto et al. [10] treat
the end effects through the eigenmodes called as
extremity solutions. These eigenmodes are obtained by
solving a homogeneous equation where an exponential
decay is assumed along the beam axis. The approach
requires that the short wavelength modes should be
selected to represent the end effects. A different
approach is adopted in the present formulation where
the sectional bimoments (warping moments) are
introduced analogous to the Vlasov’s restrained tor-
sion theory [19] to model NUW. Six bimoments are
defined corresponding to the nonuniform extension,
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shear, bending, and torsion. The effects of torsional
restraint are known to be significant for open section
and thin-walled closed section composite beams [3,
20]. In addition, the effects of shear restraints cannot
be neglected, especially for open section and thin-
walled closed section composite beams, since the
transverse shear also involves a short wavelength
characteristic. Furthermore, the Poisson’s effect due to
extension and/or bending diminishes at the restrained
boundaries. The beam behavior becomes even more
complicated in the presence of elastic couplings where
additional warping related couplings appear. These
nonuniform effects of warping are taken into account
in the present formulation to capture the global
behavior of the beam accurately and to recover the
stresses of the structure.

Similar to the Vlasov beam theory, the sectional
bimoments F,, are defined as

Fw:LPx Py Pz Qx Qy QZJT (42)

where P, represents extensional bimoment, Py and P,
shear bimoments, Q, torsional bimoment, and Q, and
0, bending bimoments, respectively.

Neglecting the distributed external loads, the linear
force equilibrium equations Eq. (32) for the refined
model can be modified as

F-T'F-F +T'F,=0 (43)

The sectional stress resultants F, for the refined model
are then defined as

F,=|F F | (44)

The generalized strain measures I', with NUW are
defined as

r,=|rr rr|’ (45)

where the nonzero derivatives of generalized strains
(I'") describe the effect of NUW due to end restraints.
The variation of the sectional strain energy for the
NUW case can be expressed through the superposition
of warping-dependent terms on the generalized
Timoshenko (or SV) model. This can be stated as

SU, = oUCT 4 sUNY (46)

where SUST is the contribution from generalized
Timoshenko model, and SUNW is the contribution
from NUW, respectively given by

oUCT =sr"Kr (47)
ow M}T[A E]{A’}
oU; _{5/1 E' H|| 4
INT
{5t Lol )

T /
ool {3

Q A
For the NUW model, only the derivatives of warping
displacements (A’) will be needed to represent the
nonuniform variation along the beam span. Note that
the warping displacements are already incorporated in
the generalized Timoshenko model. Following this,
the expression for the variation of warping-dependent

strain energy can be reduced using a static condensa-
tion procedure as

SUY™ =64 (A—EH'E") A"+ 64" (G-EH' Q)T
+I"(G—EH Q)" A
(49)

where the superscript ‘+’ indicates the Moore—Pen-
rose pseudoinverse of matrix H since the latter may be
badly scaled or singular.

For the refined model with NUW, the nodal
warping displacements (A) and their derivatives (A")
can be expressed in terms of generalized strain
measures (I') using Timoshenko like stiffness matrix
from Eq. (41), which implies

A=A, A =AI', 4A=4K (50)

where /1 is a 3n x 6 matrix containing the warping
coefficients (which change only in magnitude with
reference to A) corresponding to the generalized strain
measures.

Using the above relations, the variation of the total
sectional strain energy (6U;) from Eq. (21) is trans-
formed to

SrYIT K K, (T
R N P [P
ab bb

@ Springer
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where,
Ky, = (G—EH'Q)' A

T - (52)
Ky, =4 (A—EH'E")4

where K, and K;;, are 6 x 6 matrices.
The variation of external work for the refined model
can be expressed as

oW, = 6I''F, = SI''K, T, (53)

where K, is a 12 x 12 stiffness matrix which can be
determined using the principle of virtual work defined
in Eq. (30), as given by

K Kub
K =|_. (54)
K, Ki

where K, consists of the direct warping stiffnesses
due to extension, shear, bending and torsion, and K,
contains the couplings between generalized
Timoshenko and direct warping stiffnesses. These
additional stiffness coefficients are resulted from
NUW effect which is prominent near the restraints.

The sectional flexibility matrix S, can be obtained
by inverting the stiffness matrix K, as

S, =K' (55)

The 12 x 12 sectional stiffness matrix K, represents a
refined form including the effects of nonuniform 3D
warping. The present model describes the Timoshenko
like theory (includes transverse shear), Vlasov like
theory (restrained torsion), and refined theory for fully
restrained warping. The formulation also takes into
account the Poisson effect due to in-plane warping. In
addition to the generalized Timoshenko stiffness
coefficients, the present refined model includes direct
warping stiffness constants for extension, shear,
torsion, and bending, along with the related coupling
stiffness coefficients.

2.8 Shear center

The shear center is defined as a point on the cross-
section at which the application of transverse shear
forces produces no torsional deformation. The shear
center is considered as a cross-sectional property
computed using the Trefftz’ definition of the torsion-
free flexure [25]. However, it must be remarked that
for the composite beams with bending—torsion
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coupling, twist can still be induced due to the indirect
bending moments. For such cases, it is recommended
to use fully coupled elastic stiffness matrix. For beams
with no bending—torsion coupling, the shear center can
be used to fully decouple the torsional and transverse
shear deformations.

Consider a beam subjected to a torsional moment
M. The cross-sectional strain energy due to pure
torsion is given by

1 2
U = ysulor) &
where S44 is the torsional flexibility coefficient.

If the beam is subjected to transverse shear forces
Fy and F_, the cross-sectional flexural strain energy is
expressed as

| F, "18yn Si Su Fy
U{ZE F, Sz 833 S F; (57)

M Soa 834 Sus M

where M/ is the torsional moment induced due to
transverse shear forces as given by

M. =y, F, — z,.F, (58)

z
Z

where (y, Zsc) is the location of the shear center.

If the beam is subjected to pure torsion and then to
transverse shear forces without removing the torsional
moment, the total cross-sectional strain energy is
given by

T
| F, S Sz Su F,
Uszi F, 823 833 S3 F,

Mi-l-M; Soa S34 Sas M)’C'FM)C

(59)

By the Trefftz’ definition, the transverse shear forces do
not induce any torsion at the shear center. This implies
that the total cross-sectional strain energy can be obtained
by summing up the torsional and flexural contributions.
The residual term from the summation of torsional and
flexural strain energy must be equal to zero. This implies

Us = (U;+Uf) =0 (60)

For nonzero F,, F,, and M., the location of the shear
center can then be obtained as

M = (61)

Vse = — sy Zse =
Sa4 Sa4
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2.9 Tension center and principal bending axes

The tension center (neutral axis) is defined as a point
on the cross-section at which the application of
extensional force does not produce any bending
moments. Similar to the Trefftz’ definition for the
shear center, the definition of bending-free extension
can be used to locate the tension center.

Following the similar procedure described in the
determination of the shear center, the location of the
tension center can be obtained as

Ve = S16555 — S15556 ~ S15866 — S16556
“ Ss5S66 — S%¢

] e =
Ss5S66 — S

(62)

At the principal bending axes, the bending—bending
coupling vanishes implying Sss = 0. The rotational
transformation of bending-bending flexibility subma-
trix by the principal bending axes orientation 0, would
result in zero off-diagonal components. This can be
stated in mathematical form as

|:C S:| [S55 556:||:C S:|T_ 355 §56
—=s c][Ss6 Sesll—s ¢ Ss6 Se6

where ¢ = cos 0, and s = sin 0,. By equating the off-

(63)

diagonal coupling term Ss¢ to zero, the principal
bending axes orientation is computed as

0y = 1atan —_— (64)

Note that if the origin of the principal bending axes is
located at the tension center, both extension—bending
and bending—bending couplings will vanish.

2.10 Recovery analysis

For the recovery of 3D displacements, strains, and
stresses, 1D generalized strain measures (I") and their
derivatives (I"") are needed which can be computed
from the 1D beam analysis based on the relevant
stiffness model. The warping displacements can be
determined using Eq. (36). The 3D displacements of
the beam can be recovered using Eq. (5) and the
known warping solution. The 3D strains can be
calculated based on Eq. (16) which require derivatives

of 1D generalized strain measures. Generally, it is
useful to express strain measures in terms of stress
resultants using the flexibility matrix S (or S,). For the
refined model, however, the bimoments and their
derivatives are not readily available. In such cases, the
derivatives of strain measures must be determined
from 1D beam analysis with additional variables and
boundary conditions.

For the simplified models such as Timoshenko or
Euler-Bernoulli, the derivative of stress resultants can
be resolved using 1D equilibrium equations as

F =T'F-f (65)

where f represents the contributions from 1D applied
distributed loads and inertial loads, given as

f=1f f £ me my m|" (66)

The subsequent derivatives of stress resultants can be
expressed as

F'=T'F —f =T1'f - f (67)
F/// — TTf/ _ f// (68)

The above quantities F, f, f', and f” can thus be used to
compute the generalized strain measures, and conse-
quently the 3D strains and stresses of the beam. The
recovery relations for stresses in the beam coordinate
system can be determined from Eq. (2). The strains
and stresses in the material coordinate system, which
may be required for the failure analysis, can be
obtained by the transformation from beam to material
coordinate system. The strains and stresses are calcu-
lated at the numerical integration points for the
recovery and failure analyses, and at the element
centroids for visualization in both the beam and
material coordinate systems.

2.11 Cross-sectional inertial properties

The sectional mass per unit length, sectional mass
moments of inertia, and mass center offset constitute
the inertial properties which are required for the 1D
global dynamic analysis of beams. To compute the
inertial properties, the 3D kinetic energy needs to be
resolved first. The velocity vector V of an arbitrary
point on the section can be obtained by taking time
derivative of Eq. (4) as
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V=X=x+u=x+Bq+¥ (69)

where (-) indicates the derivative with respect to time.
Defining the velocity field V as

V=V, V, V. o, o, o] (70)

where V., V,, V, are the velocities, and w,, wy, ®, are
the angular velocities of an arbitrary point on the
section. This leads to

V=BV+Y¥ (71)

The 3D kinetic energy K3p is given by

1 1 - -
Kip =~ / / pV'VdAdx =~ / / pV'B'BV dA dx
2 1 JA 2 [ JA

1 - . R
+§//p(VTBT‘P+ Y'¥) dAdx
1JA
(72)
Dropping the warping related terms, the 1D kinetic

energy Kp per unit length of the beam can be reduced
to

1 SRS U
Kip :EVT ( / pBTBdA)V =§VTMV (73)
A

where M is the 6 x 6 sectional mass matrix computed
as

[ m 0 0 0 MZpe —MYme 1
0 m 0 —mzu O 0
0 0 m o MYy 0

0

0 —MZpe Mype Ly +1; 0 0

MZe 0 0 0 L, 1,
L — 1Y me 0 0 0 =L, I, |
(74)

where m is the mass per unit length, (y,c,zmc) is the
location of mass center, my,,. and mz,, are the first
mass moments of inertia, /;, and I, are the second
mass moments of inertia, and /,, is the product of mass
moment of inertia, defined respectively as

m:/pdAa mymc:/pydAa msz:/pZdA
A A A

L= [ L= [pras o= [ g
A A A

(75)
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3 Finite element implementation

The formulation is implemented in a FE analysis code
written in Fortran 90. The flowchart of the implemen-
tation is presented in Fig. 3. The beam cross-section is
first discretized into FEs, and the material properties
are provided as input. For the orthotropic or aniso-
tropic materials, the fiber angles (or ply angles) are
also given as inputs. The four different isoparametric
elements are implemented to perform the cross-
sectional discretization: linear 3-node (T3) and quad-
ratic 6-node (T6) triangular elements, and linear 4-
node (Q4) and quadratic 8-node (Q8) quadrilateral
elements. The C°-continuous Lagrange interpolation
functions are used for the FE discretization. The
analysis is capable of handling mixed or hybrid mesh
consisting of multiple types of elements which may be
desired for the accurate modeling of beams with
complex geometries. The warping coefficients matri-
ces are computed first using the equilibrium equations
given by Eq. (37). These are then used to determine
the 12 x 12 refined sectional stiffness matrix using
Eq. (54), and eventually the locations of shear and

Input: Discretized Section, Material Properties

PRESENT SECTIONAL ANALYSIS

3D Warping Solution

Mass Matrix

Refined Stiffness Matrix
(12x12)

Mass Center

Shear Center & Tension

Center Principal Inertial Axes

Principal Bending & Shear

Transformed Mass Matrix
Axes

Transformed Stiffness
Matrix

Recovery:

Displacements, Strains &
Stresses

Failure Analysis

Fig. 3 Flowchart for the present sectional analysis
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tension center offsets are calculated using Eqgs. (61)
and (62), respectively. The cross-sectional mass and
inertial properties are computed via numerical inte-
gration using Gauss quadrature scheme. The sectional
stiffness matrix and inertial properties are then trans-
formed to the desired sectional offsets such as shear
center, tension center, and mass center. The stiffness
matrix and inertial properties can be used to perform
1D beam analysis to compute the generalized strains.
These can then be used to recover the 3D displace-
ments, strains, and stresses of the beam section. Once
the strains and stresses are determined, the failure
analysis for isotropic as well as anisotropic materials
can be performed.

4 Comparison with other theories

As compared to the seminal work done by Giavotto
et al. [10], SV solutions for warping displacements in
the present theory are similar to the central solutions.
The warping constraints are however applied in a
different manner. In Giavotto et al. [10], warping
constraints are imposed by eliminating six degrees of
freedom from the discretized model. However, in the
present formulation, the average sectional translations
and rotations are assumed to be zero, defined in
Eq. (9). To compute the warping solution, these
constraints are then imposed using Lagrange multi-
pliers as given in Eq. (37). Furthermore, the effects of
fully restrained warping (extension, shear, bending,
and torsion) are lacking in the former which may yield
significant errors in the cases of open section and thin-
walled closed section beams. The warping restraint
effects are modeled in the present formulation through
additional bimoments as sectional loads which induce
secondary stresses to prevent the section from warp-
ing. The sectional analysis code VABS by Cesnik and
Hodges [13] describes the generalized Timoshenko
like modeling i.e., includes the effects of transverse
shear deformations, however, neglecting the effect of
restraints. In a more recent work by Yu et al. [16], the
sectional analysis VABS is updated to model the
torsional restraint using generalized Vlasov theory.
However, the shear as well as the other warping
contributions are modeled as uniform thus neglecting
the effect of boundary restraints. The present theory
encapsulates the effects of transverse shear deforma-
tions in 3D warping as well as full NUW in the

presence of restraints. The experimental study carried
out by Chandra and Chopra [20] clearly indicates the
impact of torsional warping restraints for composite
I-beams with bending—torsion couplings. The effect of
in-plane shear (without restraints) was shown to
significantly affect the torsional stiffness of thin-
walled composite box beams in Yu et al. [17, 23]. As
confirmed by Rehfield et al. [3], the fully restrained
warping can have considerable impact on the behavior
of composite beams with open or thin-walled closed
sections. It should be noted that the NUW effects may
have only marginal improvement in the 3D displace-
ments, however, these impact the strain and stress
recovery at or near the boundary restraint regions
significantly. This can be verified from the strain
expression given in Eq. (16) and NUW approximation
from Eq. (50), where the presence of the derivatives of
generalized strains can be noted (these are neglected in
the SV solutions for uniform warping). It is remarked
that the computation of stresses and strains is imper-
ative during the design process as well as the structural
lifecycle to correctly predict the material failure.
Several numerical examples are presented in the later
section to demonstrate the effects of NUW near the
boundary constraints. Furthermore, the prediction of
generalized shear and tension center offsets as cross-
sectional properties is presented using extended
Trefftz’ theory for anisotropic beams. In general, for
elastically coupled composite beams, the actual posi-
tion may vary over the beam length depending on the
bending—torsion coupling. In case of negligible bend-
ing—torsion coupling, the shear center can be used to
simplify the analysis by decoupling shear and torsion
to evaluate the global beam behavior.

5 Numerical results and discussion

The efficacy of the present sectional analysis is
evaluated for a number of benchmark beam section
cases. The accuracy of shear center prediction is
examined for open and closed beam sections. The
detailed elastic and inertial properties including the
classical and nonclassical elastic couplings are pre-
sented for several beam sections with arbitrary geom-
etry and material properties. These include a highly
heterogeneous section, an isotropic blade-like section,
and a composite thin-walled box section beam. For the
highly heterogeneous section and the isotropic blade-
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like section, the structural properties are computed
with reference to the shear center with axes parallel to
the user defined coordinate system while the inertial
properties are computed with reference to the principal
inertial axes positioned at the mass center. The elastic
stiffness results are supported by the warping dis-
placement modes for the sections with or without
elastic couplings. The effects of NUW (or restrained
warping) are investigated for anisotropic thin strips
with elastic couplings, orthotropic strip, anisotropic
I-section, and thin-walled composite box section
beams. The predicted results are compared with the
analytical, 3D FE analysis, and/or experimental data
available in the literature.

5.1 Shear center locations

The first example is an equilateral triangular sec-
tion [27] with unit sides as shown in Fig. 4. The
Poisson ratio is v = 0.3. For the present analysis, the
section was discretized with 12 Q8 elements and 49
nodes, whereas 36 boundary elements were used by
Friedman and Kosmatka [27]. Table 1 shows the
comparison of the present results with the exact
solution and those of Friedman and Kosmatka [27].
The present prediction correlates well with the exact
value where the z-location of shear center is slightly
better than that of Friedman and Kosmatka [27]. It is
noted that the latter uses the boundary element method
to estimate the shear center location.

o~

Fig. 4 Triangular section
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Table 1 Shear center location of triangular section

Method Yse Zse

Exact [27] 0.0000000 0.2886751
Friedman and Kosmatka [27] 0.0000000 0.2886619
Present 0.0000000 0.2886749

The second example is an isotropic channel
section [23] with varying aspect ratio b / t, as shown
in Fig. 5. The section has an equal height and width b
while the wall thickness 7 is varied from very thin to
very thick. The elasticity solution from thin-walled
beam theory is given by [23]

e 1 1\ (5.2 T\

R *(5(;) *5) (76)
The shear center location (e) is normalized by the thin-
walled elasticity solution which approaches unity with
the increase in the aspect ratio (b / f). Figure 6 shows
the comparison of normalized shear center with
varying aspect ratios. It is interesting to note that the
present results are almost identical to those obtained
by VABS [23] where the shear center location is
computed through stiffness coefficients determined
using an asymptotic approach. It is seen from Fig. 6
that with the increase in the aspect ratio, the predicted
shear center approaches the thin-walled elasticity
solution.

SC e

Fig. 5 Isotropic channel section with origin at centroid
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Fig. 6 Shear center location of channel section with varying
aspect ratio

5.2 Sectional elastic and inertial properties
5.2.1 Highly heterogeneous section

To assess the complete set of section properties, a
highly heterogeneous isotropic section [28] shown in
Fig. 7 is considered next. The section consists of an
asymmetric C-channel profile having real material
properties and the remaining portion of the section
with dummy material properties having a substantially
low value. The mechanical properties of the real
material are: E = 206.843GPa, v=0.49 and p =
1068.69 kg/m® whereas that of the dummy material
are 10~ !2 times smaller than those of the real material,
except for the Poisson ratio which remains the same.
For the present analysis, the section is discretized
using 3056 Q8 elements and 9895 nodes.

Table 2 presents the comparison of section proper-
ties obtained using the present analysis with the

12.7 mm 1.524 mm
¥
t

25.4 mm

-« 1.524 mm

] Fake material
| Real material

25.4 mm

Fig. 7 Highly heterogeneous section

analytical solution, and with those from PreComp [28]
and VABS [28]. The elastic constants (stiffnesses) are
computed at Euler—Bernoulli level (4 x 4 stiffness
matrix) for the present example. It is seen that the
present results are nearly identical to the analytical
solution. The maximum deviation of the present
results relative to the analytical solution is 1.74 %
for the cross-bending stiffness (K34) while VABS
shows a difference of 2.09 %. It is noted that PreComp
shows significantly large deviations for both the
elastic constants and inertial properties with a maxi-
mum value of 473.42 % reported in I,,. The present
estimations of inertial properties which include mass
(m), mass moments of inertia (Iyy, -2), and mass center
(Ymes Zme) match exactly with the analytical solution
and perform slightly better than those of VABS.

5.2.2 Isotropic blade-like section

The section was studied by Chen et al. [28] which
resembles a complex geometry of thin-walled rotor
blade, as shown in Fig. 8. The material properties are
the same as that of the highly heterogeneous sec-
tion. The cross-section is discretized with 10 segments
through the thickness and 120 segments along the
circumference leading to a total of 1200 Q8 elements
and 3840 nodes.

The sectional properties predicted by Pre-
Comp [28], VABS [28], CROSTAB [28], 3D FE
analysis ANSYS [28] and the present analysis are
compared with the analytical solution in Table 3. The
section stiffnesses (EA, EI,, EI, GJ, and K4) obtained
from the present code are nearly identical to those of
VABS and ANSYS. The location of shear center is
predicted close to that of ANSYS solution and VABS.
The analytical results of chordwise bending (EI),
extension—torsion coupling (Kj4) and shear center
(ysc) show large deviations from ANSYS predictions.
The reason for the discrepancy is that the analytical
approach is based on the thin-walled beam theory
which may not adequately represent the section
geometry, particularly near the trailing edge. The
inertial properties which include the sectional mass
per unit length and sectional mass moments of inertia
are accurately predicted by the present analysis as they
match exactly with the analytical and ANSYS solu-
tions. It is observed that the predictions of mass center
(yme) and tension center (y,.) offsets are slightly better
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Table 2 Comparison of sectional properties of highly heterogeneous section. (1-extension; 3,4-bending)

Properties Analytical [28] PreComp [28] (%)* VABS [28] (%) Present (%)

EA (N) 1.906E+07 2.002E+07 (5.04) 1.905E+07 (—0.05) 1.906E+07 (0.00)
EI, (Nm?) 2.463E+03 1.652E+03 (—32.93) 2.463E+03 (0.00) 2.458E+03 (—0.20)
EI, (Nm?) 3.542E+03 1.543E+04 (335.63) 3.510E+03 (—0.90) 3.517E4+03 (-0.71)
GJ (Nm?) 4.918E+00 5.318E—08 (—100.00) 4.952E+400 (0.69) 4.930E+-03 (0.24)
K13 (Nm) 1.053E+05 —3.186E+04 (—130.26) 1.042E+05 (—1.04) 1.043E4-05 (—0.95)
K14 (Nm) —2.191E+4-05 2.464E+05 (—212.46) —2.176E405 (—0.68) —2.181E+05 (—0.46)
K34 (Nm?) —6.263E+02 —1.385E+03 (121.14) —6.132E+02 (—2.09) —6.154E+02 (—1.74)
m (kg/m) 9.846E—02 1.030E—01 (4.61) 9.840E—02 (—0.06) 9.846E—02 (0.00)
I, (kg/m) 3.783E—06 7.806E—06 (106.34) 3.781E—06 (—0.05) 3.783E—06 (0.00)
I, (kg/m) 1.125E-05 6.451E—05 (473.42) 1.124E—05 (—0.09) 1.125E—05 (0.00)
Ve (M) 6.952E—03 —2.000E—03 (—128.77) 6.956E—03 (0.06) 6.952E—03 (0.00)
Zme (M) —2.508E-03 —2.000E—03 (—20.26) —2.509E—-03 (0.04) —2.508E—03 (0.00)
Vse (M) —4.548E—03 1.100E—02 (—341.86) —4.472E—-03 (—1.67) —4.491E—03 (—1.25)
Zse (M) —8.004E—-03 —4.000E-03 (—50.02) —7.981E—03 (—0.29) —7.982E—03 (—0.27)
0,° (deg) —2.659E+01 —5.212E+4-00 (80.40) —2.658E+01 (0.03) —2.659E4-01 (0.00)

4 Percentage difference with respect to analytical solution [28] computed as 100x (Method—Analytical)/Analytical

b Principal bending axis orientation

401*// 1.524 mm
// *
12.7 mmy- f
[ |
38.1 mm

Fig. 8 Isotropic blade-like section

than VABS despite the same number of elements.
Note that PreComp and CROSTAB fail to predict
most of the section properties correctly.

5.3 Effects of nonuniform warping

Several examples are studied to identify the influence
of NUW on the static response of composite beams
with solid, and thin-walled open and closed sections.
The convergence behavior of the stiffness coefficients
with the number of beam FEs is also investigated for
anisotropic thin strips. The NUW effect is demon-
strated with varying slenderness ratios (defined as
length-to-width ratio) and represented in terms of
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diffusion length which is defined (similar to that of
[10] or boundary layer zone of [3]) as the beam axial
location where the nonuniform static response decays
to 5 % of that at the extreme boundary.

5.3.1 Anisotropic thin strips with elastic couplings

The anisotropic thin strips exhibiting bending—torsion
and extension—torsion couplings were studied exper-
imentally and theoretically by Minguet and
Dugundji [29]. The sections were analyzed later by
Hodges et al. [30] and more recently by Morandini
et al. [31]. The strips are made of AS4/3501-6
graphite-epoxy with properties as Ej; = 142.0 GPa,
E22 = E33 =938 GPa, G12 = G13 =6.0 GPa, G23 =
3.447 GPa, vy, = vi3 = 0.30, and v,3 = 0.34. Two
types of strips are considered: (a) the first strip is
30.023 mm wide and 1.4712 mm thick with a layup of
[45°/0°],, exhibiting a bending—torsion coupling; (b)
the second strip is 30.023 mm wide and 1.9215 mm
thick having a layup of [20°/ —70°/ —70°/20°],,
which exhibits an extension—torsion coupling. The
computed warping deformation and stiffness coeffi-
cients may be dependent on mesh refinements and
therefore, a convergence study is necessary. The
rectangular solid section is modeled using 12 elements



Meccanica (2016) 51:1839-1867

1855

Table 3 Comparison of sectional properties of isotropic blade-like section

Properties Analytical [28] ANSYS [28] PreComp [28] CROSTAB [28] VABS [28] Present
EA (N) 3.567E+07 3.567E+07 3.794E+07 3.700E+07 3.566E+07 3.567E+07
EI, (Nm?) 2.101E+03 2.101E+03 2.178E+03 1.963E+03 2.101E+03 2.101E+03
EI, (Nm?) 1.110E+04 1.051E+04 9.100E+03 1.153E4-04 1.050E+04 1.049E+04
GJ (Nm?) 1.706E+03 1.760E+03 1.696E+03 1.977E+03 1.760E+03 1.761E+03
K14 (Nm) —3.379E+05 —3.051E+4+05 —3.238E—02 0.000E+00 —3.046E+05 —3.040E+05
m (kg/m) 1.843E—01 1.843E—01 1.960E—01 1.912E-01 1.843E—01 1.843E—01
I,, (kg/m) 1.085E—05 1.085E—05 1.125E—05 1.014E—05 1.085E—05 1.085E—05
I, (kg/m) 4.081E—05 4.081E—05 4.702E—05 4.564E—05 4.080E—05 4.081E—05
Ve (M) 9.513E-03 9.513E-03 1.000E—02 1.045E—02 9.516E—03 9.513E—03
Vie (m) 9.513E—03 9.513E—03 1.000E—02 1.045E—02 9.516E—03 9.513E-03
Vse (M) 3.900E—05 9.590E—04 1.000E—02 - 9.750E—04 9.893E—04
1—extension; 4—bending
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Fig. 9 Convergence of stiffness coefficients with number of
elements for bending—torsion coupled anisotropic thin strip. Q4
and Q8 denote 4- and 8-node quadrilateral elements,

through the thickness (1 for each composite layer)
while the number of elements along the width is
varied. Figure 9 shows the comparison of the relative
error (with respect to the converged value) for the
stiffness coefficients obtained using Q4 and Q8
elements. It is indicated that the torsional stiffness
(K44), bending—torsion coupling stiffness (Kys), bend-
ing—shear warping coupling stiffness (Kgs),

No. of elements No. of elements

respectively. (1—extension; 2—shear; 4—torsion; 5,6—bend-
ing; 7—extensional warping; 8,9—shear warping; 10—tor-
sional warping; 12—bending warping)

extensional warping stiffness (K77), extensional warp-
ing—shear warping coupling stiffness (K7g), shear
warping stiffness (Ko9) and bending warping stiffness
(K12,12) show relatively large errors with Q4 elements
while Q8 elements converge rather quickly. A max-
imum error of 1.24 % is obtained with 120 QS8
elements for the shear warping stiffness (Ko9) and
therefore Q8 elements are utilized in the following
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validation examples. The bending—torsion coupled
strip is modeled using 120 Q8 elements whereas the
extension—torsion coupled strip is modeled using 160
Q8 elements.

Tables 4 and 5 present the comparison of stiffness
coefficients for the bending—torsion and extension—
torsion coupled strips, respectively. The predicted
results are compared with those obtained by Minguet
and Dugundji [29], Hodges et al. [30], and Morandini
et al. [31]. Minguet and Dugundji [29] used the
classical lamination theory (CLT) to compute the
sectional stiffnesses. Hodges et al. [30] used a FE
based section analysis called nonhomogeneous aniso-
tropic beam section analysis (NABSA) which is
developed based from the theory of Giavotto
et al. [10]. Morandini et al. [31] employed the gener-
alized eigenvector approach to compute the sectional
stiffness matrix. The stiffness coefficients for the
bending—torsion coupled strip obtained by the present
analysis show excellent correlation with those of
Hodges et al. [30] and Morandini et al. [31] where the
maximum difference of -0.58 % is noted for shear
stiffness (K33) in comparison to NABSA. For the

extension—torsion coupled strip, the stiffness coeffi-
cients show an excellent agreement with those of
Hodges et al. [30] and Morandini et al. [31], except
the shear stiffness K33 and shear—bending coupling
stiffness K34 where deviations of —3.6 and —2.7 % are
recorded, respectively. It is worth mentioning that
Morandini et al. [31] show a deviation of 6.8 % for the
shear-bending coupling stiffness K3 compared to
Hodges et al. [30]. The stiffness coefficients corre-
sponding to CLT [29] show significantly large vari-
ations compared to the other state-of-the-art
predictions.

The warping stiffness coefficients are also pre-
sented in Tables 4 and 5 which can be used to model
the influence of NUW. At the beam boundary
constraint, the warping deformation is prevented
leading to internal loads (represented by bimoments)
which in turn result into higher stresses. The SV
solutions corresponding to uniform (or free) warping
become invalid near the boundary region. The warping
stiffness coefficients can accurately determine the
stresses at these locations. These effects decay along
the beam length towards the free boundary. Table 4

Table 4 Comparison of stiffness coefficients for the bending—torsion coupled anisotropic thin strip

Stiffness Minguet and Dugundji [29] (%)* Hodges et al. [30] Morandini et al. [31] (%) Present (%)

K (N) 4.0000E+06 (10.80) 3.6102E4-06 3.6093E+06 (—0.02) 3.6093E+06 (—0.02)
Kix (N) 2.6987E4-05 (30.33) 2.0706E+-05 2.0708E+05 (0.01) 2.0708E+05 (0.01)
K»n (N) 2.6089E+-05 (—37.40) 4.1675E4+05 4.1690E+05 (0.04) 4.1690E+05 (0.04)
K33 (N) 1.6494E+404 (—45.45) 3.0239E+4-04 3.0635E+04 (1.31) 3.0063E+4-04 (—0.58)
K44 (Nm?) 0.3685E+00 (2.82) 0.3584E+00 0.3593E+00 (0.25) 0.3600E4-00 (0.45)
Ky5 (Nm?) —0.1021E+00 (3.24) —0.0989E+4-00 —0.0991E+00 (0.20) —0.0993E+-00 (0.40)
Kss (Nm?) 0.5225E4-00 (—1.69) 0.5315E4-00 0.5318E4-00 (0.06) 0.5318E4-00 (0.06)
Kes (Nm?) 0.2985E+03 (13.33) 0.2634E+03 0.2634E+03 (0.00) 0.2634E+-03 (0.00)
Kso (Nm?) - - - 1.9813E—02 (—)

K7 (Nm?) - - - -1.9506E+4-01 (—)

Kes (Nm?) - - - -3.9331E+01 (-)
K77 (Nm?) - - - 2.0905E+00 (—)

K7g (Nm?) - - - 4.2149E+00 (—)

Kgg (Nm?) - - - 8.4981E+00 (—)

Kog (Nm?) - - - 1.9393E—01 (—)
Ki0.10 (Nm*) - - - 3.6620E—05 (—)
Ki2.12 (Nm?) - - - 9.6309E—04 (—)

l—extension; 2,3—shear; 4—torsion; 5,6—bending; 7—extensional warping; 8,9—shear warping; 10—torsional warping; 11,12—

bending warping

# Percentage difference with respect to Hodges et al. [30] defined as 100 x (Method—Hodges et al)/Hodges et al
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Table 5 Comparison of stiffness coefficients for the extension—torsion coupled anisotropic thin strip

Stiffness Minguet and Dugundji [29] (%)* Hodges et al. [30] Morandini et al. [31] (%) Present (%)

K (N) 3.9000E-+06 (15.5) 3.3753E+06 3.3715E406 (—0.1) 3.3707E406 (—0.1)
K2 (N) 1.1000E+05 (—81.8) 6.0318E-+05 5.8863E+05 (—2.4) 5.9165E+05 (—1.9)
K33 (N) 1.2000E+05 (168.5) 4.4685E+04 4.4166E+04 (—1.2) 4.3081E404 (—3.6)
K14 (Nm) —0.5220E+03 (—46.1) —0.9678E+03 —0.9690E+03 (0.1) —0.9643E4-03 (—0.4)
K>s (Nm) - 0.4105E-+03 0.4104E+03 (0.0) 0.4117E+03 (0.3)
K36 (Nm) - —6.5509E4-00 —6.9948E+00 (6.8) —6.3718E4-00 (—2.7)
Ku (Nm?) 1.1800E4-00 (12.1) 1.0524E400 1.0529E+00 (0.0) 1.0487E+00 (—0.4)
Kss (Nm?) 0.9830E+00 (—9.4) 1.0845E4-00 1.0779E+00 (—0.6) 1.0806E+00 (—0.4)
Ko (Nm?) 0.2900E+03 (19.1) 0.2434E+403 0.2426E+03 (—0.3) 0.2423E+03 (—0.5)
Kso (Nm?) - - - 1.1878E—02 (—)
Ks 12 (Nm?) - - - 1.5954E—06 (—)
Kes (Nm?) - - - —1.5678E+01 (—)
Ko11 (Nm?) - - - —1.1071E—02 (-)
K77 (Nm?) - - - 1.0059E—01 (—)
K710 (Nm?) - - - 1.0171E—03 (—)
Kss (Nm?) - - - 3.2039E+00 (—)
K11 (Nm®) - - - 2.2002E—03 (—)
Koo (Nm?) - - - 2.9714E—01 (—)
Ko 1> (Nm®) - - - —1.4423E—03 (—)
Kio,10 (Nm*) - - - 3.3978E—05 (—)
Ki1,11 (Nm?) - - - 1.5674E—06 (—)
K212 (Nm*) - - - 1.9174E—05 (—)

1—extension; 2,3—shear; 4—torsion; 5,6-bending; 7—extensional warping; 8,9—shear warping; 10—torsional warping; 11,12-bending

warping

# Percentage difference with respect to Hodges et al. [30] defined as 100 x (Method—Hodges et al)/Hodges et al

presents the additional nonzero stiffness coefficients
corresponding to NUW for the bending—torsion cou-
pled anisotropic strip. The nonclassical stiffness
coefficients for refined model include extensional
warping stiffness (K77), extensional warping-shear
warping coupling stiffness (K7g), shear warping
stiffnesses (Kss, Kog), shear warping—torsional warp-
ing coupling stiffness (Ko 10), torsional warping stiff-
ness (Kio10), torsional warping-bending warping
coupling stiffnesses (Kjo11,Ki0,12), and bending
warping stiffnesses (Kjj11,Ki2,12). The warping
related stiffnesses for extension—torsion coupled
anisotropic strip are also presented in Table 5. Note
that the couplings between shear warping and tor-
sional warping (Ks 10,K910) are negligible for the
extension—torsion couple strip. It should be remarked
that the computation of warping stiffness constants

along with NUW is the unique feature of the present
analysis and all relevant warping stiffness values are
provided in Tables 4 and 5.

5.3.2 Orthotropic thin strip

An orthotropic thin strip studied by Yu et al. [16] is
introduced to investigate the effect of warping
restraint. The strip is 0.762 mm thick and 24.206
mm wide, and consists of a single layer of orthotropic
material with properties as: Ej; = 141.9631 GPa,
E22 = E33 = 9.7906 GPa, G12 = G13 = 5.9984 GPa,
G23 = 4.7988 GPa, Vig = V13 = V3 = 0.42. The fiber
angle of the orthotropic layer is 0°. The section does
not possess any elastic couplings. The section is
discretized using 60 segments along the width and 2
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segments through the thickness resulting in a total of
120 Q8 elements and 485 nodes.

Table 6 presents the stiffness coefficients where the
torsional (K44) and torsional warping (Ko, 10) stiff-
nesses obtained by the present analysis are compared
with VABS [16]. The correlation is excellent for
torsional stiffness (Ky4) albeit a slight deviation of
1.95 % is recorded in the torsional warping stiffness.
In Table 6, the other nonzero stiffness coefficients
including the warping stiffnesses representing the
NUW effect are also presented for reference purpose.
The bending warping stiffnesses are found to be
negligible and are therefore not reported here.

The NUW effects related to the torsional and shear
restraints on the static response of a cantilever beam
under various sectional loadings are investigated in the
following subsections. The beam length (L) is consid-
ered to be 0.254 m for the torsional case. For the shear
restraint, the slenderness ratio (length-to-width ratio L/
b) is varied to investigate the end effects.

Torsional restraint The beam is subjected to a force
couple (F. = 4.448 N) at the tip end resulting in a
torsional moment (M,) of 0.108 Nm [16]. The
boundary conditions at the clamped end of the beam
are: ¢,(0) =0, ¢ (0) =0, Oy(L)=0. Assuming
small rotations, the equilibrium equation for the
torsion can be extracted from Eq. (43) as

M~ Q=0 (77)

Table 6 Comparison of stiffness coefficients for thin ortho-
tropic strip

Stiffness VABS [16]  Present Difference (%)
K44 (Nm?) 2.0994E—-02 2.0994E—02 0.00
Kio.10 (Nm*)  6.2812E—06 6.1584E—06 —1.95
Ky (N) - 2.6185E+06  —
K (N) - 9.2202E+04 -
K33 (N) - 4.6382E+04 -
Kss (Nm*) - 1.2670E—01 -
Kes (Nm?) - 1.2786E4+02 -
Kso (Nm?) - 9.7824E—03 -
Kes (Nm?)  — —2.0932E+01 -
Kgs (Nm?)  — 4.8953E4+00 -
Koy (Nm?) - 1.3987E4+00 -

1—extension; 2,3—shear; 4—torsion; 5,6—bending; 8,9—
shear warping; 10—torsional warping

@ Springer

The analytical solution for twist angle ¢, can then be
obtained as

¢, (x) :% x— \/O{_sinh( 0, X)
+ tanh(y/o, L) [cosh(y/ox) — 1]
(78)
where,
o = Kaa/Kio0, P =M/Kio10 (79)

Figure 10 shows the variation of twist angle and twist
rate along the beam length. The predicted response is
compared with that of ABAQUS 3D FE solution [16]
and VABS [16]. The response corresponding to
VABS is reproduced using the stiffness coefficients
given in Table 6. The SV solutions (for uniform
warping) obtained by the present analysis are also
provided as reference. It can be seen in Fig. 10 that the
present results match exactly with the ABAQUS 3D
FE solution and those obtained by VABS. Both
predictions on the twist rate (¢’) eventually converge
to the SV solution towards the free end of the beam
with diffusion length as 20.21 %, as can be seen in
Fig. 10b. Itis clear from Fig. 10a that the SV solutions
are certainly not valid for open section anisotropic
beams where a difference of 7.23 % is observed in the
tip twist angle as compared to the present results with
NUW effect. Note that the twist rate (see Fig. 10b)
obtained using SV beam theory remains constant
which fails to capture the secondary loads (and
subsequently secondary stresses) at the clamped end
of the beam. In addition to the torsional warping, the
influence of warping restraints associated with the
shear deformation is examined in the next subsec-
tion. It should be noted that this has never been
addressed in the literature.

Shear restraint The flap shear response is computed
to show the effect of nonuniform shear warping for
beams with varying slenderness ratio (L / b). A flap
shear force (F,) of 4.448 N is applied at the beam tip.
The boundary conditions at the clamped end of the
beam are: y,(0) =0, P,(L)=0. Assuming small
rotations, the equilibrium equation for flap shear can
be obtained from Eq. (43) as

F.—P'=0 (80)



Meccanica (2016) 51:1839-1867

1859

1.4
ABAQUS (Yu et al. 2005)
12| |- VABS (Yu et al. 2005)
B Present (SV)
— Present (NUW)
1.0
= 0.8
£
< 06
0.4
0.2
0.0 b=

OA 0.1 02 03 04 05 0.6 0.7 08 09 1
Nondimensional beam length, x/L

(@)
60
55
50 P
45 //’ ABAQUS (Yu et al. 2005)
7 =« VABS (Yu et al. 2005)
40 F A R T Present (SV)
= 35 f — Present (NUW)
T/
= 25|}
20 /
15/
10f
|
00

0.1 02 03 04 05 0.6 0.7 0.8 09 1
Nondimensional beam length, x/L

(b)

Fig. 10 Twist response of orthotropic thin strip under a tip
torsional moment. a Twist angle ¢, b Twist rate ¢,

The 1D analytical solution for flap shear strain y, can
then be obtained as

7.9 = 22 1 - cosh( 7 .
+ tanh(y/2L) sinh(y/%x)]

where,

o, = K33/Kog, f.=F;/Koo, (82)

Koo = Koo — K2y/Kss
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Fig. 11 Flap shear strain and its derivative for orthotropic thin
strip under a tip shear force. a Flap shear strain y, b Derivative of
flap shear strain y,

Figure 11 shows the variation of flap shear strain (y.)
and its derivative ().) along the nondimensional beam
length. The effect on the response is examined for
varying slenderness ratio (L / b). The SV solution with
uniform shear warping is also presented which indi-
cates a constant value for the flap shear strain and
subsequently zero value for its derivative. It can be
noted from Fig. 11 that near the clamped end the
NUW provides a realistic solution. As the slenderness
ratio is increased from 2 to 15, the NUW effect
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dissipates rapidly and the response approaches SV
solution away from the clamped end of the beam. The
diffusion length for the beam with the slenderness
ratio L/b = 10 is 6.83 % which decreases at higher
slenderness ratios. For short beams (L/b = 2,5), the
response shows significantly large deviations and
decays slowly towards the beam tip. The variation of
the derivative of flap shear strain also shows a similar
behavior with the decrease in the slenderness ratio.
This effect has been neglected even in the state-of-the-
art research and requires adequate modeling for the
reliable beam response. The nonuniform distribution
of 7, and y/ leads to additional loads and stresses in the
affected region which can have considerable impact
especially for highly coupled beams. An accurate
determination of shear response and secondary
stresses, thus cannot be guaranteed with the SV
approach.

5.3.3 Anisotropic I-section beam

An anisotropic I-section beam [16] shown in Fig. 12
is investigated next. The material properties are the
same as those used for the orthotropic thin strip in the
previous section. The top and bottom flanges have a
mirror image layup of [(0°/90°),/(90°/0°)/155],
and the web has a symmetric layup of [(0°/90°),]..
This section exhibits bending—torsion and extension—
shear couplings. A little extension—bending coupling
is also present. The section is discretized with 390 Q8
elements leading to a total of 1513 nodes.

Figure 13 shows the warping displacement modes
for the anisotropic I-beam. The extension—shear
coupling can be clearly seen in Fig. 13a. The effect
of bending—torsion coupling on the bending deforma-
tion is visible in Fig. 13e. The bending deformation
due to an extension-bending coupling is shown as
exaggerated view in Fig. 13f. These warping modes

0.127 mm 15°

v N
fl

/! /

0 90

12.7 mm
| -
25.4 mm

Fig. 12 Anisotropic I-section beam
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Fig. 13 Warping modes of anisotropic I-section beam (not to
scale). a Extension (7,) b Shear (y,) ¢ Shear (y,) d Torsion (i)
e Bending (k) f Bending (k)

evidently describe the classical as well as nonclassical
elastic couplings present in the anisotropic I-section
beam.

Table 7 shows the comparison of the effective
torsional stiffness and the warping stiffness with those
obtained by VABS [16], and Kim and Kim [18]. The
effective torsional stiffness is computed by taking into
account the bending—torsion coupling, given as
Kuy = Kug — K%S /Kss. The effective torsional stiff-
ness obtained using the present analysis is very close
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Table 7 Comparison of

Kim and Kim [18] (%)* Present (%)

! Stiffness VABS [16]
stiffness coefficients for the
anisotropic I-section beam K ® (Nm?) 1.6032E—01

Kio,10 (Nm*) 7.8358E—03

K11 (N) -

K2 (N) -

Ky (N) -

K33 (N) -

K44 (Nmz) -

K45 (Nm?) -

Kss (Nm?) -

K59 (Nmz) -

K(,(, (Nmz) -

K67 (Nmz) -
l—exténsion; 2,3—sh§ar; Kes (Nmz) _
4—torsion; 5,6—bending; 5
7T—extensional warping; K77 (Nm”) -
8,9—shear warping; 10 Kyg (Nmz) -
torspnal Warplng; 11,12— Kss (Nmz) _
bending warping 5
 Percentage difference Ko (Nm®) -
with respect to VABS [16] Ko (Nm*) -
defined as 100 x (Method— KLl (Nm4) _
VABS)/VABS ' 4

Ki212 (Nm*) -

® Kus = Kas — K25/ Kss

1.6627E—01 (3.71) 1.6246E—01 (1.33)
8.1593E—03 (4.13) 7.2994E—03 (—6.85)
- 5.3256E+06 (—)

- 3.1067E+05 (—)
- 3.3573E+05 (—)
- 2.8578E+04 (—)

- 1.7425E—01 ()
- -1.3402E+00 (—)

- 1.5234E+02 (—)

- 5.0116E+01 (—)
- 2.2495E+02 (—)

- 2.0796E+01 (—)

- -5.6513E+01 (—)
- 3.7463E+00 (—)

- 7.5646E400 (—)

- 1.7859E+01 (—)
- 1.9009E+01 (—)
- —6.8751E—03 (—)
- 6.4916E—03 (—)
- 2.2166E—03 (—)

to that of VABS with a difference of 1.33 % while the
value reported by Kim and Kim [18] shows a devia-
tion of 3.71 %. The torsional warping stiffness from
the present analysis is lower by 6.85 % compared to
VABS whereas Kim and Kim [18] report a higher
value by 4.13 %. Note that the formulation developed
by Kim and Kim [18] has much resemblance to that of
VABS, both using the asymptotic methods, though the
reason for the discrepancy in the values is unknown.
The deviations in the present analysis are attributed to
the dissimilarities in the treatment of warping
restraints which result in a lower warping stiffness.
In addition to torsion related stiffnesses, Table 7
presents other non-negligible stiffness coefficients
which include extensional stiffness (K1), extension—
shear coupling stiffness (Kjp), shear stiffnesses
(K22, K33), bending stiffnesses (Kss, Kg), extensional
warping stiffness (K77), shear warping stiffnesses
(Kgg,Ko9), and bending warping stiffnesses
(K10.10, K10,11)- Furthermore, nonclassical elastic cou-
plings exist between bending-extensional warping
(Ke7), bending-shear warping (Ks9, Kgs), and exten-
sional warping-shear warping (K7g). The warping
restraints can have considerable influence near the

boundary constraint region as a result of these nonzero
warping stiffnesses. The effects of NUW due to
torsion and shear are investigated next.

Torsional restraint The effect of torsional warping
restraint on the twist response of a cantilever beam is
examined next. The beam length (L) is 0.254 m. The
beam is subjected to a force couple at the tip resulting
in a torsional moment (M,) of 0.113 Nm. The
boundary conditions are the same as those defined
for the orthotropic thin strip in the previous sec-
tion. The twist angle along the beam length is
computed analytically using Eq. (78), where the
constants o, and f3, are given as

o = Kaa/Ki0,10, B = My/Kio,10

. : (53)
K = Kys — K5 /Kss

Figure 14 shows the comparison of twist angle (¢,)
and twist rate (¢!) obtained by the present analysis
with the 3D FE solution from ABAQUS [16], and
those obtained by VABS [16] and Kim and Kim [18].
The SV solution obtained using the present analysis is
also provided as a reference. As can be seen, the
present results are in excellent agreement with the 3D
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Fig. 14 Twist response of anisotropic I-section beam under a
tip torsional moment. a Twist angle ¢, b Twist rate ¢/

FE solutions of ABAQUS. The predictions by VABS
or Kim and Kim [18] are slightly underpredicted
which can be explained by the higher torsional
warping stiffness reported by both methods. It should
be remarked that the SV solutions show a striking
difference compared to those obtained using the
nonuniform torsional warping. The nonuniform tor-
sional effect does not dissipate at all and is therefore
inevitable for open section composite beams.

Shear restraint The effect of nonuniform shear is
studied for anisotropic I-section beams with various
slenderness ratios. A shear force F, = 4.448 N is applied
at the free tip of the beam. The boundary conditions
are the same as that for the orthotropic strip in the
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Fig. 15 Flap shear strain and its derivative for anisotropic
I-section beam under a tip shear force. a Flap shear strain y,
b Derivative of flap shear strain y/

previous section. The 1D linear analytical solution can
be computed using Eq. (81) with constants o, and f,
defined in Eq. (82). The computed flap shear strain
(7,) and its derivative ().) are shown in Fig. 15. The
SV solutions are also presented for the reference. The
diffusion length for L/b = 10 is found to be 30.42 %.
The derivative of the shear strain (}.) is nonzero for
the nonuniform case and decays at around one-third of
the beam length with L/b = 10. Although a similar
trend is observed compared to the orthotropic thin
strip, the shear restraint effect becomes more pro-
nounced for anisotropic I-section beams as evidenced
by the higher values of the diffusion length.
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Fig. 17 Thin-walled composite box section

The variations of the diffusion length with slender-
ness ratios for nonuniform torsion and shear are
presented in Fig. 16. It is observed that the nonuni-
form torsion does not dissipate for slenderness ratios
less than 30. Even for beams with higher slenderness
ratios, the diffusion length is considerably larger and
cannot be neglected. For the nonuniform shear, the
diffusion length is greater than 10 % for slenderness
ratios less than 30. Thus, the nonuniform shear effect
is non-negligible near the clamped boundary for
beams with low slenderness ratios (L /b). The
nonuniform shear is not as dominant as the nonuni-
form torsion for anisotropic I-section beams, never-
theless, the effects are substantial which apparently
cannot be neglected.

(a) (b)

© (@

(e) ®

Fig. 18 Warping modes of thin-walled composite box section
beam (not to scale). a Extension (y,) b Shear (y,) ¢ Shear (y,) d
Torsion () e Bending (i) f Bending ()

5.3.4 Thin-walled composite box section beam

The thin-walled composite box section beam was
originally studied by Chandra and Chopra [6], and
subsequently by Popescu and Hodges [32], Jung
et al. [2], and Yu et al. [17]. The schematic of the
beam is presented in Fig. 17 which has a
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Table 8 Comparison of nonzero stiffnesses for the thin-walled composite box section

Stiffness NABSA [32] Jung et al. [2] (%)* VABS [17] (%) Present (%)

K1 (N) 6.3965E+06 6.3654E4-06 (—0.49) 6.3921E4-06 (—0.07) 6.3938E-+06 (—0.04)
K14 (Nm) —1.2146E+04 —1.2022E+04 (—1.02) —1.2135E4-04 (—0.09) —1.2135E+04 (—0.09)
Ky (N) 4.0114E+05 4.0430E+405 (0.79) 4.0154E+405 (0.10) 4.0141E+405 (0.07)
K>s (Nm) 5.8797E+03 6.0910E+-03 (3.59) 5.8763E+03 (—0.06) 5.8761E+03 (—0.06)
Ki3 (N) 1.7490E+05 1.7001E+405 (—2.80) 1.7539E+05 (0.28) 1.7526E+05 (0.20)
K3 (Nm) 6.3690E+03 6.3328E+4-03 (—0.57) 6.3667E4-03 (—0.04) 6.3667E4-03 (—0.04)
Kis (Nm?) 4.8155E+01 4.7696E+01 (—0.95) 4.8184E+01 (0.06) 4.8177E+01 (0.04)
Kss (Nm?) 1.9004E+02 1.9724E+02 (3.79) 1.9001E+02 (—0.02) 1.9000E+02 (—0.02)
Kgs (Nm?) 4.9533E+02 4.9590E+02 (0.12) 4.9504E+02 (—0.06) 4.9503E4-02 (—0.06)
Kso (Nm?) - - - 7.2165E+01 (—)
K512 (Nm?) - - - —1.9959E—01 (—)

Kgg (Nm?) - - - —8.8950E+01 (—)
Ke,11 (Nm?) - - - 2.0530E—01 (-)
K77 (Nm?) - - - 3.2580E—04 (—)

Kgs (Nm?) - - - 3.2213E401 (—)
K11 (Nm?) - - - —7.6179E-02 (—)

Koo (Nm?) - - - 5.5179E+01 (-)
Ko 12 (Nm?) - - - —1.6063E-01 (—)
Ki0.10 (Nm*) - - - 5.7843E—04 (—)
Ki111 (Nm*) - - - 1.8281E—04 (—)
Ki2.12 (Nm*) - - - 4.8331E—04 (—)

1—extension; 2,3—shear; 4—torsion; 5,6—bending; 7—extensional warping; 8,9—shear warping; 10—torsional warping; 11,12—

bending warping

? Percentage difference with respect to NABSA [32] defined as 100 x (Method-NABSA)/NABSA

circumferentially uniform stiffness layup of [15°].
The outer width and height of the box section are
24.206 mm (0.953 in) and 13.462 mm (0.53 in),
respectively, with a wall thickness of 0.762 mm (0.03
in). The ply thickness is 0.127 mm (0.005 in) for each
of the walls. The beam is made of AS4/3501-6
graphite-epoxy material with properties same as those
of the orthotropic thin strip, except the Poisson ratios
given as: vip = vi3 = 0.30, and v,3 = 0.34. The beam
exhibits  extension—torsion and shear—bending
couplings.

Each of the warping displacement modes computed
using the present analysis are shown in Fig. 18. The
elastically-coupled behavior of the box section is
captured nicely as can be seen in the plots. The
influence of extension—torsion coupling on the exten-
sion mode is clearly visible in Fig. 18a which results in
an out-of-plane deformation under an extensional
action. The shear-bending coupling can be noted in

@ Springer

Fig. 18b,c,e, and f. The shear modes indicate in-plane
distortion due to the bending moments while the
bending modes show out-of-plane deformation due to
the shear forces.

The comparison of nonzero stiffnesses for the
composite box beam is presented in Table 8. The
correct prediction of these warping modes is crucial to
estimate the accurate elastically-coupled stiffness
coefficients. The nonzero stiffness coefficients pre-
dicted from the present analysis are compared with
those obtained by NABSA [32], Jung et al. [2], and
VABS [32]. NABSA is a FE code based on the theory
developed by Giavotto et al. [10]. Jung et al. [2] used
an analytical mixed force-displacement approach
implemented in a shell-wall based sectional analysis.
For NABSA, the beam is modeled with 216 Q8
elements, whereas for VABS and the present analysis
360 Q8 elements are used. The present results indicate
excellent correlation with those of VABS and
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NABSA. Since Jung et al. [2] used an analytical
contour based approach which cannot adequately
represent the corners of the box section, the deviations
up to 3.79 % are reported in the stiffness coefficients
compared to NABSA. Note that the present analysis,
being a general FE sectional analysis, can accurately
represent the geometry and material distribution of
any arbitrary beam section. Additionally, the nonzero
warping stiffnesses from the present analysis are also
reported in Table 8. These warping stiffnesses may
result in nonuniform beam behavior near the boundary
restraints as discussed in the following text.

The effect of torsional warping restraints for
isotropic beams may be negligible, however, neglect-
ing these effects for composite beams may result in
significant errors as reported by Rehfield et al. [3]. The
influence of nonuniform torsion and shear is explored
for thin-walled composite box section beams with
varying slenderness ratio (L / b). The 1D analytical
solutions for torsion and shear are computed using
Eqgs. (78) and (81) where the constants o, and f3, are
defined in Eq. (82), and «, and f3, are given as

o = Kaa/Kio10, By = My/Ki0,10

— 84
Ky = Kyy — K124/K11 (84)

Figure 19 shows the variation of diffusion length with
slenderness ratios corresponding to the nonuniform
torsion and shear. The nonuniform shear is more
prominent than the nonuniform torsion as the diffusion
length is greater than 10 % for slenderness ratio less

80 ‘ ‘

— Torsion
70 1 === Shear (z-axis) |
60 | ]
50t |
404 1

30} & |

Diffusion length (%)

20 +

10 |

00 10 20 30 40 5‘0 60 70 80 90 100

Slenderness ratio, L/b

Fig. 19 Diffusion length for nonuniform torsion and shear of
composite box section beam

than 20. The nonuniform torsional effect decays
rapidly even for short beams. For highly slender
beams (L/b > 60), the NUW effects can be neglected
without significant loss of accuracy. The composite
box beams show larger influence of shear restraint
compared to the orthotropic thin strip but lower than
that of anisotropic I-section. The impact of nonuni-
form shear for thin-walled composite box beams is
important and should be modeled correctly to predict
the beam displacements and stresses.

6 Conclusions and recommendations

A refined FE sectional analysis system is developed
for nonhomogeneous anisotropic beams with NUW
using the displacement-based elasticity theory. The
analysis is applicable to beams with arbitrary
geometric layout and material properties. The influ-
ences of 3D warping and stresses are modeled
which include the nonclassical transverse shear and
Poisson deformations of the beam in a generic
manner. The accuracy of predicted sectional prop-
erties is investigated for beams with simple to
complex isotropic and anisotropic sections. The
following conclusions are deduced from the present
study:

1. The refined beam model is formulated which takes
into account NUW effects related to end restraints
leading to a 12 x 12 sectional stiffness matrix.
The generalized Timoshenko stiffness, direct
warping stiffness, and the coupling stiffness
coefficients are consistently incorporated into
the stiffness matrix.

2. The various kinds of triangular and quadrilateral
shape elements are implemented in the FE
sectional analysis for the accurate treatment of
arbitrary section profiles with complex geometries
and the versatility of the FE modeling procedures.

3. In order to predict the shear center location, the
Trefftz’ theory is systematically extended for
anisotropic beams and has been verified for simple
homogeneous as well as complex nonhomoge-
neous isotropic sections.

4. The predicted beam elastic properties which
include stiffness coefficients and sectional offsets
(shear center and tension center) are obtained for
the isotropic and composite beams where an
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excellent correlation is achieved in comparison
with the analytical and/or 3D FE solutions.

5. An excellent correlation is achieved for the
inertial properties, which include mass, mass
moments of inertia, and mass center, compared
with other state-of-the-art methods.

6. The NUW effects are examined for several open
section beams with or without elastic couplings.
The response under torsional warping restraint is
validated with the 3D FE solution and other state-
of-the-art methods. The influence of shear warp-
ing restraint is demonstrated for solid, open, and
closed section beams with varying slenderness
ratios. It is noted that the effects are non-
negligible and must be modeled correctly for an
accurate prediction of beam response, strains, and
stresses. It is revealed that the torsional restraint
effect is prominent for thin strips and open section
beams whereas the shear restraint effect is more
pronounced for thin-walled closed box section
beams. Furthermore, the nonuniform shear
response decays slowly while the nonuniform
torsion response may not decay at all for com-
posite beams with low slenderness ratios.

The current validations confirm the reliable predic-
tions of the sectional properties of isotropic and
anisotropic beams, such as helicopter or wind turbine
blade applications. The present analysis can describe
the beam behavior accurately and offers an efficient
alternative to the high cost 3D FE analyses.
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