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Abstract Mixed convection in a inclined cavity

has not been investigated by LBM in case of an

imposed non zero heat flux. This type of boundary

condition, representing very usual situations in

physical world, is not simple to model in lattice

Boltzmann schemes. In effect, the only boundary

condition able to simulate an imposed temperature

and an imposed heat flux at a boundary has been

presented by D’Orazio et al. in previous works,

where the boundary was at rest. In this work,

laminar mixed convective heat transfer in two-

dimensional rectangular inclined driven cavity is

studied numerically by means of a double popula-

tion thermal Lattice Boltzmann method. The coun-

ter-slip internal energy density boundary condition,

able to simulate an imposed heat flux at the wall, is

applied. Through the top moving lid the heat flux

enters the cavity and it leaves the system through

the bottom wall; side walls are adiabatic. Results are

analyzed over a range of the Richardson numbers

and tilting angles of the enclosure, encompassing the

dominating forced convection, mixed convection,

and dominating natural convection flow regimes.

The results show that, as expected, heat transfer rate

increases as increases the inclination angle, but this

effect is significant for higher Richardson numbers,

when buoyancy forces dominate the problem; for

horizontal cavity, average Nusselt number decreases

with the increase of Richardson number because of

the stratified field configuration. This study shows

that the counter-slip internal energy density bound-

ary condition can be effectively used to simulate

heat transfer phenomena also in case of moving

walls and it makes the Lattice Boltzmann Method

able to simulate a wide class of cooling process

where a given thermal power must be removed.
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Nomenclature

AR = L/H Aspect ratio

c~i ¼ cix; ciy

� �
Discrete particle speeds

c = dx/dt Minimum speed on the lattice

cs Lattice sound speed

dt Time increment

dx = dy Lattice spacing

DT ¼ Th � Tcð Þ Current value of temperature

difference between hot and cold

wall

e Internal energy density

e0 Counter-slip internal energy

density used in thermal boundary

conditions

f, g Continuous single-particle

distribution functions for density-

momentum and internal energy-

heat flux fields

ef ; eg Modified continuous single-

particle distribution functions for

density-momentum and internal

energy-heat flux fields

fi; gi Discrete distribution functions

efi; egi
Modified discrete distribution

functions

f e
i ; g

e
i Equilibrium discrete distribution

functions

G ¼ bg T � T
� �

Buoyancy force per unit mass

g~¼ 0;�gð Þ Acceleration due to the gravity

H; L Cavity height, width

k Thermal conductivity

Nux ¼ qy

k
H
DT

��
wall

¼ �oH
oY

��
wall

Nusselt number

Num ¼ 1

L r
L

0

Nuxdx

¼ 1

AR
r

AR

0

NuXdX

Average Nusselt number

Pr = m/v Prandtl number

q~¼ qx; qy

� �
Heat flux at the wall

q Constant heat flux imposed at the

wall

R Constant of the gas

Ra = bgqyH
4Pr/

km2

Rayleigh number

Re = U0H/m Reynolds number

Ri = Gr/Re2 Richardson number

t Temporal coordinate

T ; T local, average temperature

T** = vmRa4/5/

bgH3

Reference temperature

u~¼ u; vð Þ Flow velocity

U0 Moving lid velocity

(U, V) = (u/

U0, v/U0)

Dimensionless flow velocity

u~
0 ¼ n~� u~ Peculiar speed of the molecule

V** = vRa2/5/H Reference velocity

x~¼ x; yð Þ Spatial coordinate

y** = HRa-1/5 Reference velocity

(X, Y) = (x/H, y/

H)

Dimensionless spatial coordinate

wi Weights of discrete populations

Z Continuous viscous heating term

Zi Discrete viscous heating term

Greek symbols

b Coefficient of volumetric thermal

expansion of the fluid

c Cavity inclination angle

m Kinematic viscosity of the fluid

H = (T -

Tc)/T
**

Dimensionless temperature

v Thermal diffusivity of the fluid

q; q Local, average fluid density

n~ Absolute velocity of molecules

s = tU0/H Dimensionless temporal coordinate

sf ; sg Relaxation times towards the local

equilibrium

Subscripts

c, h Cold, hot

f Fluid

m Average

max Maximum value

W ;N;E; S West, north, east, south

Superscripts

e Equilibrium

1 Introduction

The lattice Boltzmann equation (LBE) is a minimal

form of the Boltzmann kinetic equation, which is

the evolution equation for a continuous one-body

distribution function, wherein all details of
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molecular motion are removed except those that are

strictly needed to represent the hydrodynamic

behaviour at the macroscopic scale; it has gained

much attention for its ability to simulate fluid flows,

and for its potential advantages over conventional

numerical solution of the Navier–Stokes equations.

The kinetic nature of Lattice Boltzmann Method

(LBM) introduces key advantages, including easy

implementation of boundary conditions and fully

parallel algorithms. In addition, the convection

operator is linear, no Poisson equation for the

pressure must be resolved and the translation of the

microscopic distribution function into the macro-

scopic quantities consists of simple arithmetic

calculations [1–4]. LBM have met with significant

success for the numerical simulation of a large

variety of fluid flows, including real-world engi-

neering applications and physical phenomena of

various complexities as multiphase flows, complex

geometries and interfacial flows [5–12]. The appli-

cation to fluid flow coupled with non negligible heat

transfer turned out to be much more difficult. The

LBE thermal models fall into three categories: the

multi-speed approach, the passive scalar approach

and the doubled populations approach. In this latter,

successful, strategy [13] thermal energy density and

heat flux are expressed as kinetic moments of a

thermal distribution function, so that no kinetic

moment beyond the first order is ever required, thus

providing numerical stability, also in case of signif-

icant temperature gradient [14]; in addition, with

respect to the previous approaches, viscous heat

dissipation and compression work done by the

pressure were naturally incorporated and the bound-

ary conditions are easily implemented because both

populations live in the same lattice, where additional

speeds are not necessary. The doubled population

model has been widely applied to several and

complex flow configuration (see for example [15,

16]). Dixit and Babu [17] simulated high Ra natural

convections in a square cavity using LBM. Barrios

et al. [18] used LBM in two dimensions to solve

natural convective flow in an open cavity in which

the lower part of a vertical wall was conductive and

the upper part and all other walls were adiabatic;

they validated the results obtained from LBM with

related experimental results. Nazari and Ramzani

[19] studied natural convective heat transfer in a

cavity in thr presence of internal straight obstacle by

means of double population LBM. Kao et al. [20]

investigated 2D natural convection flows with

nonlinear phenomena within enclosed rectangular

cavities, at the reference Rayleigh numbers of

Ra B 2 9 104 at the macroscopic scale

(Kn = 10-4) and the mesoscopic scale

(Kn = 10-2). Natural convection heat transfer in

cavities has already been considered extensively,

because of its wide applications in manufacturing of

solar collectors and heat exchangers, or designing of

cooling systems of electronic devices, or heat

transfer in buildings. Most investigations have

already been dedicated to horizontal cavities, in

which gravitational acceleration is parallel to their

sidewalls, and the reader is referred to the large

number of papers available in the open literature,

which testifies the great interest of this topic.

However, in many cases it is necessary to use

inclined cavities, in which, according to inclination

angle of the cavities, the shear stress applied by lid

on the flow increases or decreases the buoyancy

force. Also this flow configuration has been widely

studied, for different aspect ratio and thermal

boundary conditions (with regard to lattice Boltz-

mann method, see for example recent papers [21] ).

Numerous investigations have been conducted in the

past on lid-driven cavity flow and heat transfer

considering various combinations of the imposed

temperature gradients and cavity configurations.

M.A.R. Sharif [22] studied numerically two-dimen-

sional shallow rectangular driven cavities of aspect

ratio 10 for Rayleigh numbers ranging from 105 to

107, keeping the Reynolds number fixed at 408.21,

and Prandtl number taken as 6 representing water;

the effects of inclination of the cavity on the flow

and thermal fields are investigated for inclination

angles ranging from 0� to 30�. Basak et al. [23]

performed finite element simulations to investigate

the influence of linearly heated side wall(s) or

cooled right wall on mixed convection lid-driven

flows in a square cavity; numerical solutions were

obtained for Gr = 103 7 105, Pr = 0.015 7 10

and Re = 1 7 102 with uniform heating of the

bottom wall where the two vertical walls are

linearly heated or the right wall is kept at cold
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temperature and the top wall is well insulated with a

horizontal velocity U. Sivasankaran et al. [24]

performed a numerical study, with finite volume

method, on mixed convection in a lid-driven cavity

with the vertical sidewalls maintained with sinusoi-

dal temperature distribution and top and bottom wall

adiabatic; results were analyzed over a range of the

Richardson numbers, amplitude ratios and phase

deviations. T.S. Cheng [25] investigated the flow

and heat transfer in a 2-D square cavity where the

flow is induced by a shear force resulting from the

motion of the upper lid combined with buoyancy

force due to bottom heating. The numerical simu-

lations covered a wide range of Reynolds

(10 B Re B 2,200), Grashof (100 B Gr B 4.84 9

106), Prandtl (0.01 B Pr B 50), and Richardson

(0.01 B Ri B 100) numbers. The top and bottom

walls were maintained isothermally at temperatures

Tc and Th, respectively, with Th [ Tc. The vertical

side walls were thermally insulated. Mixed convection

in an inclined cavity has not been investigated by

LBM, to the authors’ knowledge, except for a recent

previous work by Karimipour et al. [26], in which

laminar mixed convection in a two-dimensional

rectangular inclined cavity with moving top lid is

investigated numerically for Richardson number rang-

ing from 0.1 to 10 and inclination angle ranging from

0� to 90� in case of imposed temperature at top and

bottom walls. Mixed convection in an inclined cavity

has not been investigated by LBM in case of imposed

non zero heat flux. This type of boundary condition,

representing very usual situations in physical world, is

not simple to model in lattice Boltzmann schemes. In

effect, the only boundary condition able to simulate

imposed temperature and imposed heat flux at a

boundary has been presented by D’Orazio et al. in [27]

where the boundary were at rest. In this work, laminar

mixed convection in a two-dimensional rectangular

inclined cavity with moving top lid is investigated

numerically. Top lid motion results in fluid motion

inside. Inclination of the cavity causes horizontal and

vertical components of velocity to be affected by

buoyancy force, since the heat flux enters the cavity

through the top moving lid and it leaves the system

through the bottom wall, side walls being adiabatic. To

include this effect, collision term of Boltzmann

equation is modified and the counter-slip internal

energy density boundary condition by [14, 27, 28],

able to simulate an imposed heat flux at the wall, is

applied. The effects of the variations of Richardson

number and inclination angle on the thermal and flow

behaviour of the fluid inside the cavity are investi-

gated. The results are presented as velocity and

temperature profiles, stream function contours and

isotherms. Simulations are performed for Pr = 0.7

and Re = 200 and for three value of the Richardson

number Ri = 0.1, Ri = 1, Ri = 10; the effects of the

inclination angle c = 0�, 30�, 60�, 90� on fluid flow

and heat transfer are studied in case of positive and

negative moving lid velocity.

2 Thermal and hydrodynamic Lattice Boltzmann

Method

The lattice Boltzmann equation with a single relaxa-

tion time from the BGK model [29, 30] can be

expressed as

efi x~þ c~idt; t þ dtð Þ � efi x~; tð Þ ¼ � dt

sf þ 0:5dt
efi � ef e

i

h i

ð1Þ

egi x~þ c~idt; t þ dtð Þ � egi x~; tð Þ

¼ � dt

sg þ 0:5dt
egi � ege

i

� �
� sgdt

sg þ 0:5dt
fiZi ð2Þ

where the populationsefi carry mass and momentum and

the populations egi carry internal energy and heat flux.

The discrete distribution functions ef i and egi are

introduced as in [13]:

efi ¼ fi þ
dt

2sf

fi � f e
i

� �
ð3Þ

egi ¼ gi þ
dt

2sg

gi � ge
i

� �
þ dt

2
fiZi ð4Þ

Zi ¼ c~i � u~ð ÞDiu~;Di ¼ ot þ c~i � r ð5Þ

where fi and gi are the discrete populations which

evolve when a standard first order integration strategy

is adopted, the term Zi ¼ c~i � u~ð ÞDiu~ represents the

effects of viscous heating (Di ¼ ot þ c~i � r is the

material derivative along direction ci), sf and sg are

relaxations times and fe
i and ge

i are the equilibrium

distribution functions. Throughout of this work, two-

dimensional square lattice with the nine speeds, as

shown in Fig. 1, is used.
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The discrete particle lattice speeds are:

ci ¼ cos
i� 1

2
p; sin

i� 1

2
p

� �
c; i ¼ 1; 2; 3; 4 ð6Þ

ci ¼
ffiffiffi
2
p

cos
i� 5

2
pþ p

4

� �
; sin

i� 5

2
pþ p

4

� �
 �
c;

i ¼ 5; 6; 7; 8

ð60Þ

c0 ¼ 0; 0ð Þ ð600Þ

where c2 = 3RT and T is the temperature. The equilib-

rium density distributions are chosen as follows:

f e
i ¼ xiq 1þ 3c~i � u~

c2
þ 9 c~i � u~ð Þ2

2c4
� 3 u2 þ v2ð Þ

2c2

" #

ð7Þ

ge
0 ¼ �x0

3qe u2 þ v2ð Þ
2c2


 �
ð8Þ

ge
1;2;3;4 ¼x1qe 1:5þ 1:5

c~i � u~
c2
þ 4:5

c~i � u~ð Þ2

c4
� 1:5

u2þ v2ð Þ
c2

" #

ð9Þ

ge
5;6;7;8 ¼ x2qe 3þ 6

c~i � u~
c2
þ 4:5

c~i � u~ð Þ2

c4
� 1:5

u2 þ v2ð Þ
c2

" #

ð10Þ

where u~¼ u; vð Þ and qe = qRT (in two-dimensional

geometry). The weights of the different populations

are x0 = 4/9, xi = 1/9 for i = 1, 2, 3, 4 and xi = 1/

36 for i = 5, 6, 7, 8. The terms enclosed by the square

bracket, multiplied by the corresponding weights xi,

will be called corresponding form for equilibrium.

Finally, using fe
i and ge

i , hydrodynamic and thermal

variables are calculated as follows:

q ¼
X

i

efiqe ¼
X

i

egi �
dt

2

X

i

fiZi ð11Þ

qu~¼
X

i

c~i
efiq~

¼
X

i

c~iegi � qeu~� dt

2

X

i

c~ifiZi

" #
sg

sg þ 0:5dt

ð12Þ

The kinematic viscosity and the thermal diffusivity

in the two-dimensional geometry are given by [13]:

m ¼ sf RT ; v ¼ 2sgRT ð13Þ

In this problem shear stress applied by moving lid

on the fluid layers results in fluid motion, thus creating

suitable temperature gradient that enhances buoyancy

forces. Therefore, mixed convection is produced in the

fluid confined in the cavity. With the Boussinesq

approximation, all the fluid properties are considered

as constant, except in the body force term in the

Navier–Stokes equations, where the fluid density is

assumed q ¼ q 1� b T� T
� �� �

, in which b is volu-

metric expansion coefficient, q and T are the average

fluid density and temperature. In order to simulate the

mixed convection of nearly incompressible flows,

buoyancy force per unit mass is defined as

G ¼ bg T� T
� �

and this is used to drive the flow.

By considering inclination angle, coordinate axis and

gravity acceleration direction, as shown in Fig. 2, all

of the aforementioned relations are maintained and

used except those that are modified below:

efi x~þ c~idt; t þ dtð Þ � efi x~; tð Þ ¼ � dt

sf þ 0:5dt
efi�f e

i

h i

þ dtsf

sf þ 0:5dt

3G cix � uð Þ
c2

f e
i


 �
sinc

þ dtsf

sf þ 0:5dt

3G ciy � v
� �

c2
f e
i


 �
cosc ð14Þ

Fig. 1 Nine-speed square lattice
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According to Eq. (3), we have:

fi ¼
sf
efi þ 0:5dtf e

i

sf þ 0:5dt
þ 0:5dtsf

sf þ 0:5dt

3G cix � uð Þf e
i

c2


 �
sinc

þ 0:5dtsf

sf þ 0:5dt

3G ciy � v
� �

f e
i

c2


 �
cosc

ð15Þ

In this case hydrodynamic macroscopic variables

are calculated as follows:

q ¼
X

i

efi; u ¼
1

q

X

i

eficix þ
dt

2
Gsinc; v

¼ 1

q

X

i

eficiy þ
dt

2
Gcosc ð16Þ

where c~i ¼ cix; ciy

� �
denotes discrete particle speeds.

3 Boundary conditions

With regard to hydrodynamic boundary condition, no slip

boundary condition is applied; it is obtained by means of

the non-equilibrium bounce back rule [31]as applied to the

population perpendicular to the boundary. As an example,

for the west wall we imposeef1�f e
1 ¼ ef3�f e

3 . With regard

to thermal boundary conditions, the top cavity lid and

bottom wall are heated and cooled respectively by an

uniform and constant heat flux entering and leaving

respectively, and the sidewalls are insulated. These

boundary conditions are obtained by means a thermal

counter-slip approach as proposed by [14, 27, 28], in

which the incoming unknown thermal populations are

assumed to be equilibrium distribution functions with

a counterslip thermal energy density e0, which is

determined so that suitable constraints are verified. For

the top wall of the cavity, named as ‘‘north wall’’, in

which entering heat flux is constant and equal to qN,

the unknown eg4; eg7, and eg8 are chosen as follows.

egi ¼ q eN þ e
0

� 


� correspondingformforequilibrium½ �
i ¼ 4; 7; 8

ð17Þ

By definition:

X

i

ciyegi ¼
dt

2

X

i

ciyfiZi þ qeNVN þ
sg þ 0:5dt

sg

qy ð18Þ

which yields to:

qeN þ qe0 ¼ K � dt

2

X

i

ciy

c
fiZi � qeN

VN

c

"

� sg þ 0:5dt

sg

qy

c
�
,

1

3
� 1

2

VN

c
þ 1

2

V2
N

c2


 � ð19Þ

where VN is the component normal to the wall of flow

velocity at the wall, K is the sum of the three known

populations (eg2; eg5 and eg6) eN denotes the current

Fig. 2 Geometry and

coordinates axis in the

inclined cavity
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value of thermal energy density at the north wall. At

the insulated walls, the constraint on the heat flux is

obtained by imposing qx = 0 in Eq. (24), for example

for the west wall, so that we have [27]

X

i

cixegi ¼ 0:5dt
X

i

cixfiZi þ qeWUW ð20Þ

where eW denotes the thermal energy density current

value (coming from the run) at the West wall. The

unknown populations eg1; eg5 and eg8 are chosen as

egi ¼ q eW þ e
0

� 


� correspondingformforequilibrium½ �i
¼ 1; 5; 8 ð21Þ

and become

egi ¼ K þ dt

2

X

i

ci

c
fiZi þ qeW

UW

c

" #,

1

3
þ 0:5

UW

c
þ 0:5

U2
W

c2


 �

� correspondingformforequilibrium½ � i ¼ 1; 5; 8

ð22Þ

where UW is the component normal to the wall of the

flow velocity at the wall and K is the sum of the known

populations (eg3; eg6 and eg7 in this case). The corners

nodes are treated similarly and the counter-slip

procedure can be applied to the five unknown incom-

ing populations at the corner; more details can be

found in [27].

The same relations are used for the bottom wall

(named as ‘‘south wall’’), in which leaving heat flux is

constant and equal to qS and the unknown populations

are eg2; eg5 and eg6.

With regard to the initial conditions, the velocities

of all nodes inside the cavity are taken as zero initially.

The initial density is set to a value of 2.7 [32]. The

initial equilibrium distribution functions are evaluated

correspondingly. The initial distribution functions are

taken as the corresponding equilibrium values [33].

4 Problem statement

Laminar mixed convection of a fluid inside a rectan-

gular cavity with moving top lid and aspect ratio

AR = L/H = 3, in which L and H are shown in Fig. 2,

is studied numerically using Lattice Boltzmann

Method previously described. The bottom wall is

cooled and the top lid is heated, and side walls are

assumed insulated. Top lid moves with constant

velocity U0. Characteristic dimensionless number in

the analysis of mixed convection problems is Rich-

ardson number defined as Ri ¼ Ra=PrRe2. As stated

before, lattice Boltzmann method is used for near-

incompressible flows and therefore Mach number is

assumed as Ma� 1. More specifically, the charac-

teristic velocity of the flow for both natural regime,

U� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bgHDT

p
, and forced regime U� ¼ mRe=H must

be small compared with the fluid speed of sound; in

present study the velocity U0 was selected as

U0 ¼ 0:1. The Prandtl and Reynolds numbers are

assumed as Pr ¼ 0:7 and Re ¼ 200 respectively and

the effects of the variations of the Richardson number

Ri and angle c on the flow and heat transfer are

studied. Inclination angle varies from zero degree,

horizontal cavity, to 908, vertical cavity. To avoid

ambiguity, the cavity’s walls are referred to according

to the coordinates shown in Fig. 2.

In the following the macroscopic variables of fluid

flow are made dimensionless as follows, respectively

for dimensionless coordinates, dimensionless velocity

components, dimensionless temperature, dimension-

less time

Y ¼ y

H
; X ¼ x

H
; U ¼ u

U0

; V ¼ v

U0

;

H ¼ T � Tc

Th � Tc

; s ¼ tU0

H

ð23Þ

with T�� ¼ vmRa4=5
�
bgH3. Therefore, local and aver-

age Nusselt numbers along the lid and bottom wall are

calculated using following relations

NuX ¼
qH

kDT
¼ � oH

oY

� �

wall

; Num ¼
1

AR
r

AR

0

NuXdX

ð24Þ

The top lid is the hot moving wall at Y = 1, the

bottom wall is the cold wall at Y = 0 and two

insulated side walls are at X = 0 and X = 3.

5 Numerical validation

In order to obtain grid independent solution, a grid

refinement study is performed for a horizontal cavity

(c = 0). Grid independence of the results has been

established in term of average Nusselt number on the
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lid and dimensionless values of x-velocity U, y-

velocity V, and temperature H at X = 1.5 and

Y = 0.5 (cavity center) for three different grid size,

namely 300 9 100, 450 9 150 and 600 9 200 lattice

nodes. In Table 1 results are reported as obtained for

Ri = 0.1, Re = 200 and Pr = 0.7; due to small

difference between the results of the last two grid

sizes, the 450 9 150 grid is chosen as a suitable one in

this work.

To validate the computer code, the comparison with

the analytical solution given by Kimura and Bejan [34]

is examined. Results for the Rayleigh number equal to

106 and the Prandtl number equal to 2.0 are consid-

ered. Table 2 reports the value of the average Nusselt

number Num (for Ra ¼ 105 and Ra ¼ 106) obtained in

present work as compared with theoretical value by

[35] and the value obtained by D’Orazio et al. [27].

Results of Table 2 show good agreement with those of

Bejan et al. [34] and of D’Orazio et al. [27], with a

maximum error equal to 18.6 %.

6 Results and discussion

In order to show the effect of inclination angles on the

flow field and heat transfer, in Figs. 3, 4 and 5

streamlines and isotherms are reported at different

inclination angles c = 0, 30, 60 and 90� for the cases

Ri = 0.1, 1 and 10 respectively. The motion of the

cavity lid, with positive lid velocity, causes the fluid

motion in the cavity and produces a strong clockwise

rotational cell in it. This motion transfers hot fluid to

the lower parts and enhances favourable pressure

gradient along the vertical direction, leading to the

generating buoyancy motions and transferring hot

fluid to the upper parts. Therefore, the combination of

free and forced convection, called ‘‘mixed convec-

tion’’, is made. In Fig. 3, the Richardson number is

Ri = 0.1, with forced convection dominant with

respect to natural convection, and it implies that by

increasing c, the rotational power of the cell in the

center of the cavity increases slightly and it does not

affect significantly the other moving and thermal

behaviour of the fluid.

When buoyancy forces dominate the problem, as

for Ri = 10 reported in Fig. 5, inclination angle has

significant effect on the flow field and heat transfer.

For c = 0, a strong cell in the upper half and a weak

cell in the lower half of the cavity, are generated due to

the forcing of moving wall. In addition, for c = 0,

isotherms in the lower half of the cavity are straight

lines and perpendicular to the side walls, indicating

that conduction heat transfer is dominant in this region

and that, without the forced convection contribution,

no motion occurs, due the stratified fluid. As the

inclination angle increases, the two cells merge, so that

for c = 90 a large rotational cell covers the whole

space of the cavity, with the central part practically

motionless.

Figures 6 and 7 show the profile of longitudinal

component of dimensionless velocity, U, and temper-

ature, H, along the transverse centerline of the cavity

respectively, at different inclination angles for

Ri = 0.1. Figure 8 shows the profile of transverse

component of dimensionless velocity, V, along the

longitudinal centerline of the cavity, for the same

inclination angles and Richardson number. It is seen

that U is zero at Y = 0 and it decreases as Y increases,

so that it is negative at 0 \ Y \ 0.75. For higher

values of Y, U increases and approaches to the

velocity of moving lid at Y = 1. The increase of

inclination angle does not have a significant effect on

U and V. The V profile shows the strong downward

flow in the right part of the cavity. Then, from middle

and left side of the cavity fluid flow moves upward

with lower velocity. The cold fluid with high varia-

tions of temperature can be seen in the lower part of

the cavity space.

Higher value of Richardson number leads to higher

sensibility of U, V and H to the inclination angle.

Figures 9, 10, 11, 12, 13 and 14 show profiles of U, V

and H for Ri = 1 and Ri = 10 respectively. Increas-

ing the inclination angle from 308 to higher values,

causes the increase of the absolute value of

U and V. The most temperature difference between

Table 1 Grid dependence study for mixed convection for

Ri = 0.1, Re = 200, Pr = 0.7 at X = 1.5 and Y = 0.5

Parameters Mesh

300 9 100 450 9 150 600 9 200

U -0.202 -0.194 -0.191

V 0.076 0.078 0.078

H 0.019 0.021 0.022

Num 3.219 3.338 3.401
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the top and the bottom walls can be seen in the

temperature profile of this figure for horizontal cavity.

All simulations have been performed also in case of

negative top lid velocity, that is directed towards

x \ 0. In Figs. 15, 16 and 17, streamlines and

isotherms are shown for Richardson number equal to

0.1, 1 and 10 respectively and for inclination angle

ranging from 30� to 90�, being the case c = 0 not

depending on the moving lid direction. With regard to

the velocity and temperature profiles, only the case

with some difference with respect to the case of

positive velocity are shown. Figure 18 refers to

profiles of temperature, H, along the transverse

centerline of the cavity, at different inclination angles

Table 2 Natural convection in a square cavity with uniform heat flux from vertical walls: average Nusselt number at the hot-wall for

different Rayleigh numbers and Pr ¼ 2:0; comparison of laminar solution with previous work [27] and theoretical solution [34]

Ra = 105 Ra = 106

This work Ref. [34] Error % Ref. [27] This work Ref [34] Error % Ref [27]

3.576 4.391 18.56 3.637 6.317 7.324 13.75 6.442

Fig. 3 Streamlines and isotherms for Ri = 0.1, at c = 0�, 30�, 60� and 90�, U0 [ 0
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for Richardson number equal to 0.1; Figs. 19, 20 and

21 show the profile of longitudinal component of

dimensionless velocity, U, along the transverse cen-

terline of the cavity, the profile of transverse compo-

nent of dimensionless velocity, V, along the

longitudinal centerline of the cavity, and the profiles

of temperature, H, along the transverse centerline of

the cavity, at different inclination angles for Richard-

son number equal to 1; finally Figs. 22 and 23 show

the profile of longitudinal component of dimensionless

velocity, U, and the profiles of temperature, H, along

the transverse centerline of the cavity, at different

inclination angles for Richardson number equal to 10.

When the buoyancy effect is predominant (Ri = 10),

the effect of the direction of the moving wall, in term

of modified flow field, can be detected. While for

U0 [ 0 the two rotational cells lose their individuality

already for low inclination angles, for U0\0 they

remain distinct because the hot moving wall has an

opposite effect with respect to the buoyancy. It can be

noted that longitudinal velocity profiles, shown in

Fig. 22 and referred to transversal centerlines, don’t

undergo significant changes, provided to consider the

upper part of the longitudinal profile as reversed, and

the same does the temperature profile shown in

Fig. 23; the transverse velocity profiles are practically

the same of the case with positive velocity and are not

shown; instead streamlines and isotherms, describing

the whole flow and thermal field, show the influence of

the direction of the lid motion into the near wall

Fig. 4 Streamlines and isotherms for Ri = 1, at c = 0�, 30�, 60� and 90�, U0 [ 0
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region; more specifically, we find different values of

temperature with respect to the core of the cavity and

this effect is more evident for low values (c = 30�) of

inclination angle, that is when, being equal the driving

thermal contribution, the geometrical factor of natural

convection flow is lowest.

When Ri = 1, it becomes evident as the contri-

bution of the moving wall and the buoyancy due to

gravity acceleration have opposite effects on the

fluid field; it gives rise to the formation of two

rotational cell into the cavity. This balancing of

opposite contribution, equally important, can be

observed in Figs. 19, 20 and 21, where the velocity

and temperature profiles aim at to become

symmetric.

For Ri = 0.1, when forced convection is the

dominant effect on the flow field, streamlines and

isotherms, reported in Fig. 15, have the same behav-

iour shown in case of positive wall velocity, although

as in a mirror, but the result of the two cited opposing

effects is the persistence of the two rotational cells.

The velocity and temperature profiles don’t change

with the inclination angle when wall velocity is

negative. It can be noted from Fig. 18 that the

temperature difference between the cold region (at

the bottom of the cavity) and the core are more

pronounced than in the case of positive velocity.

In Fig. 24, the average Nusselt number on the lid

surface is reported as a function of inclination angle

for different Richardson number in both case of

Fig. 5 Streamlines and isotherms for Ri = 10, at c = 0�, 30�, 60� and 90�, U0 [ 0
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positive and negative moving wall velocity. It has to

be noted that for c = 0, Num decreases when Ri

increases, since it implies to go to a stratified field

configuration. With regard to c 6¼ 0, it is observed that

for positive lid velocity when Ri = 0.1,Num increases

slightly with the increase of c. At Ri	 1; Num is

Fig. 6 Normalized longitudinal velocity U at x/H = 1.5

(transverse centerline) for Ri = 0.1 and U0 [ 0

Fig. 9 Normalized longitudinal velocity U at x/H = 1.5

(transverse centerline) for Ri = 1 and U0 [ 0
Fig. 7 Normalized temperature profile H at x/H = 1.5 (trans-

verse centerline) for for Ri = 0.1 and U0 [ 0

Fig. 8 Normalized transverse velocity V at y/H = 0.5 (longi-

tudinal centerline) for Ri = 0.1 and U0 [ 0
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increased more intensively. In fact at Ri ¼ 10, it is

increased by a factor of 5 when c varies from 0 to 90�,

indicating that in this case free convection effect is

enhanced and its contribution can be added to the

forced convection effect. When c = 0 (horizontal

cavity) Num is maximum at Ri = 0.1 (significant

Fig. 10 Normalized transverse velocity V at y/H = 0.5 (longi-

tudinal centerline) for Ri = 1 and U0 [ 0

Fig. 11 Normalized temperature profile H at x/H = 1.5

(transverse centerline) for for Ri = 1 and U0 [ 0

Fig. 12 Normalized longitudinal velocity U at x/H = 1.5

(transverse centerline) for Ri = 10 and U0 [ 0

Fig. 13 Normalized transverse velocity V at y/H = 0.5 (longi-

tudinal centerline) for Ri = 10 and U0 [ 0
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forced convection), but for inclined cavity, the max-

imum Num occurs at Ri = 10 (significant natural

convection). For negative velocity of moving wall, the

opposite effect of buoyancy and forced convection

contribution can be observed since the Nusselt number

results ever lower than the value corresponding to the

case of positive velocity. For low inclination angle, the

contribution of natural convection is less important

than the hindering effect of the negative moving wall

velocity, whereas for increasing c angle the impor-

tance of natural convection becomes predominant.

7 Conclusions

A thermal lattice Boltzmann BGK model with a

dedicated boundary condition was used to study

numerically laminar two-dimensional mixed convec-

tion heat transfer inside an inclined rectangular cavity

when he heat transfer rate is imposed at the bound-

aries. Since the inclination of the cavity enhances the

buoyancy force, which affects the velocity compo-

nents of the flow, the forcing term simulating the

buoyancy effect in the lattice Boltzmann equation

were modified. The results show that, as expected, heat

transfer rate increases as increases the inclination

Fig. 14 Normalized temperature profile H at x/H = 1.5

(transverse centerline) for for Ri = 10 and U0 [ 0

Fig. 15 Streamlines and isotherms for Ri = 0.1, at c = 30�, 60� and 90�, U0 \ 0
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Fig. 16 Streamlines and isotherms for Ri = 1, at c = 30�, 60� and 90�, U0 \ 0

Fig. 17 Streamlines and isotherms for Ri = 10, at c = 30�, 60� and 90�, U0 \ 0
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angle, but this effect is significant for the higher

Richardson numbers, when buoyancy forces dominate

the problem; for horizontal cavity, average Nusselt

number decreases with the increase of the Richardson

number because of the stratified field configuration.

The effects of forced convection and natural convec-

tion can be considered as cooperating for positive

velocity of the moving lid, while on the contrary they

Fig. 18 Normalized temperature profile H at x/H = 1.5

(transverse centerline) for for Ri = 0.1 and U0 \ 0

Fig. 19 Normalized longitudinal velocity U at x/H = 1.5

(transverse centerline) for Ri = 1 and U0 \ 0

Fig. 20 Normalized transverse velocity V at y/H = 0.5 (longi-

tudinal centerline) for Ri = 1 and U0 \ 0

Fig. 21 Normalized temperature profile H at x/H = 1.5

(transverse centerline) for for Ri = 1 and U0 \ 0
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can be considered as opposite for negative velocity.

This study shows that lattice Boltzmann method

together with the counter-slip thermal energy density

boundary condition can be effectively used to simulate

heat transfer phenomena also in case of moving walls.

The method can be successfully applied to simulate a

wide class of cooling process where a given thermal

power must be removed.

Acknowledgments Arash Karimipour would like to thank Prof.

Adriano Alippi of Dipartimento di Scienze di Base e Applicate per

l’Ingegneria and Dr. Annunziata D’Orazio of Dipartimento di

Ingegneria Astronautica, Elettrica ed Energetica, Sapienza

University of Rome, for kind hospitality during the development

of this work.

References

1. He X, Luo L (1997) Theory of the lattice Boltzmann

equation: from the Boltzmann equation to the lattice

Boltzmann equation. Phys Rev 56:6811–6817

2. Chen S, Doolen G (1998) Lattice Boltzmann method for

fluid flows. Annual Rev. Fluid Mech 30:329–364

3. Luo L (2000) The lattice gas and lattice Boltzmann meth-

ods: past, present, and future. In: Proceedings of the inter-

national conference on applied computational fluid

dynamics, Beijing. pp 52–83

4. Succi S (2001) The lattice Boltzmann equation for fluid

dynamics and beyond. Oxford University Press, Oxford

5. Lallemand P, Luo L, Peng Y (2007) A lattice Boltzmann

front-tracking method for interface dynamics with surface

tension in two dimensions. J Comput Phys 226:1367–1384

6. Wang M, He J, Yu J, Pan N (2007) Lattice Boltzmann

modeling of the effective thermal conductivity for fibrous

materials. Int J Thermal Sci 46:848–855

7. Artoli AM, Sequeira A, Silva-Herdade AS, Saldanha C

(2007) Leukocytes rolling and recruitment by endothelial

Fig. 22 Normalized temperature profile U at x/H = 1.5 (trans-

verse centerline) for for Ri = 10 and U0 \ 0

Fig. 23 Normalized temperature profile H at x/H = 1.5

(transverse centerline) for for Ri = 10 and U0 \ 0

Fig. 24 Average Nusselt number Num on the hot surface as a

function of inclination angle c for different Richardson number

and in case of U0 [ 0 and U0 \ 0

Meccanica (2015) 50:945–962 961

123



cells: Hemorheological experiments and numerical simu-

lations. J Biomech 40:3493–3502

8. Chang Q, Iwan J, Alexander D (2007) Study of Marangoni-

natural convection in a two-layer liquid system with density

inversion using a lattice Boltzmann model. Phys Fluids

19:102–107

9. Huber C, Parmigiani A, Chopard B, Manga M, Bachmann O

(2008) Lattice Boltzmann model for melting with natural

convection. Int J Heat Fluid Flow 29:1469–1480

10. Zhao CY, Dai LN, Tang GH, Qu ZG, Li ZY (2010)

Numerical study of natural convection in porous media

(metals) using Lattice Boltzmann Method (LBM). Int J Heat

Fluid Flow 31:925–934

11. Wang M, Kang Q (2010) Modeling electrokinetic flows in

microchannels using coupled lattice Boltzmann methods.

J Comput Phys 229:728–744

12. E. A. Rad, Investigation the effects of shear rate on sta-

tionary droplets coalescence by lattice Boltzmann. Mecca-

nica 49 (2014) in press

13. He X, Chen S, Doolen G (1998) A novel thermal model for

the lattice Boltzmann method in incompressible limit.

J Comput Phys 146:282–300

14. D’Orazio A, Succi S, Arrighetti C (2003) Lattice Boltzmann

simulation of open flows with heat transfer. Phys fluids 15:

2778–2780

15. Han K, Feng YT, Owen DRJ (2008) Modelling of

thermal contact resistance within the framework of the

thermal lattice Boltzmann method. Int J Thermal Sci

47:1276–1283

16. Meng F, Wang M, Li Z (2008) Lattice Boltzmann simula-

tions of conjugate heat transfer in high-frequency oscillating

flows. Int J Heat Fluid Flow 29:1203–1210

17. Dixit HN, Babu V (2006) of high Rayleigh number natural

convection in a square cavity using the lattice Boltzmann

method. Int J Heat Mass Transf 49:727–739

18. Barrios G, Rechtman R, Rojas J, Tovar R (2005) The lattice

Boltzmann equation for natural convection in a two-

dimensional cavity with a partially heated wall. J Fluid

Mech 522:91–100

19. Nazari M, Ramzani S (2014) Cooling of an electronic board

situated in various configurations inside an enclosure: lattice

Boltzmann method. Meccanica 49:645–658

20. Kao PH, Chen YH, Yang RJ (2008) Simulation of the

macroscopic and mesoscopic natural convection flows

within rectangular cavities. Int J Heat Mass Transf

51:3776–3793

21. Nor Azwadi CS, Nik Izual NI (2010) Lattice Boltzmann

numerical scheme for the simulation of natural convection in

an inclined square cavity. WSEAS Trans Math 9(6):417–426

22. Sharif MAR (2007) Laminar mixed convection in shallow

inclined driven cavities with hot moving lid on top and

cooled from bottom. Appl Therm Eng 27:1036–1042

23. Basak T, Roy S, Sharma PK, Pop I (2009) Analysis of mixed

convection flows within a square cavity with linearly heated

side wall(s). Int J Heat Mass Transf 52:2224–2242

24. Sivasankaran S, Sivakumar V, Prakash P (2010) Numerical

study on mixed convection in a lid-driven cavity with non-

uniform heating on both sidewalls. Int J Heat Mass Transf

53:4304–4315

25. Cheng TS (2010) Characteristics of mixed convection heat

transfer in a lid-driven square cavity with various Rich-

ardson and Prandtl numbers. Int J Thermal Sci 49 (in press)

26. Karimipour A, Nezhad AH, D’Orazio A, Shirani E (2010)

Characteristics of mixed convection heat transfer in a lid-

driven square cavity with various Richardson and Prandtl

numbers. Int J Heat Mass Transf submitted

27. D’Orazio A, Corcione M, Celata GP (2004) Application to

natural convection enclosed flows of a lattice Boltzmann

BGK model coupled with a general purpose thermal

boundary condition. Int J Thermal Sci 43:575–586

28. D’Orazio A, Succi S (2004) Simulating two-dimensional

thermal channel flows by means of a lattice Boltzmann

method. Future Gener Comput Syst 20(6):935–944

29. Bhatnagar PL, Gross EP, Krook M (1954) A model for collision

process in gases. I. Small amplitude processes in charged and

neutral one-component system. Phys Rev 94:511–1954

30. Cercignani C (1988) The Boltzmann equation and its

applications, applied mathematical sciences. Springer, New

York, p 61

31. Zou Q, He X (1997) On pressure and velocity boundary

conditions for the lattice Boltzmann BGK model. Phys

Fluids 9(6):1591–1598

32. Hou S, Zou Q, Chen S, Doolen G (1995) AC Cogley.

J Comput Phys, Simulation of cavity flow by the lattice

Boltzmann method, pp 329–347

33. Patil DV, Lakshmisha KN, Rogg B (2006) Lattice Boltz-

mann simulation of lid-driven flow in deep cavities. Comput

Fluids 35:1116–1125

34. Kimura S, Bejan A (1984) The boundary layer natural

convection regime in a rectangular cavity with uniform heat

flux from the side. ASME J Heat Transf 106:98–103

962 Meccanica (2015) 50:945–962

123


	Lattice Boltzmann method with heat flux boundary condition applied to mixed convection in inclined lid driven cavity
	Abstract
	Introduction
	Thermal and hydrodynamic Lattice Boltzmann Method
	Boundary conditions
	Problem statement
	Numerical validation
	Results and discussion
	Conclusions
	Acknowledgments
	References


