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Abstract In this paper, second order statistics of large
amplitude free flexural vibration of shear deformable
functionally graded materials (FGMs) beams with
surface-bonded piezoelectric layers subjected to ther-
mopiezoelectric loadings with random material prop-
erties are studied. The material properties such as
Young’s modulus, shear modulus, Poisson’s ratio and
thermal expansion coefficients of FGMs and piezo-
electric materials with volume fraction exponent are
modeled as independent random variables. The tem-
perature field considered is assumed to be uniform and
non-uniform distribution over the plate thickness and
electric field is assumed to be the transverse compo-
nents Ez only. The mechanical properties are assumed
to be temperature dependent (TD) and temperature in-
dependent (TID). The basic formulation is based on
higher order shear deformation theory (HSDT) with
von-Karman nonlinear strain kinematics. A C0 non-
linear finite element method (FEM) based on direct
iterative approach combined with mean centered first
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order perturbation technique (FOPT) is developed for
the solution of random eigenvalue problem. Compar-
ison studies have been carried out with those results
available in the literature and Monte Carlo simulation
(MCS) through normal Gaussian probability density
function.

Keywords Piezoelectric FGMs beam · Stochastic
analysis · Nonlinear free vibration · Probability
density function · Random material properties

1 Introduction

The FGMs are microscopic inhomogeneous anatomy
ceramic and metal to continuous changes in their mi-
crostructures by the variation in compositions and
structures gradually over volume in a preferred direc-
tion. Now a days, functionally graded material (FGM)
is increasingly used due to the advantage of eliminat-
ing the interface problems due to smooth and contin-
uous change of material properties from one surface.
Due to above characteristics, it fulfills the specific de-
mand in different engineering applications specially
for working high temperature environment applica-
tions of heat exchanger tubes, thermal barrier coating
for turbine blades, thermoelectric generators, furnace
linings, electrically insulated metal ceramic joints,
space/aerospace industries, automotive applications,
biomedical etc. [1–3].
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In the recent research and development, FGM
structures with surface bonded thin piezoelectric lay-
ers at top and bottom have promised new design op-
portunities for future high performance mechanical
and structural due to its properties of inherent capa-
bility for accurate measurement of the traditional per-
formance.

Large amplitude free flexural vibration (LAFFV)
behavior of a beam arises in many engineering ap-
plications, particularly in the panels of aircraft us-
ing intelligent materials such as piezoelectric or shape
memory alloy (SMA). When a structure is deflected
substantially, i.e., half of its thickness, a considerable
geometrical nonlinearity occurs, mostly due to the de-
velopment of in-plane membrane. These membrane
stresses are tensile in nature that stiffens the panel.
This stiffening effect results in the rise of resonance
frequencies and change of mode shapes as well. Thus,
the linear model is not being capable to determine the
behavior of the structures completely. Therefore, in
the recent years, geometrically nonlinear flexural vi-
bration of panels has received considerable attention
for behavior of plates [4].

The manufacturing and processing of FGM with
fully specified profile of material gradation is very dif-
ficult due to significant variability in their mechanical
and structural properties. These variables are statistical
in nature and will, in turn, be reflected in the scatter-
ing of the material properties, structural stiffness and
micro-mechanical behavior and may affect the funda-
mental characteristics of structural response such as
frequency response. Therefore, proper handling of the
randomness in the material properties is required for
accurate prediction of structural response for safe and
reliable design. The stochastic analysis is a useful ana-
lytical tool to predict accurately the response of struc-
tures with random material properties by the theory of
random fields.

A good number of literatures have been reported on
the linear and nonlinear free vibration of FGM beam
structures subjected to thermo-piezoelectric loadings
acting simultaneously or individually with or without
piezoelectric layers using deterministic approach.

In this direction, Kapania and Rachiti [5] pro-
vided a detail review of shear deformation theories
for static, vibration and buckling analysis of thin and
thick laminated beams and plates using analytical, nu-
merical and experimental techniques. Ke et al. [6]
obtained nonlinear free vibration response with of

FGM beam with different end supports by using Eu-
ler Bernoulli beam theory with von Karman nonlin-
ear strain-displacement. Shoostari and Rafiee [7] pre-
sented the nonlinear forced vibration response of a
beam made of symmetrically functionally graded ma-
terials based on Euler-Bernoulli beam theory and von
Karman geometric nonlinearity. Yang and Chen [8]
investigated free vibration and buckling analysis of
FGM beam with open crack at their edge by using
Bernoulli-Euler beam theory and the rotation spring
model. Xiang and Yang [9] used Timoshenko beam
theory to study the free and forced vibration of lam-
inated functionally graded beam under heat conduc-
tion using differential quadrature method (DQM). Ki-
tipornchai et al. [10] derived the eigenvalue equa-
tion by using Ritz method via direct iterative method
to obtain the nonlinear forced vibration of a cracked
FGM beam with different end supports based on Tim-
oshenko beam theory and von Karman geometric non-
linearity. Sina et al. [11] formulated the analytical so-
lution for a free vibration of FGMs beam using first
order shear deformation theory (FSDT). Pradhan and
Chakraverty [12] investigated free vibration analysis
of FGM beams based on Euler-Bernoulli and Timo-
shenko beam theory using Rayleigh–Ritz method. Vo
et al. [13] developed refined shear deformation theory
which does not require shear correction factor to ob-
tain static and vibration response of FG beams. Ay-
dogdu [14] used different higher order shear defor-
mation theories and classical beam theories to obtain
free vibration frequencies and mode shapes for dif-
ferent material properties and slenderness ratios. Sim-
sek [15] has investigated the fundamental frequency
of FGMs beam having various boundary conditions
within the framework of classical, first order and dif-
ferent higher order shear deformation theories using
Lagrange multiplier method. Thai and Vo [16] devel-
oped higher order shear deformation beam theories
for bending and free vibration of FGM beam. Wat-
tanasakulpong et al. [17] used an improved third or-
der shear deformation theory to analyze linear thermal
buckling and vibration of FG beam using Ritz method.
Reddy [18] proposed a third order plate theory for
static analysis of the FGMs plate subjected to ther-
mal, mechanical and sinusoidal loadings using finite
element models based on third order shear deforma-
tion theory. Huang and Shen [19] investigated the non-
linear vibration and dynamic response of FGM plate
with surface bonded piezoelectric layer in thermal en-
vironment using semi analytical approach. Kapuria et
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al. [20] presented a bending response and natural fre-
quency of FGM beam from efficient zigzag and the-
oretical models showing validation with experiments.
Li et al. [21] investigated the response of free vibra-
tion of piezoelectric FGM beam under uniform elec-
tric field and nonuniform temperature rise using the
Galerkin’s procedure and elliptical function. Fu et al.
[22] analyzed the nonlinear free vibration and nonlin-
ear dynamic stability of piezoelectric FGM beam us-
ing Galerkin’s technique, doffing equation and nonlin-
ear Mathieu equation. Ying et al. [23] obtained the ex-
act solutions for bending and free vibration of FGM
beams resting on a Winkler-Pasternak elastic founda-
tion based on the two dimensional elasticity theories.
Fallah and Aghdam [24] presented approximate ana-
lytical expressions for geometrically nonlinear vibra-
tion analysis of FGMs beam on nonlinear foundation
by using He’s variational method.

The above mentioned literatures are based on de-
terministic analysis. In the deterministic analysis, the
mean value of material properties give only mean re-
sponse and unaccounted deviation caused due to inher-
ent material properties. However, the studies related
to stochastic analyses are limited. Certain effort have
been made in past by the researchers to predict the
structural response of structures with random system
properties. In this direction, Stefanou [25] provided a
state-of-the-review of past and recent developments of
stochastic FEM in computational stochastic mechan-
ics indicating future directions to be examined by the
computational mechanics community. Vanmarcke and
Grigoriu [26] evaluated the second order statistics of
deflection behavior of beam using random material
properties and rigidity via correlation method. Kamin-
ski [27] evaluated bending response using second-
order perturbation and second order probabilistic mo-
ment method via stress-based finite element method
(FEM). Locke [28] presented the thermally buckled
and vibration analysis for large deflection response
using iterative techniques and method of lineariza-
tion. Chang and Chang [29] used the finite element
method in conjunction with perturbation technique
and Monte Carlo simulation to investigate the statis-
tical dynamic responses of a nonuniform beam with
stochastic Young’s modulus of elasticity. Raj et al. [30]
obtained the static response of graphite-epoxy com-
posite laminates with randomness in material proper-
ties subjected to deterministic loading using FSDT via
FEM combined with FOPT. Singh et al. [31, 32] in-
vestigated the vibration of composite laminate plates

using C0 FEM based on HSDT in conjunction with
FOPT. Onkar et al. [33] presented the generalized
force nonlinear vibration of laminated composite plate
with random material properties using classical plate
theory (CLT) combined with FOPT. Kitipornchai et
al. [34] studied the vibration composed by the third
order shear deformation theory with random material
effect using FOPT incorporating mixed type and semi-
analytical approach to derive the standard eigenvalue
problem. Shaker et al. [35, 36] presented the stochastic
finite element method (SFEM) to investigate the nat-
ural frequency of composite laminated and function-
ally graded plates HSDT based on first order reliability
method and second order reliability method. Lal et al.
[37, 38] evaluated the linear and nonlinear free vibra-
tion response of laminated composite plates with and
without supported with elastic foundation and thermal
environment using HSDT based C0 linear and non-
linear FEM combined with and without direct itera-
tive method in conjunction with FOPT. Yang et al.
[39] evaluated stochastic transverse central deflection
of FGM plate subjected to thermomechanical loading
with random material properties using first order shear
deformation theory (FSDT) via FOPT. Jagtap et al.
[40] examined the stochastic nonlinear free vibration
response of FGM plate using HSDT with von-Karman
kinematic nonlinear via direct iterative based stochas-
tic finite element method.

It is evident from the available literatures men-
tioned above that the studies of stochastic nonlinear
free flexural vibration analysis of FGM beam with sur-
face bonded piezoelectric layers subjected to thermo-
piezoelectric loadings using higher order shear defor-
mation theory are not dealt by the researchers to the
best of the authors’ knowledge. In the present work, an
attempt is made to address this problem using proba-
bilistic approach. The basic formulation of the present
beam analysis is based on HSDT incorporating von-
Karman nonlinear strain kinematics. A C0 nonlinear
finite element method based on direct iterative pro-
cedure combined with the mean centered FOPT i.e.,
direct iterative based stochastic finite element method
(DISFEM) with reasonable accuracy is employed to
handle the randomness in material properties of FGMs
beam with surface bonded piezoelectric layers sub-
jected to thermo-piezoelectric loadings. The proposed
probabilistic DISFEM approach is valid for small ran-
dom material properties as compared to mean values.
This condition is satisfied by most of the engineering
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Fig. 1 Geometry of FGM beam with surface bonded piezoelectric layers

problems, including FGMs that fall in this category
[34, 39].

The paper is organized as follow. Section 1 gives
the brief introduction of the related problem with suit-
able justification and literature survey based on de-
terministic and probabilistic analysis. Section 2 pro-
vides brief description of geometric configuration, ma-
terial properties of FGMs beam with surface bonded
piezoelectric layers. Section 3 provides detail FEM
mathematical formulation using C0 continuity model
of FGMs piezoelectric beam subjected to uniform
and non-uniform temperature distribution with uni-
form piezoelectric loadings. The governing equation
of the problem is presented in Sect. 4. Section 5 pro-
vides the solution methodology of deterministic and
probabilistic approach. Section 6 explains the results
and discussion followed by validation studied with re-
spect to various parameters via numerical examples.
Section 7 accomplishes the conclusion based on the
observation.

2 Geometric configuration and material
properties

A piezoelectric laminated FGM rectangular beam of
length L, thickness h with its coordinate definition
and material direction of typical lamina in (x, z) co-
ordinate system is shown in Fig. 1. The FGM beam
is attached with surface bonded piezoelectric layers
in different conditions of top-bottom, top and bot-
tom layers with thickness of hp. The thickness of

FGM beam and total thickness of structures includ-
ing piezoelectric layers acting top and bottom are as-
sumed as h and H , respectively. It is assumed that
a perfect bonding exists between FGM and surface
bonded piezoelectric layers so that no slippage can
occurs at the interface and the strain experienced by
the FGM and piezoelectric material are equal. It is
also assumed that FGM behaves like heterogeneous
composite materials and the effects of constituent’s
materials are detected separately using power in-
dex law. The properties of the FGM beam are as-
sumed to be vary through the thickness of the plate
only, such that the top surface z = h/2 is ceramic-
rich and the bottom surface z = −h/2 is metal-
rich.

The elastic material properties vary through the
plate thickness according to the volume fractions
of the constituents using power law distribution (as
shown in Fig. 2) which is expressed as [19]

P(z) = (Pc − Pm)Vc + Pm (1)

with

VC(z) =
(

z

h
+ 1

2

)n

, −h/2 ≤ z ≤ h/2,0 ≤ n ≺ ∞
(2)

where, P denotes the effective material property, Pm

and Pc represents the properties of metal and ceramic,
respectively. The parameters Vc and n represents the
volume fraction of the ceramic and volume fraction
exponent, respectively. From Eq. (1), it is clear that
the beam is fully ceramic with n = 0 and fully metal



Meccanica (2014) 49:1039–1068 1043

Fig. 2 Variation of Young’s modulus and Poisson’s ratio of SUS304-Si3N4 FGM beam along the thickness for various power law
indexes

with n = ∞. The above power-law theory estimates a
simple rule of mixtures which is used to find the effec-
tive material properties of the ceramic-metal graded
beam and this rule of mixtures applied in the thickness
direction only.

It is evident that from Fig. 2 that an increase in
power law index, n, results in an increase in Young’s
modulus and the bending rigidity of the FGM beam.

3 Theoretical formulations

3.1 Displacement field model

In the present study, the assumed displacement field
model based on the higher order shear deformation
theory (HSDT) is used in the present analysis [41].
The in-plane and transverse displacement field com-
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ponents of an arbitrary points within the beam along
x and z directions based on based on above displace-
ment field is expressed as

ū(x, z) = u0(x) + zψx − 4

3h2
z3(ψx + ∂w/∂x)

w̄(x, z) = w0(x)

(3)

where u0, w0, Ψx and ∂w/∂x are the mid-plane ax-
ial displacement, transverse displacement, rotation of
normal to the mid-plane along y-axis and slope along
x-axis, respectively.

The C0 continuous element permits easy isopara-
metric finite element formulation and consequently,
can be applied for non-rectangular geometry as well.
In modified form of C0 continuity, the derivative
of out-of-plane displacement (i.e., ϕ = ∂w/∂x) is
themselves considered as separate degree of freedom
(DOFs) [35]. Thus, 3 DOFs given in Eq. (3) as u0,
w0 and Ψx with C1 continuity are transformed into
4 DOFs as u0, w0, Ψx and φx with C0 continuity due
to conformity with HSDT. In this change, the artifi-
cial constraints are imposed, which can be enforced
variationally through a penalty approach, in order to
satisfy the constraint emphasized. However, the liter-
ature [35] demonstrates that without enforcing these
constraints the accurate results using C0 continuity
can be obtained.

The modified displacement field components along
x- and z-direction for an arbitrary FGM beam is now
written as

ū(x, z) = u0(x) + f1(z)ψx + f2(z)ϕx;
w̄(x, z) = w0(x)

(4)

where f1(z) and f2(z), given in Eq. (4) can be written
as

f1(z) = C1z − C2z
3 and f2(z) = −C4z

3

where C1 = 1 and C2 = C4 = 4/3h2 (5)

The displacement vector for the modified C0 continu-
ous model is denoted as

{Λ} = [
u w ϕx ψx

]T
(6)

3.2 Strain displacement relation

For the FGM beam considered here, the relevant strain
vector consisting of linear strain (in terms of mid

plane deformation, rotation of normal and higher or-
der terms), non-linear strain (von-Karman type), ther-
mal and piezoelectric strains vectors associate with the
displacement are expressed as

{ε̄} = {
ε̄L

} + {
ε̄NL

} − {
ε̄T

} − {
ε̄V

}
(7)

where {ε̄L}, {ε̄NL}, {ε̄T } and {ε̄V } are the linear, non-
linear, thermal and piezoelectric strain vectors, respec-
tively.

From Eq. (7), the linear strain tensor using HSDT
can be written as

ε̄L = [B]{q} (8)

where B and {q} are geometrical matrix and displace-
ment field vector for the two node beam element, re-
spectively [42].

Assuming that the strains are much smaller than the
rotations (in the von-Karman sense), one can rewrite
nonlinear strain vector {ε̄NL} given in Eq. (7) is repre-
sented as [40]

ε̄NL = 1

2
[Anl]{ϕnl} with {Anl} = 1

2
[w,x]

and {ϕnl} = {w,x} (9)

The thermal strain vector {ε̄T } given in Eq. (7) is ex-
pressed as

{
ε̄T

} = {α}
T (10)

where α is coefficients of thermal expansion along
the x direction, and 
T denotes the uniform or non-
uniform change in temperature in the beam attached
with surface bonded piezoelectric layer.

The temperature field is assumed to be varying in
the thickness direction only and temperature field is
uniform and non-uniform distributed in the x direction
of the beam. In such a case, the temperature distribu-
tion along the thickness can be obtained by solving a
steady-state heat transfer equation [43]

− d

dz

[
k(z)

dT

dz

]
= 0 (11)

where, k(z) is thermal conductivity of the piezoelec-
tric FGM beam with surface bonded piezoelectric lay-
ers.

The temperature field for uniform or non-uniform
temperature change for FGM beam is expressed
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as [42]


T = T (z) − T0 (12)

In case of the non-uniform temperature distribution
along z direction, T (z) and for uniform temperature
change it is expressed as [42]

T (z) = T0 + (TU − TL) (13)

where, T0 is the uniform temperature rise at room tem-
perature and assumed to be 300 K.

The electric field vector {ε̄V } as given in Eq. (7) can
be represented as

{
ε̄V

} = Vp

hp

{d31} (14)

where d31,Vp and hp are the piezoelectric strain con-
stants in the x-direction, applied voltage to the actua-
tors in the thickness direction and thickness of piezo-
electric layer in the FGM beam subjected with uniform
electric field rise, respectively.

3.3 Stress-strain relation

The constitutive law of thermo-piezoelectric-elastic
constitutive relationship for material under considera-
tion relates the stresses with strains in a in-plane stress
state is given as [22]

σ̄ = [Q](ε̄ − α
T ) − [e]Ez (15)

where, [Q], [e] and Ez are transform reduced elastic
constant matrix of beam material, matrix of piezoelec-
tric stress constant and electric field vectors, respec-
tively [42].

The electric displacement vector of the piezoelec-
tric layer is given by [44]

D = [e](ε̄L + ε̄NL
) + ξEz + P
T (16)

where ξ and P are the dielectric coefficient matrix and
the pyroelectric constants vector, respectively.

Using the linear Lagrangian interpolation function,
the electric potential corresponding to each piezoelec-
tric layer ϕ can be written as

ϕ = [Nϕ]εϕ
z (17)

where, [Nφ] is shape function matrix of piezoelectric
layer.

The electrical field vector E is defined as negative
gradient of electric potential as below

E = −∇ϕ (18)

where ∇ is the gradient operator.
From Eq. (18), the electric field vector Ez is calcu-

lated based on the gradient of the electric potential φp

can be written as [22]

Ez = −∇ϕ = Bϕεϕ
z (19)

where,

Bϕ = −∇[Nϕ] (20)

ε
ϕ
z is electric potential degree of freedom vector is con-

sidered as

εϕ
z = {

ϕL ϕU

}T
(21)

where, φL and φU are the electric potential corre-
sponding to lower and upper piezoelectric layers, re-
spectively.

3.4 Strain energy of piezoelectric FGM beam

The total strain energy of the system consisting of lin-
ear, nonlinear and piezoelectric strain energy of the
FGM beam with surface bonded piezoelectric layers
can be expressed as

Π1 = Πa − Πb (22)

where Πa and Πb are the strain energy of FGM beam
and surface bonded piezoelectric layer piezoelectric
layer, respectively.

From Eq. (22), the strain energy (Πf ) of the FGM
beam can be expressed as

Πa = UL + UNL (23)

From Eq. (23) the linear stain energy (UL) of the FGM
beam is given by

UL =
∫

Ω

1

2

{
ε̄L

}[Q]{ε̄L
}T

dΩ

=
∫




1

2

{
ε̄L

}[Dmn]
{
ε̄L

}T
d
 (24)

where [Dmn] is the elastic stiffness matrix [42].
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From Eq. (23) the nonlinear strain energy (UNL) of
the FGM beam can be rewritten as

UNL =
∫

Ω

1

2

{
ε̄L

}[D3]
{
ε̄NL

}T
dΩ

+ 1

2

∫
Ω

{
ε̄NL

}[D4]
{
ε̄L

}T
dΩ

+ 1

2

∫
Ω

{
ε̄NL

}[D5]
{
ε̄L

}T
dΩ (25)

where Ω , ε̄L and ε̄NL denotes undeformed configura-
tion of FGM beam, linear and nonlinear strain tensors,
respectively.

Using Eq. (9), Eq. (25) can be expressed as

UNL = 1

2

∫
Ω

[Anl]{ϕnl}[D3]
{
ε̄L

}
dΩ

+ 1

2

∫
Ω

{
ε̄L

}[D4][Anl]{ϕnl}dΩ

+ 1

2

∫
Ω

[Anl]{ϕnl}[D5][Anl]T {ϕnl}T dΩ (26)

where D3, D4 and D5 are the stiffness matrices of the
FGM beam [42].

Similarly from Eq. (22) the strain energy (Πb) due
to surface bonded piezoelectric layers can be rewritten
as

Πb = UϕL + UϕNL (27)

where UφL and UφNL are the linear and nonlinear
strain energy of surface bonded piezoelectric layers.
From Eq. (24), the linear strain energy (UφL) due to
surface bonded piezoelectric layer can be expressed
as,

UϕL =
∫

Ω

{
εL

}[e]T {
Eϕ

}
dΩ

+
∫

Ω

1

2

{
Eϕ

}[ξ ]{Eϕ
}T

dΩ

+
∫

Ω

{
Eϕ

}
P
T dΩ (28)

From Eq. (27), the nonlinear strain energy (UφNL) due
to surface bonded piezoelectric layer can be expressed
as,

UϕNL =
∫

Ω

{ϕp}T {Anl}T [e]EϕdΩ (29)

3.5 Work done due to thermo-piezoelectric loadings

The potential energy (Π2) storage due to thermo-
piezoelectric loadings (uniform and non-uniform
change in temperature and uniform change in elec-
trical potential) is written as

Π2 = 1

2

∫
A

NxT E(w,x)
2dA (30)

where NxT E is the prebuckling thermoelectrical stress
with NxT E = N̄T

0 + N̄V
0 , the N̄T

0 and N̄V
0 are in-plane

thermal and electrical loadings, respectively and de-
fined in the Appendix (56) and (57), respectively.

3.6 Kinetic energy of the FGM beam

The kinetic energy (Π3) of the vibrating FGM beam
can be expressed as [38]

Π3 = 1

2

∫
v

ρ{û}T {û}dv (31)

where ρ and { ˙̂u} = { ˙̄u ˙̄w} are the density and velocity
vector of the FGM beam, respectively.

Equation (31) can be rewritten for 2-D beam as

Π3 = 1

2

∫ l

0

∫ h/2

−h/2
ρ(z)

[( ˙̄u)2 + ( ˙̄w)2]
dzdx

= 1

2

∫ l

0

∫ h/2

−h/2
ρ(z)NT Ndzdx (32)

where N is inertia matrix (58).

3.7 Finite element model

In the present study, a C0 one-dimensional Hermitian
beam element with 4 degree of freedom (DOF) per
node is employed. For this type of element, the dis-
placement vector and the element geometry can be ex-
pressed as [42]

{q} =
NN∑
i=1

Ni{q}i; x =
NN∑
i=1

Nixi; (33)

where Ni and {q}i are the interpolation function for
the ith node and the vector of unknown displacements
for the ith node, NN is the number of nodes per ele-
ment and xi is the Cartesian coordinate of the ith node.

For the present analysis, linear interpolation func-
tions are chosen for axial displacement and rotation
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of normal while, Hermite cubic interpolation functions
for transverse deflection and slope.

The linear mid-plane strain vector as given in
Eq. (8) can be expressed in terms of mid plane dis-
placement field and then the energy is computed for
each element and then summed over all the elements
to get the total strain energy.

Following this and using finite element model as
given in Eq. (33), Eq. (23) after summed over all the
elements can be written as

Πa =
NE∑
e=1

Π(e)
a =

NE∑
e=1

(
U

(e)
L + U

(e)
NL

)
(34)

where, NE is the number of elements and Π
(e)
a is the

elemental potential energy of the beam.
Substituting Eqs. (24) and (26), Eq. (34) can be fur-

ther expressed as

Πa =
NE∑
e=1

[{q}T (e)
[
Kl + Knl(q)

](e){q}(e)]

= {q}T [
Kl + Knl(q)

]{q} (35)

where [Knl] = 1
2 [Knl1 ]+[Knl2 ]+ 1

2 [Knl3 ] where [Kl],
[Knl] and {q} are defined as global linear, nonlinear
stiffness matrices and global displacement vector, re-
spectively.

Using finite element model equation (33), Eq. (27)
after summing over the entire element can be written a

Πb =
NE∑
e=1

Π
(e)
b =

NE∑
e=1

(
U

(e)
ϕL + U

(e)
ϕNL

)
(36)

where Π
(e)
b (Π

(e)
bl + Π

(e)
bnl) is the elemental linear

and nonlinear potential energy of the surface bonded
piezoelectric layers.

Using and Eq. (28) and Eq. (36) for linear potential
energy for surface bonded piezoelectric layer can be
expressed as

Πbl =
NE∑
e=1

({q}(e)T [K1lp](e){qϕ}(e)

+ {qϕ}(e)T [K2lp](e){qϕ}(e) + {qϕ}(e)T [K3lp](e))
= {q}T [K1lp]{qϕ} + {qϕ}T [K2lp]{qϕ}

+ {qϕ}T [K3lp] (37)

Similarly, using and Eq. (29) and Eq. (36) for non-
linear potential energy for surface bonded piezoelec-
tric layer can be expressed as

Πbnl = 1

2

NE∑
e=1

({q}(e)T [K1nlp](e){qϕ}(e))

= {q}T [K1nllp]{qϕ} (38)

where [K1lp], [K1nllp] and {qϕ} are defined as global
linear coupling matrix between elastic mechanical and
electrical effects, nonlinear coupling matrices between
elastic mechanical and electrical effects and global
electric field vector, respectively.

Using finite element model equation (33), Eq. (30)
after summing over the entire element can be written
as [35]

Π2 =
NE∑
e=1

Π
(e)
2 = 1

2

NE∑
e=1

{q}T (e)λ[K(G)](e){q}(e)

= 1

2
λ{q}T [K(G)]{q} (39)

where, λ and [K(G)] are defined as the thermo-
piezoelectric buckling load parameters and the global
geometric stiffness matrix (arises due to thermo-
piezoelectric loadings), respectively.

Using finite element model equation (33), Eq. (32)
may be written as

Π3 =
NE∑
e=1

Π
(e)
3 (40)

where

Π
(e)
3 =

NE∑
e=1

{Λ̇}(e)T [m]{Λ̇}(e)dA (41)

Using finite element model equation (33), Eq. (41) af-
ter summing over the entire element can be written as

Π3 = {q̇}T [M]{q̇} (42)

Where, [M] is the global consistent mass matrix de-
fined in the Appendix (59).

4 Governing equation

The governing equation for the nonlinear free vibra-
tion analysis can be derived using Hamilton princi-
ple, which is generalization of the principle of virtual
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Fig. 3 Schematic diagram of present outlined probabilistic approach

displacement [38, 45]. The Lagrange equation for the
conservative system can be written as

∂

∂t

(
∂T

∂q̇

)
+ ∂(Πa + Πbl + Πbnl)

∂q
− ∂(Π2 + Π3)

∂q

= 0 (43)

By substituting Eqs. (35), (37), (38), (39) and (42) in
Eq. (43), ones obtain as in the form of nonlinear gen-
eralized eigenvalue problem as

[K]{q} + [M]{q̈} = 0 (44)

where, [K] = {[KL] + [KNL] − λT [K(G)]} with
[KL] = 1

2 [Kl1] − 1
2 [Klp1 ] and [KNL] = 1

2 [Knl1] +
[Knl2] + 1

2 [Knl3] − 1
2 [K1nlp] λT is the critical ther-

mopiezoelectric buckling.
The above Eq. (44) is the nonlinear free vibration

equation that can be solved literately as a linear eigen-
value problem assuming that the beam is vibrating in
its principal mode in each iteration. For each iteration,
Eq. (44) can be expressed as generalized eigenvalue
problem as

[K]{q} = λ[M]{q} (45)

where, λ = ω2 with ω is the natural frequency of the
beam.

Equation (45) is the nonlinear free vibration prob-
lem which is random in nature, being dependent on
the system properties. Consequently, the natural fre-
quency and mode shapes are random in nature. In de-
terministic environment, Eq. (45) is evaluated using

eigenvalue formulation and solved employing a direct
iterative methods, Newton-Raphson methods, incre-
mental methods etc. However, in random environment,
it is not possible to solve the problem using the above
mentioned methods without changing the nature of the
equation. For this purpose, the direct iterative method
based on nonlinear finite element method combined
with mean centered FOPT i.e., direct iterative based
stochastic finite element method (DISFEM), with a
reasonable accuracy is used to obtain the second order
statistics of nonlinear natural frequency response. The
overview of present outlined probabilistic approach is
shown in Fig. 3.

5 Solution approach

5.1 Solution approach—a DISFEM for nonlinear
free vibration problem

The nonlinear eigenvalue problem as given in Eq. (45)
is solved by employing a direct iterative based C0 non-
linear finite element method in conjunction with per-
turbation technique (DISFEM) assuming that the ran-
dom changes in eigenvector during iterations does not
affect much the nonlinear stiffness matrix with the fol-
lowing steps [38].

Step 1. The nonlinear stiffness matrices in the first
step neglecting using amplitude ratios as zero, the lin-
ear eigenvalue problem [[Kl]{q} = λ[M]{q}] is ob-
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Fig. 4 Schematic flow chart procedure of stochastic nonlinear free vibration analysis using DISFEM

tained from Eq. (45) by assuming that the system vi-

brates in its principal mode. Then the random linear

eigenvalue problem is broken into zeroth and first-

order equation using perturbation technique and ne-

glecting the higher order equations. Then the eigen-

value (λ = ω2) and eigenvector {q} is obtained from

any standard deterministic method using zeroth or-

der perturbation equation. The mean centered first or-

der perturbation technique is then employed to obtain

the standard deviation of the nonlinear fundamen-

tal frequency using the first-order perturbation equa-
tion.

Step 2. The mean mode shape of the desired nonlinear
mode is normalized with respect to given amplitude
at the point of maximum deflection.

Step 3. Using the normalized mode shape, the nonlin-
ear random stiffness matrix is computed. Again, the
zeroth and the first order eigen equations are obtained
using perturbation technique.

Step 4. The zeroth and the first order equations are
then solved to obtain new eigenvalue and corre-
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sponding eigenvectors and standard deviation us-
ing updated zeroth and first order equations, respec-
tively.

Step 5. Steps (2)–(4) are repeated until convergence
is attained for {q}max,ω

2 and the standard devia-
tion (SD) and corresponding to the converged mode
shape, the mean and standard deviation are com-
puted.

The detail analysis of stochastic (perturbation tech-
nique) nonlinear free vibration analysis of FGM beam
is shown in Fig. 4.

5.2 Solution approach: perturbation technique

The fabrication and manufacturing of the FGMs are
complicated process due to involvement of large num-
ber of uncertainties as stated earlier. In the present
analysis, the elastic constants such as Young’s mod-
ulus and Poisson’s ratio of FGM and surface bonded
piezoelectric material along with volume fraction ex-
ponent are treated as independent random variables.
A class of problem considered where the zero mean
random variation is very small when compared to the
mean part of random system properties. Further it is
quite logical to assume that the dispersions in the de-
rived quantities such as [K], q , λ, etc. are also small
with respect to their mean values.

In general, without any loss of generality, any arbi-
trary random variable can be represented as the sum of
its mean and a zero mean random variable, expressed
by superscripts ‘d’ and ‘r’, respectively [31, 32, 37,
38],

K = Kd + Kr, λi = λd
i + λr

i , qi = qd
i + qr

i

(46)

where, λd
2i = ωd2

i , λ2
i = 2ωd

i ωr
i + ωr2

i , i = 1,2, . . . , p.
The parameter p indicates the size of eigen prob-

lem.
For sake of simplicity, the mass matrix is taken as

constant in the present analysis.
Using Taylor series and neglecting the second and

higher-order terms since the first order approximation
is sufficient to yield desired accuracy with low vari-
ability as in the case of the sensitive applications [46].

Substituting Eq. (46) in Eq. (45) and collecting
same order of the magnitude term one obtains as [37]

Zeroth order perturbation equation:
[
Kd

]{
qd
i

} = λd
i [M]{qd

i

}
(47)

First order perturbation equation:

[
Kd

]{
qr
i

} + [
Kr

]{
qd
i

} = λd
i [M]{qr

i

} + λr
i [M]{qd

i

}
(48)

The zeroth order perturbation Eq. (47) is the de-
terministic equation relating to the mean eigenval-
ues and corresponding mean eigenvectors, which can
be determined using conventional eigensolution algo-
rithms. Equation (48) is the first order random pertur-
bation equation defining the stochastic nature of the
free vibration which cannot solve using conventional
method [31, 32].

According to the orthogonality properties, the nor-
malized eigenvector meet the following conditions.

{
qd
i

}T [M]{qd
i

} = δij (49)
{
qd
i

}T [
Kd

]{
qd
i

} = δij λ
d
i , (i, j = 1,2, . . . , p) (50)

where δij is the Kronecker delta.
The eigen vectors, after being properly normalized,

form a complete orthogonal set and any vector in the
space can be expressed as their linear combination of
these eigenvectors.

Hence, the ith random part of the eigenvectors can
be expressed as

{
qr
i

} =
p∑

j=1

Cr
ij

{
qd
i

}
,

(
i �= j,Cr

ii = 0, i = 1,2, . . . ,
)

(51)

where Cr
ii are random coefficients to be determined.

Substituting Eq. (51), in Eq. (47), premultiplying,
the first by {qd

i }T and then by {qj }T (j �= i), re-
spectively and making use of orthogonality condition,
Eq. (50) can be rewritten as

{
qd
i

}T [
Kr

]{
qd
i

} = λr
i (52)

For the present case, as discussed earlier, the derived
quantities are random because of the randomness in
the system properties. Let b1, b2, . . . , bn denote sys-
tem properties. Following Eq. (46), the random vari-
ables (bi ) can also be expressed as

bi = bd
i + br

i , i = 1,2, . . . , n (53)

The FEM in conjunction with the FOPT has been
found to be accurate and efficient [31, 32, 37, 38, 46].
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According to this method, the random variables are
expressed by Taylor’s series. Keeping the first-order
terms and neglecting the second- and higher-order
terms, Eq. (46) can be expressed as

λr
i =

q∑
j=1

λd
i,j b

r
j ;

{
qr
i

} =
p∑

j=1

qd
i,j b

r
j ;

[
Kr

] =
q∑

j=1

[
Kd

,j

]
br
i ;

(54)

Using the above and decoupled equations, the expres-
sions for λd

i,j is obtained.
Using Eq. (54), the variances of the eigenvalues can

now be expressed as [37, 38]

Var(λi) =
p∑

j=1

p∑
k=1

λd
i,j λ

d
i,k Cov

(
br
j , b

r
k

)
(55)

where, Cov(br
j , b

r
k) is the cross variance between br

j

and br
k . The standard deviation (SD) is obtained by the

square root of the variance.

5.3 Monte Carlo simulation (MCS)

The Monte Carlo simulation (MCS) is the one of
the most general approach being used to quantify the
structural response uncertainties on the basis of di-
rect use of computer and simulate experiments by a
set of random number generations of material prop-
erties. In such simulated experiments, a set of ran-
dom number of random material parameter is gener-
ated first to represent the statistical uncertainties in
the structural parameters by satisfactory convergence
of results. These random numbers are substituted into
the response equation (48) to obtain again, a set of ran-
dom number which reflects the uncertainties in struc-
tural response [46]. A sufficient set of random num-
ber is to be generated for mean and standard deviation
of structural response based on the convergence of re-
sults [45, 47]. However, MCS approach is costly since,
it needs tremendous repeated computations for all dif-
ferent types of samples, particularly when nonlinear
finite element analysis is adopted and sometimes suf-
fers from computational inefficiency [39]. Keeping in
mind the drawback of MCS, it is used for valida-
tion purpose in the present analysis. The detail com-
putation analysis of material randomness using MCS
is presented with the help of flow chart as shown in
Fig. 5.

6 Results and discussion

The second order statistics of nonlinear free vibration
analysis of FGM beam with surface bonded piezo-
electric layers having random material properties sub-
jected to thermo-piezoelectric loadings is computed
using the proposed direct iterative based stochastic
finite element method (DISFEM). A computer algo-
rithm has been developed in MATLAB 12.5.2 envi-
ronment for computation of the numerical results. The
validation and efficacy of the proposed algorithm is
examined by comparing the results with available lit-
erature and MCS.

A C0 one dimensional Hermitian two node beam
element with 8 DOFs per element is developed and im-
plemented for the present problem. Convergence and
validation studies have been carried out through nu-
merical examples to demonstrate the accuracy of the
present formulation. Based on convergence study con-
ducted as presented below, a 30 element (as shown in
Table 3) has been used for numerical calculation in the
present analysis.

The effect of combination of multiple random vari-
ables varying simultaneously and individually with
volume fraction exponents, slenderness ratios, thermo-
piezoelectric loadings, piezoelectric layers acting at
top and/or bottom of FGM beam, material properties,
various mode of temperature change, applied voltage,
vibration mode shape and different combination of
boundary conditions on the linear and nonlinear natu-
ral frequency of rectangular FGM beam with surface
bonded piezoelectric layers have been examined and
conclusions are noted in the analysis through tabular
form. The mean and standard deviation of the nonlin-
ear natural frequency square referred as natural fre-
quency in the following texts are obtained. The prob-
ability density function of dimensionless linear and
nonlinear fundamental frequency with respect to ran-
dom input variable by changing volume fraction expo-
nent.

The present outlined DISFEM is divided into two
parts. In the first parts, one set of mean vibration
problem is examined and in second parts set of
random vibration problem is evaluated with respect
to various random parameters. These two parts are
solved sequentially to determine the mean and COV
(=SD/mean), where, SD and mean indicate the stan-
dard deviation and dimensional natural frequency of
the beam, respectively. Due to linear nature of varia-
tion of COV as mentioned earlier and passing through
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Fig. 5 Schematic flow chart procedure of stochastic nonlinear vibration using independent MCS

the origin, the COV results are presented by taking co-
efficient of correlation (COC) of the system properties
equal to 0.1 i.e., 10 % variation of material properties
from their mean values. However, the present COV
results can be explored for COC value up to 20 %,
keeping in mind the limitation of FOPT.

The basic random variable (bi ) such as Ec, νc,Em,

νm,n,ρc, ρm,Ep, νp,ρp,αc , and αm are sequenced
and defined as b1 = Ec,b2 = νc, b3 = Em,b4 = νm,

b5 = n,b6 = ρc, b7 = ρm,b8 = Ep,b9 = νp,

b10 = ρp, b11 = αc, and b12 = αm.
In the present analysis, various combinations of

boundary edge support conditions are as follows:

Both edges are simply supported (SS):

u = w = 0; at x = 0, a

Both edges are clamped (CC)

u = w = θx = ψx = 0; at x = 0, a

One end simply supported and other is clamped (CS)

u = w = θx = ψx = 0; at x = a and

u = w = 0; at x = a

For the convergence and validation study, the
aluminum (Al; Em = 70 GPa, ρm = 2702 kg/m3,
υm = 0.3) and alumina (Al2O3; Ec = 380 GPa,
ρc = 3960 kg/m3, υc = 0.3) material properties are
used (unless otherwise stated).

The dimensionless mean natural frequency is used
for validation purpose and defined as (unless otherwise
stated)

� = ω
(
L2/h

)√
ρm

(
1 − υ2

m

)
/Em

where, ω, ρm, υm and Em indicate the dimensional
mean natural frequency, density Poisson’s ratio and
Young’s modulus of the metal, respectively. It is to
be noted that the for the computation of numerical re-
sults for mean and COV, dimensionless mean natural
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Table 1 The following FGMs properties subjected to TID and TD properties are used for computation. Jagtap et al. [40]

Types of material Properties P0 P−1 P1 P2 P3 P (T = 300 K)

ZrO2 E (Pa) 244.27e+9 0 −1.371e−3 1.214e−6 −3.681e−6 168.06e+9

α (1/K) 12.766e−6 0 −1.491e−3 1.006e−5 −6.778e−11 18.591e−6

Ti–6Al–4V E (Pa) 122.56e+9 0 −4.586e−4 0 0 105.698e+9

α (1/K) 7.5788e−6 0 6.638e−4 3.147e−6 0 6.941e−6

SUS304 E (Pa) 201.04e+9 0 3.079e−4 −6.534e−7 0 207.787e+9

α (1/K) 12.330e−6 0 8.086e−4 0 0 18.591e−6

v 0.3262 0 0 0 0 0.3262

Si3N4 E (Pa) 348.43e+9 0 −3.070e−4 2.016e−7 −8.946e−7 322.27e+9

α (1/K) 5.8723e−6 0 9.095e−4 0 0 7.4745e−6

v 0.2400 0 0 0 0 0.2400

Table 2 The following piezoelectric (PZT-5) material proper-
ties are used for computation. Fu et al. [22]

Properties PZT-5

Elastic modulus E (GPa) 63.0

Coefficient of thermal expansion α (1/K) 0.9e−6

Density of piezoelectric material ρ (Kg/m3) 7600

Poisson ratio v 0.3

Thermal conductivity kp (W/mK) 2.1

Dielectric piezoelectric constant d31 (m/V) 2.54e−10

(� ) is taken in the analysis while, for the COV results,
SD/mean, ω2 is taken in the analysis.

The following TD material properties of FGM
beam is given by [40]

P = P0
(
P−1T

−1 + 1 + P1T + P2T
2 + P3T

3)
where P0, P−1, P1, P2 and P3 are given in Table 1.

The value of temperature T given in above expres-
sion is taken as 300 K for whole of the analysis.

For temperature independent (TID), the values of
P−1,P1,P2 and P3 are assumed as zero.

The material properties of surface bonded piezo-
electric layer are expressed in Table 2.

6.1 Convergence and validation study of
deterministic and probabilistic approach

To make certain, the accuracy and proficiency of the
present FEM formulation, six test examples have been
examined for linear and nonlinear deterministic and
random free vibration response of the FGM beam with
and without surface bonded piezoelectric layers.

Table 3 Convergence and validation study of different number
of terms for Al-Alumina, rectangular FGM beam for clamped–
clamped boundary condition having L/h = 5 & n = 1

Number of terms Fundamental frequency

Present (HSDT) Simsek (PSDBTR) [15]

8 7.9876 8.00204

10 7.9601 7.96980

12 7.9466 7.95632

16 7.9323 7.94668

20 7.9240 –

24 7.9185 –

30 7.9131 –

Example 1 The convergence study of present fi-
nite element formulation is performed with vari-
ous number of terms of displacement functions for
rectangular Al/Al2O3 clamped-clamped supported
beam of slenderness ratio (L/h) = 5 and volume
fraction exponent (n) = 1. The present results us-
ing C0 FEM with HSDT is compared with those
given by Simsek [15] using higher shear deforma-
tion beam theory as shown in Table 3. It is evi-
dent from the table that the present finite element
result is converged for total element number 30.
Therefore, 30 element numbers are used for further
computation of the results as mentioned earlier. It
is observed that present results are in good agree-
ments with the available results in terms of accu-
racy.

Example 2 The first three dimensionless frequencies
of functionally graded (FG) beam by various theo-
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Table 4 Validation study for effect of length to thickness ratio (L/h) with volume fraction index (n) on the first three nondimensional
fundamental frequencies � of the simply supported Al-Alumina FGM beam

L/h Mode Author (theory) n

0 0.5 1 2 5 10

5 1 Present (HSDT) 5.3786 4.7330 4.4425 4.1799 3.8611 3.5954

Presenta (HSDT) 5.1918 4.4425 4.0254 3.6576 3.4233 3.2992

Nguyen et al. (FSBT) [48] 5.3778 4.6051 4.1699 3.7828 3.5418 3.4179

Nguyen et al.a (FSBT) [48] 5.1525 4.4075 3.9902 3.6344 3.4312 3.3175

Thai & Voa (TBT) [16] 5.1527 4.4107 3.9904 3.6264 3.4012 3.2816

2 Present (HSDT) 18.5178 15.9200 14.3021 12.7706 11.6477 11.2091

Presenta (HSDT) 18.0834 15.6919 14.2427 12.8314 11.6126 11.0454

Nguyen et al. (FSBT) [48] 18.5019 16.0161 14.5160 13.0562 11.8698 11.3436

Nguyen et al.a (FSBT) [48] 17.8711 15.4250 14.0030 12.7120 11.8157 11.3073

Thai & Voa (TBT) [16] 17.8812 15.4588 14.0100 12.6405 11.5431 11.0246

3 Present (HSDT) 35.1827 30.7309 27.9259 25.0423 22.2690 21.0420

Presenta (HSDT) 34.2451 30.0932 27.3992 24.5164 21.5886 20.3196

Nguyen et al. (FSBT) [48] 35.0951 30.6771 27.8565 24.8641 22.0568 20.9045

Nguyen et al.a (FSBT) [48] 34.1449 29.7146 27.0525 24.4970 22.4642 21.3219

Thai & Voa (TBT) [16] 34.2097 29.8382 27.0979 24.3152 21.7158 20.5561

20 1 Present (HSDT) 5.7232 5.0190 4.7194 4.4736 4.1986 3.9178

Presenta (HSDT) 5.4648 4.6552 4.2089 3.8396 3.6514 3.5415

Nguyen et al. (FSBT) [48] 5.7222 4.8738 4.4069 4.0199 3.8228 3.7081

Nguyen et al.a (FSBT) [48] 5.4603 4.6504 4.2051 3.8368 3.6509 3.5416

Thai & Voa (TBT) [16] 5.4603 4.6511 4.2051 3.8361 3.6485 3.5389

2 Present (HSDT) 22.6025 19.2688 17.4122 15.8558 15.0242 14.5636

Presenta (HSDT) 21.6399 18.4579 16.6926 15.2148 14.4175 13.9631

Nguyen et al. (FSBT) [48] 22.5873 19.2616 17.4189 15.8723 15.0404 14.5721

Nguyen et al.a (FSBT) [48] 21.5732 18.3912 16.6344 15.1715 14.4110 13.9653

Thai & Voa (TBT) [16] 21.5732 18.3962 16.6344 15.1619 14.3746 13.9263

3 Present (HSDT) 49.8333 42.7145 38.8064 35.4777 33.3737 32.1128

Presenta (HSDT) 47.8950 40.9368 37.0375 33.7118 31.7664 30.6940

Nguyen et al. (FSBT) [48] 49.7603 42.5121 38.4544 34.9818 32.9705 31.8869

Nguyen et al.a (FSBT) [48] 47.5921 40.6335 36.7673 33.5135 31.7473 30.7176

Thai & Voa (TBT) [16] 47.5930 40.6526 36.7679 33.4689 31.5780 30.5369

aThis item indicates the solution without Poisson’s ratio

ries for different value of volume fraction exponent
(n), length to thickness ratios (L/h) have been ex-
amined in Table 4 and compared with Thai and Vo
[16] and Nguyen et al. [48]. It can be seen that all
the shear deformation beam theories give the ap-
proximate same frequency but CBT give low fre-
quencies due to the effect of shear deformation and

rotary inertia. Again good agreements between the
results are accomplished for different L/h ratios
and n. The results are also compared with Nguyen
et al. [48] by taking the effect of with and with-
out poison’s ratio. It is observed that the effect of
poison’s ratio tends to increase the fundamental fre-
quency.
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Fig. 6 Schematic diagram of first four natural frequency mode shape of FGM beam

The first four mode of linear free vibration of FGM
beam with different L/h ratios and n are plotted and
shown in Fig. 6.

Example 3 The dimensionless natural frequencies for
FG beam with n = 0.3 in different boundary con-
ditions (BC) with different length to thickness ratio
(L/h) are compared with Sina et al. [11], Simsek
[15] and Wattanasakulpong et al. [17] and shown in
Table 5. It is observed that the present fundamen-
tal frequency results are in good agreement with the
published results for various boundary conditions and
length to thickness ratio (L/h). The deviation in the

results can be occurred due to the higher order terms
used in present analysis.

Example 4 Table 6 presents the effect of vibration am-
plitude, i = Wmax/

√
I/A (where I is the moment of

inertia and A is the area of cross section) on the nonlin-
ear frequency ratio (ωnl/ωl) of isotropic homogenous
clamped-clamped FGM beam with n = 0, L/h = 20
and h = 100 mm. It is observed that the present re-
sults are in good agreement with the published results
of Fu and Wang [22], Ke et al. [6], and Shooshtari
and Rafiee [7]. The percentage difference is within the
range of 2 % when compared with published literature
of Ke et al. [6].
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Table 5 Validation study for effect of different boundary condition (BC) with length to thickness ratio (L/h) on dimensionless

fundamental frequency � = ωL2
√

I0

h2
∫ h/2
−h/2 E(z)dz

of Al/Al2O3 FGM beam with n = 0.3

BC Author & source L/h = 10 L/h = 30 L/h = 100

SS Present (HSDT) 2.821 2.852 2.856

Wattanasakulpong et al. (TSDT) [17] 2.803 2.845 2.850

Sina et al. (FSDT1) [11] 2.774 2.813 2.817

Simsek (ASDBT) [15] 2.702 2.738 2.742

CS Present (HSDT) 0.998 1.003 1.004

Wattanasakulpong et al. (TSDT) [17] 1.008 1.015 1.016

Sina et al (FSDT1) [11] 0.996 1.003 1.003

Simsek (ASDBT) [15] 0.970 0.976 0.977

CC Present (HSDT) 6.052 6.356 6.398

Wattanasakulpong et al. (TSDT) [17] 6.078 6.416 6.459

Sina et al (FSDT1) [11] 6.013 6.343 6.384

Simsek (ASDBT) [15] 5.884 6.177 6.214

Table 6 Validation study for effect of vibration amplitude (Wmax/h) on the nonlinear frequency ratio (ωnl/ωl ) of isotropic homoge-
nous clamped-clamped FGM beam with different initial condition having n = 0, L/h = 20 and h = 100 mm

a 0.5 1 2 3 4 5

Present 1.0054 1.0214 1.0834 1.1803 1.3049 1.4498

Ke et al. [6] 1.0056 1.0222 1.0857 1.1831 1.3064 1.4488

Fu et al. [22] 1.0058 1.0231 1.0892 1.1902 1.3178 1.4647

Shooshtari and Rafiee [7] 1.0076 1.0252 1.0899 1.1885 1.3140 1.4597

Error % −0.019 −0.078 −0.211 −0.236 −0.114 0.069

Note: Error(%) = (Present−Ke et al. [6])
Ke et al. [6] × 100

Example 5 In this example, the effects of temperature
on the top surface (Tt ) and applied voltage (V ) with
volume fraction (n) on the dimensionless fundamen-
tal frequency of CC supported SUS304-Si3N4 FGM
beam with surface bonded piezoelectric layers sub-
jected to thermo-piezoelectric loads with TID and TD
material properties are presented in Table 7 and com-
pared with Fu et al [22]. It can be observed that the
dimensionless mean fundamental frequency with TD
material properties is small than TID material prop-
erties. It means that TID material properties overesti-
mate the stiffness of structure. It is also concluded that
dimensionless frequency of piezoelectric FGM beam
decreases as temperature of top surface temperature
increases. The mean fundamental frequency decreases
when positive applied voltage and increases when neg-

ative applied voltage. It is due to fact that axial com-
pressive and tensile force would be generated in the
beam by the positive and negative voltage.

Example 6 The validation study of COV of nonlinear
free vibration response of CC SUS304/Si3N4 FGM
beam for different L/h ratios with random material
properties, bi (i = 1, . . . ,7) varying from 0 to 20 %
from their mean values are compared with indepen-
dent MCS due to not availability of probabilistic re-
sults in the literature as shown in Fig. 7. For the
MCS approach, the sample values are generated in
MATLAB environment to fit the desired mean and
SD of the response using Gaussian probabilistic dis-
tribution function (GPDF). The convergence of MCS
results are examined by generating the different sets
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Table 7 Validation study for effects of temperature on the top surface (Tt ) and applied voltage (V ) with volume fraction exponent
(n) on the dimensionless mean fundamental frequency of the clamped-clamped SUS304-Si3N4 FGM beam with surface bonded
piezoelectric layers subjected to thermo-piezoelectric load with TID/TD material properties

Tt V Author Si3N4 n = 0.5 n = 1 n = 2 n = 5 SUS304

400 200 Present 0.21287/0.21098 0.16665/0.16533 0.15145/0.15033 0.13963/0.13864 0.12962/0.12874 0.11751/0.11682

Fu et al.
[22]

0.21585/0.21584 0.16681/0.16593 0.15077/0.15001 0.13842/0.13774 0.12798/0.12736 0.11433/0.11384

0 Present 0.21390/0.21203 0.16758/0.16628 0.15236/0.15124 0.14052/0.13954 0.13050/0.12963 0.11840/0.11772

Fu et al.
[22]

0.21589/0.21589 0.16685/0.16597 0.15081/0.15005 0.13846/0.13778 0.12802/0.12740 0.11437/0.11387

−200 Present 0.21472/0.21286 0.16830/0.16701 0.15304/0.15193 0.14117/0.14020 0.13113/0.13027 0.11302/0.11835

Fu et al.
[22]

0.21594/0.21593 0.16689/0.16601 0.15085/0.15009 0.13850/0.13782 0.12806/0.12744 0.11441/0.11391

500 200 Present 0.21215/0.20791 0.16575/0.16243 0.15047/0.14747 0.13857/0.13582 0.12846/0.12593 0.11622/0.11395

Fu et al.
[22]

0.20883/0.20602 0.15975/0.15755 0.14370/0.14173 0.13135/0.12952 0.12086/0.11912 0.10517/0.10683

0 Present 0.21209/0.20867 0.16638/0.16317 0.15111/0.14822 0.13923/0.13658 0.12915/0.12673 0.11697/0.11480

Fu et al.
[22]

0.20888/0.20607 0.15976/0.15760 0.14374/0.14177 0.13139/0.12956 0.12090/0.11916 0.10683/0.10521

−200 Present 0.21335/0.20932 0.16691/0.16379 0.15165/0.14883 0.13977/0.13720 0.12971/0.12735 0.11756/0.11545

Fu et al.
[22]

0.20893/0.20612 0.15984/0.15764 0.14378/0.14182 0.13143/0.12960 0.12094/0.11920 0.10687/0.10525

Fig. 7 Validation study of present DISFEM results from independent MCS for nonlinear free vibration response of piezoelectric FGM
beam with CC support condition for random change in material properties {bi , (i = 1–7)} keeping others as deterministic

of random number generation to represent the ma-
terial uncertainties which are given as input to the
present deterministic and statistic of response are cal-

culated by collecting again a sets of random num-
ber generation which shows the statistic of sample
of response. From the convergence study, it is expe-
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Table 8 Effects of individual random variables {bi, (i = 1 to 12) = 0.10}, volume fraction exponent, uniform and non-uniform
temperature distribution on the dimensionless mean and COV of nonlinear fundamental frequency of the clamped–clamped SUS304-
Si3N4 FGM beam with surface bonded piezoelectric layers with TD and TID material properties, L/h = 15, 
T = 200 K, V = 0,
Wmax/h = 1

bi n Non-uniform temperature distribution Uniform temperature distribution

TID, COV TD, COV TID, COV TD, COV

b1 = Ec 0.5 0.0672 (0.3113) 0.0721 (0.3031) 0.0647 (0.3142) 0.0674 (0.3080)

5.0 0.0293 (0.2311) 0.0325 (0.2243) 0.0271 (0.2354) 0.0282 (0.2307)

b2 = υc 0.5 0.0077 0.0078 0.0076 0.0076

5.0 0.0041 0.0043 0.0038 0.0038

b3 = Em 0.5 0.0283 0.0293 0.0274 0.0273

5.0 0.0711 0.0773 0.0642 0.0643

b4 = υm 0.5 0.0049 0.0050 0.0048 0.0048

5.0 0.0106 0.0106 0.0105 0.0105

b5 = n 0.5 0.0332 0.0336 0.0328 0.0329

5.0 0.0163 0.0169 0.0157 0.0158

b6 = ρc 0.5 0.0290 0.0290 0.0290 0.0290

5.0 0.0047 0.0047 0.0047 0.0047

b7 = ρm 0.5 0.0499 0.0499 0.0499 0.0499

5.0 0.0815 0.0815 0.0815 0.0815

b8 = Ep 0.5 0.0095 0.0104 0.0092 0.0096

5.0 0.0116 0.0132 0.0105 0.0110

b9 = νp 0.5 0.0017 0.0019 0.0016 0.0017

5.0 0.0021 0.0023 0.0019 0.0020

b10 = ρp 0.5 0.0211 0.0211 0.0211 0.0211

5.0 0.0138 0.0138 0.0138 0.0138

b11 = αc 0.5 0.0123 0.0141 0.0122 0.0140

5.0 0.0034 0.0038 0.0033 0.0037

b12 = αm 0.5 0.0115 0.0130 0.0114 0.0129

5.0 0.0281 0.0318 0.0277 0.0312

Note: The value shown in bracket represents nonlinear dimensionless fundamental frequency

rience that 8,000 samples are sufficient to simulate
the results of desired response. From the figure, it is
observed that the present results using DISFEM are
very good agreement with the independence MCS ap-
proach for different L/h ratios. The percentage differ-
ence between the DISFEM and independent MCS is
up to 5 %. However, MCS is more general approach,
but it requires more computation times and some-
time suffers from computation inefficiency. Keeping
in mind the limitation of MCS, it is used for valida-
tion purpose. These four comparison studies with dif-
ferent (L/h) ratios show that the present DISFEM re-
sult matches very well with the independent MCS ap-
proach.

In the present parametric study, the material prop-
erties of FGM beam and surface bonded piezoelectric
layers has shown in Tables 1 and 2 and the dimen-
sionless linear and nonlinear natural frequency is de-
fined as � = ωnlL

√
ρc/Ec(300 K) (unless otherwise

stated).

6.2 Parametric study for second order statistic
of nonlinear free vibration response

Table 8 examines the effect of individual random vari-
ables {bi, (i = 1 to 12) = 0.10}, volume fraction ex-
ponent (n), uniform and non-uniform temperature dis-
tribution on the dimensionless mean and COV of non-
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Table 9 Effect of slenderness ratio (L/h), volume fraction exponent and effect of piezoelectric layer on the dimensionless mean and
COV of linear fundamental frequency of clamped-clamped SUS304-Si3N4 FGM beam with TID material properties

L/h n Fundamental frequency

Without piezo With piezo at top and bottom With piezo at top With piezo at bottom

15 0.5 0.3901 0.4121 0.4208 0.4222

(0.1065)a (0.1007)a (0.1067)a (0.1064)a

(0.0068)b (0.0168)b (0.0169)b

2 0.3145 0.3336 0.3360 0.3376

(0.1109)a (0.1066)a (0.1125)a (0.1115)a

(0.0074)b (0.0122)b (0.0125)b

5 0.2876 0.3054 0.3065 0.3077

(0.1163)a (0.1122)a (0.1180)a (0.1169)a

(0.0077)b (0.0108)b (0.0111)b

10 0.2751 0.2926 0.2932 0.2940

(0.1209)a (0.1166)a (0.1223)a (0.1213)a

(0.0079)b (0.0104)b (0.0106)b

25 0.5 0.1488 0.1677 0.1729 0.1744

(0.0987)a (0.0857)a (0.0980)a (0.0972)a

(0.0183)b (0.0374)b (0.0377)b

2 0.1236 0.1406 0.1410 0.1429

(0.1029)a (0.0921)a (0.1053)a (0.1025)a

(0.0198)b (0.0281)b (0.0289)b

5 0.1143 0.1306 0.1300 0.1313

(0.1083)a (0.0974)a (0.1104)a (0.1077)a

(0.0204)b (0.0254)b (0.0261)b

10 0.1097 0.1256 0.1248 0.1257

(0.1129)a (0.1013)a (0.1143)a (0.1120)a

(0.0210)b (0.0254)b (0.0251)b

40 0.5 0.0861 0.1041 0.1071 0.1085

(0.0939)a (0.0735)a (0.0903)a (0.0891)a

(0.0292)b (0.0543)b (0.0549)b

2 0.0729 0.0895 0.0887 0.0905

(0.0972)a (0.0801)a (0.986)a (0.0844)a

(0.0313)b (0.0421)b (0.0434)b

5 0.0679 0.0839 0.0823 0.0837

(0.1025)a (0.0852)a (0.1037)a (0.0996)a

(0.0322)b (0.0385)b (0.0396)b

10 0.0653 0.0812 0.0794 0.0803

(0.1073)a (0.0887)a (0.1073)a (0.1038)a

(0.0330)b (0.0373)b (0.0381)b

Note: aRepresents COV {bi , (i = 1 to 7) = 0.10}. bRepresents COV {bi, (i = 8 to 10) = 0.10}
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Table 10 Effects of material properties (SUS304/Si3N4 and ZrO2/Ti–6Al–4V) with thermal loading (
T ), volume fraction
index (n), amplitude ratio (Wmax/h) and non-uniform temperature distribution with variation of random material properties
{bi , (i = (1, . . . ,10) and (11,12)) = 0.1} on the dimensionless mean and COV of nonlinear fundamental frequency of the CC FGM
beam with surface bonded piezoelectric layers with TD and TID material properties, L/h = 20, V = 0

Type of materials 
T (K) n Wmax/h Non-uniform temperature distribution

TID TD

Mean COV Mean COV

bi (i = 1, . . . ,10) bi (i = 11,12) bi (i = 1, . . . ,10) bi (i = 11,12)

SUS304-Si3N4 100 0.2 0.5 0.2403 0.1199 0.0269 0.2365 0.1260 0.0287

1.0 0.2616 0.1139 0.0221 0.2576 0.1193 0.0236

5.0 0.5 0.1602 0.1622 0.0466 0.1577 0.1714 0.0499

1.0 0.1738 0.1489 0.0386 0.1711 0.1567 0.0413

200 0.2 0.5 0.2394 0.1279 0.0337 0.2314 0.1435 0.0385

1.0 0.2607 0.1198 0.0227 0.2523 0.1338 0.0316

5.0 0.5 0.1580 0.1786 0.0593 0.1497 0.2139 0.0688

1.0 0.1715 0.1626 0.0490 0.1629 0.1944 0.0568

ZrO2–Ti–6Al–4V 100 0.2 0.5 0.2082 0.1485 0.0378 0.2020 0.1549 0.0391

1.0 0.2257 0.1350 0.0314 0.2185 0.1396 0.0325

5.0 0.5 0.1750 0.1039 0.0208 0.1712 0.1021 0.0226

1.0 0.1882 0.0954 0.0175 0.1840 0.0960 0.0211

200 0.2 0.5 0.2066 0.1552 0.0477 0.1963 0.1621 0.0493

1.0 0.2240 0.1404 0.0395 0.2121 0.1458 0.0417

5.0 0.5 0.1742 0.1048 0.0261 0.1674 0.1032 0.0273

1.0 0.1876 0.0961 0.0220 0.1798 0.0969 0.0259

linear fundamental frequency of the simply supported
SUS304-Si3N4 piezoelectric FGM beam with TD and
TID material properties, L/h = 15, and 
T = 200 K.
It is observed that nonlinear fundamental frequency
are more affected by random change in material prop-
erties of Ec, Em, ρm and n. The strict control of these
random parameters is, therefore, required if high relia-
bility of FGM beam is desired. It is also observed that
TD material properties are more sensitive than TID
properties with random change in Ec, Em, n, Ep . It
is because of temperature increments makes the stiff-
ness of the beam lower. It is also examined that with
increase the n, the COV of individual material prop-
erties decreases with random change in Ec, νc , αc ,
ρc, ρp and n while increases in Em, Epαm, νm, νp

and ρm. It is because of more volume of metal portion
is involved and affect the effective material properties
of FGM beam. It can be also noticed that the dimen-
sionless fundamental frequency of beam is less sen-
sitive and COV of nonlinear fundamental frequency
is more sensitive in non-uniform temperature distribu-

tion as compared to uniform temperature distribution
subjected to TD and TID material properties.

Table 9 examines the effect of slenderness ratio
(L/h), volume fraction exponent (n) and effect of
piezoelectric layer with random material properties
{bi, (i = (1, . . . ,7) and (8, . . . ,10)) = 0.1} on the di-
mensionless mean and COV of fundamental frequency
of clamped-clamped SUS304-Si3N4 FGM beam with
TID material properties. It is observed that the mean
fundamental frequency and corresponding COV de-
creases with increasing the L/h ratio at the same vol-
ume fraction exponent and with and without consider-
ing piezoelectric layer. It is because of increasing the
L/h ratio, the beam becomes thin and ultimately stiff-
ness of the beam decreases. It is also observed that
with the increase of n the mean fundamental frequency
decreases. However, COV increases for n = 0.5 and 2
and again increases when n is greater than 2. It is be-
cause of increasing the value of n, volume of metal
part up to certain limit is increasing and ultimately
stiffness of the beam decreasing. It is also interest-
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ing to note that when piezoelectric layer is attached
at the top portion, bottom portion and both of the top
and bottom portions of the beam, there are significant
changed in dimensionless mean and COV of funda-
mental frequency. When the piezoelectric layers are
attached top position, the fundamental frequency and
corresponding COV {bi, (i = (1, . . . ,7)) = 0.1} is
highest while COV is lowest when piezoelectric layer
is attached at bottom and top and bottom of the beam.
It is because of piezoelectric layer senses the mean re-
sponse more accurately when it is placed at the top of
the beam while more sensitive to response dispersion,
when it attached at bottom or top and bottom of beam
subjected to random change in material properties. It is
also noticed that response dispersion is most sensitive
with higher value of ‘n’ when the piezoelectric layer
is attached at top of the beam.

The effect of material properties (SUS304/Si3N4

and ZrO2/Ti–6Al–4V) with thermal loading (
T ),
volume fraction exponent (n), amplitude ratio
(Wmax/h) and non-uniform temperature distribution
with variation of random material properties {bi, (i =
(1, . . . ,10) and (11,12)) = 0.1} on the dimension-
less mean and COV of nonlinear fundamental fre-
quency of the CC piezoelectric FGM beam with TD
and TID material properties, L/h = 20 is presented
in Table 10. It is observed that for the same n and

T , SUS304/Si3N4 materials beam shows higher di-
mensionless mean corresponding lower COV of fun-
damental frequency than ZrO2/Ti–6Al–4V materials
beam. The increase in the mean and decrease in COV
of fundamental frequency is due to higher value of
material stiffness are used. It is also observed that di-
mensionless mean and COV of nonlinear fundamental
frequency is less sensitive for n and 
T as compared
to ZrO2/Ti–6Al–4V. This is because of higher material
properties is used which increases the stiffness of the
plate.

Table 11 shows the effects of different random vari-
ables {bi, (i = 1 to 12) = 0.10} changing simultane-
ously with volume fraction exponent (n) on the COV
of the nonlinear frequency of the clamped FGM beam
attached surface bonded piezoelectric layer subjected
to thermal loading with TD and TID material prop-
erties, L/h = 20, 
T = 200 K, Wmax/h = 1. It is
observed that COV tends to be higher as more mate-
rial properties parameter are taken to be random in-
puts and is the maximum when all the material prop-
erties varies simultaneously [34]. It is worthy of noting

Table 11 Effects of different random variables {bi, (i =
1 to 12) = 0.10} changing simultaneously and volume frac-
tion exponent (n) on the dimensionless mean and COV of the
nonlinear frequency of the clamped-clamped surface bonded
piezoelectric FGM beam subjected to thermal loading with TD
and TID material properties, L/h = 20, 
T = 200 K, V = 0,
Wmax/h = 1

bi n Non-uniform temperature distribution

TID COV TD COV

i = 1 0.5 0.0675 (0.2304) 0.0792 (0.2224)

5.0 0.0324 (0.1715) 0.0430 (0.1629)

i = 1–2 0.5 0.0680 0.0797

5.0 0.0327 0.0434

i = 1–3 0.5 0.0737 0.0857

5.0 0.0859 0.1167

i = 1–4 0.5 0.0739 0.0858

5.0 0.0866 0.1172

i = 1–5 0.5 0.0804 0.0919

5.0 0.0882 0.1188

i = 1–6 0.5 0.0848 0.0958

5.0 0.0883 0.1189

i = 1–7 0.5 0.0968 0.1066

5.0 0.1178 0.1422

i = 1–8 0.5 0.0978 0.1078

5.0 0.1192 0.1445

i = 1–9 0.5 0.0978 0.1078

5.0 0.1192 0.1446

i = 1–10 0.5 0.1013 0.1110

5.0 0.1205 0.1456

i = 1–11 0.5 0.1158 0.1286

5.0 0.1220 0.1473

i = 1–12 0.5 0.1223 0.1364

5.0 0.1646 0.1869

that response dispersion lowers when n is increasing.
However, when more material properties changing si-
multaneously, the response dispersion increases with
increase the n.

The effects of various support conditions (namely,
SS, CC and CS), thermal loading (
T ), volume frac-
tion exponent (n), amplitude ratio (Wmax/h) and tem-
perature distribution with variation of random material
properties {bi, (i = (1, . . . ,10) and (11,12)) = 0.1}
on the dimensionless mean and COV of the nonlin-
ear fundamental frequency of the FGM beam with
surface bonded piezoelectric layers with TD and TID
material properties, L/h = 15 is examined in Ta-
ble 12. It is observed that dimensionless mean fun-
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Table 12 Effects of support boundary condition (BC) with thermal loading (
T ), volume fraction exponent (n), amplitude ratio
(Wmax/h) and non-uniform temperature distribution with variation of random material properties {bi, (i = (1, . . . ,10) and (11,12)) =
0.1} on the dimensionless mean and COV of the nonlinear fundamental frequency of the FGM beam with surface bonded piezoelectric
layers with TD and TID material properties, L/h = 15, V = 0

BC 
T (K) n Wmax/h Non-uniform temperature distribution

TD TID

Mean COV Mean COV

bi (i = 1, . . . ,10) bi (i = 11,12) bi (i = 1, . . . ,10) bi (i = 11,12)

SS 200 0.5 0.5 0.3168 0.1845 0.0358 0.3218 0.1819 0.0396

1.0 0.3556 0.1728 0.0277 0.3617 0.1703 0.0292

10 0.5 0.2465 0.1737 0.0623 0.1951 0.1880 0.0701

1.0 0.2113 0.1747 0.0441 0.2188 0.1821 0.0491

300 0.5 0.5 0.2874 0.1801 0.0418 0.2734 0.1717 0.0488

1.0 0.2874 0.1724 0.0319 0.3080 0.1654 0.0359

10 0.5 0.1751 0.1621 0.0737 0.1744 0.1612 0.0864

1.0 0.1973 0.1546 0.0517 0.1967 0.1535 0.0614

CC 200 0.5 0.5 0.2739 0.1009 0.0207 0.2716 0.1016 0.0235

1.0 0.3011 0.0931 0.0168 0.2985 0.0936 0.0191

10 0.5 0.1945 0.1177 0.0379 0.1936 0.1183 0.0431

1.0 0.2128 0.1105 0.0311 0.2118 0.1111 0.0351

300 0.5 0.5 0.2706 0.1025 0.0249 0.2710 0.1021 0.0301

1.0 0.2974 0.0945 0.0202 0.2979 0.0941 0.0244

10 0.5 0.1924 0.1202 0.0444 0.1925 0.1200 0.0563

1.0 0.2106 0.1129 0.0377 0.2106 0.1128 0.0463

CS 200 0.5 0.5 0.4462 0.1611 0.0219 0.4400 0.1638 0.0237

1.0 0.4827 0.1523 0.0184 0.4760 0.1550 0.0196

10 0.5 0.2770 0.1848 0.0358 0.2675 0.1811 0.0395

1.0 0.3573 0.1781 0.0289 0.2886 0.1781 0.0305

300 0.5 0.5 0.3885 0.1683 0.0253 0.4402 0.1649 0.0288

1.0 0.4200 0.1645 0.0208 0.4396 0.1650 0.0232

10 0.5 0.4200 0.1726 0.0430 0.2484 0.1664 0.0493

1.0 0.4200 0.1606 0.0335 0.2684 0.1625 0.0379

damental frequency is highest for the beam supported
with CS boundary condition while COV with random
change in material properties bi , (i = 1 . . . ,10) and bi,

(i = 11,12) is highest for the beam supported with
SS boundary condition. It is because of increased
boundary constraint increases the stiffness of the plate.
Therefore, tight control of SS supported beam is re-
quired for high reliability of the FGM beam.

Table 13 shows the effect of piezoelectric layers,
applied voltage (V ), volume fraction exponent (n) and
frequency modes with variation of random material
properties {bi, (i = (1, . . . ,10) and (11,12)) = 0.1}

on the dimensionless mean and COV of the nonlin-
ear natural frequency of the piezoelectric clamped
SUS304/Si3N4 FGM beam subjected to uniform and
nonuniform temperature distribution with TD material
properties, L/h = 15, Wmax/h = 1, 
T = 200 K. The
three different positions of surface bonded piezoelec-
tric layers on the FGM layer namely; (I) piezoelectric
layer at top and bottom, (II) piezoelectric layer at top
and (III) piezoelectric layer at bottom of the beam are
considered. It is observed that among the different po-
sition of piezoelectric layers, the dimensionless mean
natural frequency is highest while, corresponding
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Table 13 Effect of piezoelectric layers (I), (II), (III), applied voltage (V ), volume fraction exponent (n) and modes with variation of
random material properties {bi , (i = (1, . . . ,10) and (11,12)) = 0.1} on the COV of the nonlinear dimensionless natural frequency
of the clamped-clamped SUS304/Si3N4 FGM beam with surface bonded piezoelectric layers subjected to uniform and nonuniform
temperature distribution with TD material properties, L/h = 15, Wmax/h = 1. (I) piezolayer at top and bottom, (II) piezolayer at top
and (III) piezolayer at bottom of the plate. 
T = 200 K

Piezo-layers V n Mode Temperature distribution

Uniform Nonuniform

Mean COV Mean COV

bi (i = 1–10) bi (i = 11–12) bi (i = 1–10) bi (i = 11–12)

I −100 0.5 1 0.3083 0.1015 0.0190 0.3037 0.1056 0.0195

2 0.7706 0.1023 0.0153 0.7545 0.1060 0.0158

3 1.4076 0.1022 0.0158 1.3822 0.1057 0.0163

4 2.0077 0.1017 0.0182 2.0075 0.1053 0.0186

100 10 1 0.2210 0.1155 0.0345 0.2134 0.1306 0.0368

2 0.5522 0.1166 0.0281 0.5286 0.1304 0.0311

3 0.9998 0.1161 0.0310 0.9677 0.1287 0.0340

4 1.4067 0.1157 0.0341 1.4065 0.1284 0.0372

II −100 0.5 1 0.3014 0.1040 0.0198 0.2965 0.1092 0.0204

2 0.7935 0.1046 0.0159 0.7355 0.1093 0.0165

3 1.4103 0.1043 0.0177 1.3476 0.1088 0.0183

4 1.9913 0.1041 0.0184 1.9902 0.1084 0.0191

100 10 1 0.2149 0.1177 0.0364 0.2057 0.1413 0.0381

2 0.5643 0.1187 0.0302 0.5108 0.1400 0.0318

3 1.0021 0.1183 0.0327 0.9326 0.1369 0.0343

4 1.3917 0.1180 0.0350 1.3915 0.1358 0.0371

III −100 0.5 1 0.3002 0.1042 0.0200 0.2952 0.1094 0.0206

2 0.7493 0.1047 0.0160 0.7349 0.1096 0.0167

3 1.3683 0.1046 0.0166 1.3409 0.1089 0.0172

4 1.9906 0.1044 0.0182 1.9894 0.1087 0.0188

100 10 1 0.2142 0.1191 0.0366 0.2049 0.1436 0.0387

2 0.5345 0.1198 0.0297 0.5065 0.1421 0.0323

3 0.9673 0.1195 0.0329 0.9204 0.1390 0.0351

4 1.3913 0.1191 0.0346 1.3907 0.1380 0.0363

COV is lowest with random change in material proper-
ties {bi, (i = (1–10))} and random piezoelectric prop-
erties {bi, (i = (11–12))} for piezoelectric layer at-
tached as (I). It is because of piezoelectric layer in-
creases the stiffness of the beam. It is also noticed that
applied voltage decreases the dimensionless mean and
increases the COV of natural frequency with random
change in {bi, (i = (1–10))} and {bi, (i = (11–12))}.
It is because of applied voltage makes the stiffness of
beam lowers. It is also interesting that the dimension-
less mean natural frequency increases with increase

the frequency mode. However, no definite pattern ob-
served for COV with random change in all material
properties increases {bi, (i = (1–10))} and {bi, (i =
(11–12))}. However, it is expected that the dimension-
less mean natural frequency is higher and correspond-
ing COV is lower for uniform temperature distribu-
tion as compared to non-uniform temperature distri-
bution.

Figure 8 shows probability density function (PDF)
of the linear and nonlinear dimensionless fundamen-
tal frequency with change in volume fraction expo-
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Fig. 8 Probability density function of the linear and nonlinear dimensionless fundamental frequency with change in volume fraction
exponents for a clamped–clamped SUS304-Si3N4 FGM beam with surface bonded piezoelectric layers having TID material properties,
L/h = 15, 
T = 200 K and COC = 10 % of random input variables for (a) Convergence study at various samples (b) Random change
in Ec (c) Random change in Em (d) Random change in ρm

nents for a clamped–clamped SUS304-Si3N4 FGM
beam with surface bonded piezoelectric layers having
TID material properties, L/h = 15, 
T = 200 K and
COC = 10 % of random input variables using Gaus-
sian distribution for (a) Convergence study at various
samples (b) Random change in Ec (c) Random change
in Em (d) Random change in ρm. The convergence
study has been carried out for the probability density
function with various samples size for random change

in Ec using Monte Carlo sampling. On the basis of
convergence study conducted, 10000 samples size is
taken into consideration for the computation of results.

It is observed from Fig. 8(b) that as the volume
fraction exponent increases the dispersion in PDF of
dimensionless fundamental frequency decreases with
respect to random change in Ec. Also, it is observed
from Fig. 8(c) and 8(d) that as the volume fraction ex-
ponent increases the dispersion in PDF of dimension-
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less fundamental frequency increases with respect to
random change in Em and ρm.

7 Conclusions

A C0 nonlinear FEM using direct iterative procedure
in conjunction with FOPT has been presented to ob-
tain the dimensionless mean and COV of nonlinear
natural frequency of rectangular FGMs beam with sur-
face bonded piezoelectric layers subjected to thermo-
piezoelectric loadings with random material properties
in the framework of HSDT via von-Karman nonlinear-
ity. From the limited study, the following conclusion
can be drawn.

For a given boundary conditions and loadings, the
dimensionless mean nonlinear fundamental frequency
is lower and corresponding COV is higher for metal
rich beam as compared to ceramic rich beam. The di-
mensionless mean fundamental frequency decreases
as the volume fraction exponent increases. However,
COV of nonlinear fundamental frequency does not fol-
low the defined path. Among the different random sys-
tem properties studied, the elastic modulus, volume
fraction exponent, density of metal and ceramic have
dominant effects on the COV of nonlinear fundamen-
tal frequency as compared to other system properties
subjected to uniform and nonuniform change in tem-
perature with TID and TD properties. The tight control
of these parameters are required if high reliability of
the FGM structure is desired. The mean fundamental
frequency decreases with increasing the slenderness
ratio for both of metal and ceramic rich beam. How-
ever, COV decreases with increasing the slenderness
ratio for ceramic to metal rich beam. Similar trend is
observed for the beam with surface bonded piezoelec-
tric layers attached on top and bottom and top of beam.
However, COV increases with increase the volume
fraction exponent and length to thickness ratio for ran-
dom change in random piezoelectric properties. It is
also interesting to note that among the three cases con-
sidered, the mean fundamental frequency and corre-
sponding COV is most sensitive for beam with surface
bonded piezoelectric layer attached at top position.
The CC supported beam shows highest dimensionless
mean and lowest COV of fundamental nonlinear fre-
quency as compared other supported beam. The mean
fundamental frequency of FGM bean with surface
bonded piezoelectric layers decreases and correspond-
ing COV increases when positive applied piezoelectric

voltage increases. The COV of fundamental frequency
of beam subjected to thermal loading with TD and TID
material properties increases with increase the random
input parameters taking simultaneously. In general, an
increase in frequency mode, the dimensionless mean
natural frequency of FGM beam with surface bonded
piezoelectric layers increases and corresponding COV
decreases. The dispersion due thermal exponential co-
efficients, density of respective FGM beam and sur-
face bonded piezoelectric layers is quite significant. It
is not desirable to ignore the randomness in the system
properties for a reliable design.

The efficacy of present approach has been verified
using PDF assuming Gaussian and the results shown
by probabilistic finite element method (perturbation
technique) are in perfect agreement with the Monte
Carlo sampling.

Appendix

NT
0 = [

NT
x MT

x P T
x

]

=
∫ h/2

−h/2

(
1, z, z3)(Q11)α
T dz (56)

NV
0 = [

NV
x MV

x P V
x

]

=
Na∑
k=1

∫ Zk+1

Zk

(
1, z, z3)d11

(
Qa

11

)Vp

hp

dz (57)

[N ] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

N1 0
−C2z

3 ∂N3
∂x

N3

−C2z
3 ∂N4

∂x
N4

(z − C2z
3)N1 0

N2 0
−C2z

3 ∂N5
∂x

N5

−C2z
3 ∂N6

∂x
N6

(z − C2z
3)N2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(58)

[M] =

⎡
⎢⎢⎣

pe1 q2e2 q2e2 q1e1

q2e1 I2e3 + pe4 I2e3 + pe4 I3e2

q2e1 I2e3 + pe4 I2e3 + pe4 I3e2

q1e1 I3e2 I3e2 I1e1

⎤
⎥⎥⎦

e1 =
∫ l

0
NT Ndx =

[
l/3 l/6
l/6 l/3

]

e2 =
∫ l

0
NT N̄xdx =

[−1/2 l/12 1/2 −l/12
−1/2 −l/12 1/2 l/12

]
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e3 =
∫ l

0
N̄T

x N̄xdx

=

⎡
⎢⎢⎣

6/5l 1/10 −6/5l 1/10
1/10 2l/15 −1/10 −l/30
−6/5l −1/10 6/5l −1/10
1/10 −l/30 −1/10 2l/15

⎤
⎥⎥⎦

e4 =
∫ l

0
N̄T N̄dx

=

⎡
⎢⎢⎣

13l/35 11l2/210 9l/70 −13l2/420
11l2/210 l3/105 13l2/420 −l3/140

9l/70 13l2/420 13l/35 −11l2/210
−13l2/420 −l3/140 −11l2/210 l3/105

⎤
⎥⎥⎦

N = [
N1 N2

]
N̄x = [

N3 N4 N5 N6
]

(p, q1, q2, I1, I2, I3)

=
∫ −h/2

h/2

(
ρc − ρm

)(
1, f1(z), f2(z), f

2
1 (z),

f 2
2 (z), f1(z) ∗ f2(z)

)
dz

p = h

(
ρm + (

ρc − ρm
)[ 1

n + 1

])

q1 = h2C1
(
ρc − ρm

)[ 1

n + 2
− 1

2(n + 1)

]

− C2h
4(ρc − ρm

)[ 1

n + 4
− 3

2(n + 3)

+ 3

4(n + 2)
− 1

8(n + 1)

]

q2 = −C4h
4(ρc − ρm

)[ 1

n + 4
− 3

2(n + 3)

+ 3

4(n + 2)
− 1

8(n + 1)

]
(59)

I1 = C2
1h3

{(
ρc − ρm

)[ 1

n + 3
− 1

n + 2
+ 1

4(n + 1)

]}

+ C2
1ρmh3

12
+ C2

2h7
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)[ 1

n + 7
− 3

n + 6

+ 15
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− 5

2(n + 4)
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16(n + 3)

− 3
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+ 1
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]}
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2h7ρm
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5ρm
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