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Abstract This work is related to the flow of an
electro-conducting Newtonian fluid presenting ther-
moelectric properties in the presence of magnetic field.
The flow is considered to be governed an incom-
pressible viscous fluid. The electro-conducting ther-
mofluid equation heat transfer with one relaxation
time is derived. The state space formulation developed
in Ezzat (Can. J. Phys. Rev. 86:1242–1450, 2008) or
one-dimensional problems is introduced. The Laplace
transform technique is used. The resulting formulation
is applied to a thermal shock problem; that is, a prob-
lem of a layer media and a problem for the infinite
space in the presence of heat sources. A numerical
method is employed for the inversion of the Laplace
transforms. Numerical results are given and illustrated
graphically for each problem. The effects of thermoe-
lastic properties on the thermofluid flow are studied.
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Nomenclature
(x, y, z) Space coordinates
q Velocity vector
H Magnetic field intensity vector
B Magnetic induction vector
E Electric field vector
J Conduction electric density vector
u Velocity of the fluid along the x-direction
U Velocity of the plate
ρ Density
t Time
Pr Prandtl number
M Magnetic field parameter
T Temperature
Q Intensity of heat source
S Seebeck coefficient
Π Peltier coefficient
Ho Constant component of magnetic field
σo Electrical conductivity
μo Magnetic permeability
κ Thermal conductivity
μ Dynamic viscosity
υ = μ/ρ Kinematics viscosity
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1 Introduction

Thermoelectric currents in the presence of magnetic
fields can cause pumping or stirring of liquid-metal
coolants in nuclear reactors or stirring of molten
metal in industrial metallurgy. The interaction between
the thermal and MHD fields is a mutual one owing
to alterations in the thermal convection and to the
Peltier and Thomson effects (although these are usu-
ally small) [2].

During the 1990s there was a heightened interest in
the field of thermoelectrics driven by the need for more
efficient materials for electronic refrigeration and
power generation [3]. Proposed industrial and military
applications of thermoelectric materials are generat-
ing an increasing activity in this field by demanding
a higher performance, near room-temperature thermo-
electric materials than those presently in use.

A direct conversion between electricity and heat
by using thermoelectric materials has attracted much
attention because of their potential applications in
Peltier coolers and thermoelectric power generators
[4]. Thermoelectric devices have many attractive fea-
tures compared with the conventional fluid-based re-
frigerators and power generation technologies, such
as long life, unmoving parts, no noise, easy mainte-
nance and high reliability. However, their use has been
limited by the relatively low performance of present
thermoelectric materials. The efficiency of a thermo-
electric material is related to the so-called dimension-
less thermoelectric figure-of-merit ZT . The thermo-
electric figure of merit provides a measure of the qual-
ity of such materials for applications and is defined
in [5]:

ZT = σoS
2

κ
T , (1)

where S is the Seebeck coefficient, σo the electri-
cal conductivity, T the absolute temperature, and κ is
the thermal conductivity. The best thermoelectric ma-
terials that are currently in devices have a value of
ZT ≈ 1. This value, ZT ≈ 1, has been a practical upper
limit since the 1970s, yet no theoretical or thermody-
namic reason exists for a ZT ≈ 1, as an upper barrier.
A good thermoelectric material has a high ZT value at
the operating temperature. Materials with ZT > 1 are
expected to be competitive against other methods of
refrigeration and electric power generation. Bismuth
telluride based alloys showing ZT values of approxi-
mately 1.0 at room temperature [6] have been known

as the best thermoelectric materials currently available
for a Peltier cooling device. In fact, a conventional
thermal analysis, taking the Fourier’s conduction heat
transfer, the Joule’s heating, and sometimes the radi-
ation and convection heat transfer between the ther-
moelectric element and the ambient gas into consider-
ation [7], shows that thermoelectric arterials are esti-
mated by their ZT values (figure-of-merit). The com-
monly known thermoelectric materials have ZT values
between 0.6 and 1.0 at room temperature. It is believed
that practical applications could be many more if ma-
terials with ZT values greater than 3 could be devel-
oped. Various efforts [8–10] have been made to de-
velop materials with higher ZT values. Recently, some
exciting results have been reported at the material re-
search society meetings for ZT ≥ 2 in use of some low-
dimensional materials such as quantum wells, quan-
tum wires, quantum dots, and superlattice structures
[11, 12]. The increase in the ZT values is explained
by the belief that reduced dimensionality changes the
band structures (enhances the density of states near the
Fermi energy), modifies the phonon dispersion rela-
tion, and increases the interface scattering of phonons.
Consequently, the electric resistance and the lattice
thermal conductivity [13] are both reduced, partic-
ularly the latter. In labs, thin-film/superlattices ther-
moelectric devices with very small dimensions have
been fabricated using microelectronics technology and
quantum wires are in the process of fabricating. The
Seebeck coefficient is very low for metals (only a few
mV K−1) and much larger for semiconductors (typi-
cally a few 100 mV K−1).

A related effect (the Peltier effect) was discovered a
few years later by Peltier, who observed that if an elec-
trical current is passed through the junction of two dis-
similar materials, heat is either absorbed or rejected at
the junction depending on the direction of the current.
This effect is due to the difference in Fermi energies
between the two materials. The absolute temperature
T , the Seebeck coefficient S and the Peltier coefficient
Π are related by the first Thomson relation as in [14]:

Π = ST . (2)

Stokes in 1851 and again Rayleigh in 1911 have dis-
cussed the fluid motion above the plate independently
taking the fluid to be Newtonian [15]. In the litera-
ture this problem is referred to as Stokes’ first prob-
lem. Subsequently, Tanner [16] considered the above
problem with Maxwell fluid in place of the Newtonian
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fluid. Preziosi and Joseph [17] and Phan-Thien and
Chew [18] studied Stokes’ first problem for viscoelas-
tic fluids. Many investigators have studied Stokes’ first
problem for different fluids with different constitutive
equations [19–24].

The boundary layer concept of viscous fluids is of
special importance due to its applications to many en-
gineering problems among which we cite the possibil-
ity of reducing frictional drag on the hulls of ships and
submarines. Many works have been carried out on var-
ious aspects of momentum and heat transfer charac-
teristics in a viscoelastic boundary layer second-order
fluid flow over a stretching plastic boundary [25, 26]
since the pioneering work of Sakiadis [27].

In all papers quoted above it was assumed that
the interactions between the two fields take place by
means of the Lorentz force appearing in the equations
of motion and by means of a term entering classical
Ohm’s law and describing the electric field produced
by the velocity of a fluid particle, moving in a mag-
netic field. Usually, in these investigations the heat
equation under consideration is taken as the uncoupled
rather than the generalized one. This attitude is jus-
tified in many situations since the solutions obtained
using any of these equations differ little quantitatively.
However, when short time effects are considered, the
full-generalized system has to be used a great deal of
accuracy is lost. Among the authors who considered
the flow of generalized magneto-thermo fluid are Ez-
zat et al. [28–30].

In the present work, we introduced a new math-
ematical model for the boundary layer flow of a
viscous Newtonian fluid [31] over the boundaries
in the presence of magnetic field. This model is to
analyse in some detail the influence of thermoelec-
tric properties on that flow. The model is applied to
one-dimensional problems and Laplace transforms
are used. A numerical method is employed for the
inversion of the Laplace transforms [32]. Numeri-
cal results are given and illustrated graphically for
each considered problem. Comparisons are made with
the results obtained in ignoring the thermoelectric
properties of the fluid. The modification of the heat
conduction equation from diffusive to a wave type
may be affected either by a microscopic consider-
ation of the phenomenon of heat transport or in a
phenomenological way by modifying the classical
Fourier’s law of heat conduction. The inclusion of
the relaxation time and conduction current density

modifies the thermal equation, changing it from the
parabolic to a hyperbolic type, and thereby eliminat-
ing the unrealistic results, that thermal disturbances
are realized instantaneously everywhere within the
fluid.

2 Derivation of thermoelectric fluid equation heat
transfer

The phenomenal growth of energy requirements in re-
cent years has been attracting considerable attention
all over the world. This has resulted in a continuous ex-
ploration of new ideas and avenues in harnessing var-
ious conventional energy sources such as tidal waves,
wind power, geo-thermal energy, etc. It is obvious that
in order to utilize geo-thermal energy to a maximum,
one should have some complete and precise knowl-
edge of the amount of perturbations needed to gen-
erate convection currents in geo-thermal fluid. More-
over, knowledge of the quantity of perturbations that
are essential to initiate convection currents in mineral
fluids found in the earth’s crust helps one to utilize the
minimal energy to extract the minerals. For example,
in the recovery of hydro-carbons from underground
petroleum are deposits. The use of thermal processes
is increasingly gaining importance as it enhances re-
covery. Heat is being injected into the reservoir in the
form of hot water or steam or burning part of the crude
in the reservoir can generate heat. In all such thermal
recovery processes, the fluid flow takes place through a
conducting medium and convection currents are detri-
mental.

The classical heat conduction equation has the
property that the heat pulses propagate at infinite
speed. Much attention was recently paid to the mod-
ification of the classical heat conduction equation, so
that the pulses propagate at finite speed. Mathemat-
ically speaking, this modification changes the gov-
erning partial differential equation from parabolic to
hyperbolic type. Cattaneo [33] was the first to offer
an explicit mathematical correction of the propaga-
tion speed defect inherent in Fourier’s heat conduction
law. Cattaneo’s theory allows for the existence of ther-
mal waves, which propagate at finite speeds. Starting
from Maxwell’s idea [34] and from paper presented
by Cattaneo [33], an extensive amount of literature
[35–38] has contributed to elimination of the paradox
of instantaneous propagation of thermal disturbances.
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The approach is known as an extension of irreversible
thermodynamics, which introduces time derivative of
the heat flux vector, Cauchy stress tensor and its trace
into the classical Fourier law by preserving the en-
tropy principle. Ezzat and Youssef [38] studied Stoke’s
first problem for a viscous micropolar fluid. They also
studied the effects of discontinuous boundary data on
the velocity gradients and temperature fields occur-
ring in Stoke’s first problem for a viscous fluid. They
also note that in the theory of generalized thermoelas-
ticity, the non-dimensional thermal relaxation time τo

defined as τo = CPr , where C and Pr are the Cattaneo
and Prandtl numbers respectively, is of order (10)−2.
Josef and Preziosi [37] give a detailed history of the
heat conduction theory. In addition to discussing var-
ious other models of heat conduction, these authors
state that Cattaneo’s equation is the most obvious and
simply generalized of Fourier’s law that gives rise to a
finite speed of propagation.

The Fourier law, modified in this way, established
an impact equation relating heat flux vector, velocity,
and temperature.

The energy equation in terms of the heat conduction
vector q is

ρCp

D

Dt
T = −∇.q + Φ, (3)

where

Φ = μ

[
2

(
∂u

∂x

)2

+ 2

(
∂v

∂y

)2

+ 2

(
∂w

∂z

)2

+
(

∂w

∂y
+ ∂v

∂z

)2

+
(

∂u

∂z
+ ∂w

∂x

)2

+
(

∂v

∂x
+ ∂u

∂y

)2]
(4)

is the internal heat due to viscous stresses and the op-
erator D

Dt
defined as

D

Dt
= ∂

∂t
+ (V .∇), (5)

is the rate of dissipation of energy per unit time per
unit volume.

Using Eq. (2), the generalized Fourier’s and Ohm’s
laws are given by Shecliff [39]:

q = −κ gradT + ΠJ (6)

J = σo[E + V × B − S gradT ], (7)

where J is the conduction current density vector, E

and B are respectively, the electric density and the

magnetic flux density vectors and V = (u, v,w) is the
vector velocity of the fluid.

Substituting (6) in (3) we shall obtain the well-
known energy equation

ρCp

D

Dt
T = κ∇2T − ∇.ΠJ + Φ, (8)

where ρ is the density of the fluid and Cp is the spe-
cific heat at constant pressure.

Theoretically, the Fourier’s heat-conduction equa-
tion leads to the solutions exhibiting an infinite propa-
gation speed of thermal signals. It was shown in Cat-
taneo [33] that it is more physically reasonable to re-
place Eq. (6) by the following generalized Fourier’s
law of heat conduction including the current density
effect is given by

q + τo

∂q

∂t
= −κ gradT + ΠJ , (9)

where τo is a constant with time dimension referred to
as the relaxation time.

The non-Fourier effect becomes more and more at-
tractive in practical engineering problems because the
use of heat sources such as laser and microwave with
extremely short duration or very high frequency has
found numerous applications for purposes such as sur-
face melting of metal [40] and sintering of ceramics
[41]. In such situations, the classical Fourier’s heat dif-
fusion theory will become inaccurate.

Now taking the partial time derivative of (3), we get

ρCp

D

Dt

(
∂T

∂t

)
= −∇.

(
∂q

∂t

)
+ ∂Φ

∂t
. (10)

Multiplying (10) by τo and adding to (3) we obtain

ρCp

D

Dt

(
T + τo

∂T

∂t

)
= −∇.

(
q + τo

∂q

∂t

)

+
(

Φ + τo

∂Φ

∂t

)
.

Substituting from (9), we get

ρCp

D

Dt

(
T + τo

∂T

∂t

)

= κ∇2T − ∇.ΠJ +
(

Φ + τo

∂Φ

∂t

)
. (11)

Taking into account the definition of D
Dt

from (5), we
arrive at
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[
∂

∂t
+ (V .∇)

][
T + τo

∂T

∂t

]

= κ

ρCp

∇2T − 1

ρCp

∇.ΠJ

+ 1

ρCp

(
Φ + τo

∂Φ

∂t

)
. (12)

Equation (12) is the generalized energy equation
taking into account the relaxation time τo. This gener-
alization eliminates the paradox of the infinite speed of
propagation of heat in thermoelectric conducting fluid.

3 Analyses

Consider the laminar flow of an incompressible con-
ducting fluid above the non conducting half-space
y > 0. Taking the positive y-axis of the Cartesian co-
ordinate system in the upward direction and the fluid
flows through half-space y > 0 above and in contact
with the plane surface occupying xz-plane. A constant
magnetic field of strength Ho acts in the z direction.
The induced electric current due to the motion of the
fluid that is caused by the buoyancy forces does not
distort the applied magnetic field. The previous as-
sumption is reasonably true if the magnetic Reynolds
number of the flow (Rm = ULσoμe) is assumed to be
small, which is the case in many aerodynamic appli-
cations where rather low velocities and electrical con-
ductivities are involved. Under these conditions, no
flow occurs in the y and z directions and all the consid-
ered functions at a given point in the half-space depend
only on its y-coordinate and time t . The velocity field
is of the form, V ≡ (u,0,0).

Given the above assumptions the governing one-
dimensional unsteady boundary layer equations for
momentum and heat transfer in such flow situations
[42], in the usual form, are

1. The figure-of-merit ZT at some reference temper-
ature, To = Tw − T∞ is defined as

ZTo = σok
2
o

κ
To, (13)

where ko is the Seebeck coefficient at To, Tw is the
temperature of the plate and T∞ is the temperature
of the fluid away from the plate.

2. The first Thomson relation at room temperature is

πo = koTo, (14)

where πo is the Peltier coefficient at To.

3. The magnetic induction has one non-vanishing
component:

Bz = μoHo = Bo(constant).

4. The Lorentz force F = J ∧ B , has one component
in x-direction is

Fx = −σoB
2
ou − σokoBo

∂T

∂y
. (15)

5. The continuity equation

∂u

∂y
= 0. (16)

6. The equation of motion with modified Ohm’s law

∂u

∂t
= υ

∂2u

∂y2
− σoB

2
o

ρ
u − σokoBo

ρ

∂T

∂y
. (17)

7. The Generalized energy equation

ρCp

∂

∂t

(
T + τo

∂T

∂t

)
= (κ + σoπoko)

∂2T

∂y2

+ πoσoBo

∂u

∂y
+ Q

+ τo

∂Q

∂t
. (18)

Let us introduce the following non-dimensional vari-
ables:

y∗ = U

υ
y, t∗ = U2

υ
t, τ ∗

o = U2

υ
τo,

u∗ = u

U
, Θ = T − T∞

To

,

Q∗ = υ2Q

κU2To

, q∗ = υ

κToU
q,

Pr = Cpμ

κ
, Ko = koσoBoTo

ρU2
,

Πo = πoυσoBo

κTo

, M = υσoB
2
o

ρU2
.

(19)

Equations (17) and (18) are reduce to the nondimen-
sional equations

∂u

∂t
= ∂2u

∂y2
− Mu − Ko

∂Θ

∂y
, (20)

Pr

(
∂

∂t
+ τo

∂2

∂t2

)
Θ

= (1 + ZTo)
∂2Θ

∂y2
+ Πo

∂u

∂y
+ Q + τo

∂Q

∂t
. (21)
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We will also assume that the initial state of the medium
is quiescent. Taking Laplace transform, defined by the
relation

ḡ(s) =
∫ ∞

0
e−st g(t)dt,

of both sides of Eqs. (20) and (21), we obtain

d2ū

dy2
= aū + Ko

dΘ̄

dy
, (22)

d2Θ̄

dy2
= cΘ̄ − d

dū

dy
− βQ, (23)

where

a = s + M, c = spr(1 + τos)

1 + ZTo

,

d = Πo

1 + ZTo

and β = 1 + τos

1 + ZTo

.

We shall choose as state variables the temperature
increment Θ , the velocity component in x-direction is
u and their gradients. Equations (22) and (23), which
can be written in the matrix form as

dḠ(y, s)

dy
= A(s)G(y, s) + B(y, s), (24)

where

Ḡ(y, s) =

⎡
⎢⎢⎣

Θ̄(y, s)

ū(y, s)

Θ̄ ′(y, s)

ū′(y, s)

⎤
⎥⎥⎦ ,

A(s) =

⎡
⎢⎢⎣

0 0 1 0
0 0 0 1
c 0 0 −d

0 a Ko 0

⎤
⎥⎥⎦ , and

B(y, s) = −βQ̄(y, s)

⎡
⎢⎢⎣

0
0
1
0

⎤
⎥⎥⎦ .

The formal solution of Eq. (24) can be expressed as

Ḡ(y, s) = exp
[
A(y, s)y

](
Ḡ(0, s)

+
∫ y

0
exp

[−A(s)z
]
B(z, s)dz

)
. (25)

In the special case when there is no heat source acting
inside the medium, Eq. (25) simplifies to

Ḡ(y, s) = exp
[
A(y, s)y

]
Ḡ(0, s). (26)

The characteristic equation of the matrix A(s) is

k4 − (a + c − Kod)k2 + ac = 0, (27)

where k is a characteristic root. The Cayley-Hamilton
theorem states that the matrix A satisfies its own char-
acteristic equation in the matrix sense. Therefore, it
follows that

A4 − (a + c − Kod)A2 + acI = 0. (28)

Equation (28) shows that A4 and all higher powers of
A can be expressed in terms of A3, A2, A and I , the
unit matrix of order 4. The matrix exponential can now
be written in the form

exp[Ay] = ao(y, s)I + a1(y, s)A(s)

+ a2(y, s)A2(s) + a3(y, s)A3(s). (29)

The scalar coefficients of Eq. (28) are now evalu-
ated by replacing the matrix A by its characteristic
roots ±k1 and ±k2, which are the roots of the bi-
quadratic equation (27), satisfying the relations

k2
1 + k2

2 = a + c − Kod, (30a)

k2
1k2

2 = ac. (30b)

This leads to the system of equations

exp(±k1.y) = ao ± a1k1 + a2k
2
1 ± a3k

3
1, (31a)

exp(±k2.y) = ao ± a1k2 + a2k
2
2 ± a3k

3
2 . (31b)

The general solution of the above system is given by

ao = k2
1 coshk2y − k2

2 coshk1y

k2
1 − k2

2

,

a1 = k3
1 sinhk2y − k3

2 sinhk1y

k1k2(k
2
1 − k2

2)
,

(32)

a2 = coshk1y − coshk2y

k2
1 − k2

2

,

a3 = k2 sinhk1y − k1 sinhk2y

k1k2(k
2
1 − k2

2)
.

Substituting the expression (32) into Eqs. (31a), (31b)
and computing A2, and A3, we obtain after some
lengthy algebraic manipulations,

exp
[
A(s).y

] = L(y, s) = [
ij (y, s)

]
,

i, j = 1,2,3,4, (33)

where the elements lij (y, s) are given by
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11 = (k2
1 − c)cosh k2y − (k2

2 − c)cosh k1y

k2
1 − k2

2

,

12 = −ad

[
k2 sinhk1y − k1 sinhk2y

k1k2(k
2
1 − k2

2)

]
,

13 = k2(k
2
1 − a) sinhk1y − k1(k

2
2 − a) sinhk2y

k1k2(k
2
1 − k2

2)
,

14 = −d

[
coshk1y − coshk2y

k2
1 − k2

2

]
,

21 = cKo

[
k2 sinhk1y − k1 sinhk2y

k1k2(k
2
1 − k2

2)

]
,

22 = (k2
1 − a) cosh k2y − (k2

2 − a) coshk1y

k2
1 − k2

2

,

23 = Ko

[
cosh k1y − coshk2y

k2
1 − k2

2

]
,

24 = k2(k
2
1 − c) sinhk1y − k1(k

2
2 − c) sinhk2y

k1k2(k
2
1 − k2

2)
,

(34)

31 = c

[
k2(k

2
1 − a) sinhk1y − k1(k

2
2 − a) sinh k2y

k1k2(k
2
1 − k2

2)

]
,

32 = −da

[
cosh k1y − cosh k2y

k2
1 − k2

2

]
,

33 = (k2
1 − a) cosh k1y − (k2

2 − a) coshk2y

k2
1 − k2

2

,

34 = −d

[
k1 sinhk1y − k2 sinh k2y

k2
1 − k2

2

]
,

41 = cKo

[
cosh k1y − cosh k2y

k2
1 − k2

2

]
,

42 = a

[
k2(k

2
1 − c) sinhk1y − k1(k

2
2 − c) sinh k2y

k1k2(k
2
1 − k2

2)

]
,

43 = Ko

[
k1 sinhk1y − k2 sinh k2y

k2
1 − k2

2

]
,

44 = (k2
1 − c) cosh k1y − (k2

2 − c) cosh k2y

k2
1 − k2

2

.

It is worth mentioning here that Eqs. (30a) and (30b)
have been used repeatedly in order to write the above
entries in the simplest possible form. Furthermore, it
should be noted that the corresponding expressions for
generalized magneto-thermo viscous fluid with relax-
ation time in the absence of thermoelectricity effects
can be deduced by setting ZTo = Ko = Πo = 0 in
Eq. (34).

It is now possible to solve a broad class of one-
dimensional problems of generalized magneto-thermo
viscous fluid flow with thermoelectric properties.

4 Applications

4.1 Problem I. A thermal shock semi-space problem

We consider a semi-space homogeneous viscoelastic
conducting medium occupying the region y ≥ 0 with
quiescent initial state. A thermal shock is applied to
the boundary plane y = 0 in the form

θ(0, t) = θoH(t), (35)

where, θo is a constant and H(t) is the Heaviside unit
step function and the boundary plane y = 0 is taken to
be a fixed plane, i.e.

u(0, t) = 0. (36)

Since the solution is unbounded at infinity, the initial
conditions should be so adjusted that the infinite terms
are eliminated.

We now apply the state space approach described
above to this problem. The two components of the
transformed initial state (0, s) are known, namely,

θ̄ (0, s) = θo

s
, (37)

which follows from (35) and

ū(0, s) = 0, (38)

which follows from (36).
To obtain the two remaining components ū′(0, s)

and θ̄ ′(0, s), we substitute y = 0 in both sides of (25)
and in performing the necessary matrix operations, we
obtain a system of linear algebraic equations in the two
unknowns ū′(0, s) and θ̄ ′(0, s), whose solution gives

ū′(o, s) = Kocθo

s(k1k2 + c)
, (39)

θ̄ ′(0, s) = −θok1k2(k1 + k2)

s(k1k2 + a)
. (40)

Inserting the values from (37)–(40) into the right-hand
side of (25), we obtain upon using (30a), (30b)

θ̄ (y, s) = θo

s

[
k2(k

2
1 − a)e−k1y − k1(k

2
2 − a)e−k2y

(k1 − k2)(k1k2 + a)

]
,

(41)

ū(y, s) = − Kocθo

s(k1 − k2)(k1k2 + c)

[
e−k1y − e−k2y

]
.

(42)
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In non-dimensional form, the expression for the
skin-friction component τ in the main flow is:

τ̄ =
(

∂ū

∂y

)
y=0

= Kocθo

s(k1k2 + c)
. (43)

4.2 Problem II. A problem of a layer media

We consider, now, a conducting viscoelastic fluid oc-
cupying the region 0 ≤ y ≤ Y bounded by two parallel
walls in the presence of a transverse magnetic field ap-
plied externally. Initially both the plates and fluid are
assumed to be at rest. Let us suddenly impart a con-
stant velocity U to the lower plate in its own plane in
the presence of magnetic field.

The mechanical boundary conditions can be written
as

u(0, t) = U, or ū(0, s) = 1

s
, (44)

u(Y, t) = 0, or ū(Y, s) = 0. (45)

The thermal boundary conditions are assumed to be

θ(0, t) = θoH(t) or θ(0, s) = θo

s
, (46)

∂θ(Y, t)

∂y
= 0 or

∂θ̄(Y, s)

∂y
. (47)

Condition (46) means that the plate y = 0, is acted on
by a constant thermal shock at time t = 0, while con-
dition (47) signifies that the plate y = Y , is thermally
insulated.

Equations (43) and (46) give two components of
the initial state vector Ḡ(0, s). To obtain the remain-
ing two components, we use (26) between y = 0 and
y = Y to obtain the following two simultaneous linear
equations:

l23(Y, s)θ
′
(0, s) + l24(Y, s)u′(0, s)

= −θo

s
l21(Y, s) − 1

s
l22(Y, s)

l33(Y, s)θ
′
(0, s) + l34(Y, s)u′(0, s)

= −θo

s
l31(Y, s) − 1

s
l32(Y, s)

The solution of these equations gives

θ
′
(0, s) = θoc(k

2
1 − k2

2)

Γ s
(sinh k1Y sinh k2Y)

+ k1k2d

Γ s
(k1 coshk2Y sinhk1Y

− k2 coshk1Y sinh k2Y) (48)

u′(0, s) = θocKo

Γ s
(k2 sinhk1Y cosh k2Y

− k1 sinhk2Y coshk1Y)

+ k1k2(k
2
1 − k2

2)

Γ s
(cosh k1Y cosh k2Y) (49)

Γ = k1
(
k2

2 − c
)

coshk1Y sinhk2Y

− k2
(
k2

1 − c
)

coshk2Y sinhk1Y.

Inserting the values from Eqs. (44)–(49) into the
right-hand side of Eq. (26), we obtain upon using Eqs.
(30a), (30b)

θ(y, s) =
(

θok1(k
2
2 − c)

Γ s
sinhk2Y

− k1k2d

Γ s
coshk2Y

)
coshk1(Y − y)

−
(

θok2(k
2
1 − c)

Γ s
sinhk1Y

− k1k2d

Γ s
coshk1Y

)
coshk2(Y − y), (50)

u(y, s) =
(

Koθoc

Γ s
sinhk2Y

− k2(k
2
1 − c)

Γ s
coshk2Y

)
sinhk1(Y − y)

−
(

Koθoc

Γ s
sinhk1Y

− k1(k
2
2 − c)

Γ s
coshk1Y

)
sinhk2(Y − y).

(51)

4.3 Problem III. Plane distribution of heat sources

We assume that there is a plane distribution of con-
tinuous heat sources located at the plate y = 0. The
intensity of the heat sources is thus given by

Q(y, t) = QoH(t)δ(y),

where Qo is a constant and δ(y) is Dirac’s delta func-
tion. Taking Laplace transform, we obtain

Q̄(y, s) = Qo

δ(y)

s
. (52)

We shall now proceed to obtain the solution of the
problem for the region y ≥ 0. The solution for the
other region is obtained by replacing each y by −y.

Evaluating the integral in Eq. (25) using the integral
properties of the Dirac delta function, we obtain

Ḡ(y, s) = L(y, s)
[
Ḡ(0, s) + H (s)

]
, (53)
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where

B(y, s) = −Qoβ

4s

⎡
⎢⎢⎢⎣

k1k2+a
k1+k2

0
1

Ko

k1+k2

⎤
⎥⎥⎥⎦ .

Equation (53) expresses the solution of the problem
in the Laplace transform domain in terms of the vec-
tor H (s) representing the applied heat source and the
vector Ḡ(0, s) representing the conditions at the plane
source of heat. In order to evaluate the components of
this vector, we note first that due to the symmetry of
the problem, the temperature is a symmetric of y while
the velocity is anti-symmetric. It thus follows that

u(0, t) = 0 or ū(0, s) = 0. (54)

Gauss’s divergence theorem will now be used to ob-
tain the thermal condition at the plane source. We con-
sider a short cylinder of unit base whose axis is per-
pendicular to the plane source of heat and whose bases
lie on opposite sides of it. Taking limits as the height
of the cylinder tends to zero and noting that there is
no heat flux through the lateral surface, upon using the
symmetry of the temperature field we get

q(0, t) = Qo

2
H(t) or q̄(0, s) = Qo

2s
. (55)

Using Fourier’s law of heat conduction in the non-
dimensional form, namely

q = −1 + ZTo

1 + τos
Θ ′ − Πo

1 + τos
u, (56)

we obtain the condition

Θ ′(0, s) = −βQo

2s
. (57)

Equations (54) and (57) give two components of
the vector Ḡ(0, s). In order to obtain the remaining
two components, we substitute y = 0 on both sides of
Eq. (53) obtaining a system of linear equations whose
solution gives

θ̄ (0, s) = βQo(k1k2 + a)

2sk1k2(k1 + k2)
, (58)

ū′(0, s) = βKoQo

2s(k1 + k2)
. (59)

As before, we have suppressed the positive expo-
nential terms appearing in the entries of L(y, s). Sub-
stituting the above values in the right-hand side of
Eq. (53), we obtain

θ̄ (y, s) = βQo

2s(k2
1 − k2

2)

[
k2

1 − a

k1
e±k1y

− k2
2 − a

k2
e±k2y

]
, (60)

ū(y, s) = ±βKoQo

2s(k2
1 − k2

2)

[
e±k1y − e±k2y

]
. (61)

In the above equations the upper (plus) sign indi-
cates the solution in the region y < 0, while the lower
(minus) sign indicates the region y ≥ 0, respectively.

5 Numerical inversion of the Laplace transforms

In order to invert the Laplace transform in the above
equations, we adopt a numerical inversion method
based on a Fourier series expansion [32]. In this
method, the inverse g(t) of the Laplace transform ḡ(s)

is approximated by the relation

g(t) = ec∗t

t1

[
1

2
ḡ
(
c∗)

+ Re

(
N∑

k=1

exp

(
ikπt

t1

)
ḡ

(
c∗ + ikπ

t1

))]
,

0 ≤ t ≤ 2t1, (62)

where c∗ is an arbitrary constant greater than all the
real parts of the singularities of g(t) and N is suffi-
ciently large integer chosen such that,

ec∗t Re

[
exp

(
iNπt

t1

)
ḡ

(
c ∗ + iNπ

t1

)]
≤ ε, (63)

where ε is a prescribed small positive number that cor-
responds to the degree of accuracy required.

Using the numerical procedure cited, to invert the
expressions of temperature, velocity and microrota-
tion, fields in Laplace transform domain.

6 Results and discussions

The investigation of the effect of the magnetic field
parameter M and the thermoelectric coefficients are
named for Seebeck coefficient Ko and Peltier coeffi-
cient Πo as well as the efficiency of a thermoelectric
material figure-of-merit ZTo on the flow of viscous
fluid over the boundaries, in the presence of magnetic
field has been carried out in the preceding sections.



1170 Meccanica (2013) 48:1161–1175

Fig. 1 A plot of the temperature as a function of the Seebeck coefficient for different values of Peltier coefficient in Problem I

Fig. 2 A plot of the temperature as a function of the Peltier coefficient for different values of thermoelectric figure-of-merit in
Problem I

Fig. 3 A plot of the temperature as a function of the figure-of-merit for several thermoelectric fluids in Problem I

This enables us to represent the typical numerical re-
sults in Figs. 1–9, for the temperature θ and veloc-
ity component u for various values of the parameters.
Hence we conclude with following points:

(i) The important phenomenon observed in all
computations is that the solution of any of the
considered functions vanishes identically out-
side a bounded region of space surrounding
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Fig. 4 A plot of the velocity for different values of thermoelectric figure-of-merit in Problem I

Fig. 5 A plot of the temperature for different values of thermoelectric figure-of-merit in Problem II

Fig. 6 A plot of the velocity for different values of magnetic parameter in Problem II

the heat source at a distance from it equal to
y∗(t); say y∗(t) is a particular value of y de-
pending only on the choice of t and is the
location of the wave front. This demonstrates
clearly the difference between the solution cor-
responding to using classical Fourier heat equa-
tion (τ0 = 0.0) and to using the generalized
Fourier case (τ0 = 0.2). In the first and older

theory the waves propagate with infinite speeds,
so the value of any of the functions is not iden-
tically zero (though it may be very small) for
any large value of y. In non-Fourier theory the
response to the thermal and mechanical effects
does not reach infinity instantaneously but re-
mains in a bounded region of space given by
0 < y < y∗(t) for the semi space problem.
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Fig. 7 A plot of the temperature for different values of thermoelectric figure-of-merit in Problem III

Fig. 8 A plot of the heat flux for different values of thermoelectric figure-of-merit in Problem III

(ii) The Seebeck and Peltier effects are shown to be
closely related within the new thermodynamic
model applied recently to the quantitative the-
ory of the Seebeck coefficient. In this work, the
model was developed for the evaluation of the
Seebeck and Peltier coefficients. The gradual
decrease of temperature with as shown in Fig. 1
has also been reported by Huston [43], Ambia et
al. [44] and Patankar et al. [45]. In Fig. 2 we ob-
serve that the Peltier coefficient is proportional
to the temperature at constant value of Seebeck
coefficient. These results agrees with the expec-
tation by the first Thomson relation Π = ST

[14].
(iii) Figure 3 presents some data on the temperature

as a function of figure-of- merit of various ther-
moelectric fluids [46, 47].

(iv) In Fig. 4, we observe that when ZTo = 1, the
velocity waves cut the y-axis rapidly when
ZTo > 1.

(v) Figures 5 and 6 give the spatial variation of
temperature and velocity for different values of
the thermoelectric figure-of-merit ZTo, and the
magnetic parameter M . From these figures we
learn that the temperature increases with the in-
crease in the value of thermoelectric figure-of-
merit. The magnetic number acts to decrease in
the velocity component of the fluid and it thus
turns out that under the action of a magnetic
field, in an electrically conducting fluid (e.g.
blood), there develops a resistive force (Lorentz
force) which causes impedance of flow.

(vi) The temperature and velocity distributions for
a problem for the infinite space in the presence
of heat sources are represented graphically in
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Fig. 9 A plot of the heat flux for several thermoelectric fluids with different values of thermoelectric figure-of-merit in Problem III

Fig. 7 and for different values of figure-of-merit
ZTo. We notice that the efficiency of a thermo-
electric material figure-of-merit is proportional
to the temperature and the velocity of the fluid
particles as shown in Fig. 8.

(vii) Investigation of heat transfer, in particular, free-
convection heat transfer, involves measuring a
heat flux on a surface along which a liquid
moves [48]. The non-dimensional Fourier heat
conduction in terms of thermoelectric figure-of-
merit and Peltier coefficient. In Fig. 9, we ob-
serve that the effect of thermoelectric figure-of-
merit on the heat flux distribution over the plane
surface. It is notice that heat flux increases with
increasing figure-of merit in the boundary layer
region [49].

(viii) The method used in the present work is appli-
cable to a wide range of problems. It can be ap-
plied to problems that are described by linear-
system equations [50–52]. The same approach
was used quite successfully in dealing with
problems in thermoelasticity theory [53–58].

7 Conclusions

The main goal of this work is to introduce a new math-
ematical model for the boundary layer flow of viscous
thermofluids over the boundaries in the presence of
magnetic field. This model is to analyse in some detail
the influence of thermoelectric properties on that flow.

The effects of figure-of-merit, Seebeck and Peltier co-
efficients on the flow of electro conducting viscous flu-
ids over boundaries in the presence of magnetic field
are presented. The result provides a motivation to in-
vestigate conducting thermofluids as a new class of ap-
plicable thermoelectric materials.
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