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Abstract This paper examined the hydromagnetic
mixed convection stagnation point flow towards a ver-
tical plate embedded in a highly porous medium with
radiation and internal heat generation. The governing
boundary layer equations are formulated and trans-
formed into a set of ordinary differential equations us-
ing a local similarity approach and then solved numer-
ically by shooting iteration technique together with
Runge-Kutta sixth-order integration scheme. A repre-
sentative set of numerical results are displayed graph-
ically and discussed quantitatively to show some in-
teresting aspects of the pertinent parameters on the
dimensionless axial velocity, temperature and the con-
centration profiles, local skin friction, local Nusselt
number and local Sherwood number, the rate of heat
and mass transfer. Good agreement is found between
the numerical results of the present paper with the ear-
lier published works under some special cases.

Keywords Internal heat generation · Highly porous
medium · Heat and mass transfer · Thermal radiation ·
Stagnation point flow · Mixed convection

O.D. Makinde (�)
Institute for Advance Research in Mathematical Modelling
and Computations, Cape Peninsula University
of Technology, PO Box 1906, Bellville 7535, South Africa
e-mail: makinded@cput.ac.za

Nomenclature
g gravitational acceleration
GT thermal Grashof number
(x, y) Cartesian coordinates
Cw plate surface concentration
C∞ free stream concentration
C fluid chemical species concentration
D diffusion coefficient
f dimensionless stream function
Nu Nusselt number
T∞ free stream temperature
K̃ porous media permeability
Gc solutal Grashof number
Sh Sherwood number
K permeability parameter
T fluid temperature
Pr Prandtl number
Tw plate surface temperature
S heat generation/absorption parameter
k thermal conductivity coefficient
Sc Schmidt number
(u, v) velocity components
Q volumentric heat generation/absorption rate
K ′ mean absorption coefficient
Ra thermal radiation parameter
B0 magnetic field of constant strength

Greek Letters
β∗ coefficient of expansion with concentration
β coefficient of thermal expansion
μ coefficient of viscosity
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ρ density of fluid
φ dimensionless concentration
θ dimensionless temperature
η dimensionless variable
υ kinematic viscosity
� stream function
σ ∗ Stefan-Boltzmann constant
σe fluid electrical conductivity

1 Introduction

Hydromagnetic mixed convection flows past a surface
embedded in a saturated porous medium have received
considerable attention because of numerous applica-
tions in engineering and geophysics [1]. Moreover,
mixed convection flow of an electrically conducting
fluid over a flat surface in the presence of a magnetic
field is also of special technical significance because
of its frequent occurrence in many industrial applica-
tions such as cooling of nuclear reactors, MHD ma-
rine propulsion, electronic packages, micro electronic
devices etc. Some other quite promising applications
are in the field of metallurgy such as MHD stirring
of molten metal and magnetic-levitation casting. The
analysis of hydromagnetic flows in porous media has
been the subject of several recent papers [2–4]. Most
of the published papers on convection in porous media
under the action of a magnetic field deal with exter-
nal flows, however, stagnation points do exist at the
surface of objects in the flow field, where the fluid is
brought to rest by the object. Considerable attention
has been given to the study of 2-D stagnation point
flow [5–10]. Hiemenz [11] derived an exact solution of
the steady flow of a Newtonian fluid impinging orthog-
onally on an infinite plane. Singh et al. [12] studied
the effect of volumentric heat generation/absorption
on mixed convection stagnation point flow on an iso-
thermal vertical plate in porous media.

Meanwhile, the radiative flow of an electrically
conducting fluid arises in many practical applications
such as in electrical power generation, astrophysi-
cal flows, solar power technology and nuclear reac-
tors. Also, radiative heat mass transfer occurs in many
geothermal, geophysical, technological and engineer-
ing applications. Thermal radiation is a characteristic
of any flow system at temperatures above the abso-
lute zero and can strongly interact with convection in
many situations of engineering interest. The effects of

radiation on the boundary layer flow with and without
a magnetic field under different situations were stud-
ied by many investigators [13]. Chamkha et al. [14]
analyzed the effect of radiation heat transfer on flow
and thermal field in the presence of magnetic field
for horizontal and inclined plates. The effect of ther-
mal radiation on the heat and mass transfer flow of
a variable viscosity fluid past a vertical porous plate
permeated by a transverse magnetic field was reported
by Makinde and Ogulu [15]. The hydromagnetic flow
in the presence of radiation has been investigated by
Bestman and Adiepong [16], Naroua et al. [17] and
Ouaf [18] when the induced magnetic field is negligi-
ble. Raptis et al. [19] investigated the effects of radi-
ation in an optically thin gray gas past a vertical infi-
nite plate in the presence of a magnetic field, when the
magnetic Reynolds number is not negligible and the
flow is steady. The effect of thermal radiation in the
linearized Rosseland approximation on the heat trans-
fer characteristics of various boundary layer flows was
reported by Magyari and Pantokratoras [20].

Our objective in this present study is to extend the
recent work of Singh et al. [12] to include hydro-
magnetic mixed convection stagnation point flow with
thermal radiation past a vertical plate embedded in
a porous media. The governing boundary-layer equa-
tions have been transformed to a two-point boundary
value problem using a local similarity approach, and
these have been solved numerically. The effects of var-
ious embedded parameters on fluid velocity, tempera-
ture and concentration have been shown graphically. It
is hoped that the results obtained will not only provide
useful information for applications, but also serve as a
complement to the previous studies.

2 Mathematical model

Consider steady laminar stagnation point flow of a
viscous incompressible electrically conducting fluid
through a porous medium along a vertical isothermal
plate in the presence of volumentric rate of heat gen-
eration and magnetic field. It is assumed that the fluid
property variations due to temperature and chemical
species concentration are limited to fluid density. In
addition, there is no applied electric field and all of the
Hall effects and Joule heating are neglected. Since the
magnetic Reynolds number is very small for most fluid
used in industrial applications, we assume that the in-
duced magnetic field is negligible. The x-axis is taken
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Fig. 1 Schematic diagram of the problem

along the plate and y-axis is normal to the plate and
the flow is confined in half plane y > 0 as shown in
Fig. 1. The potential flow arrives from the y-axis and
impinges on plate, which divides at stagnation point
into two streams and the viscous flow adheres to the
plate. The velocity distribution in the potential flow is
given by U∞ = cx, where c is a positive constant.

Following [5–10] the linear Darcy term represent-
ing distributed body force due to porous media is
retained while the non-linear Forchheimer term is
neglected, thus the governing equations of continu-
ity, momentum, energy and species concentration are
given by

∂u
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+ ∂v

∂y
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The boundary conditions are

u = 0, v = 0, T = Tw, C = Cw

at y = 0,

u → U∞ = cx, T → T∞, C → C∞
as y → ∞,

(5)

where u and v are the velocity components in the
x- and y-directions, respectively, ρ is the fluid den-
sity, υ is the kinematic viscosity, σe is the electri-
cal conductivity of the fluid, K̃ is the permeability
of the porous medium, g is the gravitational acceler-
ation, β is the thermal expansion coefficient, β∗ is the
coefficient of expansion with concentration, T is the
temperature, cp is the specific heat capacity at con-
stant pressure of the fluid, α is the thermal diffusiv-
ity of the fluid, k is thermal conductivity, Tw is the
temperature of the plate, Q is the volumentric rate
heat generation, B0 is the magnetic field of constant
strength and D is the coefficient of mass diffusiv-
ity. Using the Rosseland approximation, the radiative
heat flux in the y-direction is given by Sparrow and
Cess [13],

qr = −4σ ∗

3K ′
∂T 4

∂y
, (6)

where σ ∗ and K ′ are the Stefan-Boltzmann con-
stant and the mean absorption coefficient, respec-
tively. As done by Makinde and Ogulu [15], tem-
perature differences within the flow are assumed to
be sufficiently small so that T 4 may be expressed
as a linear function of temperature T using a trun-
cated Taylor series about the free stream temperature
T i.e.

T 4 ≈ 4T 3∞T − 3T 4∞. (7)

We introduce the following non-dimensional vari-
ables:
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(8)

where ψ is the stream function which is defined in
the usual form as u = ∂ψ/∂x and v = −∂ψ/∂y so
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that the continuity equation (1) is automatically satis-
fied. Substituting the expression in (7) together with
the similarity variables in (8) into (1)–(5), we ob-
tain the following nonlinear ordinary differential equa-
tions:

f ′′′ + ff ′′ − f ′2 + GT θ + Gcφ

− (K + M)(f ′ − 1) + 1 = 0, (9)

(
1 + 4

3
Ra

)
θ ′′ + Pr f θ ′ + Sφ = 0, (10)

φ′′ + Scf φ′ = 0, (11)

where K is the porous medium permeability parame-
ter, Ra is the thermal radiation parameter, GT is the
local thermal Grashof number, Gc is the local solu-
tal Grashof number, Pr is the Prandtl number, Sc is
the Schmidt number, M is the magnetic field intensity
parameter and S is the internal heat generation param-
eter. The corresponding boundary conditions (5) now
becomes

f = 0, f ′ = 0, θ = 1, φ = 1 at η = 0,

f ′ = 1, θ = 0, φ = 0 as η → ∞.

(12)

The set of (9)–(11) under the boundary conditions
(12) have been solved numerically by applying the
Nachtsheim and Swigert [21] shooting iteration tech-
nique together with Runge-Kutta sixth-order integra-
tion scheme. From the process of numerical compu-
tation, the skin-friction coefficient, the local Nusselt
number and the local Sherwood number, which are re-
spectively given by
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(14)

Substituting (7), (8) and (15) into (14), we obtained the
expressions for the skin-friction coefficient, the local
Nusselt number and the local Sherwood number as

Re1/2
x Cf = f ′′(0),

Re−1/2
x Nu = −(1 + 4Ra/3)θ ′(0),

Re−1/2
x Sh = −φ′(0).

(15)

The accuracy of our numerical procedure is tested
by direct comparisons with the previously published
work of Singh et al. [12] for special cases of the prob-
lem under consideration. Table 1 shows that excel-
lent agreement between the compared results exists.
This lends confidence in the numerical results to be
reported subsequently.

3 Results and discussions

In order to get a clear insight on the physics of the
problem, a parametric study is performed and the ob-
tained numerical results are displayed with the help
of graphical illustrations. We focus on the positive
values of the buoyancy parameters i.e. Grashof num-
ber GT > 0 (which corresponds to the cooling prob-
lem) and solutal Grashof number GC > 0 (which in-
dicates that the chemical species concentration in the
free stream region is less than the concentration at
the boundary surface). The cooling problem is of-

Table 1 Computations showing the comparison with Singh et al. [12] for different values of S when GT = 1.0, Gc = 0.5, Pr = 1,
Sc = 0.5, M = 0, Ra = K = 0

S f ′′(0) −θ ′(0) −φ′(0) f ′′(0) −θ ′(0) −φ′(0)

[12] [12] [12] Present Present Present

−1 1.8444 1.3908 0.4631 1.844462 1.390856 0.463174

0 1.9995 0.6392 0.4789 1.999553 0.639244 0.478964

1 2.1342 −0.0730 0.4917 2.134287 −0.073040 0.491749
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Table 2 Computations showing f ′′(0), −θ ′(0), −φ′(0) for various values of embedded parameters

S K Pr GT GC Sc M Ra f ′′(0) −θ ′(0) −φ′(0)

0 1 0.1 1 0.5 0.5 0.1 0.1 2.389898 0.236593 0.502813

0.5 1 0.1 1 0.5 0.5 0.1 0.1 2.477113 −0.20393 0.513073

1 3 0.1 1 0.5 0.5 0.1 0.1 2.878166 −0.64378 0.518639

1 5 0.1 1 0.5 0.5 0.1 0.1 3.184808 −0.65098 0.517897

1 1 1 1 0.5 0.5 0.1 0.1 2.370055 −0.04316 0.494804

1 1 10 1 0.5 0.5 0.1 0.1 2.154799 1.073118 0.474395

1 1 0.1 0.5 0.5 0.5 0.1 0.1 2.220679 −0.68158 0.496618

1 1 0.1 0.7 0.5 0.5 0.1 0.1 2.358558 −0.65897 0.507416

1 1 0.1 0.5 1 0.5 0.1 0.1 2.437256 −0.66294 0.507347

1 1 0.1 0.5 2 0.5 0.1 0.1 2.856783 −0.63004 0.526974

1 1 0.1 0.5 0.5 1 0.1 0.1 2.170082 −0.49096 0.653140

1 1 0.1 0.5 0.5 2 0.1 0.1 2.125898 −0.33929 0.851850

1 1 0.1 0.5 0.5 0.5 1 0.1 2.305895 −0.05390 0.859057

1 1 0.1 0.5 0.5 0.5 3 0.1 2.704379 −0.04824 0.879438

1 1 0.1 0.5 0.5 0.5 0.1 1 2.103755 0.006342 0.848097

1 1 0.1 0.5 0.5 0.5 0.1 3 2.104745 0.049987 0.848680

ten encountered in engineering applications. The val-
ues of Schmidt number (Sc) were chosen to be Sc =
0.24, 0.62, 0.78, 2.62, representing diffusing chemical
species of most common interest in air like H2, H2O,
NH3, and Propyl Benzene respectively while the val-
ues of Prandtl number ranges Pr = 0.72 (Air) to 7.1
(water). From Table 2, it is interesting to note that the
local skin friction at the plate surface increases with in-
creasing parameter values of M , S, GT , Gc , Ra and K

and decreases with increasing values of Prandtl num-
ber and Schmidt number. This implies that combined
effect of buoyancy forces, magnetic field, thermal ra-
diation, internal heat generation and decreasing porous
medium permeability is to increase the local skin fric-
tion at the plate surface. Similarly, the local Nusselt
number (Nu) coefficient at the plate surface increases
with an increase in parameter values of GT , Gc , M ,
K , and Pr and decreases with an increase in S and Sc.
Moreover, it is noteworthy that local Sherwood num-
ber (Sh) at the plate surface increases with a combined
increase in the internal heat generated in the flow sys-
tem (S > 0) and magnetic intensity (M > 0) and de-
creases with other parameters.

3.1 Effects of parameter variation on velocity profiles

Figures 2–8 depict the effects of emerging flow param-
eters on non-dimensional velocity profiles. Generally,

Fig. 2 Velocity profiles for GT = Gc = K = M = 1,
Pr = 0.72, Sc = 0.62, Ra = 0.1

the fluid velocity increases gradually from the station-
ary plate surface to its peak value within the boundary
layer region, then converging to its free stream value
far away from the plate satisfying the boundary condi-
tion. In Fig. 2 the effect of increasing the internal heat
generation parameter on the velocity profiles is illus-
trated. It is noteworthy that an overshoot in the fluid
velocity towards the plate surface is observed, conse-
quently the peak value of the fluid velocity increases
with an increase in the internal heat generation param-
eter (S). This can be attributed to the fact that increase
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Fig. 3 Velocity profiles for Gc = K = S = M = 1, Sc = 0.62,
Pr = 0.72, Ra = 0.1

Fig. 4 Velocity profiles for GT = K = S = M = 1, Sc = 0.62,
Pr = 0.72, Ra = 0.1

in internal heat generation has the tendency to increase
the fluid temperature which in turn causes an increased
fluid velocity along the plate due to buoyancy effect.
Similar trend is observed in Figs. 3–5 with increas-
ing parameter values of GT , Gc , and Ra. The fluid
motion is enhanced by buoyancy forces with increas-
ing values of thermal and solutal Grashof (Grx , Gcx )
leading to velocity overshoot towards the plate surface
as the peak value of fluid velocity increases within
the boundary layer. Thermal radiation also leads to in-
creased acceleration of the fluid motion near the plate
surface in the presence of buoyancy forces as shows
in Fig. 5. Figure 6 depicts the influence of magnetic
field parameter (M) on the velocity field. It is seen

Fig. 5 Velocity profiles for GT = Gc = K = S = M = 1,
Pr = 0.72, Sc = 0.62

Fig. 6 Velocity profiles for GT = Gc = K = S = 1, Pr = 0.72,
Sc = 0.62, Ra = 0.1

from this figure that the peak value of the velocity
profiles decreases with increasing magnetic field in-
tensity. Moreover, the effects of a transverse magnetic
field on an electrically conducting fluid gives rise to
a resistive-type force called the Lorentz force. This
force has the tendency to slow down the fluid motion.
This result qualitatively agrees with the expectations
(Chamkha and Quadri [3]). From (9) it is expected
that an increase in the parameter value of K (repre-
senting a decrease in the porous medium permeabil-
ity) will produce the same effect on the fluid veloc-
ity profile i.e. by decreasing the value of peak velocity
near the plate surface. Meanwhile, it is interesting to
note that a decrease in the peak value of fluid velocity
within the boundary layer is observed in Figs. 7 and 8
with an increase in Schmidt number (Sc) and Prandtl
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Fig. 7 Velocity profiles for GT = Gc = K = S = M = 1,
Pr = 0.72, Ra = 0.1

Fig. 8 Velocity profiles for GT = Gc = K = S = M = 1,
Sc = 0.62, Ra = 0.1

number (Pr). The physics behind this observation is
that the increased Schmidt number and Prandtl num-
ber decreases chemical species molecular diffusivity
and fluid thermal diffusivity, which ultimately reduces
the velocity.

3.2 Effects of parameter variation on temperature
profiles

Figures 9–14 illustrate the temperature field against
spanwise coordinate η. The fluid temperature is high-
est at the plate surface and decreases exponentially to
the free stream zero value far away from the plate sat-
isfying the boundary condition. In Fig. 9, we observed
an overshoot in the fluid temperature near the plate

Fig. 9 Temperature profiles for GT = Gc = K = M = 1,
Pr = 0.72, Sc = 0.62, Ra = 0.1

Fig. 10 Temperature profiles for GT = Gc = K = S = M = 1,
Pr = 0.72, Sc = 0.62

surface with increasing value of internal heat gener-
ation parameter. As more heat is generated within the
fluid, the fluid temperature increases leading to steep
temperature gradient between the plate surface and the
fluid. The thermal boundary layer thickness also in-
creases with an increase in internal heat generation
in the flow field. An increase in the thermal radia-
tion (Ra) causes an increase in the fluid temperature
within the boundary layer and consequently the ther-
mal boundary layer increases as shown in Fig. 10.
Figures 11 and 12 depict the influence of Schmidt
number and Prandtl number on the thermal bound-
ary layer. It is seen that increase in Pr brings a de-
crease in the thermal boundary layer thickness. At high
Prandtl number, the fluid velocity decreases, which in
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Fig. 11 Temperature profiles for GT = Gc = K = S = M = 1,
Pr = 0.72, Ra = 0.1

Fig. 12 Temperature profiles for GT = Gc = K = S = M = 1,
Sc = 0.62, Ra = 0.1

Fig. 13 Temperature profiles for Gc = K = S = M = 1,
Sc = 0.62, Pr = 0.72, Ra = 0.1

Fig. 14 Temperature profiles for GT = K = S = M = 1,
Sc = 0.62, Pr = 0.72, Ra = 0.1

Fig. 15 Concentration profiles for GT = Gc = K = S =
M = 1, Pr = 0.72, Ra = 0.1

turn implies lower thermal diffusivity leading to a de-
crease in the fluid temperature. Similarly, as Schmidt
number increases the thermal boundary layer thick-
ness decreases due to a decrease in chemical species
molecular diffusivity. In Figs. 13 and 14, it is ob-
served that an increase in solutal Grashof number
and thermal Grashof number cause a decrease in the
thermal boundary layer thickness, and consequently
the fluid temperature decreases due to buoyancy ef-
fect.

3.3 Effects of parameter variation on concentration
profiles

Figures 15 and 16 illustrate the concentration pro-
files. The chemical species concentration is highest
at the plate surface and decreases exponentially to
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the free stream zero value far away from the plate.
It is observed in Fig. 15 that an increase in Schmidt
number (Sc) decreases the concentration boundary
layer and this is analogous to the effect of increas-
ing the Prandtl number on the thickness of a thermal
boundary layer. A slight decrease in the concentration
boundary layer is observed with an increase in solutal
Grashof number due to buoyancy effect as depicted in
Fig. 16.

3.4 Local skin friction, local nusselt number and
local sherwood number

Figures 17–19 depict the influence of parameter vari-
ation on the local skin friction, local Nusselt num-
ber and local Sherwood number at the plate surface.

Fig. 16 Concentration profiles for GT = K = S = M = 1,
Sc = 0.62, Pr = 0.72, Ra = 0.1

The results highlighted in the figures are in agreement
with the one reported in Table 2 above. It can be seen
from Fig. 17 that the coefficient of skin friction in-
creases with an increase in the internal heat generated
in the fluid. As the Schmidt number (Sc) increases,
local skin friction decreases due to a decrease in the
velocity gradient at the plate surface. Moreover, an in-
crease in the value of local skin friction is observed in
Fig. 18 with increasing value of magnetic field param-
eter (M). Increase in the buoyancy effect due to tem-
perature gradient causes a decrease in the local skin
friction. In Fig. 19 it is interesting to note that at a very
low Prandtl number, the plate surface is heated up by
the fluid as internal heat generation within the fluid in-
creases (i.e. the heat is transfer from the fluid to the
plate). However, as the Prandtl number increases, the
local Nusselt number increases. An increase in inter-
nal heat generation causes a general decrease in the
local Nusselt number increases at the plate surface.
Figure 20 shows that the rate of heat transfer at the
plate surface increases with an increase in the parame-
ter value of thermal radiation. This can be attributed to
the fact that as thermal radiation increases, the domi-
nance effect of temperature gradient increases, leading
to an increase in the local Nusselt number. In Fig. 21, it
is observed that the local Sherwood number increases
with increasing value of Schmidt number due to a de-
crease in the chemical species molecular diffusivity
and an increase in the concentration gradient at the
plate surface. As the magnetic field intensity increases,
a further increase in the local Sherwood number is ob-
served.

Fig. 17 Local skin friction for GT = Gc = Ra = 0.1, K = M = 1, Pr = 0.72
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Fig. 18 Local skin friction for Gc = Ra = 0.1, K = S = 1, Sc = 0.6, Pr = 0.72

Fig. 19 Local Nusselt number for Gc = GT = Ra = 0.1, K = M = 1, Sc = 0.62

Fig. 20 Local Nusselt number for Gc = GT = 0.1, K = S = M = 1, Sc = 0.62
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Fig. 21 Local Sherwood number for Gc = Ra = 0.1, K = S = 1, Sc = 0.62, Pr = 0.72

4 Conclusions

The problem of mixed convection stagnation flow to-
ward a vertical surface embedded in a highly porous
medium with heat and mass in the presence of mag-
netic field, thermal radiation and internal heat gener-
ation is investigated. The governing equations were
developed and transformed into a self-similar form.
The similarity equations were solved numerically us-
ing shooting iteration method together with Runge-
Kutta sixth-order integration scheme. From the results
of the problem, it was observed that:

1. The velocity profiles overshoot near the plate sur-
face with increasing values of internal heat genera-
tion parameter (S), buoyancy parameters (GT ,Gc)

and radiation parameter (Ra).
2. The thermal boundary layer thickness increases

with increasing radiation parameter (Ra) and inter-
nal heat generation parameter (S).

3. The concentration boundary layer thickness de-
creases with increasing value of Schmidt number
(Sc) and solutal Grashof number (Gc).

4. The local skin-friction, local Nusselt number and
local Sherwood number increase as magnetic field
strength (M) and radiation parameters (Ra) in-
crease.
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