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Abstract Parallel mechanisms have been exploited
for the kinematic modelling of the passive motion, i.e.
the motion under virtually unloaded conditions, of the
patella-femur-tibia human joint. In particular, a new
mechanism is devised in this paper: a 3D model of the
patella-femur relative motion is presented which, com-
bined with a previous simplified model of the femur-
tibia relative motion, provides a suitable tool for the
design of knee prostheses. Although less accurate than
a previously presented model of the patella-femur-
tibia joint, the new mechanism still replicates passive
knee motion quite well and is simpler from a mechani-
cal point of view. Experimental results validate the ef-
ficiency of the proposed model.

Keywords Knee model · Patella · Passive motion ·
Parallel mechanism · Spherical wrist

1 Introduction

Great attention has been devoted to devise kinematic
and dynamic models of diarthrodial joints for the sci-
entific as well as technical significance these models
have in the orthopaedic and rehabilitation fields. Mod-
els make it possible to replicate the joint motion and
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are a powerful tool on one hand to investigate the role
of the main anatomical structures and on the other
hand to plan surgical operations and to develop pros-
thesis design. Moreover, fundamental characteristics
such as the joint functionality and stability under vari-
ous loading conditions may also be efficiently investi-
gated by models.

Kinematic and dynamic models of human joints
have been proposed in the literature [3, 7]. Particu-
lar attention has been focussed on the human knee
joint for the great significance it has in human loco-
motion. In particular, kinematic knee models for pas-
sive motion simulation, i.e. for simulation of motion
under virtually unloaded conditions, revealed their im-
portance and effectiveness for a deeper understanding
of the role played by the main anatomical structures
such as ligaments and articular surfaces in joint mo-
tion and stability [5]. They also allow the definition of
more feasible boundary conditions for kinetostatic and
dynamic models, thus enhancing the performances of
these more complex representations of the joint.

A large number of planar models of the knee pas-
sive motion have been proposed in the literature, while
3D models have been presented only recently. Consis-
tently with a vast collection of experimental observa-
tions, the relative motion of the femur and tibia has
been found to be a complex 3D motion with one de-
gree of freedom (DoF), and equivalent spatial parallel
mechanisms have been exploited to successfully sim-
ulate this motion [10, 11, 13, 14].
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Recent investigations show that the relative motion
of the patella and femur also has one DoF [1]. How-
ever, most models based on equivalent mechanisms do
not consider the patella since, based on experimental
evidence, it does not play a significant role in the knee
passive motion. In contrast, the patella plays a funda-
mental role both in the motion and in the stability of
the tibio-femoral joint when forces are considered in
active knee flexion. Therefore modelling the patello-
femoral joint is of the utmost importance when equiv-
alent mechanisms are used to define feasible boundary
conditions for kinetostatic and dynamic models of the
whole knee joint (patella-femur-tibia system).

To the authors’ knowledge only one 3D model of
the knee joint based on equivalent spatial mechanisms
and comprehensive of the patella has been proposed
in the literature [12]. This model is basically repre-
sented by a parallel mechanism which comprises two
main parts. The first part models the relative motion
of the tibia and femur by means of a 1-DoF fully par-
allel mechanism of type 5–5 [11], i.e. a 3D mecha-
nism which features two rigid bodies (representing the
femur and tibia) interconnected with five rigid binary
links jointed to the rigid bodies by means of spherical
pairs. The second part models the relative motion of
the patella and femur and it is suitably connected with
the first part; in particular, the patella-femur contact is
modelled as a hinge. The first part is independent and
decoupled from the second one and the whole mecha-
nism has one DoF. The model showed great efficiency
in replicating the passive motion of the patella-tibia-
femur joint.

In order to devise a knee model which is more suit-
able to the design of knee prostheses, a simpler model
from the mechanical point of view, although less ac-
curate for the motion simulation, was devised for the
first part of the whole mechanism [13]. This model is
a 1-DoF fully parallel spherical wrist which replaces
the 1-DoF 5–5 fully parallel mechanism. With this
new mechanism, the tibia-femur relative motion is still
replicated with a satisfactory approximation while the
equivalent mechanism is drastically simplified. How-
ever, the relative motion of the patella and femur, when
the spherical wrist is taken as the reference mechanism
for the tibia-femur relative motion simulation, has still
to be modelled in order to have a complete model of
the knee.

This paper aims at completing this deficiency. In
particular, the paper presents a new model of the

patella-femur relative motion which is compatible
with the spherical wrist model of the tibio-femoral rel-
ative motion and contributes to form a complete model
of the knee passive motion. Finally, a comparison with
experimental data shows the efficiency of the proposed
model.

2 Model definition

The knee is a joint which allows the relative motion
between three bones of the legs, i.e. the femur, tibia
and patella. Two sub-joints can be recognized accord-
ing to the bones that enter into contact with each other
during knee flexion: the tibio-femoral joint (TF) al-
lows the relative motion between the femur and tibia,
and the patello-femoral joint (PF) allows the relative
motion between the patella and femur. These motions
are guided in general by articular surfaces (the femur
and tibia condyles, the trochlea and the back surface
of the patella), by passive structures (such as the liga-
ments) and by active structures (such as the muscles).

The final objective of passive motion models is to
replicate the relative motion of the femur, tibia and
patella when no loads are applied to the articulation.
The muscles can intrinsically exert forces but, in gen-
eral, they do not oppose, to any significant degree, ex-
ternal forces when inactive. Since no loads are applied
to the joint during passive motion, the muscles remain
inactive: they do not guide the passive motion of the
knee and, as a consequence, they are not considered in
this study. In order to define an equivalent mechanism
which can replicate the passive motion of the knee, it
is thus fundamental to understand how articular sur-
faces and passive structures influence both the TF and
the PF motion.

The main reason that led other authors to ignore PF
in many passive motion models is that the passive mo-
tion of TF is independent from that of PF if tibia flex-
ion is imposed. Thus, the two sub-joints of the knee
can be analysed separately and, in particular, TF can
be modelled without taking PF into consideration. The
explanation of this aspect relies on the anatomical con-
straints between the two sub-joints. The patella slides
on the femoral distal surfaces (i.e. the trochlea and the
anterior parts of the femur condyles) while it is con-
nected to the tibia through the patellar ligament, and to
the femur through the quadriceps, which does not ex-
ert any forces on the patella during passive motion. In
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Fig. 1 The two sub-chains of the passive motion model

other words, the patella moves on the femur surfaces
being trailed by the patellar ligament.

It is important to note that the independence of the
motion of TF from that of PF is also a requirement
of the model of the complete joint: the knee model
must show the same independence, to make sure it
correctly replicates the anatomical constraints of the
joint. As a consequence, the equivalent mechanism of
the knee passive motion has to be composed of two
sub-chains, which fulfill the requirement of partial de-
coupling. The first sub-chain is the model of TF and,
as explained in Sect. 1, it must have one DoF. The
second sub-chain is the model of PF: it is connected
to the previous one and it must have zero DoFs once
the first sub-chain has a given configuration. As a con-
sequence, the complete mechanism exhibits one DoF
and the motion of the TF sub-chain is independent
from that of the PF sub-chain if knee flexion is im-
posed. Figure 1 clarifies this concept using a planar
mechanism example: the addition of a sub-chain with
mobility zero to a mechanism does not change the mo-
bility of the whole mechanism.

The model of the complete joint must show another
important feature, in order to be useful for practical
application such as surgical planning or prosthetic de-
sign. Not only has it to accurately reproduce the rel-
ative motion of the femur, tibia and patella in passive
conditions, but it also has to be as simple as possible.
A simple model allows faster computations and can be
identified more easily: this is an important aspect when
the model is used for surgical planning or during the
operation itself, since the model must adapt quickly
to match the anatomical characteristics of the patient.
Moreover, a simple mechanism exhibits a low number
of members and kinematic pairs (i.e. the number of
geometrical parameters which are required to describe
the complete structure), a feature which is particularly
important for the prosthetic design.

2.1 The tibio-femoral mechanism

The definition of the TF equivalent mechanism is
based on anatomical and kinematical considerations

Fig. 2 The 1-Dof parallel spherical wrist

[13]. In particular, it is important to discern which
structures of the knee actually influence the TF passive
motion: these structures are considered in the model
while the others are ignored.

Some studies prove that the instantaneous screw
axes of the relative motion between the femur and
tibia pass near a particular point [2, 4], as a conse-
quence of the particular shapes of the femoral and tib-
ial condyles. This behaviour is similar to that of two
bodies which exhibit a relative spherical motion: all
their instantaneous screw axes pass through a point
which is the only one that, for a generic displacement,
does not move. Other studies prove that a bundle of
fibres of the anterior cruciate ligament (ACL) and an-
other one of the posterior cruciate ligament (PCL) re-
main almost isometric during passive flexion; the other
bundles are not tight and reach the limit between laxity
and tension at the most [5, 9, 14]. As a consequence,
only isometric bundles guide the passive motion of the
knee, while the others have no influence on this partic-
ular motion and can be ignored in the model.

In conclusion, the relative motion of the femur
and tibia in passive conditions is influenced by articu-
lar surfaces and isometric bundles. Isometric bundles
can be replaced with two rigid links A1B1 and A2B2

(Fig. 2). Each link is connected to the tibia by means
of spherical pairs centred at the points Ai (i = 1,2)
and to the femur by means of spherical pairs cen-
tred at the points Bi (i = 1,2). Moreover, since the
final effect of articular surfaces is to produce a quasi-
spherical motion, the condyles can be substituted by a
spherical pair which connects the point A3 on the tibia
with the point B3 on the femur: both A3 and B3 are the
centre of the spherical pair and thus are the centre of
the spherical motion.
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Fig. 3 The three anatomical frames St , Sf and Sp represented together with experimental point clouds of the tibial (light-grey),
femoral (dark-grey) and patellar (black) articular surfaces

The final TF mechanism is shown in Fig. 2: it fea-
tures two rigid members (representing the tibia and fe-
mur), interconnected with two rigid links (representing
the isometric bundles of ACL and PCL) and a spher-
ical pair (representing the centre of the spherical mo-
tion). This mechanism is known in the literature as a
parallel spherical wrist and it has one DoF, ignoring
idle inessential DoFs (i.e. the rotation of links A1B1

and A2B2 about their axis).
If two anatomical frames St and Sf are attached re-

spectively to the tibia and the femur, a relative pose
(position and orientation) of the femur with respect to
the tibia can be expressed by means of the position
vector Ptf of the origin of Sf in St , and by means of
the 3 × 3 rotation matrix Rtf for the transformation
of vector components from Sf to St . The anatomi-
cal frames St and Sf are represented in Fig. 3. The
tibia anatomical frame is chosen with origin coinci-
dent with the tibia centre (on the tibial plateau); x-
axis orthogonal to the plane defined by the two malle-
oli and the tibia centre, anteriorly directed; y-axis di-
rected from the mid-point between the malleoli to the
tibia centre; z-axis as a consequence, according to the
right hand rule. The femur anatomical frame is defined
with origin coincident with the mid-point between the
lateral and medial epicondyles; x-axis orthogonal to
the plane defined by the two epicondyles and the head
of the femur, anteriorly directed; y-axis directed from

the origin to the head of the femur; z-axis as a conse-
quence, according to the right hand rule.

Matrix Rtf can be expressed as a function of three
rotation parameters α, β and γ :

Rtf =
⎡
⎣

cαcγ + sαsβsγ −sαcγ + cαsβsγ −cβsγ
sαcβ cαcβ sβ

cαsγ − sαsβcγ −sαsγ − cαsβcγ cβcγ

⎤
⎦

(1)

where c(·) and s(·) indicate the cosine and sine of
the angle (·), and α, β , γ represent the flexion,
ab/adduction and intra/extra rotation angles of the fe-
mur relatively to the tibia, using a convention deduced
by the Grood and Suntay joint coordinate system [6].
According to this convention, flexion is a rotation
about the z-axis of Sf , intra/extra is a rotation about
the y-axis of St , ab/adduction is a rotation about a
floating axis, perpendicular to the previous ones. Pos-
itive signs of α, β and γ correspond respectively to
femoral flexion, adduction and external rotations. Ex-
pression (1) can be applied for right legs.

The relative motion of the tibia and femur can be
obtained by solving the closure equations of the equiv-
alent mechanism:
∥∥Ai − Rtf Bi − Ptf

∥∥ = Li (i = 1,2)

A3 − Rtf B3 − Ptf = 0
(2)
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where L1,2 are the lengths of the rigid links and the
points A1,2,3 and B1,2,3 are the centres of the spher-
ical pairs represented in St and Sf respectively. The
first two scalar equations constrain L1,2 to remain con-
stant, while the last vectorial equation constrains the
points A3 and B3 to be coincident. If the flexion angle
α is assigned, (2) is a system of five equations in the
five unknowns β , γ and Ptf components, which can
be solved, for instance, by means of a quasi-Newton
numerical procedure. The solution defines the relative
pose of the femur with respect to the tibia for a given
flexion angle.

The coordinates of the points A1,2,3 in St , those of
the points B1,2,3 in Sf and the link lengths L1,2 con-
stitute a set of 20 geometrical parameters which define
the TF model. The procedure of identification—based
on optimization—is described in Sect. 3.2. The para-
meters that define the structures which guide the pas-
sive motion of TF are thus determined as a result of
this preliminary identification procedure.

It is worth noting that the geometry of the TF mech-
anism can be described by a number of parameters
which is actually lower than 20. Four lines a1, a2, b1,
b2 can be defined by connecting the points A1, A2 with
A3 and the points B1, B2 with B3. These lines connect
the centres of spherical pairs which are fixed with re-
spect to the corresponding reference frame St or Sf ;
as a consequence, lines ai are fixed with respect to St

and lines bi are fixed with respect to Sf . Furthermore,
four triangles can be defined: �A1B1 with vertices A1,
B1, A3; �B1B2 with vertices B1, B2, A3; �A2B2 with
vertices A2, B2, A3; �A1A2 with vertices A1, A2, A3

(Fig. 4). Since the mutual distance between the ver-
tices of each triangle is fixed by kinematic constraints,
each triangle is a rigid structure which is constrained
to rotate about the two axes among a1, a2, b1, b2

which pass through its vertices. For instance, the trian-
gle �A1B1 is constrained to rotate about the axis a1 on
St and the axis b1 on Sf . Thus, the pairs of spheres on
each axis can be substituted by kinematically equiva-
lent hinge joints. As a consequence, the TF model is
kinematically equivalent to a spherical four-bar mech-
anism (Fig. 4).

The spherical four-bar mechanism can be seen as
a generalization of the classic knee model which de-
scribes the motion of the joint in the sagittal plane by
means of a planar four-bar mechanism [8, 9], consti-
tuted by two members (representing the tibia and fe-
mur) interconnected with two planar rigid links (repre-
senting the cruciate ligaments) by revolute pairs. Thus,

Fig. 4 The kinematic equivalence between the parallel spheri-
cal wrist and the spherical four-bar linkage

the number of geometrical parameters required to de-
fine the spherical mechanism is 16: the three compo-
nents of A3 in St , the three components of B3 in Sf ,
the eight independent components of the unit vectors
of the axis a1,2 and b1,2 in St and Sf respectively, the
distance L1 between one arbitrary point on a1 and an-
other on b1 and the distance L2 between one arbitrary
point on a2 and another on b2.

In other words, 4 out of the 20 parameters which
define the geometry of the spherical wrist can be cho-
sen arbitrarily: the points A1,2 and B1,2 can be arbitrar-
ily chosen along the axes a1,2 and b1,2, with no effects
on the synthesized relative motion of the tibia and fe-
mur. These additional four degrees of freedom in the
choice of the geometrical parameters of the equivalent
mechanism prove particularly useful for prosthetic de-
sign.

2.2 The patello-femoral mechanism

Like the TF model, the equivalent mechanism of PF
can be defined by means of anatomical and kinemat-
ical considerations about the relative motion of the
patella and femur under passive conditions [12]. In or-
der to satisfy the requirement of simplicity for the fi-
nal model, a characteristic which is fundamental for
practical applications, it is important to discern which
structures affect the passive motion of the joint also in
this case.

The contact between the patella and femur oc-
curs on a wide portion of their rigid articular sur-
faces for each flexion angle (Fig. 5): this observation
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Fig. 5 The articular contacts between the patella (lines) and femur (points) at three different flexion angles; the cylindrical approxi-
mation of the condyles (dotted circle) is also presented

Fig. 6 The kinematic model of the patello-femoral joint; in the
figure, the geometrical parameters are also represented

suggests that this contact can be modelled by means
of a lower pair. In particular, the trochlea and the
anterior portions of femoral condyles which are in-
volved in the contact can be approximated by a cylin-
der. Furthermore, the particular shape of the articular
surfaces makes sure that the patella translation along
the cylinder axis is guided by articular contacts: the
back surface of the patella fits—in a certain sense—
the trochlea, the femoral condyles and the intercondy-
lar space which serve as a sort of rail for the patella.
This rail almost lays on a plane that, however, is not or-
thogonal to the cylinder axis: the motion of the patella
with respect to the femur is nearly helicoidal. Finally,
experimental observations show that a bundle of fibres
of the patellar ligament remains almost isometric in
passive flexion, while the other bundles are not tight
and do not guide the passive motion.

Similarly to TF, the passive motion of PF is thus
guided by the isometric bundle of the patellar ligament

Fig. 7 The kinematic model of the knee joint; in the figure, the
geometrical parameters are also represented

and by articular contacts. Articular surfaces can be
substituted by a screw joint which connects the patella
and femur (Fig. 6). The axis of the joint is defined on
the femur by the unit vector n1 and the point Q1, and
on the patella by the unit vector n2 and the point Q2.
The relative axial position of the patella and femur is
defined by parameters λ0 and λ1: λ0 is the distance be-
tween Q1 and Q2 at a reference position, λ1 is the axial
translation between these two points corresponding to
1 radiant relative rotation of the patella with respect
to the femur. Furthermore, the isometric bundle can be
substituted by a rigid link of fixed length L, connected
to the tibia and patella by means of spherical pairs cen-
tred respectively at points C1 and D1 (Fig. 7).
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Finally, in order to obtain a complete kinematic
model of the knee, it is necessary to set the parameter
of the motion whose value determines the configura-
tion of the joint. The flexion movement when imposed
by the muscles can be seen as the result of the action
(lengthening or shortening) of the quadriceps on the
patella. In other words, the length of quadriceps fixes
the configuration of the joint: this can be accomplished
in the model by substituting the quadriceps with a
group C2D2 (Fig. 7)—composed of two rigid binary
links connected by a prismatic joint—which sets the
distance between the centre D2 of a spherical joint on
the patella and the centre C2 of a spherical joint on the
femur, by means of an axial translation parameter s of
the prismatic joint. It is worth noting that the quadri-
ceps is actually connected to both the femur and ilium;
since the relative motion between the femur and ilium
is not considered in this study, these two bones can be
seen as a single rigid body.

The model of the whole knee in passive flexion is
represented in Fig. 7. It can be obtained by joining
the TF and PF equivalent mechanisms. The model has
one DoF (ignoring idle inessential DoFs) and the lin-
ear displacement s of the prismatic joint defines the
configuration of the knee when the flexion angle is im-
posed by the quadriceps. The PF mechanism indeed is
composed of two Assur groups (the first one is com-
posed of the member C1D1 and the patella, the second
one is the group C2D2), namely two fixed structures
which have mobility zero, if the position of extrem-
ity pairs of each group is fixed. In this case, the po-
sition of extremity pairs of the two Assur groups is
fixed by the TF mechanism. Assur groups do not mod-
ify the mobility of the mechanism to which they are
connected and, as a consequence, the number of DoFs
of the whole knee model is the same as the TF mecha-
nism, i.e. one DoF. This is congruent with the previous
anatomical observations: PF does not constrain TF in
passive conditions and, if the flexion angle is exter-
nally imposed, the motion of TF is independent from
that of PF; on the contrary, the motion of PF is defined
by the TF model. The movement which is obtained by
leaving the prismatic pair idle reproduces the passive
motion of the knee.

If an anatomical frame Sp is attached to the patella,
the relative pose of the patella with respect to the fe-
mur can be expressed by means of the position vector
Pfp of the origin of Sp in Sf , and by the 3 × 3 rota-
tion matrix Rfp for the transformation of vector com-
ponents from Sp to Sf . The anatomical frame Sp is

represented in Fig. 3. It is defined with origin coinci-
dent with the mid-point between the lateral and medial
apices; x-axis orthogonal to the plane defined by the
lateral, medial and distal apices, anteriorly directed; y-
axis directed from the distal apex to the origin; z-axis
as a consequence, according to the right hand rule.

Matrix Rfp can be expressed as a function of three
rotation parameters α, β and γ , by means of an ex-
pression similar to (1). Even though the Grood and
Suntay convention was originally defined for the tibio-
femoral joint, its application on different joints (the
patello-femoral joint included) is becoming common
in the scientific literature.

Like the TF model, the relative motion of the
patella and femur can be obtained by solving the clo-
sure equations of the PF mechanism:

Rfpn2 = n1

RfpQ2 + Pfp = (λ0 + λ1ϑ)n1 + Q1 (3)

‖Rtf (RfpD1 + Pfp) + Ptf − C1‖ = L

where n1, Q1 are represented in Sf , C1 in St and n2,
Q2, D1 in Sp . The angle ϑ is the rotation of the patella
about the screw joint axis with respect to a reference
pose. If rij is an element on the ith row and j th column
of the 3 × 3 rotation matrix for the transformation of
vector components from the current to the reference
pose of the patella, the angle ϑ can be obtained by:

ϑ = arcsin

(
r21 − r12

2n2z

)
(4)

The first two vectorial equations of the system (3) con-
strain the axis identified by n1 and Q1 to be coincident
with that identified by n2 and Q2. Moreover, the sec-
ond vectorial equation imposes the distance between
Q1 and Q2, i.e. the relative axial translation of the
patella and femur along the screw joint axis. The last
scalar equation ensures that the distance between C1

and D1 remains constant.
If Rtf and Ptf are known by solving the closure

equations (2), the system (3) is composed of seven
equations in six unknowns, i.e. the three components
of Pfp and the angles α, β , γ which define Rfp . How-
ever, in the first vectorial expression of (3) only two
out of three equations are independent, since n1 and
n2 both have unitary norms. Thus, once Rtf and Ptf are
obtained from (2), the system (3) makes it possible to
find the relative poses of the patella and femur at each
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assigned flexion angle. It is worth noting that if the
flexion angle is externally imposed, the PF motion de-
pends on that of TF: this is an anatomical constraint
which is satisfied in the model.

The geometrical parameters involved in the PF
model (Fig. 6) are the components of the unit vectors
n1 and n2 of the screw axis represented respectively
in Sf and Sp , the coordinates of the points Q1 and Q2

represented respectively in Sf and Sp , the coordinates
of the points C1 and D1 represented respectively in St

and Sp , the fixed distance L between C1 and D1 and
the two parameters which define the axial translation
λ0 and λ1. Since the norms of the unit vectors n1 and
n2 are unitary, their components can be expressed as
a function of four independent coordinates only (two
for n1 and two for n2 components). Furthermore, since
the points Q1 and Q2 can be arbitrarily chosen on the
screw axis, each of them can also be expressed as a
function of two independent coordinates only.

As a consequence, the PF model is described by a
set of 17 independent geometrical parameters. The pa-
rameters which define the position of points C2 and
D2 are not taken into account since they are not neces-
sary for the solution of the position analysis problem
of the mechanism in passive flexion: since the pris-
matic joint is idle, the group C2D2 does not influence
the motion of either the patella or the femur. The pro-
cedure of identification is described in Sect. 3.2; as a
result, the structures which guide the passive motion
of PF are identified. The set of 16 parameters of the
TF sub-chain and the set of 17 parameters of the PF
sub-chain define the complete model of the knee un-
der passive loading conditions.

3 Identification of the model

3.1 Experimental session

An experimental session was carried out, in order to
collect the experimental data which make it possible to
define the model of the knee passive motion, accord-
ing to the geometrical and kinematical considerations
outlined in the previous section. During the same ex-
periment, the relative motion of the femur, tibia and
patella was recorded: the experimental motion is used
as a reference both in the identification procedure and
in the result analysis, to evaluate the accuracy of the
proposed model.

A right leg deriving from an amputation was
analysed. The leg was declared as normal by the sur-
geon who assisted during data acquisition. Anatom-
ical landmarks were recorded by means of an opto-
electronic system: the anatomical frames Sf , St and
Sp were thus defined from these preliminary mea-
surements. The same opto-electronic system was used
to acquire the relative motion of the femur, tibia and
patella under unloaded conditions; in particular, this
motion was recorded as a set of 68 relative poses
which spanned a flexion arc with range 5–114 degrees.
As a result, the matrices Rtf , Rfp and the position vec-
tors Ptf , Pfp were obtained at the 68 flexion angles.
For the sake of conciseness, the experimental motion
is shown in Figs. 9–12 together with the results of the
model.

The knee was then anteriorly cut and the anatomi-
cal structures were exposed. The anatomical surfaces
were digitized by means of the same tool used to col-
lect the relative motion: the femur and tibia condyles,
the trochlea and the front and back surfaces of the
patella were thus obtained as clouds of points in the
corresponding anatomical frame (Fig. 3). The ACL
and PCL attachment areas were digitized similarly.
The experimental session was originally focussed on
the TF and thus not all data required by the PF model
were collected. In particular, the attachment areas of
the patellar ligament were not digitized and were thus
reconstructed from photographic material.

3.2 Parameter optimization

In order to define a physically relevant model, the
topology of the mechanism, its geometry and, as a
consequence, its geometrical parameters should stem
from experimental observations on the clinical and
kinematical characteristics of the joint. This is an im-
portant point to relate the simulation results of the
model to the experimental ones, an aspect which be-
comes fundamental when the model is used for the
study of the joint, for surgical purposes or for pros-
thetic design.

All these considerations lead to the choice of op-
timization as a method for the identification of the
model parameters. In particular, bounded optimiza-
tion procedures make it possible to find the parame-
ter set which reduces to a minimum the errors be-
tween the experimental and the simulated motions,
at the same time keeping the parameter values suffi-
ciently close to the anatomical observations. Both the
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TF and the PF equivalent mechanisms are identified
by means of bounded optimization techniques. Start-
ing from a first approximative solution (the first guess)
deduced from the anatomical data, the optimum set of
16 + 17 parameters is obtained which best-fits the ex-
perimental motion of the knee. Two distinct optimiza-
tion problems are solved, namely the identification of
the TF mechanism and that of the PF mechanism. The
passive motion model could be identified in a single
step: the choice of a two step optimization—which is
possible thanks to the partial decoupling of the two
sub-chains of the mechanism—simplifies the compu-
tations. Moreover, since the first approximate solu-
tions are based on the anatomical remarks explained
in Sects. 2.1 and 2.2, the optimal solutions have to be
sufficiently close to these first guesses. Thus, the pa-
rameters of the first approximations are used also as
a reference to define the domains of research, i.e. the
bounds, for the optimization procedure.

The preliminary geometry of the spherical wrist is
obtained from the experimental data. The relative po-
sitions of the ACL and PCL attachment areas from to-
tal extension to maximal flexion are analysed in pas-
sive conditions and for each ligament the pair of points
(one on the femur and the other on the tibia) which
show the minimal change in distance is chosen. These
two pairs of points define the isometric bundles. The
two points on the tibia (A1 and A2) and those corre-
sponding on the femur (B1 and B2) are the centres of
the spherical pairs on the two rigid links of the equiv-
alent mechanism. The length L1 is defined as the dis-
tance between the points A1 and B1 at full extension;
the length L2 is defined accordingly. Finally, the heli-
cal axes of the relative motion between the femur and
tibia are computed at each pair of consecutive relative
poses; these axes are obtained both on St and on Sf .
The centre of the spherical wrist on the tibia (A3) is
chosen as the point whose sum of distances from the
helical axes on St is minimum; the wrist centre on the
femur (B3) is chosen accordingly.

As regards the PF equivalent mechanism, the
femoral articular surfaces of PF are approximated by
a best-fitting cylinder in Sf : the axis of the cylinder
makes it possible to obtain the unit vector n1 and the
point Q1. The relative pose of the patella and femur
corresponding to a flexion angle centred in the consid-
ered flexion arc is chosen as the reference pose. The
projections of n1 and of the position vector of Q1 in
Sp at the reference pose allow n2 and Q2 to be defined;

the distance between Q1 and Q2 sets the λ0 parameter.
The λ1 parameter is obtained, instead, from the angle
between n1 and the perpendicular to the plane which
approximately contains the intercondylar space. Fi-
nally, the attachment areas of the patellar ligament are
analysed: the pair of points (one on the tibia, the other
on the patella) which exhibit the minimal change in
distance during the experimental movement (isomet-
ric bundle) define the points C1 and D1; their mean
distance sets the L length.

The optimization techniques applied to the TF
and PF mechanisms are substantially similar. As re-
gards the spherical wrist, 12 flexion angles are cho-
sen among the 68 experimental ones, as a compromise
between the accuracy and the computational time of
the procedure and in order to be coherent with previ-
ous published results [12]. The 12 flexion angles cover
the full flexion arc and are almost equally-spaced: the
difference between two consecutive flexion angles is
nearly 10 degrees. This difference is not a fixed value,
since this was not allowed by the tool used to acquire
the experimental poses. At each optimization iteration,
the closure equations (2) are solved at the 12 chosen
angles. The relative poses of the femur and tibia com-
puted from the model are iteratively compared with the
experimental ones: the sum of the weighted squares of
errors between the poses constitutes the error index
F which has to be minimized. In particular, if xji is
the computed value of the j th unknown (j = 1, . . . ,5)
of the system (2), obtained at the ith flexion angle
(i = 1, . . . ,12), the contribution of xji to the value of
F is:

ε2
ji = (xji − x	

ji)
2

x2
jd

(5)

where x	
ji is the corresponding experimental value of

the unknown. The weights xjd are necessary, since the
unknowns have different physical dimensions (some
are angles, others are lengths). The weights only de-
pend on the experimental values of the unknown and
are chosen as:

xjd = max
{
x	
j1, x

	
j2, . . . , x

	
j12

}

− min
{
x	
j1, x

	
j2, . . . , x

	
j12

}
(6)

Thus, the error εji is a sort of per cent error, with re-
spect to the maximum range xjd of the j th pose para-
meter.
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Fig. 8 The first estimate (dashed lines and thin circles) and the optimized (solid lines and thick circles) models of the TF (a) and PF
(b) sub-joints; the anatomical surfaces and the ligament attachment areas are also included

The mechanism closure is not guaranteed for every
parameter set: if the model closures are not satisfied at
all the given flexion angles, an arbitrary high value is
assigned to the index F . Thus, the complete algorithm
for the computation of F is:

F =
5∑

j=1

12∑
i=1

ε2
ji if closure succeeds

F = X otherwise

(7)

where X is an arbitrary high value. As previously
noted, in order to give the proposed model a physi-
cal consistency, the optimization research domain is
bounded, having the first approximative solution as the
central value: every parameter qn (n = 1, . . . ,16) has
to fall within the domain interval [q0n − δn, q0n + δn],
where q0n is the first guess and δn is a fixed half-
length of the interval. Since F is highly non-linear and
presents discontinuities, the problem (7) is solved ini-
tially by means of a genetic algorithm; this solution is
then refined by means of a quasi-Newton algorithm.
The solution is the parameter set which minimizes the
F error index within the bounds.

As regards the PF equivalent mechanism, the same
12 flexion angles as the TF model are considered,
and the corresponding experimental relative poses be-
tween the patella and femur are selected. The rela-

tive poses of the femur and tibia are obtained from
the previously optimized TF model. These simulated
poses are used to solve the closure equations (3) of
the PF sub-chain at each given flexion angle. The so-
lutions are then compared to the experimental poses
of the patella and femur. The optimization procedure
and the computation of the F error index are very sim-
ilar to those used to identify the TF model. It is worth
noting, however, that the simplicity of the PF equiv-
alent mechanism makes sure the model closures are
satisfied at each considered flexion angle, within the
bounds. As a consequence, F is continuous within the
bounds and the optimum solution can be searched for
by means of quasi-Newton algorithms. Another dif-
ference with respect to the TF model is the number
of pose parameters which are fitted, i.e. 6 instead of 5:
contrary to the TF flexion angles, the patella α rotation
is not imposed on the PF mechanism, whose motion is
completely defined by the motion of the TF equivalent
mechanism.

The results of the identification of the TF and PF
mechanisms are reported in Fig. 8. The dashed lines
and thin circles represent the first estimate of the para-
meters of the model, while the solid lines and thick
circles are the same parameters after the optimiza-
tion procedure. In particular, the rigid links A1B1 and
A2B2 and the centre of the spherical motion A3 and B3
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are shown in Fig. 8a; the rigid link C1D1 and the axis
of the screw joint (defined by Q1, n1 and Q2, n2) are
shown in Fig. 8b. The optimized model is close to its
first estimate: this aspect gives consistency to the kine-
matical and anatomical assumptions which lead to the
definition of the TF and PF equivalent mechanisms.

4 Results

The simple geometry of the new mechanism made it
possible to quickly solve the closure equations and
the optimization problem: the calculations took just 5
minutes on a standard personal computer with a 3 GHz
processor. Apart from its simplicity, the efficiency of
the model is a consequence of its stability and of its
high mobility, which reduce the problems connected
to the non-existence of closure equation solution, and
their consequence on continuity of the error index.

The position and orientation components of Sf in
St are presented in Figs. 9 and 10: the dotted lines are
the experimental data, while the solid ones are the re-
sults of the model. Similarly, the synthesized motion
of Sp in Sf is compared to the experimental one in
Figs. 11 and 12.

The mean errors between the experimental and syn-
thesized motions are reported in Table 1; the per cent

Table 1 Absolute and per cent mean errors between experi-
mental and simulated motion, as synthesized by the previous
and the new equivalent mechanisms of the whole knee

Mean errors TF motion

Previous mechanism New mechanism

β (degrees) 0.17 (6.66%) 0.23 (9.11%)

γ (degrees) 0.48 (2.22%) 1.63 (7.51%)

x (mm) 0.73 (5.67%) 0.85 (6.64%)

y (mm) 0.17 (5.71%) 0.24 (7.83%)

z (mm) 0.32 (7.77%) 0.60 (14.59%)

Mean errors PF motion

Previous mechanism New mechanism

α (degrees) 1.64 (2.33%) 1.77 (2.51%)

β (degrees) 1.18 (10.50%) 1.23 (10.95%)

γ (degrees) 2.34 (9.64%) 1.89 (7.78%)

x (mm) 1.86 (3.74%) 0.89 (1.80%)

y (mm) 0.95 (3.91%) 1.13 (4.69%)

z (mm) 0.50 (10.70%) 0.48 (10.39%)

errors with respect to the maximum range of each pose
parameter are also reported in brackets. The absolute
and per cent mean errors are reported both relatively
to the new mechanism presented in this paper and rela-
tively to the previous one, presented in [12] and briefly
described in the Introduction.

The new simpler model replicates the knee passive
motion with a good accuracy, which remains compara-
ble to that of the previous more complex mechanism.
The simplification of the model affects the TF mo-
tion, which is slightly less accurate but still close to
that of the previous TF mechanism. However, the ad-
vantages of the simpler TF model (lower mechanical
complexity, lower geometrical parameters, lower com-
putational burden, higher numerical stability) counter-
balance the lower accuracy, in particular in all those
practical (prosthesis and orthosis design, rehabilita-
tion) and theoretical (full body or lower limb mod-
els) applications where complexity is a drawback [13].
Moreover, the new PF model—slightly different from
that used in the previous mechanism—makes it pos-
sible to compensate for the reduced accuracy of the
TF sub-chain and to synthesize a PF motion that, for
certain parameters, is even better than the previously
obtained one.

In conclusion, the proposed knee model proved ef-
ficient in replicating the relative motion of the tibia,
femur and patella in passive loading conditions. The
same mechanism could also be used to predict the
loads in the joint when external forces are applied.
However, the analysis of the joint forces should be lim-
ited to low loads: high loads can lengthen the fibres of
isometric ligaments and of the other passive structures
of the knee, thus modifying its configuration; the rigid
body assumption at the basis of the proposed mech-
anism could be a strong approximation of reality in
this case, making the model less reliable. However,
when high forces are applied to the joint, the equiv-
alent mechanism proposed in this study could be used
to obtain a feasible boundary condition (or a first step)
for the subsequent generalization of the model that, by
considering the stiffness of articular structures, repro-
duces the kinetostatic and dynamic behaviour of the
whole knee.

5 Conclusions

A three-dimensional mechanism which can reproduce
the passive motion of the knee comprehensive of
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Fig. 9 Position of the origin of Sf with respect to St ; dot = experimental data, solid = synthesized motion

Fig. 10 Orientation of Sf with respect to St ; dot = experimental data, solid = synthesized motion
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Fig. 11 Position of the origin of Sp with respect to Sf ; dot = experimental data, solid = synthesized motion

Fig. 12 Orientation of Sp with respect to Sf ; dot = experimental data, solid = synthesized motion
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the patella is proposed. The model is defined from
anatomical and kinematical considerations and is then
identified on experimental data.

The model replicates the passive motion of the
tibia, femur and patella with good accuracy. More-
over, its simple geometry makes it particularly useful
in practical applications, such as surgical planning or,
more specifically, prosthetic design.
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