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Abstract The Local Radial Basis Function-Differen-
tial Quadrature (RBF-DQ) method is applied to two-
dimensional incompressible Navier-Stokes equations
in primitive form. Numerical results of heatlines and
entropy generation due to heat transfer and fluid fric-
tion have been obtained for laminar natural convec-
tion. The variations of the entropy generation for dif-
ferent Rayleigh numbers are also investigated. Com-
parison between the present results and previous
works demonstrated excellent agreements which ver-
ify the accuracy and flexibility of the method in simu-
lating the fluid mechanics and heat transfer problems.
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c̄ Constant in the transformed form of MQ test
functions

g Acceleration due to gravity (m s−2)
H Length (m)
K Thermal conductivity (W m−1 K−1)
Nu Nusselt number
P Dimensionless pressure
Pr Prandtl number
p Pressure (Pa)
Ra Rayleigh number
S Dimensionless entropy generation
T Temperature (K)
T0 Bulk temperature (Th + Tc)/2 (K)
t Time (s)
U,V Dimensionless fluid velocities
u,v Velocity components in x and y directions

(m s−1)
X,Y Dimensionless Cartesian coordinates
x, y Cartesian coordinates (m)

Greek symbols
α Thermal diffusivity (m2 s−1)
β Volumetric coefficient of thermal expansion

(K−1)
μ Viscosity (N s m−2)
ν Kinematic viscosity (m2 s−1)
ρ Fluid density (kg m−3)
τ Dimensionless time
φ Irreversibility distribution ratio
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Subscripts
c Cold
f Fluid
f.f Fluid friction
h Hot
h.t Heat transfer
l Local
t Total

1 Introduction

Traditional numerical techniques such as finite differ-
ence and finite volume methods are routinely used to
solve complex problems and they require significant
effort in mesh generation. Mesh-free methods, on the
other hand, have generated considerable interest due
to the ability to overcome the high cost of mesh gen-
eration [1–5]. Recently, another group of mesh-free
methods, based on the radial basis functions (RBFs),
have become attractive for solving partial differential
equation (PDEs). Kansa [6, 7] introduced the direct
collocation method using RBFs. It is found that RBFs
are able to construct an interpolation scheme with fa-
vorable properties such as high efficiency, good qual-
ity and capability of dealing with scattered data, espe-
cially for higher dimension problems. The truly mesh-
free nature of RBFs motivated researchers to use them
to deal with partial differential equations. To approx-
imate derivatives by RBFs, Shu and his co-workers
[8–10] proposed the RBF-DQ method. This method
combines the differential quadrature (DQ) approxima-
tion [11–14] of derivatives and function approxima-
tion of RBF. Previous applications showed that RBF-
DQ is an efficient method to solve linear and non-
linear PDEs [15, 16]. Generally, the local RBF-DQ
method is very flexible and simple in code writing and
it can be easily applied to linear and nonlinear prob-
lems. In the local form of RBF-DQ method the prob-
lem of ill-conditioned global matrix has been removed
by replacement of global solvers by block partition-
ing schemes for large simulation problems as shown
in Fig. 1.

On the other hand, simulation of natural convection
in rectangular enclosures has received considerable at-
tention in the recent years [17–19] due to its vast ap-
plications in mechanical engineering. Besides, numer-
ous works on entropy generation, relating to natural

Fig. 1 Supporting knots around a centered knot

and forced convection [20–25] demonstrate the impor-
tance of the topic. In this study, the second law of ther-
modynamics has been applied to the cavity problem
to determine entropy generations due to heat and flow
transport for two different cases. Comparison of the
present study with some previous works confirms the
accuracy and applicability of the method in fluid me-
chanic and heat transfer.

2 Local RBF-DQ method

This method is different from the conventional RBF-
based collocation methods which are based on the
function approximation. The RBF-DQ method di-
rectly approximates the derivatives. So, it can be easily
applied to the linear and nonlinear problems.

2.1 Differential quadrature method (DQ)

The DQ method is a numerical discretization tech-
nique for approximation of derivatives which is ini-
tiated from the idea of conventional integral quadra-
ture [12]. In this method the mth order derivative of a
function f (x) with respect to x at a point xi can be
approximated by DQ as

f (mt)
x (xi) =

N∑

j=1

wm
ij f (xj ), i = 1,2, . . . ,N, (1)

where xj are the discrete points in the domain, f (xj )

and w
(m)
ij are the function values at these points and

the related weighting coefficients respectively.
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2.2 Local MQ-DQ method formulation

As discussed in detail by Shu et al. [8], in LMQDQ
method, the MQ-RBF is used as the basic function
to determine the weighting coefficients in the DQ
approximation of derivatives for a two-dimensional
problem. They showed that the weighting coefficient
matrix [Wn] can be determined by

[G][Wn]T = {Gx}, (2)

In which [G] and [Gx] are known matrices.

3 Shape parameter (c) in local MQ-DQ method

The MQ approximation of the function contains a
shape parameter c that can be knot-dependent and
must be determined by the user. In local MQ-DQ
method, the shape parameter has a strong effect on the
accuracy of the numerical results. The difficulty of as-
signing the different values of c, when the knots are
randomly generated, can be removed by normalization
of scale in the supporting region [8]. The constant in
the transformed form of MQ test functions (c̄) can be
taken as 3.1, and the number of supporting knots as 16.

4 Mathematical modeling

Geometry of the problem with related boundary con-
dition is depicted for two cases in Fig. 2. The conti-
nuity, momentum and energy equations for a two di-
mensional laminar flow of an incompressible New-
tonian fluid are written with the following assump-
tions: the gravity acts in the vertical direction, fluid

properties are constant and fluid density variations are
neglected except in the buoyancy term (the Boussinesq
approximation) and radiation heat exchange is negligi-
ble. Using non-dimensional variables, the dimension-
less form of the governing equations [22] can be writ-
ten as

∂U

∂X
+ ∂V

∂Y
= 0, (3)

∂U

∂τ
+ U

∂U

∂X
+ V

∂U

∂Y

= −∂P

∂X
+ Pr

(
∂2U

∂X2
+ ∂2U

∂Y 2

)
, (4)

∂V

∂τ
+ U

∂V

∂X
+ V

∂V

∂Y

= −∂P

∂Y
+ Pr

(
∂2V

∂X2
+ ∂2V

∂Y 2

)
+ Pr RaT , (5)

∂T

∂τ
+ U

∂T

∂X
+ V

∂T

∂Y
=

(
∂2T

∂X2
+ ∂2T

∂Y 2

)
. (6)

The steady-state solutions are obtained from unsteady-
state equations (3)–(6). The dimensionless variables in
above equations are defined as

(X,Y ) = (x, y)/H, (U,V ) = (u, v)/(α/H),

P = p/ρ(α/H)2,

T = (t − tc)/	T and τ = αt/H 2,

by using H,α/H , 	T = th− tc as characteristic scales
for length, velocity and temperature respectively. The

Fig. 2 Geometrical details of the cases



1026 Meccanica (2011) 46:1023–1033

non-dimensional parameters, Rayleigh number and
Prandtl number are defined as

Ra = gβ	tH 3/να, Pr = ν/α. (7)

4.1 Boundary conditions

No-slip condition is imposed for velocities on the solid
walls. Thermal boundary conditions are T = 1 for heat
sources, T = 0 for sinks and ∂T

∂n
= 0 for the insulated

walls.

4.2 Entropy generation

According to the dimensionless parameters and lo-
cal thermodynamic equilibrium of the linear transport
theory [22], the dimensionless local entropy genera-
tion due to heat transfer and fluid friction for a two-
dimensional flow in Cartesian coordinates and in ex-
plicit form can be written as:

Sl.h.t =
(

∂T

∂X

)2

+
(

∂T

∂Y

)2

, (8)

Sl.f.f = φ

{
2

[(
∂U

∂X

)2

+
(

∂V

∂Y

)2]

+
(

∂U

∂Y
+ ∂V

∂X

)2}
. (9)

The local entropy generation number which is called
entropy generation number, is the summation of Sl.f.f

and Sl.h.t :

Sl = Sl.h.t + Sl.h.t

=
(

∂T

∂X

)2

+
(

∂T

∂X

)2

+ φ

{
2

[(
∂U

∂X

)2

+
(

∂V

∂Y

)2]

+
(

∂U

∂Y
+ ∂V

∂X

)2}
. (10)

where φ is the irreversibility distribution ratio:

φ = Sl.f.f

Sl.h.t

= μT0

k

(
α

H	T

)2

. (11)

The total entropy generation is obtained by integrat-
ing the dimensionless local entropy generation over
the system volume:

St.h.t =
∫

V

Sl.h.t dV , St.f.f =
∫

V

Sl.f.f dV,

St = St.h.t + St.f.f .

(12)

The local Bejan number indicates the strength of the
entropy generation due to heat transfer irreversibility:

Bel = Sl.h.t

Sl

. (13)

For any location inside the cavity, the condition of
Bel > 1/2 implies that the heat transfer irreversibility
is dominating, while the condition Bel < 1/2 indicates
that the fluid friction irreversibility is dominating. For
Bel = 1/2, the heat transfer and viscous irreversibili-
ties are equal.

4.3 Heat function and heatlines

The concept of heat function and heatlines are firstly
suggested and defined by Kimura and Bejan [26] in
1983. Heatlines exhibit the convective heat transport
process from a microscopic view. It is informative to
note that heatlines are lines across which the net flow
of energy is zero. Heatlines are expected to be parallel
to adiabatic walls and normal to the isothermal wall.
The heatlines are employed in the present work to vi-
sualize the heat transport processes. Heat function (θ)

is defined in terms of the energy equation as

∂θ

∂Y
= UT − ∂T

∂X
, − ∂θ

∂X
= V T − ∂T

∂Y
. (14)

At a general knot of index i, the present local RBF-DQ
approximation of (8), (9) and (14) can be written as

Sl.h.t =
(

ni∑

k=1

c1x
i,kT

k
i

)2

+
(

ni∑

k=1

c
1y
i,kT

k
i

)2

, (15)

Sl.f.f = φ

{
2

[(
ni∑

k=1

c1x
i,kU

k
i

)2

+
(

ni∑

k=1

c
1y
i,kV

k
i

)2]

+
(

ni∑

k=1

c
1y
i,kU

k
i +

ni∑

k=1

c1x
i,kV

k
i

)2}
, (16)

∂θ

∂Y
= UiTi −

ni∑

k=1

c1x
i,kT

k
i ,

− ∂θ

∂X
= ViTi −

ni∑

k=1

c
1y
i,kT

k
i ,

(17)

where Fi represents the function value at knot i,F k
i

represents the function value at the kth supporting knot
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for knot i. c1x
i,k, c

1y
i,k, c

2x
i,k and c

2y
i,k represent the com-

puted weighting coefficients in the DQ approximation
for the first and second order derivatives in the x and
y direction respectively.

5 Numerical procedure

The set of governing equations is numerically solved
by LRBF-DQ with a two step fractional method for-
mulation which is applied to 2D N-S equations with a
collocated arrangement. The procedure is described in
detail by Shan et al. [27]. For the present study, regular
point distribution is used as shown in Fig. 4. The num-
ber of knots are 2601 (for Ra = 103 and Ra = 104)

and 5625 (for Ra = 105). The convergence criteria is
|ξn

i,j − ξn−1
i,j | < 10−4 where ξ stands for U,V and T

and n denoting the iteration. The problem is solved for
Pr = 0.7.

To commence the numerical procedure, intermedi-
ate velocity U∗ and V ∗ are predicted by advection-
diffusion equation, which drops the pressure term.

U∗ − Un

	τ
= −1

2
(u∗ · ∇U∗ + un · ∇Un)

+ 1

2
Pr(	U∗ + 	Un), (18)

V ∗ − V n

	τ
= −1

2
(u∗ · ∇V ∗ + un · ∇V n)

+ 1

2
Pr(	V ∗ + 	V n) + Pr RaT n, (19)

where u is the velocity vector (U,V ) and the super-
script n denotes the values at the current step. For
the first step all those values are guessed by the user,
which are usually set to zero. The complete velocity
u at tn+1 is corrected by including the pressure field,
given by

un+1 − u∗

	τ
= −∇pn+1. (20)

The final velocity field is subject to the continuity con-
straint given by

∇ · un+1 = 0. (21)

Substituting (20) into (21) leads to the following Pois-
son equation for pressure

	pn+1 = ∇ · u∗

	τ
. (22)

Fig. 3 Locally orthogonal grid near the boundary

Fig. 4 Regular knots distribution for natural convection prob-
lem

The velocity un+1 is updated by the solution of pres-
sure equation (22) and (20). For the heat transfer equa-
tion we have

T n+1 − T n

	τ
= −Un+1 ∂T n

∂X
− V n+1 ∂T n

∂Y

+
(

∂2T n

∂X2
+ ∂2T n

∂Y 2

)
. (23)

The updated velocities from the previous steps are in-
serted to yield the updated value of T n+1.

5.1 Implementation of boundary conditions

The physical boundary conditions of the problem are
explained earlier. In addition to the physical bound-
ary conditions above, some other boundary conditions
are worthy of attention: The enforcement of continuity
equation on the solid boundary. To achieve this, con-
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tinuity equation should be accurately enforced on the
solid boundary, i.e.

∂(u · n)

	n
= 0, (24)

where n is the normal direction to the surface bound-
ary. For generality and consistency, implementation
of above Neumann boundary condition is carried out

Fig. 5 Comparison of total entropy generation between present
results and previous work [22] for case1

by using the so-called locally orthogonal “grid” [8]
shown in Fig. 3 as follows

Tw = 4Tw+1 − Tw+2

3
. (25)

The reason of adopting this type of grid is for easy
implementation. Using locally orthogonal grid, the
Neumann boundary condition for the velocity compo-
nents can be discretized by one-side finite difference
scheme. Then, this discretized boundary condition is
used to update the corresponding velocity component
at immediate interior point of the boundary knot (not
the boundary knot itself), since the velocity on the
boundary is already known. For the adiabatic surfaces
the same procedure can be applied.

It is worthwhile mentioning that although the so-
lution procedure is carried out for a simple geometry
in this work, the present procedure can be applied to
complex shapes.

6 Results and discussion

Numerical results are presented through Figs. 5–11 to
demonstrate the effects of different Rayleigh numbers

Fig. 6 (a) Ra = 103, (b) Ra = 104, (c) Ra = 105, the first column: temperature fields, the second column: heatlines and the third
column: streamlines for the case1
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Fig. 7 (a) Ra = 103, (b) Ra = 104, (c) Ra = 105, the first column: temperature fields, the second column: heatlines and the third
column: streamlines for the case2

Table 1 Comparison between present results and previous works for case1

Ra = 104 Ra = 105

Davis [28] Shu [8] Present Davis [28] Shu [8] Present

|ψmid| 5.071 5.084 5.077 9.11 9.146 9.097

ψmax N/A N/A N/A 9.612 9.648 9.6061

umax 16.178 16.169 16.167 34.730 34.547 34.528

vmax 19.617 19.631 19.642 68.59 69.313 67.799

Nu0 2.238 2.24 2.241 4.509 4.573 4.536

Numax 3.528 3.560 3.549 7.717 7.844 7.742

Numin 0.586 0.584 0.584 0.729 0.726 0.729

on heatline, streamline, and entropy generation for two
cases studied in this work. Also, in order to compare
the performance of local RBF-DQ method, different
quantities are computed and compared with the ones in
previous works by Davis [26], Shu [8] and Maghrebi et
al. [20]. As it is clear in Table 1, there is an excellent
agreement between the results for case 1 confirming
the high accuracy of the meshless method.

Figure 5 illustrates the comparison of total en-
tropy generation between present results and the pre-
vious work [22] for case1. Figures 6, 7 show the

streamlines, isotherms and heatlines for Ra = 103,104

and 105 for both cases. It is found that for both
cases in low Rayleigh numbers, flow intensity is very
low and heat transfer occurs mainly by conduction.
As Rayleigh number increases, more deflection oc-
curs in heatlines which implies the convective heat
flow strength. For case1, for a low Rayleigh number
(Ra = 103) isotherms are nearly vertical, and the heat-
lines are nearly horizontal; as expected for a con-
duction dominated problem. It is also observed that
heat leaves the hot wall in an almost uniform way
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Fig. 8 (a) Local entropy generation due to fluid friction, (b) local entropy generation due to heat transfer, (c) local entropy generation,
(d) local Bejan number at Ra = 103 and φ = 10−4 for case1

Fig. 9 (a) Local entropy generation due to fluid friction, (b) local entropy generation due to heat transfer, (c) local entropy generation,
(d) local Bejan number at Ra = 105 and φ = 10−4 for case1
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Fig. 10 (a) Local entropy generation due to fluid friction, (b) local entropy generation due to heat transfer, (c) local entropy generation,
(d) local Bejan number at Ra = 103 and φ = 10−4 for case2

Fig. 11 (a) Local entropy generation due to fluid friction, (b) local entropy generation due to heat transfer, (c) local entropy generation,
(d) local Bejan number at Ra = 105 and φ = 10−4 for case2
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and reaches the cold wall in almost the same way.
However, for a high Rayleigh number, Fig. 6(c), the
flow intensity is more obvious and the isotherms get
far from the vertical walls that indicate the convec-
tion is dominant. For case2 (Fig. 7), the configura-
tion of the heatlines show that the heat released by
the bottom source is absorbed by both sinks and the
heat picked up by the fluid from the left source is not
conveyed to the sink on the right but the one on the
top.

The local entropy generation due to fluid friction
(Sl.f.f ), heat transfer (Sl.h.t ), local entropy genera-
tion (Sl) and local Bejan number (Bel ) is shown in
Figs. 8–11 for different Rayleigh numbers and
φ = 10−4 for both cases. It is clear that in low
Rayleigh number (Figs. 8 and 10), the maps of lo-
cal entropy generation are similar to the local en-
tropy generation due to heat transfer, which denotes
the domination of Sl.h.t . On the other hand, for high
Rayleigh number (Figs. 9 and 11), the maps of lo-
cal entropy generation are similar to the local entropy
generation due to fluid friction, which shows the dom-
ination of Sl.f.f in the cavity. For case1, Figs. 8(b) and
9(b) illustrate that as the Rayleigh number increases,
the Sl.h.t is confined to the top right and bottom left
edges of the isothermal walls. This is mainly due to
high temperature gradients confined to these locations.
It is also obvious that the adiabatic walls are inac-
tive for entropy generation in terms of heat transfer.
As shown in Figs. 10(b–d). Sl.h.t and Bel decrease in
top right and bottom left edges of the cavity because
of lower temperature gradient between two sinks or
two sources. However for the other corners it is vice
versa. Figures 11(b) and 11(c) show that, for higher
Rayleigh number, all the edges are inactive for en-
tropy generation due to heat transfer and fluid fric-
tion.

7 Conclusions

This study dealt with the entropy generation due to
natural convection heat transfer in an enclosed cav-
ity for two different cases. The results are obtained
numerically using mesh-free Local RBF-DQ method.
The meshless method is applied for two dimensional
Navier-Stokes equation in primitive form. The effect
of different Ra numbers on the heatlines, streamlines,
and the entropy generation is shown and discussed

through table and graphs. Comparison of the present
results with previous works demonstrates that the Lo-
cal RBF-DQ method is an attractive approach in terms
of accuracy, capability and flexibility.
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