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Abstract Closed-form solutions are derived for the
steady magnetohydrodynamic (MHD) viscous flow in
a parallel plate channel system with perfectly conduct-
ing walls in a rotating frame of reference, in the pres-
ence of Hall currents, heat transfer and a transverse
uniform magnetic field. A mathematical analysis is de-
scribed to evaluate the velocity, induced magnetic field
and mass flow rate distributions, for a wide range of
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the governing parameters. Asymptotic behavior of the
solution is analyzed for large M2 (Hartmann number
squared) and K2 (rotation parameter). The heat trans-
fer aspect is considered also with Joule and viscous
heating effects present. Boundary layers arise close
to the channel walls for large K2, i.e. strong rota-
tion of the channel. For slowly rotating systems (small
K2), Hall current parameter (m) reduces primary mass
flow rate (Qx/Rρv). Heat transfer rate at the upper
plate (dθ/dη)η=1 decreases, while at the lower plate
(dθ/dη)η=−1 increases, with increase in either K2 or
m. For constant values of the rotation parameter, K2,
heat transfer rate at both plates exhibits an oscillatory
pattern with an increase in Hall current parameter, m.
The response of the primary and secondary velocity
components and also the primary and secondary in-
duced magnetic field components to the control para-
meters is also studied graphically. Applications of the
study arise in rotating MHD induction machine energy
generators, planetary and solar plasma fluid dynamics
systems, magnetic field control of materials process-
ing systems, hybrid magnetic propulsion systems for
space travel etc.
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List of symbols
q velocity vector
H magnetic filed vector
E electric field vector
J current density vector
σ electrical conductivity of Newtonian working

fluid
ρ fluid density
μe magnetic permeability
ν kinematic coefficient of viscosity
Ω angular velocity
ωe cyclotron frequency
τe electron collision time
M Hartmann number
Pm magnetic Prandtl number
R dimensionless pressure gradient
K2 rotation parameter which is the reciprocal of

Ekman number
m Hall current parameter
cp specific heat at constant pressure
K1 thermal conductivity
Pr Prandtl number
Er Eckert number

1 Introduction

Magnetohydrodynamic (MHD) flows have received
wide attention from many researchers due to the sig-
nificance of such flows in, for example, improved
magnetohydrodynamic energy generators [1], plan-
etary fluid dynamics [2], electromagnetic materials
processing [3], control of crystal growth systems
[4], lubrication control of high-speed spinning ma-
chine components with magnetic fields [5], magneto-
astronautical flows [6] etc. MHD flow in a rotating en-
vironment may involve many complex fluid, thermo-
physical and electromagnetic effects including Cori-
olis forces, Lorentz retarding force, magnetic induc-
tion, boundary layer phenomena, flow reversal, strong
thermal convection currents, viscous dissipation and
Hall currents. Following the initiation of the subject of
MHD in the seminal works of Alfven [7] in the 1940s,
numerous engineering problems have been addressed
in the past half century. Todd [8] studied the influence
of high Hartmann number in annular hydromagnetic
channel flow between two nonconducting cylinders
of circular cross-section, identifying a divided core,

wake generation at the boundaries of the various re-
gions and for the case where the cylinders are eccen-
tric, the presence of a net flow of current around the
annulus. Vidyanidhi and Rao [9] analyzed the mag-
netohydrodynamic viscous incompressible flow in a
straight pipe of circular cross-section under a constant
pressure gradient with small angular velocity about the
axis of rotation, presenting successive approximation
solutions in ascending powers of the Hartmann num-
ber and computing stream lines in the central plane
and the projection of the stream lines on the cross-
section of the pipe. Nanda and Mohanty [10] obtained
exact solutions for the MHD flow in a rotating chan-
nel, under constant transverse magnetic field, show-
ing that for large values of the Hartmann number and
the reciprocal of the Ekman number, thin boundary
layers arise at the channel walls. Acheson and Hide
[11] discussed rapidly rotating magnetohydrodynamic
flows with a corotating magnetic field in the context
of geophysical liquid core regimes. Mazumder [12]
obtained closed-form solutions for the influence of
wall conductance effects on hydromagnetic flow and
heat transfer between rotating parallel plates show-
ing that the velocity, current density and the temper-
ature depend only on the sum of the wall conduc-
tances, whereas magnetic field depends on the indi-
vidual values of these conductances. Prasad and Rao
[13] investigated the hydromagnetic flow in a rotat-
ing channel with wall transpiration, under a constant
pressure gradient, identifying that the flow is depen-
dent on the Taylor number, pressure gradient, suction
Reynolds number and the Hartmann number. It was
shown also that when the Taylor number approaches
infinity (for finite pressure gradients) thin boundary
layers are formed close to the porous walls and in-
creasing Hartmann number thins the boundary layers.
Bhat [14] examined the MHD heat transfer in a ro-
tating straight channel, showing that heat transfer rate
decreases with an increase in the Hartmann number
for weak rotation, but this effect is reversed for strong
rotation. Singh and Tripathi [15] utilized the hodo-
graph transformation to study the plane rotating vis-
cous incompressible flows with orthogonal magnetic
and velocity fields, considering both radial and vor-
tex flow cases. Further studies of rotating viscous hy-
dromagnetics have been communicated by Kumar et
al. [16] who analyzed the rotating disk with surface
transpiration, Nagy and Demendy [17] who studied
the effect of wall conductance on spinning Hartmann
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flow and heat transfer, Ghosh [18] who reported on the
effects of periodic pressure gradient and Ghosh and
Pop [19] who studied the effect of an inclined mag-
netic field. More recently Asghar et al. [20] studied
analytically hydromagnetic rotating viscoelastic flow
with applications in materials processing. Roy et al.
[21] studied numerically the transient hydromagnetic
boundary layer thermal convection flow from an infi-
nite permeable rotating cone in a rotating fluid with
applied constant magnetic field. They simulated un-
steadiness via the time-dependent angular velocity of
the body, as well as that of the fluid and found that
magnetic field, surface velocity, and suction and in-
jection strongly influence the local skin friction coeffi-
cients in both tangential and azimuthal directions. This
study further identified that when the angular velocity
of the fluid is greater than that of the body, the veloc-
ity profiles tend to their asymptotic values at the edge
of the boundary layer in an oscillatory manner, al-
though both suction (transpiration) and magnetic field
significantly suppress these oscillations. Hayat et al.
[22] obtained exact analytic solutions for second or-
der hydromagnetic flow due to non-coaxial rotations
of a porous disk and a fluid at infinity and also for the
magnetohydrodynamic flow of a second order fluid
in a rotating channel with transpiration effects along
the axial direction, using perturbation methods. They
showed that an asymptotic solution exists for the ve-
locity both in the case of suction and blowing. Xu and
Liao [23] derived series solutions for unsteady hydro-
magnetic flow generated by an impulsively rotating
infinite disk using the homotopy analysis method. As-
ghar et al. [24] have considered the effects of slip (of
interest in micro-device technology) on transient mag-
netohydrodynamic flow due to non-coaxial rotations
of disk and a fluid at infinity using the Laplace trans-
form method for a wide range of magnetic field and
slip parameter values.

The above studies neglected the important effect of
Hall currents. Lighthill [25] was the first to highlight
the need to incorporate this effect in magnetohydro-
dynamic flows owing to the strong influence it can
exert on flow distributions, for example in magnetic
fusion systems, electrically-conducting aerodynamics,
energy generators etc. Hall-magnetohydrodynamics
(HMHD) takes into account this electric field descrip-
tion of magnetohydrodynamics. The key difference
from classical MHD studies is that in the absence of
field line breaking, the magnetic field is tied to the

electrons and not to the bulk fluid. Sato [26] presented
the first significant study of Hall current effects on
magnetohydrodynamic boundary layers, showing that
the flow becomes secondary in nature. Subsequently
significant interest has been stimulated in the con-
text of developing efficient Hall thrusters in magnetic
propulsion [27], plasma actuator control of hypersonic
flows [28] and materials processing exploiting Hall
currents [29]. Nishihara et al. [30] discussed magneto-
hydrodynamic (MHD) boundary layer control experi-
ments using repetitively pulsed, short-pulse duration,
high-voltage discharges in supersonic flows of nitro-
gen and air in the presence of a magnetic field of 1.5
Tesla with Hall current effects. Boundary-layer sepa-
ration has also been shown to be magnified near the
anode in pulsed MHD generators due to the strong
Lorentz force attributed to large Hall current [27].
Excellent studies of Hall current effects in rotating
MHD flows have been presented by Seth and Ghosh
[31] who considered asymptotic behaviour of rotat-
ing channel hydromagnetics with Hall current, Linga
Raju and Rao [32] who studied Hall effects on ro-
tating ionized magneto-heat transfer, Ram et al. [33]
who considered both Hall and ionslip current effects
with periodic thermal boundary conditions at the wall,
Takhar et al. [34, 35] who discussed impulsive and
free stream effects, Ghosh [36] who considered arbi-
trary magnetic field effects in rotating MHD Couette
flow and Ghosh and Pop [37, 38] who studied peri-
odic pressure gradient and Hall effects. Hayat et al.
[39] extended the analysis by Ghosh [36] to examine
non-Newtonian effects. Naroua [40] studied numer-
ically both Hall and ionslip effects on heat generat-
ing natural convection rotating flow. Naroua et al. [41]
extended the model in [40] to examine in more de-
tail heat generation and Hall current effects on flow
and temperature distributions. Very recently Bég et al.
[42] analyzed using network analysis the combined
effects of Ohmic dissipation, Hall and ionslip currents
on transient hydromagnetic flow in a porous medium
channel. The purpose of the present investigation is
to study Hall current effects on MHD flow in a rotat-
ing configuration with perfectly conducting walls and
its heat transfer characteristics; such a study has im-
mediate applications in MHD energy generators and
has to the knowledge of the authors, not received
attention in the engineering sciences literature thus
far.
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2 Mathematical model

Consider the steady MHD fully developed flow of an
electrically-conducting, viscous, incompressible fluid
confined between two horizontal perfectly conducting
parallel plates orientated at y = ±L, rotating with an
uniform angular velocity Ω about an axis perpendic-
ular to the plane of flow in the presence of a con-
stant pressure gradient along the x-direction and a uni-
form magnetic field H0 applied parallel to the y-axis,
about which both the fluid and channel rotate in uni-
son with the same constant angular velocity Ω , as
shown in Fig. 1. Since the plates are infinite along the
x- and z-directions all physical quantities except pres-
sure will be the functions of y only. The following as-
sumptions are compatible with the fundamental equa-
tions of magnetohydrodynamics, following Sutton and
Sherman [43]:

q = (u,0,w); H = (Hx,H0,Hz)
(1)

E = (Ex,Ey,Ez); J = (Jx,0, Jz)

where q , H , E and J are the velocity vector, mag-
netic field vector, electric field vector and current den-
sity vector, respectively. The effects of Hall current be-
come significant when the applied magnetic field is
strong enough, as encountered in Hall MHD genera-
tors, plasma thrusters. The magnetic induction equa-
tion also has to be modified to include Hall current ef-
fects. With the above assumptions, the MHD momen-
tum equation can be written in a component form as
follows:

2Ωw = − 1

ρ

∂p

∂x
+ v

∂2u

∂y2
+ μeHO

ρ

∂Hx

∂y
, (2)

0 = − 1

ρ

∂p

∂y
− μe

ρ

(
HX

∂HX

∂y
+ HZ

∂HZ

∂y

)
, (3)

−2Ωu = v
∂2w

∂y2
+ μeHO

ρ

∂HZ

∂y
. (4)

The magnetic induction equation can be written in
component form including Hall current effects as fol-
lows:

−∂2HX

∂y2
+ ωeτe

∂2HZ

∂y2
= σμeHO

∂u

∂y
(5)

−∂2HZ

∂y2
− ωeτe

∂2HX

∂y2
= σμeHO

∂w

∂y
(6)

where σ,ρ,μe, ν,Ω,ωe and τe are, respectively, the
electrical conductivity, fluid density, magnetic perme-
ability, kinematic coefficient of viscosity, angular ve-
locity, cyclotron frequency and the electron collision
time. Introducing dimensionless variables:

η = y/L, u1 = uL/v,

w1 = wL/v, hx = HX/σμevHO, (7)

hz = Hz/σμevHO, p∗ = L2p/ρv2, x = ξ∗L

the partial differential conservation equations (2) to (6)
reduce to the following set of equations in terms of the
transformed independent space variable, η:

d2u1

dη2
+ M2 dhX

dη
− 2K2w1 = −R, (8)

∂p∗

∂η
+ PmM2

(
hX

dhX

dη
+ hz

dhz

dη

)
= o, (9)

d2w1

dη2
+ M2 dhz

dη
+ 2K2u1 = o, (10)

−d2hx

dη2
+ m

d2hz

dη2
= du1

dη
, (11)

−d2hz

dη2
− m

d2hx

dη2
= dw1

dη
(12)

in which M = μeHoL(σ/ρν)1/2 is the Hartmann
(magnetofluid dynamic) effect number, Pm = σμeν

is the magnetic Prandtl number, R = −∂p∗/∂ξ∗ is the
dimensionless pressure gradient along the x-direction
(which is a constant), K2 = ΩL2/ν is the rotation
parameter (reciprocal of the Ekman number) and
m = ωeτe is the Hall current parameter. Since the
plates of the channel are perfectly conducting the
boundary conditions become:

u1 = w1 = 0 at η = ±1, (13)

dhx

dη
= dhz

dη
= 0 at η = ±1. (14)

Since the fields will be symmetric about the mid plane
η = 0, we consider the half space region, η = 0 to
η = 1. The boundary conditions at η = −1 can be re-
placed by the symmetry conditions at η = 0, viz.

du1

dη
= dw1

dη
= 0 at η = 0, (15a)

hx = hz = 0 at η = 0. (15b)
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3 Analytical solutions

Combining (8) and (10) together with (11) and (12)
respectively, we obtain:

d2F

dη2
+ M2 dH

dη
+ 2iK2F = −R (16)

d2H

dη2
+ 1

1 + im

dF

dη
= 0 (17)

where F = u1 + iw1 and H = hx + ihz. The corre-
sponding boundary conditions are

dF

dη
= 0 at η = 0, F = 0 at η = ±1 (18)

H = 0 at η = 0,
dH

dη
= 0 at η = 1. (19)

Equations (16) and (17) together with the boundary
conditions (18) and (19) can be solved and the velocity
and induced magnetic field functions can be expressed
as:

F (η) = R
(α + iβ)2

(α2 + β2)2

[
1 − cosh (α − iβ) η

cosh (α − iβ)

]
, (20)

H (η) = R

(
1 − im

1 + m2

)
(α + iβ)2

(α2 + β2)2

×
[

sinh (α − iβ) η

(α − iβ) cosh (α − iβ)
− η

]
, (21)

where

α = 1√
2

[{
M4

1 + m2
+ 4m

1 + m2
M2K2 + 4K4

}1/2

+ M2

1 + m2

]1/2

, (22a)

β = 1√
2

[{
M4

1 + m2
+ 4m

1 + m2
M2K2 + 4K4

}1/2

− M2

1 + m2

]1/2

. (22b)

3.1 Shear stresses

Next we evaluate the shear stresses at the plates, at
η = ±1. The non-dimensional shear stresses τx/R and

τZ/R at the plates η = ±1 due to primary and sec-
ondary flows respectively are:

τX/R = 1

(α2 + β2)

[
∓

(
α sinh 2α + β sinh 2β

cosh 2α + cos 2β

)]
,

(23)

τZ/R = 1

(α2 + β2)

[
∓

(
β sinh 2α − α sinh 2β

cosh 2α + cos 2β

)]
,

(24)

where the upper and lower signs in (23) and (24) rep-
resent the values at the upper plate (η = 1) and that at
the lower plate (η = −1) respectively. We note from
(23) and (24) that the shear stress components τX/R

and τZ/R due to primary and secondary flows respec-
tively vanish neither at the upper plate nor at the lower
plate. Thus we arrive at an interesting conclusion that
for perfectly conducting plates there is no backflow in
either the primary and secondary flow fields.

3.2 Mass flow rate

If QX/Rρν and QZ/Rρν denote the mass flow rates
in the x and z-directions respectively, then we have:

QX + iQZ

Rρν

= (α − ιβ)3

(α2 + β2)3

[
(α − ιβ) − tanh (α − ιβ)

]
. (25)

In the absence of rotation, the problem reduces to the
flow through a straight channel in the presence of a
constant pressure gradient with Hall effects under a
transverse magnetic field. The solutions for the veloc-
ity and induced magnetic field may be obtained by set-
ting K2 = 0 in (20) and (21) which are given by:

F (η) = R
(α + iβ)2

(α2 + β2)2

[
1 − cosh (α − iβ) η

cosh (α − iβ)

]
, (26)

H(η) = R
(1 − im)

(1 + m2)

(α + iβ)2

(α2 + β2)2

×
[

sinh(α − iβ)η

(α − iβ) cosh(α − iβ)
− η

]
, (27)

where

α = M
[(1 + m2)1/2 + 1]1/2

[2(1 + m2)]1/2
,

β = M
[(1 + m2)1/2 − 1]1/2

[2(1 + m2)]1/2
.

(28)
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4 Asymptotic solutions

We shall now discuss asymptotic behavior of the so-
lutions given by (20) and (21) to garner a physical in-
sight into the flow dynamics.

Case I: M2 � 1 and K2 � 1

Since M2 and K2 are very small, neglecting
squares and higher powers of M2 and K2 in (20) and
(21) we obtain the velocity and induced magnetic field
components as:

u1/R = 1

2
(1 − η2) + M2

1 + m2

×
(

− 5

24
+ 1

4
η2 − 1

24
η4

)
+ · · · , (29)

w1/R =
(

2K2 − mM2

1 + m2

)

×
(

− 5

24
+ 1

4
η2 − 1

24
η4

)
+ · · · , (30)

hX/R = 1

2

(
−η + 1

3
η3

)
+ M2

12(1 + m2)

×
(

5

2
η + 1

10
η5 − η3

)
+ · · · , (31)

hZ/R = 1

12

(
2K2 − mM2

1 + m2

)

×
(

5

2
η + 1

10
η5 − η3

)
+ · · · (32)

It is evident from the expressions (29) to (32) that in a
slowly rotating system when the electrical conductiv-
ity of the fluid is low and the applied magnetic field
is weak, the secondary flow given by w1/R and the
induced magnetic field hz/R are strongly affected by
rotation (K2), Hall current (m) and applied magnetic
field (M2), while the primary flow as given by u1/R

and the induced magnetic field hx/R are independent
of rotation (K2).

In the absence of Hall current (m = 0) the problem
reduces to the steady hydromagnetic flow in a rotat-
ing channel and the corresponding solutions degener-
ate to:

u1/R = 1

2
(1 − η2)

+ M2
(

− 5

24
+ 1

4
η2 − 1

24
η4

)
+ · · · , (33)

w1/R = K2
(

− 5

12
+ 1

2
η2 − 1

12
η4

)
+ · · · , (34)

hx/R = 1

2

(
−η + 1

3
η3

)

+ M2

12

(
5

2
η + 1

10
η5 − η3

)
+ · · · , (35)

hz/R = 1

6
K2

(
5

2
η − η3 + 1

10
η5

)
+ · · · . (36)

These are exactly in agreement with those obtained
by Nanda and Mohanty [10]. Inspection of expres-
sions (29) to (32) indicates that in the absence of Hall
current, rotation and magnetic field, the problem re-
duces to classical viscous hydrodynamic flow through
a straight channel under a constant pressure gradient
and our solutions reduce to the classical result:

u1/R = 1

2

(
1 − η2

)
, w1/R = 0. (37)

Case II: K2 � 1 and M2 ∼ O(1)

When K2 is large and M2 is of small order-of-
magnitude the flow attains a boundary-layer nature.
For the boundary layer at the wall η = 1, we write
(1 − η) = ξ and we obtain from the solutions (20) and
(21) the following:

u1/R = 1

2K2
e−α1ξ sinβ1ξ, (38)

w1/R = 1

2K2
(1 − e−α1ξ cosβ1ξ), (39)

hx/R = − 1

2
√

2K3

[{
1

(1 + m2)
e−α1ξ sin (β1ξ + π/4)

+ m

(1 + m2)
e−α1ξ sin(β1ξ − π/4)

}

+
√

2Km

(1 + m2)
(ξ − 1)

]
, (40)

hz/R = 1

2K3

[
K(

1 + m2
) (1 − ξ)

+ 1√
2

⎧⎨
⎩

m

(1+m2)
e−α1ξ sin (β1ξ + π/4)

− 1
(1+m2)

e−α1ξ sin (β1ξ − π/4)

⎫⎬
⎭

⎤
⎦ ,

(41)
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in which:

α1 = K

{
1 +

(
1 − m

1 + m2

)
M2

4K2

}
,

(42)

β1 = K

{
1 −

(
1 + m

1 + m2

)
M2

4K2

}
.

Expressions (38) to (41) demonstrate the existence
of a thin boundary layer of thickness
O{K(1 + 1−m

1+m2
M2

4K2 )}−1 near the plate of the channel.
The thickness of the boundary layer decreases with in-
crease in either K2 or M2. This boundary layer may be
identified as the modified hydromagnetic Ekman layer.
The exponential terms in the expressions (38) to (41)
damp out quickly as ξ increases. When ξ ≥ 1/α1 i.e.
outside the boundary layer region, we have:

u1/R ≈ 0, w1/R ≈ 1

2K2
, (43)

hx/R ≈ m(1 − ξ)

2K2(1 + m2)
, hz/R ≈ (1 − ξ)

2K2(1 + m2)
.

(44)

It is evident from expressions (43) and (44) that in
a certain core, given by ξ ≥ 1/α1, about the axis of
the channel, the velocity in the direction of the pres-
sure gradient vanishes away but it persists in the y-
direction. Thus, in the central core, the fluid will be
moving in the direction of the pressure gradient only.
It is noticed from (44) that the primary and secondary
induced magnetic fields hx/R and hz/R, respectively,
decrease with increase in ξ and at the central line of
the channel vanish. Thus we conclude that there is a
possibility of current-free zone near the central line of
the channel. Also expression (44) shows that the in-
duced magnetic field components are independent of
Hartmann number M but, are sensitive to the effects
of rotation and Hall current.

Case III: M2 � 1 and K2 ∼ 0(1)

In this case, the flow also has a boundary-layer type
character and we obtain from (20) and (21):

u1

R
= 1

M2

[
1 − e

− M√
1+m2

ξ
{

1 − m2

8(1 + m2)
M2ξ

}]
,

(45)

w1

R
=

√
1 + m2

2M3
e
− M√

1+m2
ξ
(

2K2 − mM2

1 + m2

)
ξ,

(46)

hx

R
= 1

M3(1 + m2)
e
− M√

1+m2
ξ
(

1 − m2

8(1 + m2)
M2ξ

)

+ m

2M4
√

1 + m2
e
− M√

1+m2
ξ
ξ

×
(

mM2

1 + m2
− 2K2

)
− (1 − ξ)

M2(1 + m2)
(47)

hz

R
= 1

2M4
√

(1 + m2)
e
− M√

1+m2
ξ
(

mM2

1 + m2
− 2K2

)
ξ

− m

M3(1 + m2)
e
− M√

1+m2
ξ
(

1 − m2M2

8(1 + m2)
ξ

)

+ m

M2(1 + m2)
(1 − ξ) (48)

It is evident from expressions (45) to (48) that there
arises a thin boundary layer of thickness, 0( M√

1+m2
)−1

near the plate of the channel. This layer may be identi-
fied as the modified Hartmann layer. The thickness of
this layer increases with increase in Hall parameter, m,
while it decreases with increase in Hartmann number
M . In a certain core, given by ξ ≥ ( M√

1+m2
)−1:

u1/R ≈ 1/M2, w1/R ≈ 0, (49)

hx/R ≈ − (1 − ξ)

M2(1 + m2)
, hz/R ≈ m(1 − ξ)

M2(1 + m2)
.

(50)

Expression (49) reveals that, outside the boundary
layer region, the secondary velocity disappears while
primary velocity persists and is independent of Hall
current, rotation and ξ . Thus fluid will be moving in
the direction of pressure gradient only and the primary
velocity in the central core is uniform with respect to
the channel width. Expression (50) shows that there
is no effect of rotation on the induced magnetic fields
hX/R and hz/R in the main body of the flow whereas
they are affected by Hall current and magnetic field.
Also these quantities vary linearly with η and disap-
pear at the central line of the channel indicating a cur-
rent free zone near the central axis.

5 Heat transfer characteristics

We shall now discuss heat transfer characteristics of
the flow regime for the specific case where the upper
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and lower plates of the channel are maintained at uni-
form temperatures T1 and T0 respectively. The energy
equation for steady hydromagnetic fully-developed
flow, including viscous and Joule (Ohmic) dissipations
can be presented as the following ordinary differential
equation:

0 = α∗ d2T

dy2
+ v

cp

{(
du

dy

)2

+
(

dw

dy

)2}

+ 1

cpσ

{(
dHX

dy

)2

+
(

dHZ

dy

)2}
(51)

in which T is the temperature of the fluid taken as
a function of y only, α∗ = K1/ρcP (K1 denoting
thermal conductivity of the conducting fluid) and the
other symbols have their usual meanings. The bound-
ary conditions for the temperature field are:

T = T0 at y = −L and
(52)

T = T1 at y = L(T0 < T < T1).

Using the dimensionless variables (7) and introducing
supplementary dimensionless quantities:

θ (η) = (T − T0) / (T1 − T0) ,

Er = ν2/L2CP (T1 − T0) , Pr = v/α∗.

Implementation in (51) leads to the normalized version
of the energy conservation equation, viz:

d2θ

dη2
+ PrEr

[{(
du1

dη

)2

+
(

dw1

dη

)2}

+ M2
{(

dhx

dη

)2

+
(

dhz

dη

)2}]
= 0,

(53)

where Pr and Er are Prandtl number and Eckert num-
ber respectively, the latter signifying the ratio of ki-
netic energy of the flow to the boundary layer enthalpy
difference. The boundary conditions (52) transform to:

θ(−1) = 0 and θ(1) = 1. (54)

Substituting the values of u1(η), w1(η), hx(η) and
hz(η) from (20) and (21) in (53) and solving the result-
ing equation subject to the boundary conditions (54)
we obtain:

θ(η) = 1

2
(1 + η)

− PrEr

{
C16 cosh 2αη + C17 cos 2βη

+ C14(β sinhαη sinβη + α coshαη cosβη)

− C15(α sinhαη sinβη − β coshαη cosβη)

+ C5
η2

2

}
+ PrEr

{
C16 cos 2α + C17 cos 2β

+ C14(β sinhα sinβ + α coshα coshβ)

− C15(α sinhα sinβ − β coshα coshβ)

+ 1

2
C5

}
, (55)

where C5, . . .Ci (i = 14, 15, 16 and 17) are known
functions of M2, K2 and m, and are given in the
Appendix. The expressions for the rate of heat trans-
fer at both the plates are also derived. We omit these
expressions, as they are quite lengthy.

6 Results and discussion

We have computed the variation of primary and sec-
ondary shear stresses at the upper plate (τx , τz),
primary and secondary mass flow rates (Qx/Rρν,
Qz/Rρν) and also the heat transfer rates at the up-
per and lower plates for a wide range of K2 and m

values, for a strong magnetic field (M2 = 10). These
are provided in Tables 1 to 6. Additionally the evolu-
tion of dimensionless velocities (u1,w1) and induced
magnetic field components (hx,hz) across the channel
width for different values of rotation parameter (K2)

and Hall current parameter (m) with constant Hart-
mann number (M2 = 10) and constant pressure gradi-
ent (R = 1) are shown in the Figs. 2 to 6. Throughout
the Prandtl number is held constant at Pr = 0.25 (cor-
responding to partially ionized water) and the Eckert
number maintained at Er = 2.0 (very strong viscous
dissipation effects).

Inspection of Table 1 reveals that, for low rotation
values (i.e. high viscous force compared with the Cori-
olis force), the primary and secondary shear stresses
τx/R and τ z/R at η = 1 increase in magnitude with
increase in m for any value of K2. The primary shear
stress values are consistently negative indicating that
back flow is generated in the primary flow; conversely
the secondary shear stresses are always positive. This
is in logical agreement with the secondary nature of
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Table 1 Shear stresses τx/R and τz/R at the plate η = 1 for M2 = 10

K2 m

τx/R τz/R

0.5 1.0 1.5 0.5 1.0 1.5

1 −0.34404 −0.39893 −0.47037 0.04085 0.10268 0.14914

3 −0.34406 −0.43229 −0.51550 0.04035 0.03861 0.09009

5 −0.30107 −0.35160 0.35815 0.09885 0.14025 0.20019

Table 2 Shear stresses τx/R and τz/R at the plate η = 1 for M2 = 10

K2 m

τx/R τz/R

0.5 1.0 1.5 0.5 1.0 1.5

75 −0.06005 −0.05971 −0.05926 0.05685 0.05768 0.05801

81 −0.05762 −0.05731 −0.05691 0.05478 0.05551 0.05581

90 −0.05447 −0.05419 −0.05385 0.05205 0.05267 0.05292

Table 3 Mass flow rates Qx/Rρν and Q2/Rρν for M2 = 10

K2 m

Qx/Rρν Qz/Rρν

0.5 1.0 1.5 0.5 1.0 1.5

1 0.06772 0.03109 −0.02494 −0.01214 −0.10102 −0.14082

3 0.06771 0.00938 −0.06818 −0.042114 −0.05138 −0.13477

5 0.00984 −0.02113 −0.08249 −0.07003 −0.03233 −0.07276

Table 4 Mass flow rates Qx/Rρν and Qz/Rρν for M2 = 10

K2 m

Qx/Rρν Qz/Rρν

0.5 1.0 1.5 0.5 1.0 1.5

75 −0.00643 −0.00649 −0.00648 −0.00032 −0.00005 0.00012

81 −0.00597 −0.00601 −0.00600 −0.00026 −0.00003 0.00012

90 −0.00537 −0.00541 −0.00540 −0.00019 −0.00008 0.00011

the Hall current effect which will benefit the sec-
ondary flow in the regime. For K2 = 1 the Coriolis
and viscous forces are of the same order of magni-
tude and the Hartmann-Ekman boundary layers will
be formed at the plate (analogous to the formation of
Ekman boundary layers in purely hydrodynamic rotat-
ing flow). For both K2 = 1 and 3, primary shear stress
becomes increasingly negative as m increases; how-
ever for K2 = 5 there is a dramatic change from back-

flow to normal flow from m = 1.0 to m = 1.5. This
indicates that there exists a critical Hall current (m
value) for which primary flow switches from deceler-
ation to acceleration, an important feature in practical
MHD energy generator operations. Secondary flow is
accelerated for K2 = 1 (it increases continuously from
0.04085 through 0.10266 to 0.14914, as m increases
from 0.5 through 1 to 1.5). However for K2 = 3, sec-
ondary flow has an oscillatory response; τ z/R de-
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Table 5 The rate of heat transfer (dθ/dη)η = ±1 for M2 = 10, R = 1, Pr = 0.25 and Er = 2.0

m K2

(dθ/dη)η = 1 (dθ/dη)η = −1

0.5 1.0 1.5 0.5 1.0 1.5

1 0.47726 0.47158 0.46356 0.52274 0.52842 0.53644

3 0.46385 0.44586 0.39431 0.53614 0.55413 0.60569

5 0.43844 0.40436 0.37730 0.56156 0.59564 0.62269

Table 6 The rate of heat transfer (dθ/dη)η = ±1 for M2 = 10, R = 1, Pr = 0.25 and Er = 2.0

m K2

(dθ/dη)η = 1 (dθ/dη)η = −1

0.5 1.0 1.5 0.5 1.0 1.5

75 0.41849 0.41779 0.41796 0.58151 0.58220 0.58204

81 0.41861 0.41797 0.41813 0.58139 0.58202 0.58187

90 0.41876 0.41820 0.41834 0.58124 0.58179 0.58166

creases from 0.04035 to 0.03861 and then rises again
to the maximum value of 0.09009. For the highest
value of K2, the secondary shear stress increases con-
tinuously with m values. We note that the primary
flow is generally an order of magnitude greater than
the secondary flow. In Table 2, again primary and sec-
ondary shear stress values are tabulated, this time for
much greater values of the rotation (inverse Ekman)
parameter. Again we observe a strong flow reversal
for all values of m in the primary flow; no such re-
versal is apparent in the secondary flow. Magnitudes
of the primary shear stress are however much smaller
than for Table 1, indicating that greater rotation stifles
backflow considerably. For the secondary flow, there
is a consistent increase in τ z/R values with increas-
ing Hall current parameter, m. However the change is
very small as compared with the response at lower ro-
tation values. We deduce therefore that intensive ro-
tation is counter-productive compared with weak ro-
tation, with regard to the secondary flow. Table 3 re-
veals that, for low rotation, primary mass flow rate
Qx/Rρv decreases with increase in either K2 or m

and the secondary mass flow rate Qz/Rρv increases
with m when K2 < 5 whereas the secondary mass flow
rate Qx/Rρv increases in magnitude with increase in
K2 when m = 0.5. We note that for m = 1.5, back
flow is actually increased in the primary flow with an
increase in K2, whereas for K2 = 1 (equivalent or-
der of magnitude of the viscous and Coriolis forces),

the largest value of K2 actually induces backflow not
present for lower K2 values. Backflow is experienced
for all values of the Hall current parameter, m, in the
secondary flow; it is amplified with a rise in K2 for
m = 0.5, but suppressed with an increase in K2 for
m = 1.0 and m = 1.5. Table 4 shows that, for high ro-
tation (K2 = 75,81,90), mass flow rates Qz/Rρv and
Qz/Rρv demonstrate an oscillatory character with an
increase in Hall current parameter, m; for fixed m,
the primary and secondary mass flow rates Qx/Rρv

and Qz/Rρv decrease in magnitude with increase in
K2. This implies that, in a slowly rotating system,
Hall current retards the mass flow rate in the primary
flow while, for rapidly rotating system, rotation re-
tards the mass flow rate in the secondary flow. We
further identify that backflow occurs in every case of
high K2 values, with the exception of the maximum
Hall current in the secondary flow i.e. m = 1.5, where
the secondary flow is decelerated but not reversed. Ex-
amination of Table 5 indicates that, for low rotation
(K2 = 1,3,5), the rate of heat transfer, at the upper
plate i.e (dθ/dη)η=1 decreases with increase in either
K2 or m. Maximum heat transfer rate therefore corre-
sponds to the weakest rotation and Hall current values
(K2 = 1,m = 0.5). Conversely rate of heat transfer,
at the lower plate i.e. (dθ/dη)η=−1 increases contin-
uously with m and K2 values; maximum heat trans-
fer rate at the lower plate therefore is associated with
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K2 = 5 and m = 1.5. Hall currents and stronger rota-
tional velocity therefore oppose the conduction of heat
from the upper plate into the fluid (for positive Eck-
ert number heat is transported from the plate to the
fluid; the negative Eckert number case is not consid-
ered here) and will cause a decrease in fluid regime
temperature in the vicinity of the lower plate; the con-
verse will occur at the lower plate where greater ther-
mal energy will be transferred from the lower plate
to the fluid. It is noticed from Table 6 that, for high
rotation, the rate of heat transfer at the upper plate
increases with increase in K2 whereas, at the lower
plate, it decreases with increase in K2 for fixed m.
This is the opposite trend to that in Table 5 for weak ro-
tation. For fixed K2, the rate of heat transfer at both the
plates behaves in oscillatory manner with an increase
in Hall current parameter, m. Thus we conclude that,
for low rotation, rotation and Hall current reduce the
rate of heat transfer at the upper plate while its effects
on the rate of heat transfer at the lower plate are re-
versed. For high rotation, rotation accentuates the rate
of heat transfer at the upper plate and inhibits heat
transfer at the lower plate.

We now turn our attention to the response of dimen-
sionless velocities (u1,w1) and induced magnetic field
components (hx,hz) to different values of rotation pa-
rameter (K2), Hall current parameter (m) and the Hart-
mann number (M2) with pressure gradient prescribed
as R = 1. The solutions are illustrated in Figs. 2 to 10
for the velocity components and Figs. 11 to 18 for the
induced magnetic field components.

In Fig. 2, for small K2 (weak rotational effects) the
profiles indicate that the primary velocity component,
u1, decreases in the central regime of the channel with
an increase in K2 from 2 to 4, but then is increased
with further increase in K2 to 6, indicating that a par-
ticular channel rotation velocity (Ω) exists for which
primary flow is minimized. Significant flow reversal
is identified in the primary flow in the region near the
lower plate. Clearly the channel centre primary veloc-
ity is minimized for K2 = 4. It is also interesting to
observe that a clear symmetry is sustained for K2 = 4
and 6, but is absent for K2 = 2. K2 = ΩL2/ν defines
the relative magnitude of the Coriolis and viscous hy-
drodynamic forces in the regime; increasing intensity
of rotation therefore suppresses the primary flow in the
channel central zone and serves to act as a regulatory
mechanism in this vicinity. A more distributed flow
profile is achieved with intermediate Coriolis forces

which is of importance in practical operation of MHD
rotating energy generator mechanisms. For K2 = 6 a
double peak arises in the primary profile with a trough
at the channel centre, indicating an oscillatory nature
to the flow i.e. unstable behaviour. The secondary ve-
locity profiles are consistently symmetrical about the
channel centerline (η = 0) for all K2 = 2,4,6. Sec-
ondary velocity component, w1, increases consistently
in magnitude with increase in K2 from 2 through 4
to 6; for K2 = 2,4, the profiles are parabolic; how-
ever for K2 = 6 again a double-peak pattern is gen-
erated with a trough at the channel centre. Although
for K2 = 2,4, the primary velocities exceed consid-
erably the secondary component values, however this
trend is reversed for K2 = 6. In this latter case, w1

magnitudes are noticeably in excess of the u1 mag-
nitudes across the channel. We note that Hall current
is absent (m = 0) for all curves in Fig. 2 and that
flow reversal i.e. backflow does not arise in the sec-
ondary flow. In Fig. 3, corresponding velocity profiles
are illustrated, for large K2, again in the absence of
Hall current (m = 0). It is evident that velocity pro-
files are flattened having large values near the chan-
nel walls, which indicates the formation of bound-
ary layers near the channel walls with reference to a
rapidly rotating system. With an increases in K2 from
50 through 75 to 81, the primary and secondary veloc-
ity profiles are progressively reduced i.e. both flows
are decelerated. However for all values of K2(strong
rotation), the secondary flow (w1) is an order of mag-
nitude greater than the primary flow (u1). Primary flow
values are very small and follow a plateau distribu-
tion. However for all K2 values the w1 profiles ex-
hibit a twin peak with a central plateau region; the
peaks are amplified as K2 ascends from 50 to 75 but
then suppressed for K2 = 81. As such the most evenly
distributed secondary flow is achieved with very high
rotational velocities of the system. Again it is appar-
ent in consistency with other studies e.g. Mazumder
[12], Prasad [13] and Bhat [14] that centrifugal inertial
force (the Coriolis force) stabilizes both primary and
secondary flow but markedly accelerates secondary
momentum diffusion. In Fig. 4, velocity distributions
are presented for weak rotation (K2 = 4) for the ef-
fect of the Hall current parameter, m. Primary flow
is initially increased as m rises from 0 (no Hall cur-
rent) to 0.5; however with subsequent rise in m to 1.0
and 1.5, the values of u1 principally in the zone near
the channel centre are progressively reduced. While a
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Fig. 1 Physical model and coordinate system

Fig. 2 Spatial velocity distribution for M2 = 10, m = 0 (no Hall current)
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Fig. 3 Spatial velocity distribution for M2 = 10, m = 0 (no Hall current)

smooth parabolic profile is witnessed for m = 0.0, for
m = 0.5 (weak Hall current) the primary flow is dis-
turbed across the channel width; for m = 1.0 and 1.5,
the primary profiles are suppressed across the width
of the channel. Strong Hall current therefore stifles
the primary flow. Conversely there is a marked es-
calation in the secondary flow velocity, w1 with in-
creasing, m, since as pointed out in numerous MHD
studies, the Hall current induces a secondary flow in
the regime and as such the latter will respond more
positively to increase in m values. Although individ-
ual peaks are maximum for m = 1.0, the secondary
flow is consistently strongest across the channel span,
for the maximum Hall current effect i.e. m = 1.5. An
oblate parabolic profile is observed for m = 1.5 (curve
VIII) demonstrating a strong boundary layer presence
at the channel walls and a homogeneous distribution
of secondary flow across the width of the channel. Fig-
ure 5 presents the velocity response for weak rotations
(K2 = 4,6) but with m = 0.5. Comparing with the
case without Hall current (m = 0) as shown in Fig. 2,
we observe that primary flow for K2 = 4 (curve I) is
considerably perturbed when Hall current is present
(m = 0.5); With K2 = 6 however in Fig. 5 the flow

is strongly stabilized across the channel span, whereas
in the absence of Hall current (Fig. 2) it sustains an
oscillatory profile across the channel. As such it can
be deduced that better primary flow is obtained with
weak Hall current present (m = 0.5) for intermediate
values of the rotation parameter at the low end of the
range. Conversely the secondary flow is generally in-
creased substantially with Hall current present; values
are elevated by an order of magnitude compared with
Fig. 2. However for K2 = 4 with m = 0, the w1 pro-
file is parabolic whereas for m = 0.5 it is oscillatory;
similarly for K2 = 6 and m = 0, the secondary pro-
file is oscillatory whereas with m = 0.5, it is a flat-
tened parabola. We can infer therefore that with Hall
current present, secondary flow is stabilized with the
maximum K2 value.

Examining Fig. 6, we now consider the effect of
strong rotation (K2 = 50,75 and 81, respectively)
with Hall current present (m = 0.5), as this is of in-
terest in high speed rotating MHD generator opera-
tions. We observe that primary flow (u1) is decreased
strongly with a rise in K2 from 50 through 75 to 81;
an enormous fall occurs in particular between K2 = 50
and K2 = 75. Similarly the secondary flow, with Hall
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Fig. 4 Spatial velocity distribution for M2 = 10, K2 = 4 (weak rotation)

Fig. 5 Spatial velocity distribution for M2 = 10, m = 0.5
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Fig. 6 Spatial velocity distribution for M2 = 10, m = 0.5

Fig. 7 Spatial velocity distribution for K2 = 4.0, m = 0.5
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Fig. 8 Spatial velocity distribution for K2 = 4, m = 0

Fig. 9 Spatial velocity distribution for K2 = 81, m = 0
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Fig. 10 Spatial velocity distribution for K2 = 81, m = 0.5

Fig. 11 Spatial induced magnetic field distribution; M2 = 10, m = 0.5
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Fig. 12 Spatial induced magnetic field distribution; M2 = 10, K2 = 4

Fig. 13 Spatial induced magnetic field distribution; M2 = 10, m = 0
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Fig. 14 Spatial induced magnetic field distribution; M2 = 10, m = 0

current present, is also decreased with progressively
greater values of K2; but the effect is considerably
less dramatic. Clearly high magnitude Coriolis forces
therefore are counter-productive for both the primary
and the secondary flow, even with Hall current present.
Compared with the case for m = 0 (Fig. 3, curve I),
we observe that for K2 = 50, the primary flow is mas-
sively accelerated compared with the case when Hall
current is present (curve I, Fig. 6). The maximum re-
sponse corresponds to this case for Hall current being
present. The secondary flow is only slightly retarded
for all K2 values as is the case when m = 0 (Fig. 3,
curves IV, V, VI).

In Figs. 7 to 10, the effects of the square of the
Hartmann number (M2 = 5,8 and 10, respectively)
on the velocity evolution in the presence and absence
of Hall current (m = 0.5,0) for respectively weak ro-
tation (K2 = 4) and strong rotation (K2 = 81) are
shown. Figure 7 shows that primary flow velocity (u1)

is slightly accelerated with a rise in M2 from 5 to 8
but thereafter reduced slightly e.g. at the channel cen-
tre u1 values ascend from 0.051 to 0.053 but then fall
to 0.0507. The secondary flow is consistently impeded
with increasing M2 i.e. the Lorentz body force serves

to retard the secondary flow across the width of the
channel. At the channel centre for example, w1 val-
ues fall from 0.13 for M2 = 5, to 0.09 for M2 = 8
and to the minimum of 0.076 for M2 = 10. Increas-
ing transverse magnetic field therefore acts to decel-
erate secondary flow. We note however that the sec-
ondary flow, nevertheless, with Hall current present,
despite the weak Coriolis forces (K2 = 4) sustains val-
ues an order of magnitude in excess of the primary
flow. The primary flow profiles are also weakly oscil-
latory in nature, whereas the secondary flow distribu-
tion is much more evenly distributed across the chan-
nel width. Figure 8 illustrates the velocity distributions
again for weak rotation (K2 = 4) for several M2 val-
ues, but in the absence of Hall current (m = 0). In the
absence of Hall current, for M2 = 5 (curve I, Fig. 8) it
is immediately apparent that a strong back flow arises
in the primary flow across the channel width; a sim-
ilar but weaker magnitude back flow is also present
in the secondary flow for M2 = 5 (curve III, Fig. 8).
Both backflows are oscillatory in nature although the
primary flow is evidently much more intense. No such
back flow is computed in the presence of Hall current
(curves I and IV, respectively, Fig. 7). With M2 = 10



760 Meccanica (2009) 44: 741–765

Fig. 15 Spatial induced magnetic field distribution; K2 = 81, m = 0

(curve II, Fig. 8) this back flow is eliminated and the
primary flow is actually accelerated, although com-
pared with the m = 0.5 case (curve III, Fig. 7) it is
effectively decelerated. However the secondary flow
is decelerated to such an extent that it infact vanishes
for M2 = 10 (curve IV, Fig. 8), whereas clearly it is
still present for m = 0.5 (curve VI, Fig. 7).

Figure 9 again illustrates the velocity distributions
over the same increment of M2 values, in the absence
of Hall current (m = 0), but for strong rotation val-
ues (K2 = 81). Compared with the case for weak rota-
tion (Fig. 8) both the primary and secondary velocities
are several orders of magnitude lower for strong rota-
tion. Back flow however does not arise for any value of
the square of the Hartmann number. Although the sec-
ondary flow velocity (w1) values are low they are con-
siderably higher than the primary flow velocity values
across the channel. Increasing M2 values consistently
boost the primary flow throughout the channel; how-
ever the secondary flow is very weakly affected with
an increase in M2 from 5 through 8 to 10. In all cases a
double peak profile, with peaks near the channel walls
and a plateau distribution across the central section of

the channel, is observed, indicating that very strong
rotation actually regulates both the primary and sec-
ondary flow, producing a more even distribution.

In Fig. 10, the velocity distributions over the same
change in M2 values, but with weak Hall current
acting (m = 0.5), and also strong rotation values
(K2 = 81), are illustrated. A similar trend is observed
for the primary velocity, u1, which continuously is el-
evated with increasing M2 values; secondary velocity
is however consistently diminished since the magnetic
field creates a transverse retarding body force (Lorentz
drag) opposite to the secondary flow direction in the
channel. High Coriolis forces (K2 = ΩL2/ν) also
tend to oppose the secondary flow inhibiting its devel-
opment. The fact that the two sets of curves in Figs. 9
and 10, have similar magnitudes also indicates that
strong rotation dominates over the effect of Hall cur-
rent which exerts an almost negligible effect. Similar
deductions were arrived at by Seth and Ghosh [31],
Linga Raju and Ramana Rao [32] and also Ram et al.
[33].

We shall now consider the effects of K2,m and M2

on the primary and secondary induced magnetic field
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Fig. 16 Spatial induced magnetic field distribution; K2 = 81, m = 0.5

components in the channel, all of which are presented
in Figs. 11 to 18.

Figure 11 shows the evolution of the components of
the induced magnetic field, hx,hz across the channel,
for weak Hall current (m = 0.5), strong magnetic field
(M2 = 10) and various strong rotation values (equiv-
alent to weak Ekman numbers) i.e. K2 = 50,75 re-
spectively. For both primary and secondary magnetic
field distributions, there is a strong magnetic flux re-
versal (magnetic back flow) in the upper channel half
space (0 < η < 1) which is totally absent in the lower
channel half space (−1 < η < 0). Magnitudes of the
primary magnetic field component (hx) for K2 = 75,
are also somewhat greater than the secondary compo-
nent (hz) in the upper channel half-space; the reverse
trend is apparent in the lower channel half-space. An
increase in K2 from 50 to 75 markedly reduces the pri-
mary induced field in the lower channel half space but
increases it in the upper channel half space. A similar
pattern is computed for the secondary induced field.
There is also a reflective symmetry apparent for the
profiles about the channel centre line.

The effects of Hall current parameter (m) on hx and
hz are shown for weak rotation (K2 = 4) and strong
magnetic field (M2 = 10) in Fig. 12. The reflective
symmetry about the channel centre line is again ap-
parent in consistency with conservation of magnetic
induction. Increasing Hall current initially enhances
primary induced magnetic field component value in
the lower channel half space as m increases from 0
to 0.5 (curves I and II respectively); however with a
subsequent increase in m to 1.0 and finally 1.5, the hx

values are clearly lowered in the region −1 < η < 0.
The exact opposite response is witnessed in the upper
channel half space 0 < η < 1. In all cases the profiles
descend smoothly from the lower plate to the upper
plate. Magnetic back flow occurs in the upper channel
half space for all values of m, although it is progres-
sively stifled with increasing m. Secondary magnetic
induction, hz, is decreased in the lower channel half
space as m rises from 0.5 through 1.0 to 1.5 (curves
VI, VII, VIII); however for m = 0 a higher hz arises
at the lower plate and a much higher peak is observed
near the channel centerline—the response is infact os-
cillatory owing to the stabilizing influence of Hall cur-
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Fig. 17 Spatial induced magnetic field distribution; K2 = 4, m = 0

rent being absent in curve V. In the upper channel half
space significant magnetic back flow i.e. flux rever-
sal is apparent but again this is inhibited considerably
with an increase in Hall current parameter. The weak-
est reversal in secondary field therefore corresponds as
expected to the strongest Hall current (m = 1.5, curve
VIII).

Figure 13 shows the change in hx,hz, with weak
rotation values, for no Hall current and strong mag-
netic field (M2 = 10). An increase in K2 from 2
through 4, to 6, progressively inhibits the primary in-
duced magnetic field (hx) in the lower channel half
space; secondary induced magnetic field component
(hz) is initially increased strongly as K2 rises from 2
to 4, but then decreased considerably. An oscillatory
response is also observed for K2 = 6 (curve VI) again
indicating that greater rotation destabilizes the sec-
ondary magnetic induction field. Magnitudes of pri-
mary induction are very low across the channel; sec-
ondary induction values are much higher. Magnetic
flux reversal again arises in the upper channel half
space, but not in the lower channel half space and
is particularly prominent for the secondary induction
(hz).

Figure 14 depicts the change in hx,hz, with strong
rotation values (K2 = 50,75,81), again for no Hall
current and strong magnetic field (M2 = 10); in this
case they are directly comparable therefore to Fig. 13.
A substantial decrease in both primary and secondary
magnetic induction values is observed at higher rota-
tional parameter values. The trends of the profiles are
similar to the weak rotation case in that magnetic flux
reversal is confined to the upper channel half space
only. However no periodic behaviour arises in the sec-
ondary flow at higher rotation parameter (lower Ek-
man number) values indicating that the magnetic in-
duction is more evenly distributed at higher rotational
velocities of the system. As such very strong rota-
tional body forces are more effective in impeding the
development of the magnetic induction in the regime
compared with weaker rotational body forces (Coriolis
forces).

Finally in Figs. 15 to 18, the effect of the ap-
plied magnetic field strength, embodied in the Hart-
mann number squared, M2, on hx and hz profiles, are
shown, for strong rotation (K2 = 81) without Hall cur-
rent (m = 0, Fig. 15) and with Hall current (m = 0.5,
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Fig. 18 Spatial induced magnetic field distribution; K2 = 4, m = 0.5

Fig. 16) and for weak rotation (K2 = 4) again with-
out Hall current (m = 0, Fig. 17) and with Hall current
(m = 0.5, Fig. 18).

Figure 15 indicates that increasing M2 values
slightly enhance the primary component (hx) in the
lower channel half space but suppresses the secondary
component (hz), with the reverse observed in the up-
per channel half space. Hence again significant mag-
netic flux reversal arises only in the upper channel half
space, but this is reduced fractionally for the secondary
magnetic induction and increased in the primary mag-
netic induction with a rise in M2. With Hall current
present (m = 0.5) the primary magnetic induction is
oscillatory in nature for K2 = 81, and strongly af-
fected with a rise in M2, as shown in Fig. 16, whereas
the secondary induction is not significantly affected.
Magnetic flux reversal however again is restricted
purely to the upper channel half space even with Hall
current present.

In Fig. 17 we observe that at weaker rotation,
K2 = 4, without Hall current, the primary magnetic
induction is reduced with increasing M2 very close
to the lower plate, a trend which is reversed further

from the lower plate; in the upper channel half space
the exact opposite is observed. Primary magnetic flux
reversal is solely confined to the upper channel half
space. Conversely in the secondary magnetic induc-
tion field, significant magnetic flux reversal arises in
the lower channel half space for M2 = 5 (curve IV),
but this effect is eliminated for M2 = 8 and 10 (curves
V and VI). With Hall current present, Fig. 18 shows
that irrespective of M2 value, magnetic flux reversal is
isolated to the upper channel halfspace. It is also inter-
esting to note that while reflective symmetrical profiles
exist for M2 = 5,8 for both the primary and secondary
magnetic induction so that positive hx and hz arise in
the lower channel half space and negative values in the
upper channel half space, for the single case of a max-
imum applied magnetic field strength, M2 = 10, no
magnetic reversal occurs anywhere across the chan-
nel for either the primary or secondary fields. A strong
magnetic field, with Hall current present at low rota-
tional intensity (K2 = 4) would therefore appear to
damp the magnetic induction negating magnetic flow
reversal.
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7 Conclusions

A theoretical study has been conducted of the steady,
hydromagnetic, viscous, Newtonian flow in a rotat-
ing channel under a transverse magnetic field, with
heat transfer and Hall currents, present. Both viscous
and Joule dissipation effects have been incorporated
in the heat balance equation. Non-dimensional closed-
form solutions have been derived for the primary and
secondary velocity distribution and induced magnetic
field component distribution across the channel width.
Asymptotic behavior of the solution for velocity has
also been addressed in order to elucidate the bound-
ary layer-type flow for large values of the Hartmann
hydromagnetic parameter, M2 and the inverse Ekman
number, K2. The effects of Hall current have been
shown to exert a key role on the flow dynamics and
evolution of magnetic induction fields. The rate of heat
transfer has been analyzed for both weak and strong
rotation scenarios and some interesting features of the
flow identified. Magnetic flux reversal has been shown
to arise for particular combinations of M2,K2 and
m and to be eliminated only for K2 = 4, M2 = 10
and m = 0.5. In the current study which has appli-
cations in MHD energy generator systems, for exam-
ple, a single-phase Newtonian model has been em-
ployed. Future studies will consider non-Newtonian
aspects and also two-phase (fluid–particle suspension)
hydromagnetics. Also numerical simulations will be
performed and communicated imminently.

Appendix

a1 = coshα cosβ, b1 = sinhα sinβ
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,
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,
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c5 = {
(1 + 2a4) + (
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4 + b2

4

)}
,

c6 = c1/4α2, c7 = c1/4β2,

c8 = c2/4M2α2, c9 = c2/4M2β2,

c10 = c3α/M2(α2 + β2)2
,

c11 = c3β/M2(α2 + β2)2
,

c12 = c4α/M2(α2 + β2)2
,

c13 = c4β/M2(α2 + β2)2
,

c14 = c13 − c10, c15 = c11 + c12,

c16 = c6 + c8, c17 = c7 − c9.
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