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Abstract The Stokes and Rayleigh Stokes problems
for a flat plate in a viscoelastic fluid has recently been
generalized to an edge and an exact analytical solution
is obtained. In this paper, the edge problem has further
been extended to the case of a rectangular pipe and
exact solutions are obtained for Maxwell and second
grade fluids. Also, the flow due to an oscillating edge
problem is extended to generalized Maxwell fluid.
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1 Introduction

Much attention has been attached to flat plate and edge
problems because of their practical importance and at-
tempts have been made to find the exact analytical so-
lutions in various model. Stokes [1] solved the prob-
lem for a plate in a viscous fluid in 1851. Rajagopal [2]
considered flows in second grade fluid and Erdogan [3]
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studied the flat plate set in motion in third grade fluid.
Further, investigations are made by Rajagopal [4] and
Hayat et al. [5] for an Oldroyd-B model of viscoelastic
fluid. In continuation Zierep [6] presented the solution
for a plate and an edge in Newtonian fluid in 1979.
Since the non-Newtonian fluids are generally recog-
nized more appropriate in industrial applications, the
extension of plate and edge problem made an imme-
diate headway in non-Newtonian fluids and a number
of papers appeared in this direction [7-9]. Fetecau and
Zierep [7] presented exact solution of a plate and an
edge in second grade fluid which was then extended to
a heated plate by Fetecau and Fetecau [10]. The solu-
tion for Maxwellian type of fluid was also given by [8].
The fluids appearing in many fields such as in
food industry, bio-engineering, mixtures of different
materials, amorphous polymers and organic glasses
show strong non-Newtonian characteristics and are
treated as viscoelastic fluids. In these fluids the vis-
cosity function varies non-linearly with the shear rate.
Many mathematical models have been proposed to fit
well with the experimental observations. The simplest
model for the rheological effects of viscoelastic fluids
is the Maxwell model. But this model has its inade-
quacies in that it predicts a linear relationship between
shear rate and shear stress which is likely in low strain
rates. It is now known that a unidirectional Maxwell
model modified with the fractional calculus has found
to explain experimental data for viscoelastic fluids.
The stability behaviors of the constitutive equa-
tions generalizing the fractional derivative models
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have been given [11] with a caution that care should be
taken to adopt fractional derivative models in rheology
with a suggestions that these models are successful to
study unidirectional behavior only under initial condi-
tions.

In this paper the edge problem is further general-
ized to a rectangular pipe that is confined by the four
walls and Stokes-I problem for Maxwell and second
grade fluid is discussed. Thus extending the class of
problems amiable to exact analytic solution for stan-
dard viscoelastic models. This problem has more prac-
tical applications in industry and to the best of our
knowledge first for a rectangular pipe. Further, keep-
ing in mind the importance of generalized models and
for better understanding and better rapport with the
empirical results, Stokes-II problem for an edge mak-
ing an arbitrary periodic oscillations has been pre-
sented for generalized Maxwell fluid. Thus rectangu-
lar pipe and an edge problems have been discussed for
standard viscoelastic fluid and generalized Maxwell
fluid respectively. One such problem of harmonic os-
cillations for generalized Maxwell fluid has been ad-
dressed by Wenchang et al. [12]. The flow induced by
an oscillating plate has been addressed by Khalid and
Vafai [13] by taking slip boundary condition. These
problems will further explain viscoelastic fluids and
will be a step forward in obtaining exact solutions for
more realistic generalized fluid models.

2 Flow of a Maxwell fluid

Suppose that Maxwell fluid occupies the space be-
tween a rectangular pipe (—oo <x < 00,0 <y <L,
0 < z < H). The pipe is initially at rest and sud-
denly starts moving with a constant velocity Up in
the x-direction. The unsteady governing equation for
Maxwell fluid in two dimensions is given by

ou 9%u n 9%u +)\32u ( 0) )
— =V — PG YLy ) > ’
ot ay? = 972 PY

© 2(1 = (=1)")sin %F zsinh >

where u is the x-component of velocity, v is the kine-
matic viscosity and A is the Maxwellian parameter.

The initial and boundary conditions of the problem
are

u(y,z,0)=0, y,z>0, 2
u(,z,1) =u(y,0,r) = U, 3
u(L,z,t)=u(y,H,t)=Up. 4)

2.1 Method of solution

Taking Laplace transform of (1) to (4), gives

82F+82F+ M2=s\ 5
ayr 972 v 7
U
F(0,2,5) = F(y,0,s) = 70 (6)
U,
F(L,z,5)=F(y,H,s)= 7" )

where F' is transform of u and s is the transform vari-
able. We note that F' satisfies homogeneous equation
with nonhomogeneous boundary conditions at the four
faces of the pipe. For that we construct four indepen-
dent problems satisfying these homogeneous condi-
tions and one nonhomogeneous boundary condition.
We take

F(y,z,8) = Fi(y,z,5) + F2(y, 2, 5)
+ F3(y,2,8) + Fa(y, 2, 5), )]
where F; (i =1, 2, 3, 4) satisfies (5) and the boundary

conditions for F| will be

U,
F1<0,z,s>=T°,

©
Fi(y,0,5) =Fi(L,z,s)=Fi(y, H,5) =0.

Making use of separation of variables, the solution
for each F; can be expressed as

B () — L)

Fi(y,z9=)

el mssinh /2225 4 (mI)2p

) (10)

. 201 = (=) sin By sinh /2522 4 ()2 (2 — H)
2()’, Z,S) _Z ) 5 ) ’
n=1 nyssinh [ #5=5 4 (%)ZH
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Y . i 2(1 — (—=1)P) sin Z7 zsinh As—s +(55)%y 1)
9 Z’ S 9
3(y ) —
p=1 prs sinh (5)“L
® (1 — (=1)%) sin P ysinh /2228 4 (472,
Fi(y.z.9)=)_ : (13)

)LY—Y+( )2H

g=1 g s sinh

The inverse Laplace transform now yields

1 y+ioco )
u(y’Zyt):z_m/ . F,'(y,z,s)e”ds
y—100

4
=Y ui(y,z1), (14)

where, say u1(y, z, t) is the inverse Laplace transform
of F1(y, z,s) given by (10). The integral in (14) can be
evaluated using residue theorem of complex analysis.

The residue at simple pole s = 0 in the expression
of Fy (see (10)) is given by

Res(s = 0)
— (=1)™)sin %F z sinh (") (y — L)
mzzl mm smh(m”)L

s)

41 — (- 1)m)\/“lM L4 (M2 sin X 2 sin§(y — L)

The other singular points are the roots of the transcen-
dental equation

AsZ —s mm \ >
inh — ] =0. 16
sin! \/ 5 —i—( T ) (16)
If sy, Som, M =1,2,3,4,... are the zeros of (16),
then

B 11— 40202 + (55)2) -

SIM = > ,

1 \/1 — 40A(82 + (E)2)
oM = . (18)

21

The residues related to poles sy, 520 are

31Mt’ (19)
M=1m=1 mm Lsiy (2“”‘4 l)smh(SL
X X 41— (- 1)'")\/“2M 24 ()2 sin X zsin$(y — L)
RCS(SQM) = Z Z 7 ; AQMI' (20)
M=1m=1 m Lsyp (=24—) sinh § L

Using the residue theorem, u1(y, z, t) is finally expressed as

2(1 — (—=1)™)sin X

zsinh(“gH) (y — L)

ul(y,z,r)—Z

— mm smh(”ZT)L

41 — (- 1)'")\/“1M M4 (MT)2sin M 2 8in§(y — L)

.S]Mt

]2

o]
+2
M=

m

anslM(ZM‘M LysinsL

41— (- 1)’”)\/M2M 24 (T2 sin M2 2 sin§(y — L)

2

>

M=

3
[}

anslM(ZMZM LysinsL

e2mt, 21
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Employing the same procedure as for u; the solutions for u; (y, z,t) (i =2, 3,4) can be written as:

— 1)sin ZFy sinh(%) (z — H)
nm sinh(“75) H

> 2((-1)"
w(y,z,0=y (D

n=1

00 9 (1) — 1)y BTSNy (nmy2 g im _
+ZZ4(( n*—1 N + () sin Fysindy (z — H) SN

nn’HslN(ZM”V 1)sm51H

2 _
ii4((_l)n_ )Msin’lﬂysmal(z—fn PNt

+ (22)
Ne1ne1 nanzN(ZMZN L)sins H
2 2((—=1)P — 1) sin £% zsmh( )y
w3y, 2,0 = — 1
o prsinh(57) L
N ii 4((=D?7 = 1)y M + (57)2sin £7 zsin8zy Joipt
Pt el pJTLS]p(%) sind, L
2 _
+ii4((—l)ﬁ_1),/“21°fm’+(%)2sm’}1zsm82y .
P=1p=1 PJTLszp(Z)\SzVP*1 )sindy L ’
wa(r 2. 8) = % 2((=1)7 — 1) sin L=y sinh(47)z
a o _q:1 qm smh( TYH
% 00 4((—=1)4 —1) ksip—sio + (472 sin 2 y sin 832
£y - Frsmds g
0=1¢=1 qﬂHSIQ(QM'Q )siné3 H
[as? —
% 00 4((—=1)4 — 1) M + (ﬂ)z sin %ysin&z
2.2 et (24)
0=1g=1 anszQ( )sm 83 H
in which 1+ \/1 _ 4Uk(8§ + (%)2) .
e 21 ’ 29)
L+ T 4@ + (5)?) 1= /1433 + (%7 2
SIN = 7 , (25) $20 = ™ (30)
1— \/1 _ 4v)»(812 + ()2) 81, 82, 83 are roots of the transcendental equations ap-
SON = T (26) pearing in the equation for u; (i =2, 3,4).
The final velocity field can now be expressed as
L /1= 4033 + (5)2)
4
Sip = o , 27)
w(y,z, 0=y _ui(y,z,1), 31
11— 433 + (5)?) i=1
= 28) . .
S2p 21 ’ ( where u; (i =2, 3,4) are given by (21)-(24).
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3 Flow of a second grade fluid

In this, we discuss the rectangular pipe problem for
second grade fluid. The governing equation as given

by [7]

ou n o] 0 9%u n 9%u 32)
— = v+ —— ) — +— ),
ot p ot )\ dy? = 972

where « is the material parameter of second grade
fluid and p is the density of the fluid. To solve (32)
subject to initial and boundary conditions (2)—(4), we
use the same procedure as for the Maxwell fluid and
the solution is finally written as

o\ 2((=D)™ — 1) sin 22y sinh (1) (z — H)

u(y,z,t) = Z

nsmh LUEY 5
mi=1 mi ( H )

) — L)+Z

2((—=1)Pt — 1) sin ZE z sinh (247 )y

55

= pim sinh(Z75) L

)

q1=1

nym sinh(“45) H
n1:1

N 2((—= D — 1) sin &2 y sinh (47 )z
qQm sinh(qlL”)H

41— (=1 + ¢ slmz\/v

ELS + (%55)? sin " zsin 84 (y — L)
o

oo (.¢]
Simt
+ Z Z mimw LSy sinésL ¢
M1:1m1=1
o oo M= —D+< slN)z\/ i&fﬁ + (15)2sin Wy sinds(z — H)
+ — - SiNt
Z Z niw Hs |y sinés H ¢
N1=1 n1=l
o oo HEDHP =D+ 2 Slp)z\/ :“’ + (Z)?sin 217 zsindey
)
D33 -
Pt p1rLs)psindeL
i i 4D =D+ = SlQ)2 /m + (%)2 sin %y siné7z ~
+ el (33)
O1=1q1=1 qlf[Hle Sll‘l57H
where . + (47)?
S1jg=—v |:1+a1 (82—|—(‘“”)2) 37
S =y [ 53 + (%)2 (34) 84, 85, 86, 67 satisfies the roots of transcendental equa-
M= |1+ %(53 + (Z)2) ’ tion.
- 52 + (ﬂlﬂ)Z
g = —V s 35 . .
IN 1+ % ( 5§ i (% )2)} (35) 4 Flow of a generalized Maxwell fluid
Fo82e (mn)z In this section we consider a generalized Maxwell
Sip=—v a1 52 1 (B i|, (36) fluid which occupies the space on the rectangular edge
L1+ 71(56 (IT)Z) defined by —0o0 < x, 00, y >0, z > 0. The flow is as-

@ Springer



500

Meccanica (2008) 43: 495-504

sumed to be generated by the periodic oscillations of
the edge. The unsteady governing equation in two di-
mensions with appropriate boundary conditions is ex-
pressed as

ou . 0t lu _ g0 (% N 9%u 38)
Por TP o1 T atP—1\3y?2 = 372 )’
u@©,z,1) =u(y,0,1) =Up f (1), (39)
u(y,z,t) >0, as y2+z2—> 0, (40)

where f () are general periodic oscillations. The func-
tion f(¢) being periodic can be expressed as com-
plex Fourier Series f(t) = Y to . axe’*™!, where

the Fourier coefficient a; are given by

1 .
ar=— [ f@ye *kiar, (41)
TO To

with non zero fundamental frequency wy = 2T—7g Here

A= % is relaxation time, G is the shear modu-
lus, u is the constant coefficient of viscosity and y
and B are fractional calculus parameters such that
0<y <B<1. For y > B the relaxation fraction is
increasing, which is general not responsible [12], and
has require that y < $. It should be noted that model
includes the ordinary Maxwell model as a special case
for « = B =1 and to the Navier-Stokes model when
a=0,=1.

4.1 Solution of the problem

The temporal Fourier transform pair is defined by

oo
W(y,z,w)=/ u(y,z,t)e”'“'dt, (42)
—00
1 © .
M(ya s t) - _/ lIl(yv Zaw)elwldwa (43)
27 J_ o

w being the temporal frequency. We can obtain the
Fourier transform of the fractional derivative [14]

/°° DP[u(y.z. )le™ ' dt = (i)’ W (y.z.0), (44)

—00

00 00
- [2 2mard(w — kwo)é /2
v =U E — U E =
0k=7OO T (a+lb)2 +€:2 + Okzioo T

Fourier Sine inversion of above equation yields
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where

(l(,())ﬁ — |w|ﬁeiﬁn/2signw
= |w|ﬁ <cos ,3771 + i sign wsin ,8771) 45)

The problem gives by (38) to (40), after taking the
Fourier transform with respect to ¢ takes the form

a2w+32w (a4 i)W ) =0 (46)
— 4+ —— —(a+i ,Z, ) =0,
ayz 972 o
v (0,z,0) =¥(y,0,w)
o0
=U Z 2 ard(w — kwo), 47)
k=—00

F—0, asy’4+2z>— o0 (48)
in which
(a+ib)>

P+ pAY lw]? (cos BF + i signwsin )
"~ GAB1|w|P~2(cos —(‘9722)” +isignwsin —(ﬂfzz)”)‘

(49)

Taking Fourier Sine transform of (46) and conditions
(47) and (48) with respect to y, we obtain

d*y -
d—Zz - (a+lb) 'I’(y,Z,CU)
2 o0
=—U0\/:§ > 2rars(w — kay), (50)
T k=—00
, 2 2mars(w — kay)
W o)=Uy Yy “——, atz=0,
ol § 1)
¥ —0, asz— 00.

The solution of (50) satisfying the boundary condi-
tions (51) is

2 ard (@ — kaxg)e 2V (@t +E2

{(a+ib)>+&%)¢ ©2)
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o0
v = U Z 2 apd(w — kag)e @by

k=—o00

o0 o
+Uo Y D 2(=1)"Mrars(w — kao)

k=—o00n=0

1 G - 1 (31 ib)?y>
X il amrnz.l(z n) HypergeometricPFQ| =, | =, = +n |, M
Gamma(l — n) (a—+1ib) 2 \2 2 4

(a+ib)?

n’ (a+ib)2"yzn

2y1—2n Gamma(2n — 2) H tricPFQ]| (1 ) s 2
_ ergeometric AN R A
(a+ib)" e i

(a+ib)%y?
4

i| sinnrr]. (53)

Substituting (54) in (44) and then using the property of Delta function, we arrive at

00
u(y,z,t) =Up Z akefmky+i(kwotfnky)

k=—o00

2 - n(mk+ink)2 - \2n . _n jiwgkt
+U() Z Zak(—l) T(mk+lnk) yzi e 0

k=—o0n=0

[ 1 ﬁGamma(% —n)
X

H 1 /31 NI
; ypergeometricPFQ| —, [ =, = +n (it ing)y”
Gamma(l —n) (my +ing) (33 :

2y'=2" Gamma(2n — 2)

(mp +ing)"
3 : 2,2
X HypergeometricPFQ[(l —n), <§ —-n,2— n) M} sinnrr:|, (54)
where
JL2+4L?+ L,
= | — 55
mg 3 (35
JLZ+4L - L, 56
ng=,|————,
« 2
Lo o + pA%|wk|*[cos % cos @ + (sign wk)? sin “F sin @]
r — )
G~ |wk|P=2[(cos L=PT)2 4 (sign wk sin £=27)2
L= p + pA%|w|*[sign wk sin % cos w — sign wk cos %" sin @]
GAB=1wk|P=2[(cos L=27)2 4 (sign wk sin L=27)2]
Equation (55) gives the complete analytic solution for the different edge oscillations is obtained by an appro-
the velocity field due to general periodic oscillations. priate choice of the Fourier coefficients which give rise
As a special case of this oscillation, the flow field for to the different edge oscillations. The periodic oscilla-
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Table 1 Functions and their Fourier coefficients

Oscillations Fourier coefficients

f@® ak

(i) et®o! aj=1landay =0(k #1),

(ii) cos wpt a1 =a_ = % and a; = 0, otherwise,

(iii) sin wpt al=a_1 = % and a; = 0, otherwise,

. Ll <T sin(kwoT))

(iv) ag =2T,/ Ty, a = =221 for all k # 0,
|:0,T1<|z|<%i| / L

(V) 24200 80 — KTp) ax = +, for all k.

tions and their corresponding Fourier coefficients are by using successively the appropriate Fourier coeffi-

given in Table 1. cients in (54) and are given below

The results in the above five cases can be obtained

ui(y, z,1) = Upe ™1 (@0r=m)

> (my +inp)? )
U Y (=)' e (i) My e
n=0 )

[ 1 ﬁGamma(% —n)
x

Gamma(l — n) (my +ing)

) 1 /31 (my +inp)?y?
H tricPFQ| -, ( =, = _—
ypergeometric Q|:2’ (2, 5 —l—n), 1
2y!'=2" Gamma(2n — 2)
(my +ing)"

3 . 2.2
X HypergeometricPFQ[(l —n), (E —-n,2— n), (inri—%)y} sinnn:|, 567

uy(y,z,t) = @[e—mlyﬂ-i(wot—nly) + e—'n—ly—i(wot—"—1Y)]
Up — mi +inp)? :
+ _0 Z(_l)n[u(ml + inl)ZnyZnezwot
2 = mn!

[ 1 \/EGamma(% —n)
x

Gamma(l — n) (my +inyp)

. 1 /31 (my +iny)?y?
H tricPFQ| =, | =, = -
ypergeometric Q|:2, (2, > —l—n), 1
2y!'=2" Gamma(2n — 2) 3 (my +in)%y*7 .
— - HypergeometricPFQ| (1 —n),( = —n,2 —n |, —————— |sinnn
(my +in)" 2 4

m_j+in_1)?
_|_( 1 1)
mn!

[ 1 ﬁGamma(% —n)
X

Gamma(l —n) (m_1+in_1)

(m_; + inil)ZnyZne—iwot

31 (m_1+in_1)*y?
2°2 ’

1
HypergeometricPFQ[E, (—, s+n 2
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2y!'=2" Gamma(2n — 2)
(m_y+in_)"

3 _ in_ 2.2
X HypergeometriCPFQ[(l —n), <§ —n,2— n>, W} sinnni|i|, (58)

uz(y,z,1) = er—ﬂlly-i-i(wot—nly)

Uo & .2 ‘
+ _(_)Z(_l)" M(ml +in1)2"yz”elw0t
2i = mn!

[ 1 ﬁGamma(% —n)
X

Gamma(l — n) (my+iny)

1 (31 2.2
HYpergeometricPFQ[E, <_ Z _}_n)’ W }

2°2

2y1_2"Gamma(2n—2) 3 (mq —i-in])2y2 .

— - HypergeometricPFQ| (1 —n), | - —n,2—n ), ———— | sinnw
(my +in)" 2 4

(m_1 +in_1)?
wn!

[ 1 ﬁGamma(% —n)
X

Gamma(l —n) (m_1+in_1)

(m_, + in_l)ZnyZne—iwot

. 1 (31 (m_y +in_1)%y>
H twicPFQ| =, ( =, = +n ), ————— 2
ypergeometric Q[Z (2 2+n> 7
2y1=2" Gamma(2n — 2)
(m_y+in_)"

3 B in_ 2.2
X HypergeometricPFQ[(l —n), (5 —-n,2— n), W} sinnn’i|:|, 59

Up = sin(kaoT: ) .
u4(y, z,t) = ;0 %e—mkyﬂ(kwot—nk))’

k=—00

Up S usintkaoT)) |, (mg + ing)> on o iwokt
+— >N D it ing T y2te
k=—ocon=0
[ 1 ﬁGamma(%—n)
X

Gamma(l — n) (myg +ing)

1
HypergeometricPFQI:E, ( = )

31 (mg + ing)?y?
~ —+n|,——
2°2

2y'=2" Gamma(2n — 2)
(mg +ing)"

3 : 2.2
» HypergeometricPFQ [(1 —n), (5 —n2— n> M} sinnni|, k0, (60)

U() ad m* v ¥
“5()’71”):T0 Z e myy+i(Q2mkt /Ty nky)’

k=—o00

U w— w (m} +in})? . :
J’_TO Z Z(_l)n knn! k (mz_i_lnz)ZnyZnekat/To

k=—o00n=0
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ﬁGamma(% —n)
(mf +inj

8 1
[Gamma(l —n)

2y!=2" Gamma(2n — 2)
(mf +inp)"

2

3
x HypergeometricPFQ |:(1 —n), (— —n,2—n

1
HypergeometricPFQ[E, ( —+n

) (mj —i-in;)zy2

31 ) (m;+inz)2y2]

22 4

(61)

i , k#0
2 i|smnn:| *

where

my = mglw = wo, ng = nglw = wp.

5 Conclusion

The analytic solutions of unsteady problems are very
rare because of the complexity of the governing equa-
tions and nonlinearity of nature, even in the case of
simple geometries such as single plate or disk in which
the governing equations are one dimensional. In this
work, we have studied the flow due to a rectangular
pipe for non-Newtonian fluids such as Maxwell and
second grade. The geometry requires the governing
equations to be two dimensional (which are often dif-
ficult to handle) for which an exact analytical solution
is presented. Further keeping in view the importance
of generalized Maxwell fluid, which have better report
with empirical results and the industrial applications
of edges and finite plates, an exact solution is obtained
for the flow due to an edge oscillating in a general-
ized Maxwell fluid. This may be remembered that this
problem also contributes a two dimensional problem.
The problem considered are not only important in find-
ing in finding analytical solution of non-Newtonian
fluids as such but have a great practical applications
in industry.
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