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Abstract An analysis for vibration of non-homo-
genous visco-elastic rectangular plate of linearly vary-
ing thickness subjected to thermal gradient has been
discussed in the present investigation. For visco-
elastic, the basic elastic and viscous elements are com-
bined. We have taken Kelvin model for visco-elasticity
that is the combination of the elastic and viscous el-
ements in parallel. Here the elastic element means
the spring and the viscous element means the dash-
pot. The governing differential equation of motion has
been solved by Galerkin’s technique. Deflection, time
period and logarithmic decrement at different points
for the first two modes of vibration are calculated for
various values of thermal gradients, non homogene-
ity constant, taper constant and aspect ratio for non-
homogenous visco-elastic rectangular plate which is
clamped on two parallel edges and simply supported
on remaining two edges. Comparison studies have
been carried out with homogeneous visco-elastic rec-
tangular plate to establish the accuracy and versatility.
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Abbreviations

X,y Coordinate in the plane of plate

My, My, Bending moments

My, Twisting moments

E Young’s modulus

G Shear modulus

v Poisson’s ratio

h Thickness of plate

0 Mass density per unit length of plate
material

D, Flexural rigidity

D Visco elastic operator

t Time

n Visco elastic constant

w(x,y,t) Transverse deflection of plate at point
a, b Length and breath of the plate
a, a1, oy Temperature constants

B Taper constant

o3 Non-homogeneity constant

T Temperature excess above a given
reference

A Logarithmic decrement

K Time period
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1 Introduction

Thermal effect of vibration of non-homogenous visco-
elastic plates are of great interest in the field Engineer-
ing such as for better designing of gas turbines, jet
engine, space craft and nuclear power projects. Dur-
ing heating up periods the structure are exposed to
high intensity, high fluxes and the material properties
thus undergo significant changes, in particular the ther-
mal effect on the modules of elasticity of the mater-
ial can not be taken as negligible. Several authors [1-
5] have studies the thermal effect on vibration of ho-
mogenous plates of variable thickness but none of the
authors has so far considered thermal effect on vibra-
tion of non-homogenous rectangular plates of linearly
varying thickness. Pronsato et al. [9] have discussed
on transverse vibration of rectangular membrane with
discontinuously varying density. It is well known [8]
that in the presence of a thermal gradient, the elas-
tic coefficient of homogenous materials becomes func-
tion of the space variables. Bambill et al. [6] discussed
the transverse vibration of an orthotropic rectangular
plate of linearly varying thickness and with a free hole
edge. Li and Zhou [7] have studied non-linear vibra-
tion and thermal bucking of heated orthotropic cir-
cular plate by shooting method. Recently, Gupta and
Khanna [11] studied vibration of visco-elastic rectan-
gular plate with linearly thickness variations in both
directions. Pradeep and Ganesan [12] solved the prob-
lem of buckling & vibration of rectangular compos-
ite viscoelastic sandwich plates under thermal load. Li
et al. [13] discussed the vibration of thermally post-
buckled orthotropic circular plate.

Visco-elastic, as its name implies, is a generaliza-
tion of elasticity and viscosity. The ideal linear elastic
element is the spring. When a tensile force is applied
to it, the increase in the distance between its two ends
is proportional to the force. The ideal linear viscous
element is the dashpot.

The main purpose of the present investigation is to
study the effect of non-homogeneity on thermally in-
duced vibration on visco-elastic rectangular plate of
linearly varying thickness. To determine the frequency
equation, Galerkin’s technique has been applied. It is
considered that the visco-elastic properties of the plate
are of Kelvin type.

All the material constants, which are used in nu-
merical calculations, have been taken for the alloy
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‘DURALIUM’ which is mainly used in modern tech-
nology. Deflection, time period and logarithmic decre-
ment at different points for the first two mode of vibra-
tion are calculated for various values of thermal gradi-
ents, non-homogeneity parameter, taper constant and
aspect ratio for non-homogenous visco-elastic rectan-
gular plate which is clamped on two parallel edges and
simply supported on the remaining two edges.

2 Analysis and equation of motion

The governing differential equation of transverse mo-
tion of a visco-elastic plate of variable thickness in
Cartesian co-ordinates, as by Bhatnagar and Gupta
[10], is

M, | _0°My,  °M, hazw

+2 + =ph—5-. 1
%2 axdy | oy2 P M
The expression for My, My, My, are given by
M DD P + il
= — —_— V—-
* ' ox2 9y?
~ 2w 3w
My=—-DDi|— +v— ) (- 2
’ 1<ay2 axz)
M DDy (1—v) o
oy — — —
> ! 0xdy

On substitution the values My, M, and My, from (2)
in (1), one has

oo 84w+2 9%w +84u)
"\ ox# 0x29y2  9y*

aD; (Pw  Pw
+2— +

dx \ ax3 = 9xdy?
YL 83w+ 3w
ay \ 9y3 = 9x29y
32Dy 82w+ 3w
oy, 0%
9x2 \ 9x2 9y?
32Dy (3w *w 420 )82D1 3w
—tV— —v
9y2 \ 9y2 dx2 dxdy dxdy
92w

The solution of (3) can be sought in the form of a
product of two functions as follows:

w=w(x,y,t)=W(, )T ) “
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where W (x, y) is a function of the coordinates x, y
and T (¢) is a time function.
Using (4) in (3) and simplifying, one has

b (84W+2 *w N tw
" ot 8x28y2 ay*

LD
<8x3 0x9y2 )
( 3x28y>
132 1 d2
+2d - 8x8y 8x3yi|/'o - )

Taking both sides of (5) are equal to a constant p?,
we have

b 84W+2 tw +84W
" axd 8x28y2 8y4

8D1
8x3 Bxay
( 8x28y>
82D1 2w 5
2(1 — — php W =0 6
2 V) dxdy 0xdy pitp ©)
and
d’rt -
a7 + p°DT =0. N

Equation (6) is differential equation of transverse mo-
tion and (7) is a differential equation of time function
of vibration of non-homogeneous visco-elastic plate of
variable thickness.

It is assumed that the non-homogeneous visco-
elastic rectangular plate is subjected to a steady one

dimensional temperature distribution along the length,
i.e. x-direction, as

X
t:r()(l — —) (8)
a

where t denotes the temperature excess above the ref-
erence temperature at any point at distance 7 and 7o
denotes the temperature excess above reference tem-
perature at the end i.e. x =a.

The temperature dependence of the modulus of
elasticity for most of engineering materials can be ex-

pressed in this form,
E=Eq(l1—y1) ©

where E is the value of the Young’s modulus at some
reference temperature i.e. T = 0 and y is the slope of
the variation of E with t. The modulus variations, in
view of expressions (8) and (9) become

E(x):E()(l—a(l— ;ﬁ)) (10)

where o = y19 (0 <« < 1), a parameter known as
temperature gradient.

It is assumed that thickness and non-homogeneity
varies in the x-direction only, consequently, the thick-
ness, density and flexural rigidity of the plate be-
come functions of x only. Let the two opposite edges
y =0 and y = b of the plate be simply supported. So
that the plate when undergoing free transverse vibra-
tions with frequency p may have levy-type solution
as

W(x,y) = Wl(x)sin<”b—y). (11)

Substitution of (11) in (6) comes out as

b ' W, ST 232ler T 4W

' Tox4 b) 9x2 b :
+28D1 PwWi (m\Tow,
9x3 b) ox

+82D1 32w, T 2W
.
ax2 | 9x2 b !

— pp*h W =0. (12)
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Thus (12) reduces to a form independent of y and upon
introducing the non-dimensional variables

_ h _ D
A== 5=2 p=2
a Cl a
) W, . (13)
W=—, X=-
a a

(12) becomes, in non-dimensional form, as

W *wW -
D 2r2 ‘w
<3X4 axz T >

2aD AW
ax3 X
32D -
+ ax2<ax2 - ) PPAW =0 (14)
where
r= ”b—“. (15)

In view of the previous assumption, the thickness and
non-homogeneity vary linearly in the x-direction only,
one assumes,

H(X) = Ho(1 — BX) (16)

where S is the taper constant and Hy = Hli—o
and

p=po(l —a3X) a7

where o3 is the non-homogeneity constant and pg =

:5 |x:0-
The rigidity given by equation

EoHJ(1 — BX)’[1 —a(l — X1

D= 18
12(1 —v2) (18)
Using (16), (17) and (18) in (14), one obtain
A W 2r 22 W+ 174
— — — t+r
"\ x4 9X2
A PW LW
oW _ 20"
2\ ox3 9X
PwW o,
+ A3 W_W w
— p*(1 —a3X)EW =0. (19)
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Here

Al=(1—a+aX)(1—BX)?,
Ar=2(1 - BX)(Bap — 3B +a —4apX),

A3=6B(B —a —af +2apX),
_12(1 — v poa’
N EoH}

and p? is the frequency parameter.

The deflection function W(X ), of the plate, is as-
sumed to be a finite sum of characteristic functions
Wi (X) as

W(X) =) CiWi(X) (20)
k=1

where Cj’s are undetermined coefficients and Wy
are the characteristic functions chosen to satisfy the
boundary conditions of plate. For a rectangular plate
clamped at both the edges X =0 and X = 1 (and sim-
ply supported at the remaining two edges) boundary
conditions are

w = =0,
|x=0 90X |y
21
W 1= — =
Ix=1 o |y,
Using Galerkin’s technique, one has
/ LIWX)IW(X)dX =0 (22)

where L[W (X)] is left hand side of (19). Taking the
first two terms of the sum (20), for the function W (X)
as a solution of (19), as

WX)=Ci1X>(1 - X)>+CX3(1 - X)3. (23)
Substituting (23) into (22) and then eliminating C and
C, gives the frequency equation as

20Fi+Bip?) (F2+Bp?) |

> 2| = 4
(F,+ Bap?)  2(F3+ B3p?)
where
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The frequency (24) is a quadratic equation in p? from
which the two values of p? can be found.

Choosing C; = 1, one obtains Cp = —% where
Fy=2(F\ + p*By), Fs =2(F> + p*By).

Therefore

W = X2(1 —X)z—%X3(1 - X)3. (25)

3 Time functions of vibrations of
non-homogeneous visco-elastic plates

Time function of vibrations of visco-elastic plates is
defined by the general ordinary differential (7). Their
form depends on the visco-elastic operator D. For
Kelvin’s model, one has

5 nd
D=<1+Gdt>. 26)

Taking temperature dependence of shear modulus G
and visco-elastic constants 7 as [8]:

G()=Go(l =y17), n(t) =no(l —y27) (27

where G is shear modulus and 7 is visco-elastic con-
stant at some reference temperature i.e. at T =0, y
and y» are slope variation of 7 with G and n respec-
tively. Using (8) in (27), one has

G(X) = Goll —ai(1 = X)],

n(X) =mno[l —az(l — X)]

(28)

where

o=y, 0<o;<l1, and

ar =1, O0=<a <L
Using (28) in (26), we get

d

D= <1~|—qg) 29)

where

= noll — a2 (1 — X)]
Goll —a1(1-X)]

(30)

Using (29) in (7), one obtains

d*T dT
W+p2q5+p2T=o (31)

@ Springer



52

Meccanica (2008) 43: 47-54

and its solution comes out as

2 t
T(t) =e 7" (e cos st + ey sinst) (32)

where 5% = pz%p4 g2, and e and e, are constants of
integration.

Let us assume that the initial conditions are T =1
and ‘2—{ =0atr =0, so (32) becomes

5 2
T(t) = et (cos st + l;—q sin st). (33)
S

Thus, deflection w(x, y, ) may be expressed from (4),
(11), (25) and (33), as
w(x,y,t)

- )2 ! 2
= W(X)e*ITq (cos st + pz_q sin st) sin nb_y (34)
\)

Time period of the vibration of the plate is given by
2
D

where p is frequency given by (24).
Logarithmic decrement of the vibration is given by

K (35)

w2

A=log, (36)

wi
where w is the deflection at any point of the plate at

a time period K = K| and w> is the deflection at the
same point at the time period succeeding K.

4 Results and discussion

Time period, deflection and logarithmic decrement
corresponding to the first two modes of vibration at
different points for C-S-C-S non-homogeneous visco-
elastic rectangular plate has been computed for differ-
ent combinations of non-homogeneity parameter, ta-
per constant, aspect ratio and thermal constants. Re-
sults are plotting in Figs. 1-8. For numerical computa-
tion, the following materials parameters are used [10]:

Eo=7.08 x 10'° N/m?,
Go=2.682 x 10'° N/m?,
no = 1.4612 x 10° N's/m?,
0o = 2.80 x 10% kg/m?,

v =0.345,

Hy=0.01 M.
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Fig. 1 Variation of time period with non homogeneity constant

of visco-elastic non homogeneous rectangular plate of linearly
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Fig.2 Variation of time period with aspect ratio of visco-elastic
non homogeneous rectangular plate of linearly varying thick-
ness

Figures 1 and 2 show that the time period (K) for first
two modes of vibration decrease with an increase of
non-homogeneity parameter («3) and aspect ratio (%)
respectively. Whenever taper constant () and thermal
constant (¢) increase then time period increases for
first two modes of vibration. Figures 3 and 4 show
that the deflection (w) for fixed aspect ratio (% =1.5)
starts from zero to increase then decrease to zero for
first mode of vibration but for the second mode of vi-
bration value starts zero to increase then decease then
increase and finally become to zero for fixed Y and in-
creasing value of X for time 0 K and 5 K respectively.
Figures 5 and 6 show that the deflection (w) for first
two modes of vibration decreases with an increase in
aspect ratio ().
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Fig. 5 Transverse deflection w vs aspect ratio a/b of
visco-elastic non homogeneous rectangular plate of linearly
varying thickness at initial time 0.K. 8 =0.6, « = 0.8, «; =0.2
and ap = 0.3
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Fig. 6 Transverse deflection w vs aspect ratio a/b of
visco-elastic non homogeneous rectangular plate of linearly
varying thickness at time 5.K. 8 = 0.6, « = 0.8, @1 = 0.2 and
ar=0.3
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Figures 7 and 8 show that logarithmic decrement
(A) for first two modes of vibration decreases with an
increase in X and in the aspect ratio () respectively.
It can be seen from Fig. 7 that as non-homogeneity
parameter («3) increases logarithmic decrement (A)
decreases for both modes of vibration.

5 Conculsion

The results for homogeneous isotropic visco-elastic
rectangular plate are compared to the published paper
[11] and found to be in close agreement. After com-
paring authors conclude that as nonhomogeneity cre-
ated time period and logarithmic decrement decrease
while deflection increase in comparison to homoge-
neous visco-elastic rectangular plate. Therefore engi-
neers can see and develop the plates in the manner so
that they can fulfill the requirements.
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