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Abstract

In the literature on scan statistics, the distributions of continuous scan statistics for one-
dimensional Poisson processes have been extensively studied, most of which deal with
single window scan statistics under homogeneous Poisson processes. In this paper, we
consider discrete approximations for the distributions of multiple window scan statistics
of homogeneous/nonhomogeneous Poisson processes. We derive the first-order terms of
the discrete approximations, which involve some functionals of the Poisson processes. We
then apply Richardson’s extrapolation to yield corrected (second-order) approximations.
Numerical results are presented to show the accuracy of the approximations.
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1 Introduction

Let I1(¢) be a Poisson process with intensity function A(¢) > 0 on (0, 1]. For a specified
window size 0 < w < 1, the continuous scan statistic is defined as

Sy = Su() := max |10+ w]l,
0<t<l—w

the maximum number of Poisson points within any window of size w, where |A| is the
cardinality of set A, which arises from the likelihood ratio test for the null hypothesis Hp:
A(t) = A (constant) versus H,: A(t) = X + A or A according to whether ¢ is in or outside
the interval (a, a + w] for (unknown) 0 < a < 1 — w and A > 0. For a thorough review
and comprehensive discussion of scan statistics, see Glaz and Naus (2010) and Glaz et al.
(2001).

There have been numerous studies in the literature dealing with the conditional and
unconditional probabilities P(Sy, > k | |TI| = N) and P(Sy, > k) for integers N > k > 2.
In the conditional case, Huntington and Naus (1975) and Hwang (1977) gave exact expres-
sions for P(Sy, > k | [T1| = N) under Hy while Cressie (1977) derived exact formulas for
P(Sy = k| |ITI| = N) under H,. Unfortunately, these expressions involve summing up a
large number of determinants of large matrices which are not easy to evaluate. Note that the
unconditional probability P(S,, > k) is a weighted average of the conditional probabilities
P(Sy > k| |II| = N) over N with weights P(|I1| = N), for which no computation-
ally efficient (exact) formulas are available. Various bounds and approximations have been
derived, see e.g. Naus (1982), Janson (1984), Glaz and Naus (1991), and Loader (1991).
For more general large deviation approximation results, see Chan and Zhang (2007), Sieg-
mund and Yakir (2000), and Fang and Siegmund (2016). The continuous scan statistic Sy,
may be approximated by a discrete analogue via time discretization. Specifically, assum-
ing w = p/q (p and q integers), partition the (time) interval (0, 1] into n subintervals of
length n~!, n a multiple of ¢. The i-th subinterval ((i — 1)/n, i/n] (independently) either
contains exactly one point (with probability f(’l/_n /n A(s)ds) or no point (with probability
1— f(li/_"l)/n A(s)ds). As a window of size w covers nw = np/q subintervals, we define the

discrete scan statistic S,(lf' ) to be the maximum number of points within any nw consecutive
subintervals. Fu et al. (2012) showed that P(Sl(,ﬂ1 ) > k) can be computed via the Markov
chain embedding method and that P(S,, > k) — P(Sl(,f') > k) = O(n_l). See also Fu
(2001), Fu and Koutras (1994), and Koutras and Alexandrou (1995) for related results.

Some extensions of the (single window) scan statistic have been proposed in the liter-
ature. Nagarwalla (1996) introduced a scan statistic with a variable window whose size is
not chosen a priori. Wu (2017) proposed a weighted scan statistic with the weight function
inversely proportional to the intensity function A(z). Glaz and Zhang (2004) and Naus and
Wallenstein (2004) proposed multiple window scan statistics involving a number of differ-
ent window sizes w,, r = 1, ..., r*, and studied the joint distribution of S, ,r =1, ..., r".
Wu et al. (2013) considered approximating P(S,, > k. forsome 1 < r < r*) by
P(Sl(fr) > k, forsome 1 < r < r*) where Sl(unr) is the discrete analogue of Sy, by
partitioning the interval (0, 1] into n subintervals.

In this paper, we consider approximating the (unconditional) distributions of multiple
window scan statistics of Poisson processes with intensity function A(¢) satisfying the
following condition.
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Condition (A) A(¢) is bounded away from 0 and there exist an integer &€ > 0 and 0 = dy <

dy < -+ < dg < dgy1 = 1 such that A'(¢) is bounded and continuous in ¢ € (dg, de+1),
£=0,1,...,&.
Assuming the window sizes wy, ..., w+ are rational numbers, under condition (A), the

corrected discrete approximations for single window scan statistics in Yao et al. (2017)
are extended to improve the convergence rate of the discrete (first-order) approximation

P(S,(,ﬁ) > k, forsome 1 < r < r*) for P(Sy, > k, forsome 1 < r < r*). Wu et al.
(2013) showed that the discrete approximation P(Sz(,f',) > k, forsome 1 < r < r*) can be
computed via the Markov chain embedding method and that

P(Sy, >k forsome 1 <r <r*) — P(Sg’r) >k, forsome 1 <r <r*)=0Omn™").

In Section 2, we make use of a coupling argument to derive the limit

lim n [P(Sw, > k, for some 1 <7 < r*) — P(S"™ > k, for some 1 < r < r*)] L (L)
n—o0 r

which involves some functionals of IT. As in Yao et al. (2017), to facilitate the proof, we
introduce a slightly different discrete scan statistic (denoted by S,’,(,f)), which is stochastically
smaller than S, and S,Sf'r). We obtain the limits

lim n [P(Swr >k, forsome 1 <r <r*) — P(S{,E'_’) >k, forsome 1 <r < r*)]
n—o0 r

and

lim n [P(Sg') >k, forsome 1 <r <r*) — P(S;S") >k, forsome 1 <r < r*)] ,
n—00 r r
which together yield the limit in Eq. 1.1. Based on these limit results, we apply in Section 3
Richardson’s extrapolation to obtain corrected (second-order) approximations for P (S,, >
k, forsome 1 < r < r*). Numerical results are presented to show the accuracy of the
approximations. The proofs of two technical lemmas (stated in Section 2) are relegated to
Section 4.

2 Main Results

Recall thatforr =1, ..., r",

Sw, = Sw,(ID) ;= max [IIN &, 1+ w]|,
o<t<l—w,
where w, = p,/q (p1,..., pr, q all integers) and the Poisson process I has intensity
function A(z) satisfying condition (A). To define the two discrete scan statistics S,(,fr) and
S;S:') mentioned in Section 1, forn =mq (m =1,2,...),let I, I3, ..., I be independent
Bernoulli random variables with
P =0) =exp (—/nl k(s)ds) and P(I' =) =1—-P(U'=0), i=1,...,m

and let H', H}, ..., H' be independent Bernoulli random variables with
P(H' = 1) = min [/. A(s)ds, 1} and P(H'=0)=1-PH'=1),i=1,...,n.

n
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Then (I{,...,I}) approximates IT by matching the probability of no point in each
subinterval, i.e.

P([in=0)=P<‘nm(i_1,i]‘ =o> =exp<—/n A(s)ds),
n n i=1

n

while (H{', ..., H)) approximates IT by matching the expected number of points in each
subinterval, i.e.

EH"Y=E (‘1‘[ ) (i ; 17 ;”) = /i A(s)ds < 1 (for large n).

n

Forr =1, 2,...,r*, the two discrete scan statistics S;E'f) and S,(U"r) are defined as
SO S  max S @.1)
wr wr.d i=1,...,n—nw,+1 j=i B )
S(”) _ S(”) — inw—1 H" 22
w, =8, p=  max Z i (2.2)

Using a coupling argument, we now derive the limits

limy, 500 n [P(Swr >k, forsome 1<r < r*)—P(Sl(;'r)I >k, for some 1 <r Sr*)]

and lim,_on [P(Sw,_ >k, for some 1§r§r*)—P(Sl(:r).H >k, forsome 1 <r < r*)]

in Sections 2.1 and 2.2, respectively.
2.1 Matching the Probability of no Point

Since (I, ..., I}) and IT match in the probability of no point in each subinterval, we may
define 1" = H{IT N (5L, L] £ @), i = 1,....n, so that (I, ..., I) and I1 are defined
on the same probability space. (Here 1A = 14 denotes the indicator function of set A.) For
wy = pr/q With p1 < p2 < --- < p,+, and for integers 2 < k1 < kp < - -+ < k;+, let

a=P(A), where A=J"_ (S, >k}, (2.3)
and a, = P(A,), where A, = U:;l{sz(un,),l > k). (2.4)
Let M := |II|, which is Poisson distributed with mean fol A(s)ds. Writing I1 =

{01, O2, ..., Ou}, we assume (with probability 1) that 0 < Q1 < --- < Qu < 1. Note
that, with probability 1, forr =1,2,...,r*and £ =1,2,..., M,

we ¢TI, 1—w, ¢TI, Qedw, ¢ 11, Qe ¢D, Qe tw, ¢ D, 2.5)
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where D := {dy, d, ..., dg}, the set of discontinuities of A(¢). (Note that D = Jif § = 0.)
Define

-
v =Y Y MQet w)lfSy, <k forallm=1,....r* [N (Qe, Qetw,ll =k —2,
r=1{6: Qe<l—w,}

TN, t+w,]|<k- —2forall t with O, <t < Qg-i-w,}, (2.6)

M
B(I) = ZA(Qg)l{Swr <k forallr =1,...,r%
=1

max |[(ITU{Q/HN(t, t+ w,]| =k, forsome 1 <r < r*}, 2.7)

0<t<l—w,
where IT U {Q/} is interpreted as a multiset with Q, having multiplicity 2.

Theorem 2.1 Forn = mgq (m = 1,2,...), define a, oy, v(I1) and v(I1) as in Egs. 2.3,
2.4,2.6 and 2.7, respectively. Then

lim n(a —a,) = %E [vID) + 5(D].

n—oo

To prove Theorem 2.1, we need the following lemma, whose proof is relegated to
Section 4. We denote the complement of A, by A5, andfori =1, ..., n, let

- i—1 i
I"=nn -
n n

Then I" = 0 implies /' = 0 and I" > 1 implies /" = 1.

, the number of Poisson points in the i-th subinterval.  (2.8)

Lemma 2.1 Forn =mqg (m = 1,2, ...), define I:”, i=1,...,n, asinEq. 2.8, and let

i+nw,—1
PW=P A, Y I'=k-2.0'=1I,, =1|. r=1.....r" i=1....n—nw,
j=i+1
2.9
and
i'+nw,—1
Pi(n) =P| AL I'=2, Z I} =k, — 1 for some i, r
j=i’
withl <i' <i<i'+nw, —1<nandl frfr*), i=1,...,n.
Then
1 r* n—nw, n
MR S SECTES S RN
r=1 =l i=1
Proof of Theorem 2.1 By Lemma 2.1, we have
1 r* n—nw, n
w—ap=53 3 P+ P00, (2.10)
r=1 i=1 i=1
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Forr=1,...,rfandi=1,...,n —nwr,letP;f;’) = P(F;,) where

i+nw,—1
Fir=ANny > =k -21"=11,, =0
j=i+1

sum of any nw, consecutive I;’ including j =i + nw, is at most k, — 2}.

We claim, for 1 < r < r*, that

Piﬁ’;)/’Pl.”(:') =p", i=1,....,n—nuw,, (2.11)

ir>
where
P(I" =1 wr+£
pl(f’r) = # = exp f - AMs)ds | - L
(s, = 0) =1

To establish the claim, note that the event inside the parentheses on the right-hand side

: i+nw,—1
of Eq. 2.9, A ﬂ{Z'j:’}i’l 1§ =k =2, I =1, =1}, dependsonly on (I, ..., I})
and can be interpreted as a collection of configurations (I, ..., 1)) = (hi, ..., h,) where
(hy, ..., hy,) satisfies
Jj+nw,—1
hy =0or 1 forall £, max > hg<kpyforallm=1,...,r*
j=l..., n—nwy,+1 (=)
i+nw,—1
> he=kr—2and hj = hjypy, = 1. (2.12)
t=i+1
Likewise, the event F; , is a collection of configurations (I,..., I}}) = (hyy ... k)
where (1, ..., h}) satisfies
JHnw,—1 i+nw,—1
hy, =0or 1 forall £, - omax Y. hy<kpforalm=1,....r% Y h,=k =2,
j=1,...n—nw,+1 (=j =i+1
hi =1, h;+nw,- =0, and sum of any nw, consecutive /|, including £ = i + nw, is at most k, — 2.
(2.13)
It is readily seen that a configuration (I}, ..., 1)) = (hi, ..., h,) satisfies (2.12) if and

only if (I, ..., I}) = (h), ..., h}) satisfies (2.13) where (h), ..., h}) = (h1,..., hy) —
€; +nw, With e;1,,, being the vector of zeroes except for the (i +nw,)-th entry being 1. The

claim (2.11) now follows from the independence property of I}, ..., I
Let Dy, i={1<j<n—nw: (L, HnD#Gor (w + L w4+ 1)nD #0).
By condition (A), we have fori € {1,...,n —nw,\D;,,
1 i—1 1
) = (wr +—+ —) +0m™?), (2.14)
' n n 2n
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where the O(n~2) term is uniformini € {1,...,n — nw;\D; . Since | D, ,| < 2§ < oo,
it follows from Eqgs. 2.11 and 2.14 that

SIS e )

/Pl’l n,P/l’l
S -5 T
r* n—nw,

=3 > AVPFD

r=1 i=1

-y b (wr —1y %) P(Fin) + O

r=1 i=1

1
= —Ep™ID]+ 0w, (2.15)
n
where
r* n—nw, - | itnw,—1
VO =30 30 (w4 ) 1AL L =k 2 = g, =0
r=1 i=lIl =t

sum of any nw, consecutive Ig’ including £ =i 4+ nw, is at most k, — 2}.

To deal with P, i = 1,2, ..., n, let

i’+nw,—1

73/(") (.A‘ I' = Z 1] =k — 1 for some (i, r)

n’ i
=i’
Withlfi/fifi/—l—nwr—l§nand1§r§r*).

Followmg an argument similar to the proof of Eq. 2.11, we have 73(")/77/(”) i(n) for

i=1, , n, where
2 i
K(S)ds) /2 |:exp (/”1 A(s)ds) — 1i| .

By condition (A), we have uniformlyini € {1,...,n}\{l < j <n: (T’ n)ﬂD # 0},

1 i—1 1
~(n) -2
S=—A +—]+0 .
Pi 2n ( n Zn) U

i

w _ PU=2) _ /5
i =par=1n " \J=

n

So,

N D) _ 5 (1) F5/(n)
AR
i=1

L (’ miLn i) P+ O0n?)

2n “ n 2n
i=1

= iE[ﬁ(’”(H)] +O0m™?), (2.16)
2n
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where
S RN

P () = Zx< - +%)1 Asa =1, Y 1=k -1
i=1 =i’

forsome (i’,r)withl <i’ <i<i'+nw, —1<mnandl <r < r*}.
It follows from Eqs. 2.10, 2.15 and 2.16 that
n(o —ay) = fE[v(”)(H)—I— §M (] + O@™h. (2.17)

By Eq. 2.5, v (IT) and 7" (IT) converge a.s. to v(I1) and §(IT) respectively. Since A is
bounded, we have

max {u(">(n), a<">(n)] < ( sup A(t)) 221{1” =1) ( sup k(r)) P

O<r<l1 =1 i=1 O<r<l1

By the dominated convergence theorem,
E[v® () + 5P | > E[v(M) + 5] as n - ox,
which together with Eq. 2.17 completes the proof. O

Remark 2.1 Since X is bounded and P(fi" >2) =002 uniformly in i, it can be shown
that

E[v® () + 5 | - E v + 5] = 0™,
which together with Eq. 2.17 implies

o —ay = M +0Om™?). (2.18)

2.2 Matching the Expected Number of Points

Recall that H{', H}, ..., H)! are independent with
P(H'=1) :min{/ A(s)ds, 1} =1-PH'=0),i=12,...,n

n

Let

r* i+nw,—1

B,,:U{Sgl)H_k}—U ~ max Z H} >k
=1

i=l,..., n—nw,+1
r=1

and B, = P (B,). Foru € (0, 1), let f(u) = Az(u)/folﬂ(s)ds and

¥

cw=J {0<;gall§w (U ) Nt +w,]] = kr} :

r=1
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Theorem 2.2 Define o, v(IT) and v(I1) as in Egs. 2.3, 2.6 and 2.7, respectively. Forn = mq
m=1,2,...),

_ > 1
tim 2 =P BB IS o [ rwp @
=00 fokz(s)ds fo)»z(s)ds 0

To prove Theorem 2.2, we need the following lemma, whose proof is also relegated to
Section 4.

Lemma 2.2 Define ay, as in Eq. 2.4. Then, forn =mq (m =1,2,...),

i 2n (Bn — ap)
im ——— =

1
—o + P(E(u))du.
o = /0 @) PE)du

Proof of Theorem 2.2 Since
2n(a — Bn) o 2n(a — ap) _ 2n(Bn — an)
fia2s)yds  [Ia2s)ds [ a2(s)ds

Theorem 2.2 follows from Theorem 2.1 and Lemma 2.2. The proof is complete. O

Remark 2.2 Similarly to Eq. 2.18, it can be shown that

1 1 1
@ —fn= {E [v(IT) + 5(ID) ] +/ A2(s)ds |:oz —/ fP (5(u))du:|} +0@m™).
n 0 0
(2.19)
Remark 2.3 Theorems 2.1, 2.2 and Lemma 2.1 of Yao et al. (2017) are, respectively, special

cases of our Theorems 2.1, 2.2 and Lemma 2.2 when r* = 1 and A(z) = A (constant). Our
proofs of the main results follow those in Yao et al. (2017) closely.

3 Numerical Results and Discussion

In this section, we compare several approximations numerically for 7* = 1, 2, 3 and various
combinations of (wy, ..., w,+) and (ky, ..., k.+). Four intensity functions are considered:
A(t) = 5 (constant),

M) =24 (2 — 160)11/4,3/4(1), t € (0, 1],

1
A(t) =2+ (8 — 32|t — 2‘) 1(1/a,3/41(t), t € (0, 1],
A3() =248 11/4,3/41(), t € (0, 1],

where the last three intensity functions are plotted in Fig. 1. While « — o, = O(n~") and
o— By = OmhH (implying that «,, and B, are first-order approximations of «), we have
by Egs. 2.18 and 2.19 that

a=a, +Con ' +On™) and a =, + Csn~' + On™?), (3.1)

where

Co= %E[V(H) +v(ID]
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(@) \(t) =2+ (12— 166)1, 1,(¢) (b) () =2+ (8- 320 — §)11 (1) (0) Ms(t) =248 15 3/(t)

12 12 12
10 N 10 10
AN
\\
8 \\ 8 8
AN
s AN S S
z ® . = z
4 ‘ N 4 4 ‘
AN
N \ ) ) L

Fig.1 The three intensity functions A;(#),i = 1,2,3

and
1 1 1
Cp = 5 :E[v(l'[) + v(ID)] +/ 12 (s)ds |:a —/ f(u)P(E(u))dui| } .
0 0
For an even integer n with n/2 a multiple of ¢, define the corrected discrete approximations

an =20, — An /2 and Bn =28, — ,Bn/27

which are Richardson’s extrapolations. It follows from Eq. 3.1 that @ — &, = O(n™2) and
o — ,én =0Om™?),ie. &, and Bn are second-order approximations of «.

Table 1 presents the values of n(« — ;) and n(a — B,,) for n = 100, 200, 400, 800. If the
exact value of « is available, n(o — ;) and n(o — ;) should converge as n — oo to C,, and
Cg, respectively. Except for the case r* = 1 and A(¢t) = 5 for which the exact « is available
from Neff and Naus (1980), we carried out Monte Carlo simulations to estimate « as well
as Cy and Cg. For the case r* = 1 and A(t) = 5, n(«e — o) and n( — B,) appear to be
monotonically increasing in n. For some other cases (e.g. (wy, wz, w3) = (0.05, 0.1, 0.2)),
the convergence of n(a¢ — o) and n(e — B,) appears to be slow, which is due partly to
the simulation error in « and partly to the small value of w; = 0.05. Note that in order for
the discrete approximations to be accurate, nw,, r = 1, ..., r*, need to be large (i.e. each
window is required to cover a large number of subintervals). Thus, if some w, is small,
n needs to be large in order for the approximations to be accurate. Additional numerical
results on the convergence of n(e — o) and n(a — B,) are given in Table 2 for different
combinations of (wq, ..., wy+) and (ky, ..., ks*).

Tables 3, 4 and 5 present approximation errors & — o, & — B, & — &, and o — ﬁn.
According to the tables, when n doubles, the errors of «,, and 8, decrease by roughly a
factor of 2 as expected. On the other hand, as n doubles, the errors of ¢, and B,, are expected
to decrease by roughly a factor of 4, which, however, is not so in some cases. Again, it is
due, to some extent, to the simulation error in . As an example, in Table 3, for the four
1ntens1ty functions and for (wi, wy) = (0.1, 0.2) and (k1, k2) = (3, 5), @ — Q400, & — X800,
o — ﬂ400 and o — ,38()() are either comparable (in magnitude) to or smaller than the s.e. of
the estimated value of «.

Remark 3.1 In Tables 1, 2, 3, 4 and 5, the Monte Carlo simulation estimates of «, C, and
Cg were based on 107 replications for each case. As a result, the standard error (s.e.) for
the estimate of « in each case is about 104, The first-order approximations e, and f, were
both computed via the Markov chain embedding method. More precisely, for A(f) = X
(constant), 1 — «;; and 1 — B, were obtained from formula (2.2) in Lemma 2.1 of Wu
et al. (2013) where the parameter p in the (essential) transition matrix AE(k; p) equals
p=PU'=1)=1- e~*/" for a, and p = P(H!' =1) = A/n for B,. For time-varying
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A1), oy and B, were found by the formula in Remark 4.1 of Wu et al. (2013) where the
value of p varies from subinterval to subinterval. Specifically, for the i-th subinterval,

pi = P(Iln = 1) =1- exp (— f(ll/lll)/n )\,(S)ds) fOI‘ (677

and pi=PH =1 =" As)ds for B,

Remark 3.2 Scan statistics arise naturally in search of clusters of events. In the one-
dimensional setting, the sequence of events (denoted by IT) is often modeled as a Poisson
process with (unknown) intensity function A(¢), which is typically assumed to be constant
under the null hypothesis. The referee of this paper raised the question of how to apply
a classic scan statistic when the null hypothesis is that A(#) = Xio(¢) for some specified
(nonconstant) function Ag(¢). While to address this issue thoroughly is beyond the scope
of this paper, it seems reasonable to consider the following approach via a change of time.
Assuming Ag(t) > 0 for ¢t € (0, 1], define

t 1
T(t):/xo(s)ds/i, 0<t<I (x::/ Ag(s)ds),
0 0

which makes a one-to-one transformation from (0, 1] onto (0, 1]. Denoting IT =
{O1,...,0Mn} with M := |IT|, let T(IT) := {T(Q1),...,T(Qu)}. Since IT is a Pois-
son process with intensity function X (%), it is readily seen that 7 (IT) is a (homogeneous)
Poisson process with constant intensity A. For given w > 0, consider the scan statistic S,
applied to T'(I1), i.e.

Su (T() = max TN 1+ wll.

The (corrected) discrete approximations for P (S, (T (IT)) > k) can be readily computed
via the Markov chain embedding method. Note that

Su(T(M) = max |{T(Q1),.... T(Qwm)} N (5,5 +wl|
= max [{Q1,..., Qu} N (T~ (), T~ (s + w)]|

=  max |IIN@¢, TN T@) +wl
0<t<T-!'(1—w)

= max TNt +wr®]l,
0<t<T-1(1—w)
where wr(t) = T~ (T (t) + w) — 1,0 <t < T~!(1 — w). This shows that S,, (7 (IT)) is
equivalent to the classic scan statistic applied to IT with (time-varying) window size wr (¢).
Furthermore, the window size wr (¢) at ¢ is small (large, resp.) if Lq is large (small, resp.) in
the vicinity of ¢. It is also worth noting the relationship between S, (7 (IT)) and the weighted
scan statistic proposed in Wu (2017).

Remark 3.3 In this paper, we have only considered approximating the unconditional prob-
ability P(Sy, > k, forsome 1 < r < r*) for multiple window scan statistics of general
one-dimensional Poisson processes. While, in principle, a discrete approximation to the
conditional probability P(S,, > k. forsome 1 <r < r* | |I1| = N) can be made in a sim-
ilar fashion, it is unclear how to compute the resulting discrete approximation efficiently for
nonhomogeneous Poisson processes. In particular, the Markov chain embedding method is
not readily applicable to the setting of nonhomogeneous Poisson processes.
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4 Proofs of Lemmas 2.1 and 2.2

Proof of Lemma 2.1 Noting that A, C A, we have o — a, = P(A) — P(A,;) = P(AN
A¢). Consider the following disjoint events

G =<1, j=1,...n}

Goi = {I"=2,1"<1forall j #i}, i=1,...,n,

Gy = {I" = I", = 2 for some j #j/}U{i]’.' > 3 for some j}.
We have

a—ap = P(ANAS)

PANA NG+ Y PANASNG) + P(ANASNGs). (4.1)

i=1
By Eq. 4.1, the lemma follows if we can show that

r* n—nw,

c 1 (n) —
PAANANG) = ; ; P+ On™?), 42)
Y PANANG) =Y P+ 0w, 4.3)
i=1 i=1
PANASNGy) = O(n™2). (4.4)

By condition (A), we have
- i 2 i
P(T=2) = & (fi";] A(s)ds) exp (— L x(s)ds) = 0w,
i i 3 L
and P(I' =3) = 4 (f,ﬂ;l A(s)ds) exp (— [ A(s)ds) =0m™?),
where the O(n~2) and O(n~?) terms are uniform in i, which implies that P(G3) = O(n~2).

This establishes (4.4). B
To prove (4.2), note that when Il.” < 1 for all i (i.e. on the event Gy), each subinterval

((i — 1)/n,i/n] contains at most one Poisson point. If fi" = 1, denote the only Poisson
point in ((i — 1)/n,i/n] by Q) whose location is distributed with the probability density

function
) i—1 i
A(x)/[ A(s)ds, x € ( , fil.

When I:." < 1 for all i, in order for A N Afl to occur, there must exist some pair (i, r)
such thati + nw, < n and

i+nw,—1
Z Ijr»l = k,- — 2, Il-n = Iin—k—nwr =1 and Q(i+nw,) - Q(,‘) < Wy.
Jj=i+1
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So we have AN A, NG = Ur Ui l(rl) where for r = 1,...,r* and
i=1,...,n—nw,
i+nw,—1
Gl =Asn il <tforall j, Y "=k —2.0'=1,, =1 and Quinu,) — Qi) < w,
j=itl

Letting I;” = 0 fori > n, we have

Z P (In Iln+nw; = ~Jn - 17+nw = 1) = O(n_z)'

1<i,j<n
1<r,s<r*
@,r)#(,s)
It follows that
r* n—nwy
PANASNG) =Y > PG +0m™). (4.5)
r=1 i=1
Forr=1,...,rfandi =1,...,n —nw,, let
i+nw,—1
G = AN T <1 forall j, Y M=k -2,0" =1, =1
j=i+l
Note that 17, [, ... & [" are independent and that gl(’) co(n,... ) Given /] [" = Il’lewr =

1, Qu) and Q(,+nwr) are (conditionally) mdependent with joint probablhty dens1ty function

AEOA(Y) i—1

fQ(i)vQ(Hnw,-) (x,y) = ’,’ wr+% ’
/ A(s)ds / - A(s)yds
=l w,+%

n

i i—1 i
<xX<-—, W+ ——<y<w+—.
n n n

So,
P(gi}:) | g/(r)) = P(Q(l+nw,) - Q(l) < Wy | gl(r))

n wy+x
/ / _A)A(y)dydx
i-1 wr+‘7

£’1 n wr+%
(/ X(s)ds) (/ _ A(s)ds)
5t w151

_! Omn™h, (4.6)

[\S}

fori ¢ Dypyi={l<j<n—nw: (L, HND#Bor (w + L1 w +HND #0)
The O(n~!) term in Eq. 4.6 isuniformini € {1, ...,n —nw,}\ D, ,. Combining (4.5) and
(4.6) yields that

r* n—nw,

PANASNG) =Y Y PG 1G) PG +0m™)
r=1 i=1

r* n—nw,

5 Z > PG+ 00, @7

rlll
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Forr=1,...,r*andi =1,...,n — nw,, define
i+nw,—1
//(r) _ _
g ”m Z I;l_kr_ I'_Ilrfi-nw_l >
j=itl

so that 73(") P(g”(”) Note that gl’(’) c G, /(r) and g”(”\g’(’) is contained in {I" =
I, = 1.1 [" > 2 for some j}, which has a probab1hty of order n=3 uniformly in i. It
follows from Eq. 4.7 that

r* n—nw,

72 Y PG+ 0w
r=1 i=l1

¥

PANASNG)

n—nwy

- %Z > P+ 0,

proving (4.2).

It remains to prove (4.3). Let H := {Ij” = I" o, = 1 forsome (j,r) with 1 < j <
n—nw,and 1 <r < r*} On G, ; NHE, in order for A N A¢ to occur, there must exist
some pair (i’, r) with1 <i’ <i <i’4+nw, —1 <nand 1 <r < r* such that

i'+nw,—1 i'+nw,—1
> 1=k —1 |implyingthat Y I =k
j=i j=i'

It follows that AN A5 NGy ; NHE C gé’i c AN A5 NGy i, where

G = A;“{E":Z, 7 < 1forall j #i,

i"+nw,—1
Z 1;’:kr—lforsome(i’,r)withl§i’§i§i/+nw,—1§nandl§r§r*}.
j=

Since P(Gy; NH) = O(n~3), we have Y PGrinH) = O(n?), implying that

S PANA NG ) =Y P(G,)+0n. (4.8)

i=1 i=1

Letting

i'+nw,—1
g5, =Af,ﬂ{1,~"=2, Z I} = ky — 1 for some a@,r
j=i’

Withlgi/figi/—f—nwr—l§nand1§r§r*},
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we have 751'(”) = P(gé’,i). Note that Qg,l- c Gy, and Qé”i\gé’i is contained in
{fi" =27 J" > 2 for some j # i}, which has a probability of order n~2 uniformly in i.
Hence, P (gé’i) = PG5+ Om3) = 75:'(") + On™3), which together with Eq. 4.8
implies that

n n

Y PANANG ) =) P" + 00,

i=1 i=1

proving (4.3). The proof is complete. (]
Proof of Lemma 2.2 Let L}, L}, ..., L} be independent Bernoulli random variables such
that L7, I',i =1, ..., n, are all independent and

n

P(L! =0) = (1 - /_ A(s)ds) exp </_1 A(s)ds) =

and P(L} =1)=1— P(L} =0) =1 — ¢;. (Note that all £; are between 0 and 1 for large

n.) Set L" =max{/]', L?},i =1,...,n,and let

_ r* i4+nw,—1

B. = rL=J1 i= ,...I,Inla);wrﬂ Z Ln = kr
Since

i

P(L7 =0)=PUI"=0 and L =0) =1—f AMs)ds = P(H!' = 0),

i—1

n

we have L(L", Zg, et Zﬁ) = L(H], H},..., H) where L(Z) denotes the law of a
random vector Z. So,

B = P(By) = P(B,). 4.9)
Let S =0and 8% =Y"/_ L, j =1,...,n. Claim that
1 1
P(S"=0)=1- 7/ A2(s)ds + O(n™2), (4.10)
2n 0
1
P(S"=1) = if A2 (s)ds + O(n™2), 4.11)
2n 0
and P(S" >2) = O(n™?). (4.12)

To see this, note that

l = (l — f_ A(s)ds) exp (/jl )»(S)d5>

n n

i i

= 1—/;7 A(s)ds 1—{—/7 )L(s)ds—i—2 ﬁ— A)ds | +O0m™)

n n n

; 2
=1 % (/ A(s)ds) +0m™),

n

@ Springer



262 Methodology and Computing in Applied Probability (2020) 22:237-265

where the O (n3) term is uniform in i, implying that

P(Si=0) =[]

B i 2
n 1 i
= exp Zlog 1 — 3 /71 As)ds | +0mn™)
i=1 o

= )
=exp| ) —% ( / . A(s)ds) +0@m™)
Li=1 T

i 2
= exp %Z (/_’ A(s)ds) +0n™>)

2
= Z (f (s)ds) +0m™?). (4.13)

l\J \

By condition (A),

n

2
£ 1
Z(/lx(s)ds) =%/ A2 (s)ds + O(n™2). (4.14)
i1 \"5% 0

n

Combining (4.13) and (4.14) yields (4.10).
Furthermore, we have P(L} = 1) =1—¢; = Om2) uniformly in i, so that

PSp=2< Y PLI=L=1)=0@n?,
I<i<j<n
and

P(S'=1)=1—P(S"=0)— P(S" >2)

1
=1- (1 - if A2 (s)ds + O(n_z)) +0m™?)
211 0

1
i/ A2(s)ds + Om™?),
211 0

establishing (4.11) and (4.12).
Noting that B, N {S! = 0} = A, N {S} = 0}, we have by Egs. 4.10-4.12,

P(By) = P(B, | S =0)P(S; =0)+ P(B, | S = DP(S; = 1)+ P(B, | S} = 2)P(S) = 2)

P(A, | SI=0)P(S" =0) + % (/ Az(s)ds> PB,|S'=1)+0n?
0

1 1
o (1 - if xz(s)ds) + x (/ Az(s)ds> PB, | S"=1)4+0n?), (4.15)
2n 0 2n 0
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where the last equality follows from the fact P(A, | S! = 0) = P(A,) = «, (since the
L?’s and Ii"’s are independent). By Eqgs. 4.9, and 4.15 and the fact that lim,,—, @, = @, to
complete the proof, it remains to show

1
lim P(B, | S} =1) :/ f@W)P (Ew))du. (4.16)
n—oo 0
To prove (4.16), let Q be a random point in (0, 1], which is independent of IT and has
the probability density function f.Fori =1,2,...,n — 1, let g; , satisfy
P(Q<qin)=PS=1|S5 =1.
Clearly, gon =0 < qin <+ < qn—1n <1 =¢qnn,and
P(@i-1n<Q=gqin) =P =18 =0)~-PS_ =18 =1
We claim that

max
1<i<n

—| = max

1<i<n-1

i
qdin —

qi,n_i‘—>0 as n — oo. 4.17)
n

To establish the claim, note that Eqs. 4.10—4.12 can be readily extended to
L ("5 -2
Pty = Sty =0 = 1= 3 [ 05 + 0w,

1 [ B
P(St = Shy =1 = ﬂ/ A2(s)ds + O(m™?),

u

PSSt =S8 >2)=0n>),

[nv] Lnu]
where 0 < u < v < 1 and |x] denotes the largest integer not exceeding x. As a
consequence,

YA2(s)ds
lim P(S;,, =1]S=1)= fol# =P(Q <v)
n—o00 fokz(s)ds
for 0 < v < 1. For a fixed (large) N,
lim P(S,; =118y =1 =P(Q<j/N) for j=1,....N—1 (4.18)

By Eq. 4.18, there exists an ngp > 0 such that
P(Q =max{(j — D/N,0}) < P(S},,;/n) =118, =1 < P(Q <min{(j + 1)/N, 1}

for j =0,1,...,Nand n > ng. Forn > ng, foreachi = 1,2,...,n — 1,ther(e4.ils9a)1
jef{l,2,..., N}such that % < ,’7 < ﬁ so that by Eq. 4.19
P(Q<qin) =P =18, =1
<SPSty =118 =1
= P(Q = min{(j + 1)/N, 1}) (4.20)
and
PQ=<qin) =P =1[8,=1
Z P8y =118 =1
> P(Q < max{(j —2)/N,0}). 4.21)
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By Eqgs. 4.20 and 4.21, we have

j—2 VAR
max{ ——,0¢ <gj, <min{=——,1¢,
{ N } - qun - { N
which together with % < ’; < ﬁ implies that |q,<7n — r’7| < % So,
i ‘ < 2 f >
I<iogey [dln = | = g or =0

Since N can be chosen arbitrarily large, Eq. 4.17 follows.

Let Q, = i/nif gi—1n < QO < gin. Then O, — Q as.asn — oo. Let I/" =
H{ITu{og,hn (%, ;ll] # 0}, i =1,2,...,n. Since Q, is independent of IT and since
P(Qn=i/n)=P(gi—1n < Q <qin) = P(L} =118 =1), it follows that

Lar, ..., =LKLy, ..., L S =1).

Letting
r* i+nw,—1
R n
B, = U ~ max E 17" = kr ¢
i=1,...n—nw,+1 —
r=1 J=i
we have

PB))=PB,|S"=1).
Since 1 converges a.s. to 1{maxo<;<i—w, [(IT U {Q}) N (¢, t + w;]| = k; for some 1 <
r<r*},
lim P(B, | S"=1) = lim P(B))
n—o00o n—oo

¥

P U {Oggﬁ%wr [(mu{opn,t+w]l > kr}

1
fo Fa)PEw))du,

proving (4.16). The proof is complete. O
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