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Abstract In the current paper, based on progressive type-1I hybrid censored samples, the
maximum likelihood and Bayes estimates for the two parameter Burr XII distribution are
obtained. We propose the use of expectation-maximization (EM) algorithm to compute the
maximum likelihood estimates (MLEs) of model parameters. Further, we derive the asymp-
totic variance-covariance matrix of the MLEs by applying the missing information principle
and it can be utilized to construct asymptotic confidence intervals (Cls) for the parame-
ters. The Bayes estimates of the unknown parameters are obtained under the assumption of
gamma priors by using Lindley’s approximation and Markov chain Monte Carlo (MCMC)
technique. Also, MCMC samples are used to construct the highest posterior density (HPD)
credible intervals. Simulation study is conducted to investigate the accuracy of the estimates
and compare the performance of CIs obtained. Finally, one real data set is analyzed for
illustrative purposes.

Keywords Bayesian estimate - EM algorithm - Missing information principle - Lindley’s
approximation - Importance sampling - Progressive type-1I hybrid censoring
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1 Introduction

In reliability and lifetime experiments, censoring is considered in order to save time and
reduce the number of failed items. Two of the commonly used censoring schemes are type-I
and type-II censoring schemes. The hybrid censoring scheme which is a mixture of type-I

P4 R. Arabi Belaghi
rezaarabil 1 @ gmail.com

1 Department of Statistics, Faculty of Mathematical Sciences, University of Tabriz, Tabriz, Iran

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11009-016-9514-7&domain=pdf
mailto:rezaarabi11@gmail.com

666 Methodol Comput Appl Probab (2017) 19:665-683

and type-II censoring schemes was first introduced by Epstein (1954). These three conven-
tional censoring schemes remove the left units only at the terminal time and not at each
failure time. To overcome this problem, progressive hybrid censoring (PHC) scheme which
is a mixture of type-I and type-II progressive censoring schemes has been introduced. Under
type-1 progressive hybrid censoring (type-I PHC) scheme, Kundu and Joarder (2006) have
discussed MLEs and Bayes estimates for an exponential distribution. Moreover, Childs et al.
(2008) proposed the type-II progressive hybrid censoring (type-I1I PHC) scheme and derived
the exact distribution of the MLEs for the mean of the exponential distribution. For other
related works see Banerjee and Kundu (2008), Lin and Huang (2011), Lin et al. (2011) and
Gurunlu Alma and Arabi Belaghi (2015).

The type-II PHC scheme overcomes the drawback of the type-I PHC scheme that the
maximum likelihood may not always exist. It can be described as follows: Consider n
identical items are placed simultaneously on test with the corresponding lifetimes being
independent and identically distributed (i.i.d) each with probability density function (p.d.f)
fx(x;0) and cumulative distribution function (c.d.f) Fx(x; 6), where 6 denotes the vec-
tor of model parameters. R = (R1, R2, ..., Ryy), 1 < m < n, is prefixed progressive
type-II right censoring scheme with R; > 0 and ZT:I Rj +m = n is specified. Under
the type-II PHC scheme, at the time of the first failure X1.,.,, R of the n — 1 surviv-
ing units are randomly withdrawn from the experiment, then at the time of the second
failure X7..n, Ry of the n — Ry — 2 surviving units are withdrawn, and so on. Finally
at the time of the mth failure X,;n0, al R,, = n — Rf — Rp — -+ — Ry,_1 — m sur-
viving units are withdrawn from the life-test. Hence, X1, < -+ < Xy:m:n denote the
progressively censored failure times. The type-II PHC scheme involves the termination of
the life-test at the time T* = max{X,,;.m:n, T'}. Let D denote the number of failures that
occur up to time 7. If X,;,.y., > T, then experiment would terminate at the mth failure
with the withdrawal of units occurring after each failure according to the prefixed pro-
gressive censoring scheme (Rp, Ra, ..., R;;). However, if X,.,.n < T, then instead of
terminating the experiment by removing all remaining R,, units after the mth failure, the
experiment would continue to observe failures without any further withdrawals up to time
T.Hence, R, = Ry;4+1 = --- = Rp = 0. In this case the failure times are represented by
Ximn <+ < Xmmen < X1 < -+ < Xg.n where the d is the observed value of D.
We denote these two cases as case I and case II, respectively.

Case . {Xiymn < Xogwn < -+ < Xppmends I X = T
CaseIl: (X1 <+ < Xmmn < Xt <+ < Xpuby i Xopamen < T

Based on the observed type-II PHC data, the likelihood function can be written as
follows:

m

Case 1: L(0) = C1 [ [ fx Ceimns O1 = Fx (Kizmns 017, M
i=1

m D
Case I1: L(8) = Co] | fx Goismens OU—F Cegamens 1% [ fic s O)[1= Fx (T: 6)1%0, (2)

i=1 i=m+1
where Ci=n(n—R —1)---W—R —Ry—---—Ry_1—m—+1),Co =n(n—R| —
Do(n—R —Ry— =Ry 1 =D+1),D=m+1,..n—Y""'Rj, Ry = 0if

D>mand Ry =n—D-Y""!'R;.
In this paper, we mainly consider the analysis of progressive type-II hybrid censored data
when the lifetime distribution of the individual item follows the Burr XII distribution.
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The two parameter Burr XII distribution has received the most attention in the statistical
literature. This distribution contains some well-known distributions, such as the Weibull,
normal, log-normal, logistic, gamma and extreme value distributions, among others. Due
to its flexibility and some desirable properties, applications have proved to be much wider.
Applications may be found in areas of quality control, economics, duration of failure time
modeling, insurance risk and reliability analysis. Some inference concerning the Burr XII
distribution have been discussed by many authors. Among others, see Ali Mousa and Jaheen
(2002), Soliman (2005), Abd-Elfattah et al. (2008), Ahmed et al. (2011) and Rastogi and
Tripathi (2013). Reviewing the literate shows that there is no work for the parameters esti-
mation of the Burr Model under progressive type II hybrid censored data, that’s motivate us
to consider this study.

The probability density function (pdf) and the cumulative distribution function (cdf)
of the Burr XII distribution with two shape parameters, « and B are given, respectively,
by

fxa, B) = afxP 1A +xH™ 1, x>0,a>0,8>0, 3)

Fx(x;a, B) = 1 — (1 +xH7, x>o0. 4)

The objective of this paper is two-fold. In the first part, we obtain the maximum likelihood
estimates (MLEs) of the unknown parameters. The Egs. 1 and 2 are maximized numerically
to obtain maximum likelihood estimates for parameters o and 8. The iterative method such
as the Newton-Raphson (NR) can be utilized to perform maximization. However, the MLEs
via the NR method are very sensitive to their initial parameter estimation value. Moreover,
in dealing with censored data, the parameter estimates of MLEs via the NR algorithm are
significantly biased. In this article, we propose using the EM algorithm for computing the
MLEs. The EM algorithm always converges. It has a stable global convergence because
of its robustness against the initial value. The EM algorithm is also stable in numerical
computation because each of its iterations increases the likelihood value; this algorithm
characteristic is useful in providing valuable statistical information. This information makes
it easy to monitor convergence and programming errors (Wang and Cheng 2010). From the
proposed EM algorithm, the observed information matrix based on the missing value prin-
ciple is computed, which can be used to construct the asymptotic confidence intervals (Cls).
In the second part, we consider a Bayesian approach to estimate the parameters o and
under squared error loss (SEL) and LINEX loss functions. It is observed that the Bayes
estimates cannot be obtained in nice closed form. Thus, we adopt Lindley’s approximation
to obtain the Bayes estimates. Since the Lindley approximation method fails to construct
HPD credible intervals, we made use of the importance sampling procedure to obtain point
estimates and HPD credible intervals of the parameters. We also conduct some simulation
experiments to investigate the accuracy of the estimates and compare the performance of
ClIs obtained. The remainder of this paper is structured as follows: In Section 2 we provide
the maximum likelihood estimates (MLEs) of the unknown parameters by using EM algo-
rithm. The Fisher information matrix is also evaluated in this Section. The Bayes estimates
of the unknown parameters are obtained in Section 3 using Lindely’s approximation and
importance sampling methods. Section 4 is devoted to the simulation study. One real data
set is analyzed for illustration in Section 5. Finally, some concluding remarks are given in
Section 6.
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2 Maximum Likelihood Estimation

In this section, we obtain the MLEs of the parameters 6 = («, 8) using EM algorithm and
derive their asymptotic variance-covariance.

2.1 The EM Algorithm

The Expectation-Maximization (EM) algorithm (Dempster et al. 1977) is a widely appli-
cable technique for maximum likelihood estimation with incomplete data. This algorithm
enables the computationally efficient determination of the MLEs when iterative procedures
are required. On each iteration of the EM algorithm, there are two steps:

E-step In E-step the missing data are replaced by their expected values when a level of
parameter vector is presumed. When the likelihood function of censored data is replaced
with the expected likelihood function of missing data, the pseudo-likelihood function is
derived. The E-step finds the following expectation:

0B T 09y = E[1.(W; 0)|X = x,0], )

where 0®) is the current parameter vector and is used to evaluate the expectation.

M-step The M-step consist in finding 8¢+, the value of 6 that maximize Q:
60+D = argmax 09, 0), VO e ®© (6)

The optimized parameter vector ¢+ from Eq. 6 is used as the current parameter vector
for Eq. 5. Each step of the EM increases the log-likelihood. In particular, if a unique finite
maximum likelihood estimate of 6 exists, the algorithm finds it. For a detailed discussion
on the EM algorithm and its applications, the reader is referred to a book by McLachlan and
Krishnan (1997).

The analysis with the data from type-II PHC scheme can be treated as an incomplete
data problem and the EM algorithm can be used quite effectively to compute the MLEs by
solving a two-dimensional optimization problem at each iteration. In case I, suppose that
X = Xtummns Xoomens -+ s Xmemen) and Z = (Z;1, Zi2, ..., Z;g;) represent the observed and
the censored data, respectively. Here for a given m, Z; = (Z11, ..., Z1R; --» Zm1s -+» ZmR;)
are not observed. The censored data vector Z; can be thought of as missing data.
Based on W = (X,Z)7, the complete data likelihood function will be in the
form

m m  R;
LeW:0) =[] fxGimn: O [T £xGij: 0)- @
i=1

i=1j=1

Then, the log-likelihood for the complete lifetimes of n items from the two parameter Burr
XII distribution is given as follows:

m R;

(Wi, f) = nloga+nlogh+(B—1) Y logximn — (@ + 1) logl+xf, )+ (B 1Y logz;

i=1 i=1 i=1j=1
m R

~@+ DY log + ). ®)

i=1 j=1

@ Springer



Methodol Comput Appl Probab (2017) 19:665-683 669

The E-step of the EM algorithm involves the computation of the conditional expectation
E(l.(W; a, )|X) which is equal to the pseudo log-likelihood function [ (W; «, 8) defined
as

m m
l:(w, o, /3) = nlogot +n10g/3 + (.3 -1 Zlogxi:m:n —(a@+1) ZIOg(l +xﬁm:n)
i=l1 i=1
m R m R;

+B =1 Y Ellog Zij|Zij > Ximal — @+ 1)y > Ellog(l + Z)|Zij > Ximn1(9)

i=1 j=1 i=1 j=1

The required expected values of a truncated Burr XII from the left at ¢ for EM algorithm
are, respectively, given by

A(c,a. p) = Ellog Z;j|Zi; > ¢] and  B(c.o. ) = Ellog(l + Z£)|Zi; > ¢, (10)

and they are presented in Rastogi and Tripathi (2013).

The M-step in a EM iteration is maximizing the log-likelihood based on complete sample
over ®; with the missing values replaced by their conditional expectations. Suppose at the
sth stage, the estimators of («, 8) are (@@, BBy, then (¢®+1, 6+D)Y can be obtained by
maximizing

e, p) = nloga +nlog B+ (B—1) Y 10gXimn — (¢ + 1) log(l +xL,.)

i=1 i=1

m m
HB=D " RiAGimn. @ BO) = (@ + 1) D R Bximn, &), D), (11)
i=1 i=1

with respect to o and S respectively. Note that the maximization of the Eq. 11 can be
obtained quite effectively by the similar method proposed by Gupta and Kundu (2001).
First, 8611 can be obtain by solving a fixed-point type equation

p(B)=p
The function ¢(8) = B is defined as

-1
o(p) = | LHYB) Z X 108 Xismin \ 0L, RiA G, @, BY) YL 108 i
n 1+ x,ﬁ n n ’

i=1 iim:n

and
n

Z:n:l log(1 + xiffm:n) + er'nzl Ri B(Xi.m:n, a(s), ﬁ(s)) .

One can follow iteration method. Once B¢+ is obtained , o ®+1 is obtained as ¢ +1 =
&(‘B(SJrl)).

Now, in case II, suppose that X = (Ximn, X2 = > Xmmins Xmt1ins oo XDin)
represents the observed and Z; = (Zi1,..., ZiR;s --» Zm1s s Zmp,) and 7 =
(Z),7,, ..., Z;e’ ) the censored data, respectively. The censored data Z; and Z' can be

D

a(p) =

thought of as missing data. The combination of W = (T'; Z;, Z')T forms the compelet data
set. Based on (T; Z;, Z/)" the camplete data likelihood function will be in the form

m R; D Rp
LeW:0) =] ]| fxGimn: O[] fxGis0) | [] | fxims ) [] fxGrs0) | .(12)
i=1 j=1 i=m+1 r=1
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For complete lifetime of n items from Burr XII distribution, the Eq. 12 is obtained as

m m D
1:(W; e, f) = nloga+nlogh+(B—1)Y 1ogximn — @+ 1) log(l+xb,.)+B—1 > logxin

i=1 i=1 i=m+1
m—1 R; m—1 R;
4D Z log(1+xf,) + (B =1 Y > logzij — @+ 1) Y Y log(l +2/})
i=m+1 i=1 j=1 i=1 j=1
R/ R’
+(B - I)Zlogz - @+ 1>Zlog<1 +2). (13)
r=1 r=1

In E-step of the EM algorithm one requires to compute the pseudo-likelihood function as
follows:

D

m
FWia.p) = ﬂIOga+nlogﬂ+(ﬂ*l)zlogx,;m;nf(a+1)zlog(1+)c,m,,)+(ﬂfl) > logxin
i=1 i=1 i=m+1

,
m—1 R}

—(@+1) Z 10g(1+x,n)+(/3—1)ZRE[logZ|Z >x,mn]+(,B—1)ZE[10gZ 1Z, > T
i=m+1 i=l1 r=1

m—1 R},
~@+ 1) Y REQog(1 + Z)1Zi > ximn] = @+ 1Y Ellog(1 + 2//)|Z, > T1. (14)
i=1 r=I1

In M-step of the s’ h jteration of EM algorithm, by substituting (10) into E (I.(W; «, 8)|X),
we obtain

m m D
Mo, B) = nloga +nlogB+(B—1) ) 10gximn — (@+1) Y log(l +xl )+ B-1 > logxin

i=1 i=l i=m+1
D m—1
—(@+1) Y7 log(l+xf) + (B =1 Y RiACxian. o« BY) + (B = DRLAT. o, p)
i=m+l1 i=1
m—1
—(@+ 1) Y RiB@imn. @, ) — (@ + DR, BT a®, p°). (15)

i=1
For maximizing Eq. 15, first we find 8¢+ by solving the fixed-point type equation
p(B) =8
The function ¢(B) = B is defined as

~ B D ﬂ m
1+a(B) | <= X7 108 Xismin ' 1og xi.n 1
p(B) = + =t — — ) log X
5l 5 Sl S,

iim:n i=m+1

m—1

—= Z Ri A(Xismens @), B)) — Z 10g X;: — fR’ AT, a®, B9)

i=1 i=m+1

and
n

Z:n 1 log(l + X, m: n) + Z =1 R B(Xi:mm» a(s)’ /3(5)) + Z,'.;m_'_] 10g(1 + Xﬁn) + R/I)B(Tv Ol(s)a /3(5)) .

Then, «®*D is obtained as o6+t = ¢(B6+D).

a(p) =
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2.2 Asymptotic Variances and Covariance of the MLEs

In this subsection, we describe the use of the missing information to compute the variance-
covariance matrix of the MLEs under type-II PHCS. The idea of the missing information
principle of Louis (1982) can be expressed as follows

Observed information = Complete information - Missing information

For 0 = (a, B)’, we define X, Z and W to be the observed, missing and complete data, and
Ix(8), Iwx(0) and Iw(6) to be the corresponding Fisher information matrix, respectively.
The complete information matrix Iyw (0) is given by

921.(W; 6)
Iw(0) = —Ep [392} , (16)

Based on the conditional distribution, the Fisher information matrix in the ith observation
which is censored can be computed as

82
Iix (@) = —E [302 log( i i e))} . a7
Hence, the expected missing information can then be easily obtained as

m
Izx(®) =Y Rilgx ©). (18)
i=1
Thus, by the missing information principle, the observed information matrix can be obtained
as
Ix(0) = Iw(0) — Izx(0). 19)

Finally, the asymptotic variance-covariance matrix of the MLE of 6 can be obtained by
inverting the observed information matrix Ix(é). As the dimension of 6 is 2, Iw(f) and
Iwx (0) are both of the order 2 x 2. The elements of matrix Iw () for complete data set are
presented in (Rastogi and Tripathi 2013). We report Iw(6) which have been evaluated by

them here as:
ay a
Iw(®) = [ 11 12]

azy a2
where
n o) 2/5’ l(lnx)2
aj(a, B) = 2 ap(a, B) = ﬂz + na(a + 1),3/ W
x2 inx
ap(a, B) = az(a, B) = na ,3/ W (20)

The conditional distribution required for the calculation of the missing information matrix
is given by (see Ng et al. (2012))

I _ fx(zi) o
fZ,- (ZilZi > Xizmm) = - FX(xi:m:n)], Zi = Xi:m:n 21

Using Eq. 21, the logarithm of the pdf of the truncated Burr XII distribution for case I is

10g f7, (i1 Zi > Ximen) = logar +log f+ (B — Dlogz; — (@ + Dlog(l +2f) + alogl +x£,,.).  (22)
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Thus, the second partial derivatives of Eq. 22 with respect to o and § yields

azlog S 1 92 log fz; 1 zf}(log z)? xlﬁ_m.n(logx,gm;,,)2
L= g =g o@D gy o
o o (I'+z;) (L +x:,)
9? log fzi _ Z;'g log z; 4 xfm;n log Xi.m:n
dadp 1+2) 1+ xf

rm:mn

The negative of the expected value of these three second partial derivatives are obtained as
follows

92 log f., 1 Plog f,, 1 < (108 Ximm)?
e o B @t ) B i, ) —o T )
¢ « 'B ﬂ (1+xi:m:n)
821 ‘ B oo xi.
B85y o (xy , ) — Dn B,
aaa'B 1_'—Xi:m:n
where

A*(c.a, ) = E(Z[ 10g Zi/(1+21)|Zi > ¢) and  B*(c.a, B) = E(Z] (0g 2))*/(1+Z5)*|Z; > ¢). (23)

and they are given in Rastogi and Tripathi (2013). Using these expectations, the expected

missing information matrix Izx(¢) computed as in Eq. 17, and then the observed infor-
mation matrix can be obtained from Eq. 19. Finally, by inverting Ix(6) the asymptotic
variance-covariance matrix of the MLEs can be obtained.

Theorem 2.1 (For case Il). Given X1.u:n = Xt:mens X2:mn = X2mens * > Xismen = Ximens
and X m11:0 =Xma1:ns Xm+2: =Xm42n - - » X D:n =X, the conditional distribution of Z;;
and Z,. is
fx@ij) fx (z)
fZ,,Z’\X.T(ZJ'kv Z;lxl:m:n;XZ:m:ns o Xy Xm st s XD, T) = . -

[1 = Fx (i)l = Fx ()]

Proof See Gurunlu Alma and Arabi Belaghi (Gurunlu Alma and Arabi Belaghi 2015). O

By using theorem (2.1), the logarithm of the left truncated Burr XII pdf for case II is

log f, 2 (zi, z},|X, T) =2loga+2logB + (B — Dllogz; +1logz.] — (e + D[log(1 + zf) + log(1 + z;ﬁ)]
+allog(l +xf, ) +log(1 + TP)].
The second partial derivatives with respect to & and § are obtained by
32 log fz,-,z;
082

9% log fy;.z < logximm  zlogz ZPlogz,  TPlogT

zf~3(l()gz,')2 axfm:,, (10 Xjom:n)? @+ l)z;ﬂ(logzi)2 N TA(log T)?
1+ A+xf )2 (1 + 2.6 (1+T1#)2°

2
=gt

dadp 1+Xfm;n 1+zf 1+42z.8 1478
92 log fz; 2 2
a2 T2
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Using the expectations in Eq. 23, the Fisher information matrix based observations which
are truncated at the time x;.,., and 7 can be computed by straightforward replacing and
the following expectations can be obtained

9% log £, 4 2 f 0 (108 Xiin)? 77 (log T)?
E(——=") = — 4+ (a+ DB*Xjmon. 00, f) —o =" 7 4 (« 4+ 1)B*(T, o0, B) —0t ————————,
() = g+ @ DB i 0. ) el T DB T e

3 log f;, o <L logximm  TPlogT .
E( dadp ) = — . Y + A (X, o, B) + AN(T, a, B),
92 log f; 2 2
E(— 57 = =
o o

Thus, the expected information for conditional distribution of Z given X can be obtained
using Iz;x(6) and hence Ix(0). Inverting Ix(6) yields the variance-covariance matrix of
0=(ap)

The asymptotic normality of the MLE can be utilized to construct the approximate
confidence intervals for the parameters « and B become, respectively,

. [ A [+2
a+Zy 62 and B+Zy\/65.

where Z,, ) is the upper y /2 quantile of the standard normal distribution.

3 Bayesian Estimation

In this section, we deal with the problem of estimating the parameters « and 8 under square
error loss (SEL) and LINEX loss functions. These loss functions for a parameter é are as
follows, respectively,

Li1(5,8) = (6 —6)2, (24)
Ly(A) o« eV —wA —1, w #0. (25)

where A = (5 — §) denote the scalar estimation error in using § to estimate . The sign of
w represents the direction and its magnitude represents the degree of symmetry. This has
been proposed by Varian (1975) and its proporties have been studied by Zellner (1986).
For w = 1, the LINEX loss function is quite asymmetric about zero with overestimation
being more costly than underestimation. If w < 0, L2(A) rises exponentially when A < 0
(underestimation) and almost linearly when A > w (overestimation). For w closed to zero,
the LINEX is approximately SEL and therefore almost symmetric (see Zellner (1986)).

For a Bayes estimation, we need to assume some prior distributions for the unknown
parameters. We assume that « has a gamma prior, GA (a1, b1) with pdf given by

b
() = —L g leh1e, (26)
I'(a1)

where a; > 0 and b1 > 0; and the prior of 8, m2(8), has the support on (0, c0), and it
is independent of the prior of «. By applying then the joint prior distribution o and f, we
obtain the joint density function of «, 8 and x for the two cases as follows:

Case I:

m
o, Box) oc o=t gy gyt Tl L (4 xf, ) ~@ DA a7

itmn
i=1

where X = (X105 X2umins =+ * 5 Ximzmen)-
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Case II:
m
C@, ) o PP my (B [l (14 2, )"+
i=1
D
< [ «& ' a+af)=eta + 1f)~ko.
i=m+1
where X = (X1 X20min» =+ s Xmemen> Xm+-1ims =+ » XDin)-
Based on £(a, B, x), the joint posterior density function of « and B, is given by
e, B, x)
(o, Blx) = (28)

Jo7 Jo” e, B, x)dadB’

It is clear that Eq. 28 cannot be obtained analytically even when 5 (8) is known. Therefore,
we adopt Lindley’s approximation (Lindley 1980) and the MCMC technique to compute
Bayes estimates.

3.1 Lindley’s Approximation

In this section, we compute the Bayes estimates of « and 8 by using Lindley’s approxima-
tion method. Based on Lindley’s approximation, the expectation of any function of & and 8
in the form

$(@. B) = Eupilp(. p)]
_ 157 Jo° (e, B)e(e, B, x)dadp
oo Jo b, B, x)dadp

) (29)

can be evaluated as

R a1
¢=¢(Ot,/3)+§[A+L30312+L03321+L21C12+L12C21]+101A12+,02A21, (30)

where
2 2 o
3L, B) .. o
A:;;(bijdij, Lij:W, i,j=0,1,2,3, i+ =3,
dlogo dlogo
= e 0 = 0=lgm@p),
L1 9a P2 op o =logn(a, B)
_ 09(a, B) R ICN:))
¢1 - Ja 5 ¢2— 3/3 B
LG O GOV B A )
11 Py 12 dadf 22 Y

Ajj = ¢ioii +¢joji, Bij =(¢ioii +Pjoij)oii, Cij =3¢;i0ii0ij + ¢j(0o;;0); + 20,%-),

where L(.) is the log-likelihood function of the observed data, o;; is the (i, j)-th elements
of the inverse of the Fisher information matrix, (o, 8) is the joint prior density function of
(a, B), @ and B are the MLEs of « and B, respectively and all the quantities are evaluated
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at (@, ,3). In case I, with the specification 8 ~ G A(aa, b2), the log-likelihood function is
given by

m m
log L(a, B) = const. +mloge +mlog f+ (B — 1)y _10gximn — Y _[a(R; + 1) + 1log(1 +xL},..).
i=1 i=1

To apply Lindley’s approximation in Eq. 30, we obtain

m

1 1
Ly :_Z(]+R )Lix’m"’ le_—Z(R +])M7 Ly =0,
i=1 (1+xtmn) i=1 (l—i_xlmn)2
m f; 2
m m xi . (log Xjm:n) 2
Lo = =35, Lio= =55 = D lal+ Ry) [P 28y = 2,
i=l1 (1 +xl m: n)2
B
L03_ LR 4T ,mn(logxlmn) (l—x,m,,)
i=1 a -i_xlmn)3
Furthermore, we have
dlogm(a, B) a; — 1 dlogm (o, B) a — 1
= =———b;, m= =———h.
Jdo o aB B

The log-likelihood function in case II is given by

m
log L(a, B) = const. + Dloga + Dlogp — Z[a(R + 1) + 1]log(1 +x‘ﬁm )
i=1

m D D
+B-D [Zlogxz:m:n+ > logx[;n} @+1) Y log(l+xf,) —aRplogd +T#).  (31)

i=1 i=m+1 i=m+1

From Eq. 31, we obtain

. L )
Ly = —i(R4+l)xﬁm'n log Ximn ’3 logx,n _R, TAlogT
= : r
i=l 1+x’f5m” i=mt1 1+x,” 1+ TP
D N
Lip = —i(R +1 “""(1"g" i xhy(log 3 _ g TPaog7y?
2 £y Pasrhe’
i=l (1+xrmn) i=mt+1 (1 +x;,)
b log x; Dk (logx Th(loe T)?
L°2=***Zl“(1+R’+”'M(%M) @+ Y falog” —aRj, (&3)2,
poa (1+len)2 iZm (L xf 2 (1 +4T1#8)
fos = 20081 = ) @+ Z M
- (14 50y 2t (A +xf )3
, TPaog Ty (1 - 7F)
—oRp———————.
(14TF)3
D 2D
Ly =0, Lyp=-%35, Lyo=>5.
o a

The approximate Bayes estimates of @ and 8 under SEL function are given by
. . . . L, . A .
asgr = o+ (p1011 + p2012) + 5[0121L30 +021022L03 + 011022L12 + 20221L12],

R A . R | R A
Bser = B+ (p1621 + p2622) + 5[011012L30 + 63, Loz + 3621622L12]. (32)
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Also, the Bayes estimates of & and 8 under the LINEX loss function are, respectively, given
by

1 N
arp = —— log[E(e”""|x)]
w
1 5 I n 1 PSS PN o a
= log {e_wa —we " (p1611 + p2612) + 3 [wze Y61 — we™ ™ (0121 L3o + 621622L03
+611622L12 +25221L12>“, (33)
and
~ 1 7w/§
BLL = —Elog[E(e 1)1

1 5 5 1 B A wh (A A
——log [efwﬁ —we™ (51612 + pr622) + 3 [wzewﬂfm —we ™ (611612L30
w

462 Los + 3321522L12>]} . (34)
3.2 MCMC method
In this subsection, we apply the importance sampling method to compute the Bayes esti-
mates and the HPD credible intervals of the unknown parameters. Based on the independent
gamma priors « ~ GA(ay, by) and B ~ GA(az, ba), the posterior pdfs of « and g are given by
Case I:
mi(a, Blx) o« fa(alB;m +ai, &) foa(Bsm + az, §2)hi (e, B), (35)

where & = by + Y7L (R + Dlog( +xL,,.,.), & = by — Y7L, log Xiznzn and

exp(— 3 log(1 +x7 )

(. B) = R (36)
[+ X (R + Dlog(1 +f,,)]
Case II:
(e, Blx) o foa(@lB; D+ a1, §)) foa(B; D+ az, §)ha (e, B, (37
where & =& + Y2, log(l +x[,) + R}, log(1 + T#), &, =& — Y2 . log xi., and
exp {— (Z:"zl log(1 + xfm:n) + 37 log(1 + Xf,,))}
ha (e, B) = , (33

D ] , D+ay
I:Sl + Z[=m+I IOg(l +xi:n) + RD lOg(l + Tﬂ):l

and fa(;a,b) is a gamma density with shape and scale parameters a and b, respectively.
Analoguesly as in Kundu and Pradhan (2009), we use the following algorithm to compute
Bayes estimates of ¢ (a, 8), say ¢(«. 8), and to construct its HPD credible intervals.

Step 1:  Generate 81 ~ GA(B; m + a2, &).

Step 2:  Given B, generated in step 1, generate oy from GA(«|8; m + a1, &).

Step3: Repeat Steps 1-2 M times to obtain the importance sample
(o1, B1), (a2, B2), -+ -, (am, Bu)-
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The approximate Bayes estimates of ¢(«, 8) under squared error as well as LINEX loss
functions can be obtained as

M b, B, Bi)
Ly e B)
M —wd @By (o B
—llog Zl:leM hl(atsﬂl) )
w it hilei, Bi)

respectively. Similarly, the above algorithm can be written for case II.

Now, we obtain HPD credible intervals of « and g using the generated importance
sample. In this work we mainly adopted the method proposed by Chen and Shao (1999).

Suppose that =(9|x) and I1(9|x) are the posterior density and posterior distribution
functions of 0, respectively. Further, let 6, be the pth quantile of ¢ as

bseL(e, B)

ACH ) (39)

0, =inf{0 : T1O|x) > p}: O<p<1l
For a given 6*, we have
(0" |x) = E(lp<p~|2),
where 159+ is the indicator function defined as

1 6<6*

1 x =
o= 06> 0"

Then a simulation consist estimator of I1(6*|x) can be obtained as

M lg<orhj(oi, Bi)

(6*x) = j=1,2.
S by, i)
Let 64);i =1,---, M denote the ordered values of ¢;, and
hj(ai, Bi)
e N
i hjei, Bi)
be the associated weight then
0 60* < 9(1)
TO*x) = § Ypeq we Oy < 0% <Ot
16 <g,.

Thus, the approximate of 6, can be obtained as
Oy p = 0 .
0 il we < p < Yioy wie
Now, let R, (M) = G*/M), §(k+1-pMD/M) and [x] denote the greatest integer less than or equal

to x. Therefore, the HPD credible interval for ¢ can be obtained by choosing Ry(M) among
all intervals such that it has the smallest width.

Oy =

4 Simulation Study

In this section, we present some simulation results to compare the performance of the
various estimates and confidence intervals of the unknown parameters of the Burr XII dis-
tribution. We mainly compare the performances of the MLEs obtained by EM algorithm
and Bayes estimates obtained by Lindley’s approximation as well as the MCMC technique
in terms of root mean square error (RMSE) values. We also construct the %95 confidence
intervals for the parameters using the estimated asymptotic variances of the MLEs obtained
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Table 3 Approximate CIs and HPD credible intervals when o = 1.5, 8 = 0.5

T=5
%95 Approximate Cls %95 HPD credible intervals
n m  Schems o B o B
25 15 (10, 0*14) [0.66948,2.54903] [0.30462,1.32721] [0.50075,2.41446] [0.35614,0.86146]
(0,0,0, 10, 0*11) [1.12173,2.27208] [0.42264,0.97770] [0.65474,2.41154] [0.36644,0.79128]
20 (5, 0%1%) [0.71257,1.84159] [0.34927,0.85184] [0.40412,2.43356] [0.36469,0.86929]
(0,0,0,5,0%1%) [0.64868,1.98198] [0.34076,0.84000] [0.50737,2.38473] [0.36920,0.84505]
30 20 (10, 0%1%) [1.04008,1.88366] [0.53695,0.86327] [0.49009,2.37607] [0.36911,0.89228]
(0,0,0, 10, 0*1%) [0.84650,2.44158] [0.46542,0.86941] [0.66436,2.51651] [0.38183,0.79391]
50 25 (25, 0%%%) [0.78380,2.85944] [0.25956,1.25987] [0.53296,2.23561] [0.37834,0.83598]
(0,0,0,25,0%2!) [0.95587,2.51282] [0.53123,0.93251] [0.78007,2.25830] [0.39137,0.73459]
30 (20, 0%29) [0.93080,2.16090] [0.51876,0.89801] [0.43619,2.21129] [0.38493,0.80538]
(0,0, 0,20,0%2%) [0.91129,2.38233] [0.51747,0.84555] [0.71324,2.21000] [0.39848,0.79045]
T=10
25 15 (10, 0*1%) [0.64348,2.38040] [0.31824,1.18967] [0.36186,2.27693] [0.36416,0.87782]
(0,0,0, 10, 0*11) [1.06399,2.14498] [0.42677,0.86696] [0.75777,2.20681] [0.37024,0.77147]
20 (5, 0%19) [0.71257,1.84159] [0.34927,0.85184] [0.28425,2.25624] [0.37455,0.90772]
(0,0,0,5,0%1%) [0.64868,1.98198] [0.34076,0.84000] [0.58714,2.17685] [0.37479,0.83369]
30 20 (10, 0%1%) [1.04008,1.88366] [0.53695,0.86327] [0.38900,2.23940] [0.36969,0.85005]
(0,0,0, 10, 0%16) [0.85623,2.45124] [0.46483,0.84569] [0.68836,2.22666] [0.37892,0.77564]
50 25 (25, 0" [1.08395,1.69960] [0.64976,1.05176] [0.43519,2.20755] [0.38353,0.84397]
(0,0,0,25,0%2) [1.00237,2.21684] [0.49780,0.92923] [0.85552,2.19568] [0.39484,0.74872]
30 (20, 0%%) [0.93250,2.52409] [0.49114,0.92518] [0.55701,2.17919] [0.38817,0.89778]

(0,0,0,20,0%2°) [0.85638,2.17810] [0.47310,0.81942] [0.82404,2.18204] [0.39277,0.78099]

by the missing information principle. For comparison purpose we also consider the %95
HPD credible intervals based on 1000 MCMC samples. We consider two different sampling
scheme as follows:

® Schemel:Rj=n—mandRy=R3=---=R, =0,
e Scheme2:Ri=Ry=R3=0, Ry=n—mandRs=...=R,, =0.

Table 4 Different progressive type-II hybrid censored data sets

(T, m,n) Censoring scheme type-1I PHCS data
(0.1, 20, 12) Ry = (8,0*!1) 0.529,0.665,0.683,0.698,0.788,0.866,0.879,0.881,
0.917,1.050,1.110,1.138
Ry =(0,2,0,3,3,07) 0.529,0.554,0.653,0.665,0.683,0.698,0.828,0.829,

0.866,0.881,0.917,1.050
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Using the algorithm presented in (Gurunlu Alma and Arabi Belaghi 2015), we generate the
type-1I progressively hybrid censored samples from the Burr XII distribution for a given
set n,m, Ry, ..., R,, and T. We notice that risk expression of none of these estimates can be
evaluated in closed form. So, we performed simulation to evaluate RMSE values of all esti-
mates. Without loss of generality, we take « = 1.5 and g = 0.5 and we simulate the whole
process N = 1000 times in each case. For computing the Bayes estimates under squared
error and LINEX loss functions, it has been assumed that « and g have priors GA(ay, by)
and GA(az, by), respectively. Moreover we use the non-informative priors of both « and g.
This corresponds to the case when hyperparameters take values of a; = a, = b = b, = 0.
The average estimates, the RMSEs of the MLEs and Bayes estimates under different loss
functions are presented in Tables 1 and 2. The %95 approximate confidence intervals of the
parameters based on MLEs are included in Table 3. Apart from these, the corresponding
HPD credible intervals are also presented in the table. The results of the Monte Carlo sim-
ulation study are presented in Tables 1-3. From these tables the following conclusions are
made:

1. For fixed m and T as sample size (n) increases the average estimates and the RMSEs
decreases.

2. For fixed » and m as T increases, the average estimates and the RMSEs decreases.
Similar trend is observed when » and T are kept fixed and m is allowed to increase.

3. Average length of approximate confidence/HPD credible intervals decrease when n or
T increases. Also, as the m increases, the average length of approximate Cls increases
while the average length of HPD credible intervals are narrow down. Overall, it is
clear from the tabulated interval estimates that HPD intervals are superior to the
corresponding approximate confidence intervals.

4. Bayes estimates are very good in respect of RMSE. The MCMC technique is better
than the Lindley approximation procedure in respect of RMSE. Its is observed that
MCMC estimates derived under the squared error loss function shows steady behavior
for all tabulated combinations of n, m and 7. Moreover, Bayes estimates under LINEX
loss function based on MCMC method are better choice among all its rivals and for all
values of n,m and T.

Table 5 The MLE and Bayes estimates of the parameters for the real data set

Censoring scheme R Ry

apML 3.0693 4.1640
Bumr 5.1195 5.9963
ASEL 2.9200 4.1444
AMCSEL 2.7869 2.7997
arr 2.7577 3.9355
aAMCLL 2.7166 2.7281
BSEL 5.8925 6.0070
BmcseL 6.3660 6.0354
Brr 5.9120 5.8694
BucLL 6.2184 5.9189
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Table 6 Different Cls of o and 8 parameters for the real data set

%95 Approximate Cls %95 HPD credible intervals
(T,m,n) Censoring schems o B o B
(0.1,20,12) Ry = (8,0%'1) [0.6917,6.8301] [1.5612,11.8004] [2.0225,4.1789] [5.4047,7.7698]

Ry = (0,2,0,3,3,0%7) [0.3227,8.0052] [0.5836,11.4095] [2.0727,4.2516] [5.3832,7.2688]

5. In general, as the sample proportion m/n increases performance of all estimates
improves in terms of RMSEs. In studying the effect of different censoring schemes, we
observed that the RMSE in Scheme 2 is smaller than Scheme 1.

5 Real Data Analysis

For illustrative purpose, in this section we have analyzed one data set from Wingo (1993).
The data were originally collected from a clinical trial designed to access the effectiveness
of an antibiotic ointment in relieving pain. The data set are listed as follows:
0.828,0.881,1.138,0.879,0.554,0.653,0.698,0.566,0.665,0.917,
0.529,0.786,1.110,0.866,1.037,0.788,1.050,0.899,0.683,0.829.
Here, we have n = 20. We generate two progressive type-1I hybrid censored samples from
the above data set using two different censoring schemes from the above progressive type-
IT hybrid censored sample with m = 12 and T = 0.1. The different censoring schemes and
the corresponding progressive type-1I hybrid censored samples are presented in the second
and third columns of Table 4, respectively. In all the two cases we calculate the ML and
Bayes estimates of the parameters. In Bayes estimation we use non-informative priors as
we have no prior information about the parameters. For importance sampling procedure, we
take M = 1000. The estimates are listed in Table 5. Further, the %95 approximate confidence
intervals and HPD intervals are provided in Table 6.

6 Concluding Remarks

In this paper, the Bayes and classical estimates have been obtained for a two parameter
Burr XII distribution when samples are available from type-II progressive hybrid censoring
scheme. By EM algorithm iteration and asymptotic normality theory, we have derived the
MLE:s and approximate confidence intervals of the unknown parameters. We have also pro-
posed a Bayesian approach to estimate the model parameters. Bayes estimates are obtained
using the Lindley approximation method. Since the Lindley approximation method fails to
construct HPD credible intervals, we made use of the importance sampling procedure to
obtain point estimates and HPD credible intervals of the parameters. Further, we carried out
a simulation study to evaluate the performance of all the methods of estimation and it was
observed that the Bayes estimates overall perform better than MLE:s in the sense of RMSE.
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