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Abstract The distances between flats of a Poisson k-flat process in the d-dimensional
Euclidean space with k < d/2 are discussed. Continuing an approach originally due
to Rolf Schneider, the number of pairs of flats having distance less than a given
threshold and midpoint in a fixed compact and convex set is considered. For a family
of increasing convex subsets, the asymptotic variance is computed and a central limit
theorem with an explicit rate of convergence is proven. Moreover, the asymptotic
distribution of the m-th smallest distance between two flats is investigated and it
is shown that the ordered distances form asymptotically after suitable rescaling an
inhomogeneous Poisson point process on the positive real half-axis. A similar result
with a homogeneous limiting process is derived for distances around a fixed, strictly
positive value. Our proofs rely on recent findings based on the Wiener—Ité chaos
decomposition and the Malliavin—Stein method.
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1 Introduction

Point processes of k-dimensional flats in R?, especially Poisson point processes,
are one of the most classical topics considered in stochastic geometry; cf. Mecke
(1991), Mecke and Thomas (1986) and Weil (1987) for early works, Baumstark
and Last (2009), Hug et al. (2003) and Spodarev (2001, 2003) for more recent
papers and the book Schneider and Weil (2008) for an exhaustive reference. One
of the problems considered in the theory of (Poisson) k-flat processes, the so-called
proximity problem, is to describe the closeness or denseness of the arrangement of
the flats in the case k < d/2, where the flats do not intersect each other (at least
under suitable additional assumptions on their distribution). The notion of proximity
generalizes the well-known second-order intersection density for k-flat processes
in RY with k > d/2 to the case k < d/2 and was originally introduced in Schneider
(1999). There, only mean values of the proximity functional were considered, but no
higher-order moments, limit theory or extreme values.

In this paper, we focus our attention to the Poisson case, for which we compute
the asymptotic variance of the classical proximity as considered in Schneider (1999)
and establish a Berry-Esseen-type central limit theorem. Moreover, we will not only
deal with a cumulative proximity functional, but also investigate the order statistics
induced by all distances between pairs of distinct flats, in particular the minimal
distance, and the behaviour of the distances around a given positive value. This
alternative approach to the proximity problem gives new insight into the geometry
of Poisson k-flat processes.

The proofs of our limit theorems make use of a general central limit theorem
from Schulte (2012) and a result about point process convergence and extreme
value theory in Schulte and Thile (2012). They are based on Berry-Esseen type
inequalities in Peccati (2011) and Peccati et al. (2010) that were derived by combining
the Malliavin calculus of variations on the Poisson space with Stein’s method.
The backbone of these methods is the fact that each square integrable Poisson
functional can be represented as orthogonal sum of multiple Wiener-Ito integrals;
see Last and Penrose (2011) and the references therein. It has recently turned out
that this so-called Wiener-Itd chaos decomposition and related limit theorems can
successfully be applied to problems in stochastic geometry. For example, in Reitzner
and Schulte (2012) a general set-up was investigated as well as central limit theorems
for Poisson hyperplanes, Last et al. (2012) deals with moment formulas and very
general geometric functionals of intersection processes of Poisson k-flats, Lachieze-
Rey and Peccati (2011, 2012) consider fine Gaussian fluctuations on the Poisson
space and geometric random graphs. In all these works a crucial role is played by
a special class of Poisson functionals, the so-called Poisson U-statistics.

The text is structured as follows: In Section 2, we introduce the proximity of a
Poisson k-flat process and present our main results, Theorems 1-5. Their proofs rely
on the Wiener—Itd chaos decomposition of Poisson functionals, whose background
is briefly introduced in Section 3. The remaining three sections are devoted to the
detailed proofs of our theorems.

@ Springer



Methodol Comput Appl Probab (2014) 16:311-329 313

2 Statement of the Main Results
2.1 Framework

A Poisson process of k-dimensional flats in R is a Poisson point process on the space
A4 of k-dimensional affine subspaces of R?, where k € {1,2,...,d — 1}andd > 1. A{
can be equipped with its Borel o-field as in Schneider and Weil (2008). We let 7, be
such a Poisson process of k-flats having its intensity measure @, given by

[ rmewn =t [ fe+nee@aan. (1)
A G¢J L+

Here, f: AZ — R is a non-negative measurable function, ¢ > 0, GZ is the
Grassmannian of k-dimensional linear subspaces of R?, £ . is the Lebesgue measure
on E* and Q is a probability measure on G{. The Poisson k-flat process 7, is
stationary, i.e., its distribution is invariant under all translations. In case that Q is the
invariant probability measure (Haar measure) v; on G¢, the distribution of #, is also
invariant under rotations and we call #, isotropic. Two subspaces L, M € Gﬁ are
said to be in general position if dim(L N M) = max(0, 2k — d). Through the paper
we make the following assumption on Q.

(A1) Two independent random subspaces M, L € GZ with distribution Q are in
general position with probability one.

Assumption (A1) is for example fulfilled if Q is absolutely continuous with respect
to vg, see Schneider and Weil (2008, Theorem 4.4.5). We note that under (A1) the
flats of #, are almost surely in general position (which means that the translates to
the origin of any two flats are in general position). We also assume henceforth that

(A2) 1<k<d)2

holds, which ensures that the flats of 7, do not intersect each other with probability
one (also notice that (A2) implies d > 3).

Before presenting our main findings in the following three subsections, we intro-
duce some notions and notation used in the present paper. Let us write 77;2, . for the
collection of pairs (E, F) of distinct k-flats of #,, write dist(x, y) for the Euclidean
distance of two points x, y € R? and let dist(E, F) be the distance of two k-flats
E Fe AZ, ie., dist(E, F) = inf{dist(x, y) : x € E, y € F}. If E and F are in general
position, this is the distance of two uniquely determined points xg € E and yr € F
and we call m(E, F) := (xg + yr)/2 € R¢ the midpoint of E and F. For two linear
subspaces M, L € Gﬁ we write [M, L] for the subspace determinant of M and L,
which is the 2k-volume of a parallelepiped generated by two orthonormal bases of
M and L; cf. Schneider and Weil (2008, Chapter 14.1). Furthermore, we denote in
this paper by Vi (K) the intrinsic volume of order k € {0, ..., d} of a compact convex
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set K ¢ RY cf. Schneider and Weil (2008, Chapter 14.2). We also write «, for the
volume of the unit ball in R” (n > 1).

2.2 The Classical Proximity

After these preparations, we can now introduce the proximity functional

(K, ) = ; > 1dist(E, F) <d, m(E, F) € K},

(E.Fyen?,

where J € [0, 00) is a fixed threshold, K is a compact and convex subset of R? with
V4(K) > 0 (called convex body in this paper) and where 1{ -} is the usual indicator
function, which is one if the statement in brackets is fulfilled and zero otherwise. In
other words, the functional z;(K, d) counts the number of pairs of flats in 7, with
distance at most § and midpoint in K. Schneider has calculated in Schneider (1999)
the mean of #,(K, ) for K being the unit ball and ¢ = 1; see also Schneider and
Weil (2008, Theorem 4.4.10). More generally, we have the following result, which
could also be directly deduced from Schneider (1999) or Schneider and Weil (2008,
Theorem 4.4.10).

Theorem 1 The expectation of =,(K, o) is given by

2
En(K.0) = o ¥ VoK) [ [ 1M, L1QW@L) Q@)
c Jay

Remark 1 In the isotropic case Q = v;, we have

vaxi= [ [ 1M, LivaLyve@mn = " @

()7ea ’
which is the content of Lemma 4.4 in Hug et al. (2008) or Corollary 4.5.5 in
Materon (1975).

In what follows, we consider a family of increasing observation windows (K, ),>1
with K, = pK and a convex body K C R? and are interested in the asymptotic
behaviour of 7z,(K,,J) as ¢ — oo. We first consider the asymptotic variance of
77.'[(KQ, 5)

Theorem 2 It holds that

i V(K d)

3.2 2(d—2k)
'k 0 I(K
200 Qd+k d—2k (K),

where

2
= [ [ vk(Km<M+y>)2€ML<dy>( [ L]@(dL)) Q).
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Remark 2 In the case Q = v, Z(K) has an interpretation in terms of the order k + 1
chord-power integral of K, which is defined as

T i= [ V(KN G @),

where y, is the Haar measure on A’f normalized as in Schneider and Weil (2008).
Indeed, we first notice that the rotational average fGﬁ [M, L]vi(dL) does not depend

on M; cf. Materon (1975, Corollary 4.5.5). Then identity (8.57) in Schneider and Weil
(2008) implies that

I(K) = k”"

L1 Wa i Tk (K)

with w, asin Eq. 2.

Remark 3 Theorem 2 shows that the variance of 7,(K,, d) increases to infinity
proportional to the (d + k)-th power of p. This expresses long-range dependencies
within the random set induced by the k-flat process 7,. A similar behaviour can also
be observed for functionals of k-flat processes with k > d/2 for which we refer to
Last et al. (2012) and the references cited therein.

Having investigated the expectation and the asymptotic variance of the proximity
functional z,(K, J), we turn now to the central limit problem. Let the family (K,),>:
of convex bodies be as above.

Theorem 3 Let N be a standard Gaussian random variable. Then there is a constant
C depending on K, ¢ and t such that
P(’”(KQ’ O~ Brlke, ) x) ~BOV <)

—k

sup < CQJ2

xeR VVr,(K,,0) -
for o > 1. In particular, we have the convergence in distribution
”t(Kgsé) - Eﬂ't(Kgaé) _d> N as 0 — 0.

VVr(K,, 6)

2.3 Small Distances

In the previous theorems, we have considered the number of midpoints of pairs of
flats in a sequence of increasing observation windows, which have distance below
a given threshold 6. A further natural question is to ask for the shortest or, more
generally, the m-th shortest distance between two flats. To present the result, let
(K,)o>1 be a family of convex bodies as above. We denote by

ézQ(K,t) = {dist(E, F) : (E, F) € '73,7& and m(E, F) € K,} (3)

the set of all distances between pairs of flats having a midpoint in K, (we count each
value dist(E, F) only once, although (E, F) and (F, E) are both elements of 77;2, #).

Formally, fg(K”) can be considered as a point process on the positive real half-line R, .

By DanQ’[) we denote the m-th smallest element in fQ(K”) according to the natural
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ordering on R,. The following theorem describes the asymptotic distributions of
DX and &0 as the window size tends to infinity.

Theorem 4 Define
2

ﬁzt

it ValK) /@ ﬁ /@ M, LIGEL QM.

For every u > 0, there exists a constant C, also depending on K and t such that

m—1 (d—2k)\¢
P (Qd/(d_Zk)Dian,t) - u) . e_[;u(d—zk) Z (ﬁu )

=0

d—k

<Cyo >

i!

for me{1,2,3,...}) and p €[1,00). Moreover, the family (Qd/(d*Zk)ég(K”))Qzl of
rescaled point processes converges in distribution to a Poisson point process on R
with the intensity measure

v(A) = f(d - 2k)/ u™*-'du, A c R, aBorelset.
A

Remark 4 We notice that
2

t
p=,

with y,  given by Eq. 2 in the case where Q = vy is the invariant probability measure
on GY.
k

Ka—2k Wax Va(K)

m—1
Remark 5 We notice that e #*“" Z

i=0
origin to the m-th point of a Poisson point processes on R, with intensity measure v
as in Theorem 4 above. A similar comment also applies to Theorem 5 below.

(ﬁu(d—Zk))i
1!

is the tail of the distance from the

Remark 6 In Schulte and Thile (2012) a similar problem was considered. Namely,
for a pair (E, F) of flats of a stationary and isotropic Poisson k-flat process hitting a
convex body K, the distance distx (E, F) was defined as
distg (E, F) := erﬂII?,I)IneFﬂK dist(x, y)

and it was shown that for increasing intensity the ordered distances converge to an
inhomogeneous Poisson point process similar to that in Theorem 4. The fact that
increasing the intensity is up to a factor the same as increasing the window size
implies that that the normalization ¢%@~2% in Theorem 4 is the same as in Schulte
and Thile (2012). The constants B, however, are different in both settings since
different pairs of flats and different approaches to measure the distance between
two flats are considered.

2.4 Distances Around a Positive Value

The previous result describes the behaviour of very small distances and it is natural
also to consider large distances. However, the maximal distance (and thus also the

@ Springer



Methodol Comput Appl Probab (2014) 16:311-329 317

m-th maximal distance for any m € {1, 2,3, ...}) of two flats having their midpoint in
a test set K is not well defined since

sup dist(E, F) = co almost surely; (4)
(EF)en; ,
m(E,F)eK

see Section 6 for a proof.
To overcome this difficulty and in order to complete the picture, we fixsome s > 0

and consider the asymptotic behaviour of the point process th(K’[) defined by Eq. 3

K.t N3
around ¢. By Dfn h) and D,(WKQ M), m e {1,2,3,...}, we denote the m-th element of

&0 greater or less than o, respectively.

Theorem 5 Let o > 0 and define
t2
p="@=2mae VK [ [ i ni0@n @, o)
k k

For every u > 0, there is a constant C,, also depending on K, t and ¢ such that

e )

=0

d—k

<Cyo >

and

d—k

P(~o! (D" ~0) > u) - e—ﬁ“mf Byl < ¢, 07"

1!
i=0

for me{1,2,3,...} and ¢ €[1,00). Moreover, the family (gd (EQ(K”) - 0))g>1 of
rescaled and shifted point processes converges in distribution to a homogeneous
Poisson point process on R with intensity .

Remark 7 In the case where Q is the invariant probability measure v on G{ we
have that

[2
B = 5 (d — 2k)ka—2k 0 ya g Va(K)

with w4, given by Eq. 2.

Theorems 4 and 5 show the remarkable fact that very small distances near zero
behave quite different compared with the distances around (i.e., above or below)
every positive value o. Indeed, in Theorem 4 an inhomogeneous Poisson point
process on R, appears after normalization with p%/(“=2% whereas in Theorem 5 a
homogeneous Poisson point process on the whole real line shows up in the limit
after rescaling with p? and the latter can be interpreted as the superposition of two
independent homogeneous Poisson point process on R, (for the distances greater
than ¢) and on R_ (for the distances less than o).
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3 Background Material on Chaos Decompositions

We let 5; be a Poisson point process on AZ with intensity measure ®, given by Eq. 1
and assume that (A1) and (A2) are satisfied. Given n € N we write L2(®§’) for the
collection of measurable functions f : (AZ)” — R such that

1/2
£l = f7der) <o
(Adyn

and Lgym(Gf) for the subspace of L?(©7) consisting of functions that are invariant
under permutation of their arguments, so called symmetric functions. We denote the
inner product in L*(®7) by (-, - ).

For f e Lgym(G);’) we let 1,(f) be the (multiple) Wiener-Ito integral of f with
respect to the compensated Poisson process 7, := 7, — ©, (to make sense of the
definition of 7, 5, has to be interpreted here as a random point measure so that
the difference 5, — O, is well defined). These stochastic integrals satisfy the following

properties: forn € Nand f € L*(0"),

EL.(f)=0 (6)
and forn;,n, e Nand f; € Lgym(®§”) and f, € Lgym((a;’z) it holds that
E L, (f1) I, (/)] = m! (fi, fo)w, Wy = no). (7)

For further details on Wiener—Ito integrals we refer the reader to Last and Penrose
(2011), Peccati and Taqqu (2008) and Peccati et al. (2010).

Let g: (AY))> > R be integrable with respect to ®> and be invariant under
permutation of its two arguments. We define

1
U=, 2. 8(EF)
(E.Fyen?,

and assume that U is square integrable with respect to the distribution of #,. In this
case, the random variable U is a so-called Poisson U-statistic of order two. It is a
crucial fact that U can be written as

U=EU+1 (fi)+L(f) ®)
with

1
EU = E, F)©? (d(E 9
s [ 80 P16 CE P ©)

by the classical Slivnyak-Mecke formula (Schneider and Weil 2008, Theorem 3.2.5)
and with f; € L2 (9, and f, € L2, (©?%) given by

sym sym

B = [ s(B P e,

1
fAE.F) = ) g(E. F;

cf. Lemma 3.5 in Reitzner and Schulte (2012), which is a consequence of the results
in Last and Penrose (2011). The representation Eq. 8 is called the Wiener-It6 chaos
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decomposition of U and we call f; and f; its kernels. This decomposition is a very
powerful tool, which will be used extensively in our proofs below. In particular,
squaring the expression in Eq. 8 and using the computation rules (Egs. 6 and 7),
we find the variance formula

VU = [ il +21 A5 (10)

This will be essential in the proof of Theorem 2.

For more details on Poisson U-statistics (of arbitrary order) we refer to Lachieze-
Rey and Peccati (2011, 2012), Last et al. (2012) and Reitzner and Schulte (2012).
Poisson functionals that are a sum of a first and a second order Wiener-Ito6 integral,
such as the functional U above, were also investigated in Peccati and Taqqu (2008).

4 Proof of Theorems 1 and 2
4.1 A Preparatory Lemma

In order to simplify our notation, we define for E, F € Ad,
h(E, F)=1{m(E, F) € K, dist(E, F) < ¢},

where K is a convex body and where J > 0.

Lemmal Let M, L € GZ be in general position and define W = M + L. Then

/ h(M, L+ x) £, (dx)
Lt
= M2 [ Ul =0 ViG(K = /2)) 0 M) e (). (1

Proof By decomposing x € L+ in x = x| +x, with x; € L* N WL =W+ and x; €
L+ N W, we obtain

/ h(M, L +x)€.(dx)
LL

:/ / /’l(M,L+X1 —|—)C2) Crinw (dXQ) Cwe (dxl). (12)
wiL JLinw

By the definition of x; and x,, M and L + x, intersect in a unique point z € W,
m(M, L + x; 4+ x3) = z+ (x1/2) and dist(M, L 4+ x; + x2) = ||x1].

Let By and Bj.~y be matrices whose columns form orthonormal bases of M
and L' N W, respectively. Rewrite x, as x, = B;.nwX with ¥ € RF and replace
integration over L' N W in Eq. 12 by integration over R¥. Moreover, we notice that
the intersection point z of M and L + x, has the representation z = ByZz, where
7 e R¥ is the solution of

T > T T -
B, . nwBuZ=B.nyX2= B, yBrnwX=x.

This implies that

= (BY. wBu) % (13)
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Using the representation of x,, we now write the inner integral in Eq. 12 as
/ h(M, L +x;+x2) {11qw (dx2)
Linw
= 1{llx]l 5(5}/ 1{m (M, L + x; + ByX) € K} dx. (14)
Rk
Continuing by using Eq. 13, we find

/ 1{m (M, L+ x, 4+ ByX) € K} d¥
Rk
= /Rk 1 {BM (BT wBum) e (K- (x1/2)N M} dx

= / 1{% € B}, ,wBuB, (K —(x1/2)) N M} dx
Rk
= Vi (Bl wBuBy (K—(x1/2)) N M). (15)

Combining Eq. 14 with Eq. 15 and using the fact that det(BszBM) =[M, L], we
arrive at

/ l’l(M,L+)C1 +)C2) KLJ-OW (dXQ)
LinW
=[M, L11{[lx:]l = 0}V (K = (x1/2)) " M).

Integration with respect to W+ finally yields Eq. 11. O

4.2 Proof of Theorem 1

By Eq. 9, the expectation of z;(K, J) is given by
1
Ex/(K, o) = 5 / / h(E, F)©,dF) ©,(dE).
4 Jug

A glance at Eq. 1 shows that this equals

P

5 / / / / h(M + y, L+ x) €7 (dx) € (dy) Q(dL) Q(dM). (16)

Gl Jad Jm Jie

We evaluate now the inner double integral in Eq. 16. Translating M and L by —y,
substituting x — y and using Lemma 1 thereafter, we obtain

/ / h(M+ y, L+ x)€;1(dx) €y (dy)
M-S
:/ 1m(M,L+x)e K—y, dist(M, L+ x) <03} €r.(dx) €2 (dy)
M-St

= 01,21 [ [ VA =y = 20) 0 M) 001 = 0) @) @),

@ Springer



Methodol Comput Appl Probab (2014) 16:311-329 321
where W = L + M. Fubini’s theorem further implies that
ML [ [ V(R =y = 2 0 M) Ll < 0) s (@9) o ()
Mt S wt

— .20 [ [ V(K =y = /20) 0 M) ) = 01 () e ()
= [M, L1 Va(K) ka2,

which in view of Eq. 16 completes the proof. O
Remark 8 The above proofs of Lemma 1 and Theorem 1 are very similar to that of
the main result in Schneider (1999) and use the same ideas, generalized to a slightly

more general setting. We decided to state the first part as lemma since Eq. 11 is
applied several times below.

4.3 Proof of Theorem 2

First, Eq. 8 implies that the proximity functional z,(K, J) has chaos decomposition
m(K, 6) = B (K, 0) + L (") + L),

Here, the kernels f£) (n = 1, 2) are given by
S0 ) = [ hO 4y P 0@ a7
k
for M € G{ and y € M* and
(K.0.0) 1 )
(0B F) = ) 1m(E, F) € K, dist(E, F) < 9) (18)

for E, F € AY, respectively. Now, the variance formula in Eq. 10 implies that
V(K. ) = | A1 + 2015515 (19)

We determine the asymptotic behaviour of the right hand side in Eq. 19. For the
second term we find

. 1 ]
1515 =, /A l /A Um(E, F) € K, dist(E, F) < 6’ ©,(dE) ©,(dF)
k k

2
= ko V(K / / [, M1Q(dL) Q(dM)
c Jay

by using the formula for Ez,(K, J) in Theorem 1. Thus,

||f2(KH’6J)||% r d—2k k
Qll)rglo gk = nggo 4 ka2 0 " Va(K)o
x / (M, L1Q(dL) QM) = 0. (20)
c Jor
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We continue with the first term in Eq. 19 and observe that Eq. 1 and Lemma 1 imply
that

1(1<,(5,z) (M +y)

= / h(M +y, F)©O,dF)
Af
= t/ h(M+y, L+ x) €. (dx) Q(dL)
G{J L+

—t / / Vi((K — y — (x/2) 0 M) 1{x]| < ) €w (do) [M, LIQ(L),
ct Jwe

where, as before, W = L + M. We now observe that the scaling relation

1(1<Q,(5,t)(M +y) =0 F (M + (v/0)) )

holds. Indeed, from a simple change of variables and from the fact that dimW+ =
d — 2k it follows that

[ ViR, =y = /2 0 M) Ll < 01 @
— o /W V(K = (/o) — (5/20)) 1 M) 1] = ) £y (@)
= ik /W V(K = (/@) ~ (5/2) 0 M) 1l < 6/} Eyr (),

which shows Eq. 21. As a consequence, we have

LA = 0 [ AR 0 /) s @) Q)
k

="M /G ) /M TN M y) g (dy) QM) (22)

Moreover, the dominated convergence theorem implies that

lim Qd72k fl(K,f;/Q»[) (M + y)

0—> 0

_ L d-2k .
= t/G lim o /WL Vi((K =y — (x/2)) N M)

d 0—>00
k

x Uixll < 6/e} tw: (dx) [M, L1Q(dL)

= ka0 H V(K= ) 0 ) [ 1,110
of

= ka0 H V(KO M+ ) [ 1M, LIQL),
of

where we used that Vi ((K — y — (x/2) N M)) behaves like Vi ((K — y) N M) when-
ever ||x| is small. Combining this with Eq. 22, writing p3¢@ " as p2(@=20pd+k and
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applying the dominated convergence Theorem once again, yields
(Kq.8.,0)

. IA IR 50 owxn
Qlingo pd+k = 0 xg o VLK)

with Z(K) as in the statement of the theorem. This together with the asymptotic
behaviour (Eq. 20) of the second term in the variance expansion (Eq. 19) of the
proximity functional proves the claim. O

5 Proof of Theorem 3
5.1 A General Bound
For two random variables Y and Z define the Kolmogorov distance dx (Y, Z) by

dg(Y, Z) =sup |[P(Y <x) - P(Z < x)|.
xeR

This is to say, dg(Y, Z) is the supremum norm of the difference between the
distribution functions of Y and Z. We consider a second-order Poisson U-statistic

U=, 3 E P,

(E,F)E?]E#
where we assume that g is bounded, symmetric and satisfies
O ({(E, F) e Af x A : g(E, F) # 0}) < oo, t>0.

We denote the kernels of the chaos decomposition of U given in Eq. 8 by f; and f,
and define M, by

My, =/ fi(E)* ©,dE).
o
We also define M, by

v = [ oy THED S BB F (B9 2 (Bx. B2 0] (A (Er B Ex)

4 /( oy T ED T BB i (B2 Fo (v, B2 O] A (B Ex)
and finally My, by

Mo =8 [ (B E fo(En B f (B ED
(24
x f (Es, Er) O] (d(E, Ex, Es, Ey))

496 [ BB ED f(En B (B E
(24)

x fo(Ey, E3) @) (d(Ey, Ea, E3))

+8 [ f(ELCE) € W(ELE).
)

We can now rephrase a special situation of Theorem 4.2 in Schulte (2012).
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Proposition 1 Let N be a standard Gaussian random variable. Then

dK(U—IEU N) < 1088 «/M11+\/M12+\/M22'

NAYZ I/ \24 @)

5.2 Proof of Theorem 3

Let us introduce the abbreviation

1
mp = m(Ky 0) = > 1m(E, F) € K,, dist(E, F) < 3).

(E.Fyen?,

Since t, K and ¢ are fixed in the following, we suppress this dependency in our
notation. We further let fl(g) and fz(g) be the kernels of the Wiener-Itd chaos
decomposition of 7, given by Eqs. 17 and 18, respectively. In the following, we prove
Theorem 3 by bounding the right hand side of Eq. 23 for the Poisson U-statistic
U=nr,.

Step 1: An inequality for . We show that

\(E) = 0,({F € Al - f°(E, F) #0}) < Co* (24)

for all E € A{, where C = tryxy_267~%* (diam(K)/2)*. To see the equality we notice
that

) = / 1m(E, F) € K,, dist(E, F) < 6} ©,(dF)
#

=0,({F € A{ : m(E, F) € K,, dis((E, F) < 3})
= 0,({F e AL : f2(E, F) #0)).

The estimate in Eq. 24 is a consequence of Eq. 17, Lemma 1 and the inequality
Vi(K) < xx(diam(K) /2)* from Bonnesen and Fenchel (1934, page 76) for a convex
body K C R¥. Indeed, writing E = M + x and W = M + L, it holds that

1(E) = (M +x)

— / (M, L] / iyl < ) Vi((K, — x — (3/2)) 0 M) €y (dy) QL)
G{ w+

IA

‘ / (M, L] / 1yl < 8) e (diam(K,)/2)" - (dy) QL)
& we

IA

trpg—2x0 2 (diam(K)/2)* o*,

where we have used additionally the fact that [M, L] < 1.

Step 2: Completing the proof. Let B{ be the d-dimensional centred ball with radius
o0 and denote by + the usual Minkowski sum.

All integrands occurring in M,;, M, and My, have the structure that after
choosing the first k-flat E hitting K, + B, the second flat must be in the set

{F e AZ : Z(Q)(E, F) # 0} or the integrand is zero otherwise. For the remaining flats
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there are similar conditions so that, by Step 1, the measure of the support of each
integrand is at most

(1K, + B31) (Co*)™™" < ©,(K + Bf]) €' g+ m=2k

for p > 1. Here, m € {1, 2,3, 4} is the number of k-flats the integration runs over
and for a set A C R? [A] stands for the collection of k-flats that have non-empty
intersection with A. Combining this with the fact that fl(g) < Cp*, recall Eq. 24, and
fz(g) < é, we obtain

M, < C*O,([K + B4) 0",
My, <2C*0,(IK + BY1) 0 + C* O,(IK + BS]) o™,
My <3C0,([K + BY]) 0" +6C* O,(IK + B}]) o*™*

C
+, (K + B{1) o“.
On the other hand, Theorem 2 tells us that Vz, is asymptotically of order g9**,
so that /M 1/Vr,, /M12/Vr, and /M»n/Vzr, are of order o~ @/2 or less and
Proposition 1 implies Theorem 3. O

6 Proofs of Theorems 4, 5 and Eq. 4
6.1 An Auxiliary Limit Theorem

We consider the following general setting. Let (g,),>1 be a family of symmetric
functions g, : (Af)> — R satisfying ©7 (g, ' ([—u,u])) < oo for all u >0 (this will
always be the case in our applications below). Next, we define a point process

& ={8,(E, F): (E, F) € n; ., m(E, F) € K, }

on R, where we count the point g,(E, F) = g,(F, E) only once and where the family

(K,)o>11s a family of convex bodies as in Section 2 (that &, is indeed a point processes

follows from our assumption on g, ). By Dfng) we denote the m-th smallest point of &,

greater than zero and Dﬁng) stands for the m-th largest point of &, less than zero (with
respect to the natural ordering). To neatly formulate a result about the asymptotic

distributions of &,, Dfs) and Dfﬁ), we use the following notation. Fory > Oanda, b €

R with a < b let us define
1
a(a,b) = E > 1{m(E.F)eK,.0a<g,(E.F)<o7b},
(E,F)en?,

which is the expected number of pairs of flats with midpoint in K, such that p™"a <
8,(E, F) < 077b. We further define

ro(1) = sup Oy ({F € Ai cm(E, F)e K,, —077u<g,(E, F)<g’ u})
EcAf

for any u > 0. We are now in the position to formulate a two-sided version of
Theorem 1.1 in Schulte and Thile (2012).
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Proposition 2 Let y > 0 and let v be a o-finite non-atomic Borel measure on R
such that
lim a,(a,b) =v((a,b]) and lim r,(u) =0 (25)
0—00 0—>00

forany —oo <a <b < ooandu > 0. Then there is a constant C,, for every u > 0 such
that

P(o’ D,(f) > u) eV (©O.ul) Z v((O ul) < [v((0, ul) — a, (0, u)| + Cuy/r, (1)

and

m—1 i
P(o’ DY < —u) — e (CuD " v((—?, oD
A

i=0

< [v((~u, 01) — ay(—u, 0)| + Cun/ro(w)

for all m € {1,2,3,...} and p € [1,0). Furthermore, the rescaled point processes
(QV ég)gzl converge in distribution to a Poisson point process on R with intensity
measure v.

Remark 9 In Schulte and Thile (2012), it is assumed that functions (g,),>; are
non-negative and that the measure v satisfies v(du) = g ru*~' 1{u > 0} du for some
constants £, = > 0. However, these assumptions—tailored to the applications in that
paper—can be relaxed so that Proposition 2 can be shown by repeating literally the
proof of Theorem 1.1 in Schulte and Thile (2012).

The assumptions on v in the statement of Proposition 2 ensure that a Poisson point
process on R with intensity measure v exists; cf. Chapter 12 in Kallenberg (2002).

In contrast to a,(a, b), it is not necessary to consider r, for arbitrary intervals
(a,b] because (a,b] C [—u, u] for an appropriate choice of u and ngglo r,(u) = 0 for

all u > 0 already implies the same behaviour for all (a,b] with —co <a < b < co.

6.2 Proof of Theorem 4

We apply Proposition 2 to the functions (g,),=1 given by
8, (E, F) = dist(E, F).

It remains to determine y and the measure v as well as to check the condition of
Eq. 25. As a consequence of Theorem 1, we find that

ap(a,b) = Em(K,, (77 b)+) — Emi(K,, (077 a)+)
2

t ) _ _ _
5 a2k Va(K) (77 D) — (077 a))

<[ [ o 110@n @

for any reals a < b (here x; = max{x, 0} for x € R). Thus, choosing y = d/(d — 2k)
and putting v as in the statement of the Theorem, we obtain

ay(a,b) = v((—oo, b]) - v((—oo, a]) = v((a, b])
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for all —oco < a < b < co. Moreover, from Eq. 24 in Step 1 of the proof of Theorem
3 it follows that

ro(u) = sup O, ({F € A{ : m(E, F) € K,, 0 < dist(E, F) < o~ /“2u})
EeAf

< trprca_o(diam(K) /2)ku*p=@=5)

which because of k < d tends to zero, as ¢ — oo for any u > 0. So, Theorem 4 is a
direct consequence of Proposition 2. O

6.3 Proof of Theorem 5

Let us apply Proposition 2 to the family of functions (g,),> given by
8 (E,F)y=dist(E, F) — o

so that the point process th(K’[) in Theorem 5 and the point process &, in Proposition

2 are related by éQ(K*’) = ¢, + 0. As a consequence of Theorem 1, we find that in this
case

a,(a,b) = En; (KQ, (a + Qf"b)+) — Ex, (KQ, (a + Qf"u)+)

2 d—2k

t _
= ZKd,Zka(K)Qd ((a + Q_Vb)+ —(o+ Q_Va)'i Zk)

< [ [ o 110@n @

for any reals a < b (again, x, = max{x, 0} for x € R). Since 0 + p~7a — o and o +
077b — o as p — oo for all reals a < b, the measure v is this time supported on the
whole real axis. Together with y = d in the equation for a,(a, b) above, we obtain
that

lim a,(a,b) = (b —a) forallreals a <b,
0—>00

where f is given by Eq. 5. Moreover, there is a finite constant C((lg > O0foranya < b

also depending on K, ¢ and ¢ such that |a,(a,b) — (b — a)| < Cé%g’d for p > 1.
Using Lemma 1 and [M, L] < 1 in a similar way as in the proof of Eq. 24, we have
for any u > 0,

r,(u) = sup O, ({F € Ai :m(E, F) e K,, —o U <dist(E, F) — o < Qidu})
EcAf

—t sup /@ z /(MW Vi((K, — (x/2) — y) 1 M)

MeG{,yeM*
x1{o — o u < |Ix|l <o + 0 u} €ppry- (dx)[M, L1Q(dL)
< tr(diam(K) /2 0" s (0 +0~"u) ™ = (0 — 07 u)")

<GP
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for all p > 1 with a finite constant C» > 0 depending on K, ¢, ¢ and u. Thus, the
conditions in Eq. 25 are satisfied with y = d there and with v equal to f times the
Lebesgue measure on R, where £ is given by Eq. 5. Whence Theorem 5 is again a
consequence of Proposition 2. O

6.4 Proof of Eq. 4

Since each convex body includes a ball with positive radius, it is sufficient to assume
that K = BY, where B¢ C R? is a ball with fixed radius r > 0 around the origin. For
n=1,2,3,... we define Poisson U-statistics

S, = ; (E’%ﬂi# 1m(E, F) € B, a, < dist(E, F) <b,)
with a, = 2(B3n — 1)r and b, = 6nr. From Theorem 1, it follows that

ES, = Ex, (B?,b,) — Ex, (BY, a,) = ¢ (b4 — a?)
with ¢; = Ent(Bf, 1). S, has a Wiener-It6 chaos decomposition

Sy =ES, + L(f") + L(£")

with kernels

" (E) =/ 1{m(E, F) € BY, a, < dist(E, F) < b,} ©,(dF)
Af

and
1
FE, F) = 5 1{m(E, F) € BY, a, < dist(E, F) < b,}.

As a consequence of Lemma 1, we have
f(E) < o2 (b3 —ad™) for E € AY,

where ¢, = tigkg_on 16 ng[M , L1Q(dL) and where M € G¥ is E shifted to the origin.
Hence, we obtain

VS, = A2 + 21 A713 < 2¢; (b8 — a? ) ES, + ES,..

In order to belong to a pair (E, F) with a, < dist(E, F) <b, and m(E, F) € Bf,
a flat E € A¢ must satisfy % —r <dist(E, 0) < bz" +r. Since % —r = (3n —2)r and
bz” +r = (3n+ 1)r, the random variables (S,),cy are determined by disjoint sets of
k-flats and are independent by the Poisson assumption on 7;. As a consequence,
the normalized random variables S, = S,/ES, with ES,, =1 for any n>1 are
independent, too. Together with the fact that b4~ — a2k > (b, — a,)* %, we
obtain
(65} 1 2C2 1

~ 2
VS, =ES) VS, < "+ <4 < 0.

_ A d—2k
A g (bﬁ % _ gl Zk) @)
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Now, a version of the strong law of large numbers for independent, but not identically
distributed random variables yields that

N—oo

N
1 ~
lim N ; Sp=1 with probability one;

see Kallenberg (2002, Corollary 4.22). Since each S, is almost surely bounded, this
means that there is almost surely a sequence (ny)iey with S,, > 0 for all k. This
implies Eq. 4. O

Acknowledgements We would like to thank Matthias Reitzner and two anonymous referees for
valuable comments on a first version of the text.

This paper was written while the first author was visiting Case Western Reserve University. He
was supported by the German Academic Exchange Service (DAAD).

References

Baumstark V, Last G (2009) Gamma distributions for stationary Poisson flat processes. Adv Appl
Probab 41:911-939

Bonnesen T, Fenchel W (1934) Theorie der konvexen Korper. Springer, Berlin

Hug D, Last G, Weil W (2003) Distance measurements on processes of flats. Adv Appl Probab
35:70-95

Hug D, Schneider R, Schuster R (2008) Integral geometry of tensor valuations. Adv Appl Math
41:482-509

Kallenberg O (2002) Foundations of modern probability. Springer, New York

Lachi¢ze-Rey R, Peccati G (2012) Fine Gaussian fluctuations on the Poisson space I: contractions,
cumulants and geometric random graphs. Electron J Probab, to appear

Lachi¢ze-Rey R, Peccati G (2012) Fine Gaussian fluctuations on the Poisson space II: rescaled
kernels, marked processes and geometric U-statistics. arXiv:1205.0632

Last G, Penrose MD (2011) Poisson process Fock space representation, chaos expansion and covari-
ance inequalities. Probab Theory Relat Fields 150:663—690

Last G, Penrose MD, Schulte M, Thile C (2012) Moments and central limit theorems for some
multivariate Poisson functionals. arXiv:1205.3033

Materon G (1975) Random sets and integral geometry. Wiley, New York

Mecke J (1991) On the intersection density of flat processes. Math Nachr 151:69-74

Mecke J, Thomas C (1986) On an extreme value problem for flat processes. Commun StatStoch
Models 2:273-280

Peccati G (2011) The Chen-Stein method for Poisson functionals. arXiv:1112.5051

Peccati G, Taqqu MS (2008) Central limit theorems for double Poisson integrals. Bernoulli 14:791—
821

Peccati G, Solé JL, Taqqu MS, Utzet F (2010) Stein’s method and normal approximation of Poisson
functionals. Ann Probab 38:443-478

Reitzner M, Schulte M (2012) Central limit theorems for U-statistics of Poisson point processes. Ann
Probab, to appear

Schneider R (1999) A duality for Poisson flats. Adv Appl Probab 31:63-68

Schneider R, Weil W (2008) Stochastic and integral geometry. Springer, Berlin

Schulte M (2012) Normal approximation of Poisson functionals in Kolmogorov distance.
arXiv:1206.3967

Schulte M, Thile C (2012) The scaling limit of Poisson-driven order statistics with applications in
geometric probability. Stoch Process Their Appl 122:4096-4120

Spodarev E (2001) On the rose of intersections of stationary flat processes. Adv Appl Probab 33:584—
599

Spodarev E (2003) Isoperimetric problems and roses of neighborhood for stationary flat processes.
Math Nachr 251:88-100

Weil W (1987) Point processes of cylinders, particles and flats. Acta Appl Math 9:103-136

@ Springer


http://arxiv.org/abs/1205.0632
http://arxiv.org/abs/1205.3033
http://arxiv.org/abs/1112.5051
http://arxiv.org/abs/1206.3967

	Distances Between Poisson k-Flats
	Abstract
	Introduction
	Statement of the Main Results
	Framework
	The Classical Proximity
	Small Distances
	Distances Around a Positive Value

	Background Material on Chaos Decompositions
	Proof of Theorems 1 and 2
	A Preparatory Lemma
	Proof of Theorem 1
	Proof of Theorem 2

	Proof of Theorem 3
	A General Bound
	Proof of Theorem 3

	Proofs of Theorems 4, 5 and Eq. 4
	An Auxiliary Limit Theorem
	Proof of Theorem 4
	Proof of Theorem 5
	Proof of Eq. 4

	References



