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Abstract This paper extends some adaptive schemes that have been developed for
the Random Walk Metropolis algorithm to more general versions of the Metropolis-
Hastings (MH) algorithm, particularly to the Metropolis Adjusted Langevin
algorithm of Roberts and Tweedie (1996). Our simulations show that the adaptation
drastically improves the performance of such MH algorithms. We study the con-
vergence of the algorithm. Our proves are based on a new approach to the analysis of
stochastic approximation algorithms based on mixingales theory.
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1 Introduction

Markov Chain Monte Carlo (MCMC) is a well-established probabilistic tool to
sample from probability measures. A MCMC algorithm is designed by specifying a
transition kernel with a predefined invariant probability measure (the target
distribution). Such transition kernel typically depends on various parameters to be
provided by the user. Finding the optimal values of the parameters for a given target
distribution is a difficult analytical problem. As a consequence, many fine-tunings of
the parameters are often necessary in practice to obtain a satisfactory implemen-
tation of a MCMC algorithm. Adaptive MCMC proposes an elegant solution to the
parameter-tuning problem where the parameters (or some of the parameters) are
automatically handled by the algorithm. For a general introduction to MCMC
methods, see e.g., Tierney (1994). General ideas and convergence analysis of adaptive
MCMC algorithms can be found in Gilks et al. (1998), Haario et al. (2001), Andrieu
and Moulines (2005), Atchade and Rosenthal (2005).
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Most of the existing adaptive MCMC strategies have been developed for the
Independence Sampler and the Random Walk Metropolis (RWM) algorithm. In this
paper, we extend some of these adaptive schemes to a more general class of Metropolis-
Hastings (MH) algorithms. We consider the Metropolis Adjusted Langevin (MALA)
algorithm (Roberts and Tweedie, 1996); or more generally, MH algorithms with a drift.
Langevin-based MH algorithms are known to mix faster than the RWM algorithm (see
e.g., Roberts and Rosenthal (2001), Breyer et al. (2002). But adaptive schemes that
could facilitate their implementation by handling automatically the scaling of the
algorithm are lacking. The present paper tries to fill that gap.

Our adaptive scheme is a stochastic approximation algorithm that recursively and
simultaneously tunes the covariance matrix L and the scale parameter � of the pro-
posal kernel. The covariance matrix is tuned towards S�, the covariance matrix of the
target distribution in a way similar to Haario et al. (2001), Andrieu and Moulines
(2005). The scale parameter is tuned as in Atchade and Rosenthal (2005) so as to
achieve a prescribed acceptance rate in stationarity (approximately 0:574 for Langevin-
based algorithms). Our algorithm is easy to implement and performs extremely well.
Our simulations results show that the adaptive algorithm and the optimal MH al-
gorithm (the MH algorithm where L ¼ S� and � is chosen so as to reach the accep-
tance rate of 0:574, say) have about the same efficiency and they both considerably
outperform algorithms where the parameters are not adapted. We develop a bound
on the convergence rate to stationarity and a strong law of large numbers for the
adaptive algorithm. Under some additional conditions, we show that the adaptation
parameters also converge to the appropriate limits. In order to study the adaptive
algorithm, we derive some new results on the rate of convergence of some classes of
(nonadaptive) Metropolis-Hastings algorithms. Using essentially the same argument
as Jarner and Hansen (2000), we show in this paper that Metropolis-Hastings
algorithms with bounded drift are geometrically ergodic when the target distribution
is super-exponential with regular contours (Assumption (A1)).

Another contribution of this paper is about the convergence of stochastic ap-
proximation algorithms with Markovian dynamics. The classical approach to these
limit results as initiated by Metivier and Priouret (1984) is based on the Poisson equa-
tion, see also Benveniste et al. (1990). Here, we show that the noise process of such
stochastic approximation algorithm, properly centered, is a mixingale difference (see
e.g., Hall and Heyde (1980) for an introduction to mixingales). This result permits a
simpler analysis of adaptive chains and stochastic approximation processes. We use it
to study the asymptotics of the adaptive MCMC algorithm discussed earlier. The idea
has already been used in Atchade and Rosenthal (2005), although in a specific case.

The rest of the paper is organized as follows. The adaptive MH algorithm is
proposed and discussed in Section 2. The convergence results on the algorithm are
stated in Section 2 but the proofs are postponed to Section 5. We give some simulation
examples in Section 3 to illustrate the algorithm. In Section 4, we develop a general
convergence result on adaptive Markov chains and stochastic approximation al-
gorithms. Some technical results are detailed in Section 6.

2 Adaptive Metropolis-Hastings Algorithms with Bounded Drift

Let X be an open subset of Rd, the d-dimensional Euclidean space (equipped with
its Borel subsets Bd) and � a positive and continuously differentiable density (with
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respect to Lebesgue measure on X) on X . Let D : X ! X be a bounded function. D
is the drift function of the algorithm. To avoid a possible degeneracy in the rate of
convergence of the algorithm, we restrict our analysis to algorithms with a bounded
drift. But in practice, it is straightforward to truncate a drift function to obtain a
bounded drift. All our theoretical results hold for any bounded drift function D but
for the applications, we have a particular drift in mind, namely DðxÞ ¼ DMALAðxÞ
where:

DMALAðxÞ ¼
�

maxð�; r log �ðxÞj jÞ r log �ðxÞ; ð2:1Þ

where r is the gradient operator, and � > 0 is a fixed constant. This corresponds to
the Truncated Metropolis Adjusted Langevin Algorithm (T-MALA) as proposed by
Roberts and Tweedie (1996). Other choices are possible, for example a truncated
version of the Bself-targeting drift’’ proposed by Stramer and Tweedie (1999) could
also be used. The RWM algorithm is also a special case with D � 0. MH algorithms
with drift like (2.1) mix faster than plain RWM algorithm (D � 0) because typically,
the drift moves the algorithm faster towards the Bcenter’’ of the target distribution.

For a positive definite matrix L and a scale parameter � > 0, let q�;Lðx; yÞ be
the density (with respect to Lebesgue measure on X) of N xþ �2

2 LDðxÞ; �2L
� �

the
Gaussian distribution with mean xþ �2

2 LDðxÞ and covariance matrix �2L. The
Metropolis-Hastings algorithm with drift function D, and proposal density
Q�;Lðx; dyÞ ¼ q�;Lðx; yÞdy generates a Markov chain ðXnÞ with invariant distribution
� as follows. Given Xn, a new proposal Ynþ1 � N Xn þ �2

2 LDðXnÞ; �2L
� �

is made.
We then either Baccept’’ the proposed value and set Xnþ1 ¼ Ynþ1 with probabil-
ity ��;LðXn;Ynþ1Þ, or we Breject’’ it and set Xnþ1 ¼ Xn with probability 1�
��;LðXn;Ynþ1Þ, where ��;Lðx; yÞ ¼ min 1;

�ðyÞq�;Lðy;xÞ
�ðxÞq�;Lðx;yÞ

� �
: Let P�;L be the transition kernel

of the Markov chain generated by such algorithm. We have:

P�;Lðx;AÞ ¼
Z

A

��;Lðx; yÞq�;Lðx; yÞdyþ r�;LðxÞ1AðxÞ; x 2 X ;A 2 Bd: ð2:2Þ

where

r�;LðxÞ ¼
Z

1� ��;Lðx; yÞ
� �

q�;Lðx; yÞdy; ð2:3Þ

and 1A is the indicator function of the set A.
In a practical implementation of this algorithm, we need to specify � and L. It is

well-documented in the MCMC literature that bad choice of these parameters can
greatly impact the efficiency of the algorithm. How to choose the best parameter
values is what we called the parameter tuning problem. It is a difficult problem unless
� is well known which is rarely the case in practice. Adaptive MCMC solves this
problem by running a second process ð�n;LnÞ that (hopefully) will converge to the
best values of ð�;LÞ.

2.1 An Adaptive Version of the MH with Bounded Drift

Let constants "1; "2;A1 be given such that 0 < "1 < A1 <1 and "2 > 0. Write Q� ¼
½"1;A1� equipped with the Euclidean norm of R. Let Bdð0; rÞ be the ball of center 0
and radius r in Rd. Let QG be the convex set of all semipositive definite matrices G
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with Gj j � A1, where for a matrix G ¼ ðGi;jÞ, we define Gj j :¼ tr1=2ðGG0Þ ¼P
i;j Gij

�� ��2n o1=2
, the Frobenius norm of G. This norm is derived from the scalar product

A � B :¼ trðAB0Þ :¼ P
i;j AijBij

n o1=2
. Note that we use the same notation �j j to denote

the norms in Rd and QG. More generally we use �j j (resp. �h i) to denote the Euclidean
norm (resp. inner product) in any Euclidean space. Define the set Q :¼
Bdð0;A1Þ � QG � Q�. The general approach to define our adaptive MCMC is to
supplement the X -valued process ðXnÞ with a Q-valued process ð�n;Gn; �nÞ that
takes care of the parameter tuning problem. We refer to ð�n;Gn; �nÞ as the
adaptation process. Next, we introduce three projection functions p1; p2; p3 that we
use to contain the adaptation process inside Q. For � 2 R, p1ð�Þ is equal to � when
� 2 Q�. When � < "1, p1ð�Þ ¼ "1 and p1ð�Þ ¼ A1 for � > A1. Clearly for any �1,
pð�1Þ is the closest point to � in Q� and we have:

�0 � p1ð�Þj j � �0 � �j j; �0 2 Q�; � 2 R: ð2:4Þ

Similarly, for a semidefinite positive matrix S, let p2ðSÞ be the closest point to S in
the convex compact cone QG. We have p2ðSÞ ¼ S if Sj j � A1 and p2ðSÞ ¼ A1

Sj j S if
Sj j > A1. Also p2 satisfies:

G0 � p2ðGÞj j � G0 � Gj j; G0 2 QG; G ð2:5Þ

For any � 2 Rd, let p3ð�Þ be the closest point to � in Bð0;A1Þ. We have, p3ðxÞ ¼ x if
xj j � A1 and p3ðxÞ ¼ A1

xj j x if xj j > A1 and p3 satisfies:

�0 � p3ð�Þj j � �0 � �j j; �0j j � A1; � 2 Rd: ð2:6Þ

Let ð�nÞ a sequence of positive numbers and �
__

the Boptimal’’ acceptance rate. We
discuss the choice of ð�nÞ and �

__
in the next remark.

ALGORITHM 2.1 [Adaptive MH]

1. Start the algorithm at some point x0 2 X , with ð�0;G0; �0Þ 2 Bð0;A1Þ � QG � Q�.
2. Suppose that at time n � 0, we have Xn 2 X and ð�n;Gn; �nÞ 2 Bð0;A1Þ�

QG � Q�. Set Ln ¼ Gn þ "2Id.

2.1 Generate Ynþ1 � N Xn þ �2
n

2 LnDðXnÞ; �2
nLn

� �
and generate U � Uð0; 1Þ.

2.2 If U � ��n;Ln
ðXn;Ynþ1Þ, then set Xnþ1 ¼ Ynþ1. Otherwise, set Xnþ1 ¼ Xn.

2.3 Set

�nþ1 ¼ p3 �n þ �n Xnþ1 � �nð Þð Þ; ð2:7Þ

Gnþ1 ¼ p2 Gn þ �n ðXnþ1 � �nÞðXnþ1 � �nÞ0 � Gn

� �� �
; ð2:8Þ

�nþ1 ¼ p1 �n þ �n ��n;Ln
ðXn;Ynþ1Þ � �

__ÞÞ:�
__ÞÞ:

��
ð2:9Þ

REMARK 2.1

1. At each step of the algorithm, a valid MH algorithm is used with parameters
ð�n; �n;GnÞ. But the parameters are recursively changed from one iteration to
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another. Therefore ðXnÞ is no longer a Markov chain and there is, a priori, no
guarantee that the distribution of Xn will converge to �. This is an example of
so-called adaptive MCMC algorithms. In this paper, we show that our algorithm
is indeed ergodic with stationary distribution � and also satisfies a law of large
numbers (see Theorem 2.1 below). We refer the reader to Atchade and
Rosenthal (2005), Andrieu and Moulines (2005), Rosenthal and Roberts (2005)
for more general results on adaptive MCMC.

2. When no re-projection on the ball Bð0;A1Þ 	 Rd is inforced by time n, �n is
nothing but the empirical mean of the sample ðX0; . . . ;XnÞ generated by the
algorithm and we expect �n !

R
x�ðdxÞ ¼ �� as n!1. Similarly, Gn is

approximately the empirical covariance of the sample ðX0; . . . ;XnÞ and we
expect to have Gn !

R
xx0�ðdxÞ � ��

� � R
xx0�ðdxÞ � ��

� �0¼ S�.
3. A similar intuition applies in the recursion on �n. The quantity ��n;Ln

ðXn;Ynþ1Þ
is an estimate of the acceptance rate in the algorithm. Some recent theoretical
results (see e.g., Roberts and Rosenthal (2001)) have suggested that the best
performance is obtained from the MALA algorithm when the acceptance rate is
about 40–60% (about 20–30% for the RWM algorithm). Therefore in
Algorithm 2.1, �

__
represents this target Boptimal’’ acceptance rate. When

��n;Ln
ðXn;Ynþ1Þ > �

__
�
__

, �n is increased; and decreased otherwise. Therefore we
should expect �n ! �opt, where �opt satisfies �ð�optÞ ¼ �

__
, where �ð�Þ ¼R

�ðdxÞ
R
��;L�

ðx; yÞq�;L�
ðx; yÞdy is the acceptance rate of the algorithm in

stationarity and L� ¼ S� þ "2Id.
4. In Algorithm 2.1, a small diagonal matrix is added to the current estimate of

S�. This improves the numerical stability of the algorithm (particularly if S�
is not positive definite) and is also crucial in proving the ergodicity of the
algorithm.

5. The algorithm is not particularly sensible to the choice of �, A1, "1 and "2 as
long as � and A1 are sufficiently large and "1 and "2 are sufficiently small. It may
be safe to set "1 and "2 to some extremely small values and A1 to some
extremely large value. In the simulations below � ¼ 1000 works very well. See
the examples for some numerical values. Note that mispecifying these variables
do not disturb the ergodicity of the algorithm.

2.2 Ergodicity of the Adaptive MH Algorithm

We make the following assumptions.

ASSUMPTION A1 The density � is positive with continuous first derivative such that

lim
xj j!1

nðxÞ�r log �ðxÞ ¼ �1;

and

lim sup
xj j!1

nðxÞ�mðxÞ < 0;

where r is the gradient operator, nðxÞ ¼ x
xj j and mðxÞ ¼ r�ðxÞ

r�ðxÞj j.
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ASSUMPTION A2

(i) ��j j � A1 and S� � A1, where �� ¼
R

x�ðdxÞ and S�j j ¼
R

xx0�ðdxÞ � ���0�.
(ii) There exist � > 0, �opt 2 Q� such that �ð�optÞ ¼ �

__
and ð�� �optÞð�ð�Þ � �

__
�
__Þ <

�� �� �opt

�� ��2, where the acceptance rate in stationarity function � is defined as

�ð�Þ ¼
Z
�ðdxÞ

Z
��;L�

ðx; yÞq�;L�
ðx; yÞdy;

where L� ¼ S� þ "2Id.

ASSUMPTION A3 The sequence ð�nÞ is such that �n > 0,
P
�n ¼ 1 and �n ¼ O n��

� �
,

1=2 < � � 1.

REMARK 2.2

1. (A1) has been introduced in Jarner and Hansen (2000) to analyze the
convergence rate of the RWM algorithm. These authors have shown that under
(A1), the RWM algorithm is geometrically ergodic. We show a similar result in
Proposition 2.1 for truncated drift Metropolis-Hastings algorithms with normal-
ly distributed proposal. Many densities of the form e�pðxÞ or hðxÞ�pðxÞ are known
to satisfy (A1). See Jarner and Hansen (2000) for more details.

2. It is always possible to choose A1 such that (A2)(i) hold, at least in theory. On
the other hand, (A2)(ii) is difficult to check and actually may not hold. But we
believe that �n can still converge to a solution of �ð�Þ ¼ �__�__ even if � is not
decreasing and �ð�Þ ¼ �__�__ has many solutions. In any case, it is worth noting that
the ergodicity of the algorithm does not rely on (A2).

3. We recommend �n ¼ c0

n for some constant c0.

THEOREM 2.1 Let ðXnÞ be the stochastic process generated by algorithm 2.1 on some
probability triplet ðW;F ;PrÞ. Define VðxÞ ¼ c�1=4ðxÞ where c is chosen such that
V � 1.

(i) Assume (A1) and (A3). Then

LðXnÞ � �
�� ��

V
¼ O

logðnþ 1Þ
n�

� �
; n � 1 ð2:10Þ

where LðXnÞ is the distribution of Xn and for a signed measure �, �k kV :¼
sup fj j�V �ð f Þj j, �ð f Þ :¼

R
f ðxÞ�ðdxÞ.

Also, for any measurable function f : X�!R with fj j � V,

1

n

Xn�1

i¼0

f ðXiÞ�!�ð f Þ as n!1; Pr� a:s: ð2:11Þ

(ii) Assume (A1)–(A3). Then E Ln � L�j j2
h i

�!0 and E �n � �opt

�� ��2h i
�!0 as

n!1, where L� ¼ S� þ "2Id.

Proof: See Section 5. Í
This theorem shows that as n!1, the distribution of Xn converges in V-norm

to � and that an estimate of �ð f Þ can be obtained by taking the empirical mean
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1
n

Pn
i¼1 f ðXiÞ. In (i), it is shown that the rate of convergence of the distribution of Xn

to � is at least logðnÞ=n (assuming � ¼ 1). This bound is better than logðnÞ2=n
obtained by Atchade and Rosenthal (2005) but we suspect the true rate to be 1=n.
This rate may seem very slow compared to the geometric rate 	n typically enjoyed
by Markov chains (see Proposition 2.1). But such comparison can be misleading
unless we know 	 and the constants involved in the rates. In practice, it turns out
that adaptive MCMC algorithms perform better than nonadaptive algorithms unless
highly tuned.

2.3 Geometric Ergodicity of Metropolis-Hastings Algorithms with Bounded Drift

For the proof of Theorem 2.1 we need the rate of convergence of the (nonadaptive)
Metropolis-Hastings transition kernels used in Algorithm 2.1. To that end, we show
here that Theorem 4.3 of Jarner and Hansen (2000) on the geometric ergodicity of
RMM algorithms is actually robust to the presence of a bounded drift. More
precisely (see Proposition 2.1 below), we show that under (A1), a (nonadaptive)
MH algorithm with a truncated drift and transition kernel (2.2) is geometrically
ergodic. This result was already anticipated by Roberts and Tweedie (1996). The
proof is a technical modification of the proof of Jarner and Hansen (2000). We also
show in Proposition 2.2 below that the transition kernel of the (nonadaptive) MH
algorithm is a smooth function of its parameters.

For 0 < b1 < b2 <1, let C ¼ Cðb1; b2Þ be the set of all couples ð�;LÞ where � 2
½b1; b2� and L is a positive definite matrix such that Lj j � b2 and such that the
smallest eigenvalue of L is greater or equal to b1. For ð�;LÞ 2 C, define the norm
ð�;LÞj j :¼ �j j2 þ Lj j2

� �1=2
. C is convex and compact.

PROPOSITION 2.1 Assume (A1). For 0 < � < 1 write V�ðxÞ ¼ c��
��ðxÞ where c� is

such that V� � 1. There exist a set C 	 X , a probability measure 
 such that 
ðCÞ > 0
and constants �� 2 ð0; 1Þ, b� 2 ½0;1Þ, " 2 ð0; 1� such that:

inf
ð�;LÞ2C

Pð�;LÞðx;AÞ � "
ðAÞ1CðxÞ; x 2 X ; A 2 B; ð2:12Þ

and

sup
ð�;LÞ2C

Pð�;LÞV�ðxÞ � ��V�ðxÞ þ b�1CðxÞ : ð2:13Þ

Proof: See Section 6. Í
A well known consequence of Proposition 2.1 is that the family of transition

kernel Pð�;LÞ is (uniformly in ð�;LÞ) geometrically ergodic. That is: there exist 	 < 1,
R <1 such that:

sup
ð�;LÞ2C

Pn
�;Lðx;�Þ � �ð�Þ

���
���

V�

� R	nV�ðxÞ; n � 0; x 2 X : ð2:14Þ

See e.g., Baxendale (2005).
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We can also prove that P�;Lf is a smooth function of ð�;LÞ. For ð�1;L1Þ and
ð�2;L2Þ elements of C, define Pð�1;L1Þ � Pð�2;L2Þ

�� ���� ���� ��
V�

:¼ supx2X sup fj j�V�

P�1 ;L1
f ðxÞ�P�2 ;L2

f ðxÞj j
V�ðxÞ .

PROPOSITION 2.2 Assume (A1). For 0 < � < 1 write V�ðxÞ ¼ c��
��ðxÞ where c� is such

that V� � 1. Under (A1), there is a constant K1 ¼ K1ð�Þ <1 such that for
ð�1;L1Þ; ð�2;L2Þ 2 C:

Pð�1;L1Þ � Pð�2;L2Þ
�� ���� ���� ��

V�
� K1 �2 � �1;L2 � L1ð Þj j:

Proof: See Section 6. Í
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Graph 1 Autocorrelation functions for the different samplers for the first component of the
Gaussian distribution

Table 1 Simulation results for the Gaussian example. First row: Estimates of the mean square jump
in stationarity. Second row: estimation of the mean of the first component, standard errors in
parenthesis. Third row: statistical efficiency (relatively to RWM1) in estimating �1

RWM1 RWM2 RWMOpt MALA1 MALA2 MALAOpt

d ¼ E1=2 Xn �Xn�1j j2
h i

0.24 1.51 1.74 0.91 8.18 9.11

Estimation of �1

1:51

ð1:78Þ
0:19

ð0:17Þ
0:005

ð0:15Þ
0:08

ð1:22Þ
0:02

ð0:04Þ
�0:008

ð0:03Þ
Efficiency 1 10.4 12.2 1.5 47.3 56.3
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3 Simulation Examples

We illustrate Algorithm 2.1 with two simulation examples.

3.1 Sampling from a 20-dimensional Gaussian Distribution

We take � to be the 20-dimensional normal distribution with mean 0 and covariance
matrix S�. The entries of this covariance matrix can be obtained from the sup-
plementary file www.mathstat.uottawa.ca/�yatch436/tmalaexcov.txt. We design S�
so that many of the components of the distribution are highly correlated. We
compare the performances of 6 samplers in sampling from �. There are three

Table 2 Failures and times of observation for 10 nuclear pump. See Robert and Casella (2004) for
more details

Pump 1 2 3 4 5 6 7 8 9 10

Failures ( pi) 5 1 5 14 3 19 1 1 4 22

Time (ti) 94.32 15.72 62.88 125.76 5.24 31.44 1.05 1.05 2.10 10.48
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Graph 2 Autocorrelation functions of the samplers for the tenth component of the posterior
distribution of the nuclear pump example
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Random Walk based samplers and three Langevin based samplers. The algorithm
RWM1 corresponds to Algorithm 2.1 where DðxÞ � 0 and Ln � I20, the identity
matrix. So, RWM1 is an adaptive Random Walk Metropolis amgorithm where we
do not adapt the covariance matrix. The algorithm RWM2 corresponds to the full
adaptive algorithm where DðxÞ � 0. The algorithm RWMOpt is the nonadaptive
RWM algorithm where L ¼ S� and � ¼ 0:59 the optimal value (one that gives an
acceptance rate of 0:2; estimated from the adaptive algorithm RWM2). The
Langevin based algorithms MALA1, MALA2 and MALAOpt are defined similarly
except that the drift function is DðxÞ ¼ �

maxð�; r log�ðxÞj jÞ r log�ðxÞ. For MALAOpt, we
use � ¼ 1:06 (obtained from MALA2).

All the simulations are run for n ¼ 50; 000 iterations started from X0 ¼ ð5; 5; 5Þ.
For the Random Walk based algorithms, we set the target acceptance rate to �

__¼ 0:2
and use �

__
�
__ ¼ 0:5 for Langevin based algorithms. The drift is bounded by � ¼ 1; 000,

an arbitrary large value. To bound the adaptation process, we use "1 ¼ 10�7,
"2 ¼ 10�6 and A1 ¼ 107. For the step-size sequence, we choose �n ¼ 10=n. Because
draws from the samplers at early stage of the simulation are unreliable, when we
adapt the covariance matrix, we start estimating it after 1; 000 iterations and we start
using the estimates to make subsequent moves in the sampler after 5; 000 iterations.

To compare the samplers, we compare the autocorrelation functions of the first
component of the random process generated. The other components show similar
results. These autocorrelations are shown in Graph 1. We also compare the estimates
of the mean square jump of the algorithm in stationarity defined as d ¼
E1=2 Xn �Xn�1j j2

h i
. This indicates how fast the process is moving around the states

space. Finally, we compare the statistical efficiency of the samplers by comparing
how well they estimate �1 ¼

R
x1�ðdx1; . . . ; dx20Þ ¼ 0 the mean of the first component

of the distribution. The standard errors of the estimates are obtained with 50
independent replications of each sampler. We give the efficiency of each sampler
relatively to RWM1 defined as the standard error of RWM1 over the standard error
of that sampler. Table 1 presents these estimates.

These simulations indicate that the fully adaptive algorithm performs almost like
the optimal Markov chain and both considerably outperform the adaptive algorithm
where the covariance matrix is not updated.

In practice, manual parameter tuning of MCMC algorithms is still largely used. It is
now clear that manual parameter tuning of Metropolis-Hastings algorithms is
inefficient and resource waisteful. For example, to muanually tune the sampler
discussed in this example, one would have to run a number of preliminary simulations
to obtain an estimate

^S� of S�. Given
^S�, another run of simulations will be needed

to obtain �̂ an estimate of � that gives the appropriate target acceptance rate. Only
then the actual MCMC simulation starts with �̂ and

^S�; with no guarantee that these
quantites have been correctly estimated. In the best case scenario, the manually tuned
sampler will have similar performance as the best sampler and the adaptive sampler.
So manual tuning is resource waistful.

But overall, to build confidence in adaptive MCMC, we need to know more about
the random processes generated by these algorithms. Some recent progress has been

RWM1 RWM2 MALA1 MALA2

0.03 0.14 0.07 0.41

Table 3 Estimates of the mean
square jump in stationarity for
the nuclear pumps example
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made in Andrieu and Atchade (2005) where it is shown that some adaptive MCMC
asymptotically behave like Markov chains and satisfy a central limit theorem.

3.2 Nuclear Pump Failures

This example is taken from Robert and Casella (2004) and model the failure of
pumps at a nuclear plant. Ten pumps are observed over some period of time (ti) and
the number of failures ( pi) is recorded and is given in Table 2.

The failures of the i-th pump is assumed to occur according to a Poisson process
with parameter �i. We assume independent prior distributions for the �i:
�i iid� Gð�; �Þ, the Gamma distribution with parameter �, �; and � � Gð�; �Þ, where
� ¼ 1:8, � ¼ 0:01 and � ¼ 1. The posterior distribution for ð�1; . . . ; �10; �Þ is:

�ð�1; . . . ; �10; �Þ / �17:01 expð��Þ
Y10

i¼1

�piþ0:8
i expð��iðti þ �ÞÞ:

We apply the samplers RWM1, RWM2, MALA1 and MALA2 described above to
sample from this posterior distribution and compare their performances. Graph 2
shows the autocorrelation functions of the tenth component of the random process
generatd and Table 3 presents the mean square jumps in stationarity. As above we
find a huge improvement in the algorithm when the covariance matrix of the
proposal kernel is properly scaled as in MALA2 and RWM2.

4 A Convergence Result for Stochastic Approximation Algorithms

We introduce in this section a new approach to analyze stochastic approximation
algorithms with Markovian dynamics. Stochastic approximation is a well-known
numerical method used to solve equations of the form hð�Þ ¼ 0 when h cannot be
(easily) computed and only noisy estimates are available. These recursive algorithms
typically takes the general form:

�nþ1 ¼ �n þ �nhð�nÞ þ �n"nþ1; ð4:1Þ

where ð"nÞ is Bthe noise’’ process. An extensive literature exists on these
algorithms (see e.g., Benveniste et al. (1990), Kushner and yin (2003) and the
references therein) particularly when the noise process ð"nÞ is a martingale dif-
ference. The relevance to our adaptive MCMC is that we will show (see the proof of
Theorem 2.1 in Section 5) that the adaptation process ð�n; �n;GnÞ in Algorithm 2.1
follows a stochastic approximation of the form (4.1), where the noise process is fed by
the adaptive chain ðXnÞ. In that case, we show below that ð"nÞ is actually a mixingale
difference. Using mixingale theory (see e.g., Hall and Heyde (1980) for an
introduction to mixingales), we can avoid the Poisson equation approach (Metivier
and Priouret, 1984) and give an analysis similar to the case where ð"nÞ is a
martingale difference. This is the object of this section. The results are summarized
in Theorem 4.1.

Let ðP�Þ�2Q be a family of transition kernels on some probability space ðX ;B; �Þ,
where Q is some compact subset of Rp, the p-dimensional Euclidean space. We
assume that for A 2 B fixed, P�ðx;AÞ is a measurable function of ð�; xÞ. We consider
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the X -valued adaptive chain defined on some probability triplet ðW;F ;PrÞ as follows:
X0 ¼ x0 2 X , and conditional to F n :¼ �ðX0; . . . ;XnÞ, Xnþ1 � P�n

ðXn;�Þ, where �n is
some F n-measurable Q-valued random variable. Let E denotes the expectation with
respect to Pr. We are interested in the asymptotics of the random process ð�n;XnÞ.

We make the following assumptions:

ASSUMPTION B1 For any � 2 Q, P� has invariant distribution �.

ASSUMPTION B2 There exists a measurable function V : X�!½1;1Þ such that for any
� 2 ð0; 1�, we can find R� <1, 	� < 1, b� <1 such that:

sup
�2Q

Pn
� ðx;�Þ � �ð�Þ�� ��

V� � R�	
n
�V�ðxÞ; x 2 X ; ð4:2Þ

and

E V�ðXnþkÞjF nð Þ � b�V�ðXnÞ; n � 0; k � 0: ð4:3Þ

For transition kernels P1 and P2 on ðX ;BÞ and W : X ! ð0;1Þ, define
P1 � P2j jj jj jW :¼ sup fj j�W supx2X

P1f ðxÞ�P2f ðxÞj j
WðxÞ . We assume that:

ASSUMPTION B3 For all � 2 ð0; 1�, there exists a constant K1 ¼ K1ð�Þ <1 such that
for all �1; �2 2 Q:

P�1
� P�2

j jj jj jV� � K1 �1 � �2j j; ð4:4Þ

where V is the function introduced in Assumption (B2).

ASSUMPTION B4 There exist � 2 ½0; 1=2Þ, � > 0, and a sequence of positive real
numbers ð�nÞ, �n ¼ Oðn��Þ such that

�n � �n�1j j � �n�1V�ðXnÞ; n � 1: ð4:5Þ

Let G : X � Q�!Rq be a measurable function. Assume that there exist constants
K2;K3 <1 such that:

sup
�2Q

Gðx; �Þj j � K2V�ðxÞ; x 2 X ; ð4:6Þ

Gðx; �1Þ �Gðx; �2Þj j � K3V�ðxÞ �1 � �2j j; �1; �2 2 Q; x 2 X ; ð4:7Þ

where � is as in (B4).
Define gð�Þ :¼

R
Gðx; �Þ�ðdxÞ. The following hold true.

THEOREM 4.1 Let G be such that (4.6) and (4.7) hold and assume (B1)–(B4). For
n � 1, define Zn ¼ GðXn; �n�1Þ � gð�n�1Þð Þ. There exists a finite constant C1 such that:

(i)

E ZnþkjF nð Þj j � C1�k logðkþ 1ÞV2�ðXnÞ; a:s: n � 0; k � 1: ð4:8Þ
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(ii) Let ðbnÞ be a sequence of positive real numbers. Then the random process
bn½Zn � EðZnÞ�ð Þ is a L1þ"-mixingale with respect to ðF nÞ�1<n<1, with " ¼

minð1; 1
2� � 1Þ and F n ¼ f;;Xg for n � 0.

(iii) In particular if � > 1=2, then: 1
n

Pn
k¼1 Zk ! 0 a.s. as n!1. Also, if " ¼ 1 and

ðbnÞ is such that
P

b2
k <1, then

P
bnZn converges almost surely to a finite

random variable.

Proof:

(i) Define fnðxÞ ¼ Gðx; �nÞ � gð�nÞ. Then

Znþk ¼ fnðXnþkÞ þGðXnþk; �nþkÞ �GðXnþk; �nÞ þ gð�nÞ � gð�nþkÞ: ð4:9Þ

It follows from (4.7) that gð�2Þ � gð�1Þj j � K3�ðV�Þ �2 � �1j j. Thus, using (4.7)
again:

GðXnþk; �nþkÞ �GðXnþk; �nÞj j þ gð�nÞ � gð�nþkÞj j

� R3V�ðXnþkÞ �nþk � �nj j; ð4:10Þ

for some finite constant R3 and hence:

E ZnþkjF nð Þj j � R4k�nE V2�ðXnþkÞjF n

� �
þ E fnðXnþkÞjF nð Þj j;

� R5k�nV2�ðXnÞ þ E fnðXnþkÞjF nð Þj j; ð4:11Þ

by (4.3) and (4.5). A similar argument to Atchade and Rosenthal (2005)
(Lemma 3.1) can be used to show that there exist constants R6;R7 <1 and
	 < 1 such that

E fnðXnþkÞjF nð Þj j � R6	
kV�ðXnÞ þ R7k�nV2�ðXnÞ; ð4:12Þ

which leads to:

E ZnþkjF nð Þj j � R8 	k þ k�n

� �
V2�ðXnÞ: ð4:13Þ

Since (F n) is nondecreasing, for n � 0; k � 1, 0 � j � k we have

E ZnþkjF nð Þj j ¼ E E ZnþkjF nþk�j

� �
jF n

	 
�� ��
8
	 j þ j�nþk

� �
EðV2�ðXnþk�jÞjF nÞ

� R9 	
j þ j�nþk

� �
V2�ðXnÞ:

Therefore, E ZnþkjF nð Þj j � min0�j�k R9 	 j þ j�nþk

� �
V2�ðXnÞ and taking j ¼

�
� logð	Þ logðkþ 1Þ we obtain E ZnþkjF nð Þj j � C1�k logðkþ 1ÞV2�ðXnÞ and (i) is
proved.

(ii) Define Yn ¼ Zn � EðZnÞ and F n ¼ f;;Wg if n < 0. For n; k � 0, if n� k < 0,
we have EðbnYnjF n�kÞ ¼ 0. It follows from (i) that if n� k � 0, we have
EðbnYnj jF n�kÞj � bn EðZnjF n�kÞj j þ bn EðZnÞj j � C2�k logðkþ 1ÞbnV2�ðXn�kÞ:

Therefore for p ¼ 1þ ", since supn E V2�pðXnÞ
	 


<1, we have: E EðbnYnj½f
F n�kÞ�pg1=p � cn
k, where cn ¼ OðbnÞ and 
n ¼ Oð�n logð1þ nÞÞ. This implies
that ðbnYn;F nÞ is a Lp mixingale with mixingales sequences ðcnÞ and ð nÞ.
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(iii) Take bn � 1. By Corollary 2.2 of Davidson and de Jong (1997) we conclude
that 1

n

Pn
i¼1 Yi ! 0 a.s. But since from (i) we have: EðZnÞj j � C1�n logð1þ

nÞV2�ðx0Þ ! 0 as n!1, we have 1
n

Pn
i¼1 Zi ! 0 a.s.

The remaining part of the assertion is Theorem 2.7 of Hall and Heyde
(1980). Í

5 Proof of Theorem 2.1

The proof is in a large part a direct application of Theorem 4.1. Let �n be the
triplet ð�n;Gn; �nÞ defined in Algorithm 2.1. Also define Q ¼ Bð0;A1Þ � QG � Q�.
For � ¼ ð�;G; �Þ 2 Q, define �j j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�j j2 þ �j j2 þ Gj j2

q
. Because of the reprojection

used, the adaptive chain ðXn; �nÞ generated by Algorithm 2.1 lives in X � Q.
Clearly for this adaptive chain, (B1) hold. Let � 2 ð1=2; 1Þ and define VðxÞ ¼
c��ðxÞ and c is such that V � 1. It is well known that (B2) follows from
Proposition 2.1 (see e.g., Baxendale (2005)) and (B3) is precisely Proposition 2.2.
Define � ¼ 1=4� and note that 0 < � < 1=2. From (2.4)–(2.6), the fact that �n, Gn, �n

are bounded and the fact that xj j þ xj j2 � C1V�ðxÞ, for some finite constant C1 it
follows that �nþ1 � �nj j � �nþ1 � �nj j þ Gnþ1 � Gnj j þ �nþ1 � �nj j � R2�nV�ðXnþ1Þ,
which is (B4).

5.1 Proof of Theorem 2.1 (i)

It suffices to take Gðx; �Þ ¼ f ðxÞ in Theorem 4.1 and (i) gives E f ðXnÞ � �ð f Þð Þj j �
KV2�ðx0Þ�n logð1þ nÞ which is (2.10). The strong law of large numbers in Theorem
4.1 (iii) yields 1

n

Pn�1
i¼0 ð f ðXiÞ � �ðf ÞÞ ! 0 which is (2.11).

Note that the adaptation process ð�nÞ itself need not converge.

5.2 Proof of Theorem 2.1 (ii)

The proof combines Theorem 4.1 and a technical lemma given in Lemma 6.3. The
details of the argument are similar for ð�nÞ, ðGnÞ and ð�nÞ.

Convergence of �n: For n � 0, we have:

�nþ1 � ��j j2 ¼ p3 �n þ �nðXnþ1 � �nÞð Þ � ��j j2

� �n � �� þ �nðXnþ1 � �nÞj j2

� �n � ��j j2 � 2�n �n � ��j j2 þK�2
nV2�ðXnþ1Þ þ 2�nð�n

� ��Þ�ðXnþ1 � ��Þ; ð5:1Þ

K constant.
Since (B2) hold, the sequence E V2�ðXnÞ

� �� �
is bounded. Also, Theorem 4.1 (i)

applied to Gðx; �Þ ¼ �� ��; xh i yields:

E �n � ��;Xnþ1 � ��ih½ � ¼ O �n logð1þ nÞð Þ: ð5:2Þ
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For n � 1, let U
ð1Þ
n ¼ E �n � ��j j2

h i
. The inequality (5.1) implies the existence of

a finite constant C2 such that:

U
ð1Þ
nþ1 � 1� 2�nð ÞUð1Þn þ C2�

2
n logðnþ 1Þ ð5:3Þ

� e�2�n Uð1Þn þ C2�
2
n logðnþ 1Þ: ð5:4Þ

Lemma 6.3 then gives: U
ð1Þ
n ¼ O �n logðnþ 1Þð Þ.

Convergence of Gn: The proof is similar to what is done above for ð�nÞ. For
matrices A and B, write A�B ¼ tr1=2ðABÞ the inner product of A;B. In a way
similar to what we did above, we have:

Gnþ1 � S�j j2 ¼ p2 Gn þ �n ðXnþ1 � �nÞðXnþ1 � �nÞ0 � Gn

� �� �
� S�

�� ��2

� Gn � S� þ �n ðXnþ1 � �nÞðXnþ1 � �nÞ0 � Gn

� ��� ��2

� Gn � S�j j2 � 2�n Gn � S�j j2 þK�2
nV2�ðXnþ1Þ þ 2�nðGn

� S�Þ� ðXnþ1 � ��ÞðXnþ1 � ��Þ0 � S�
� �

þ 2�nðGn

� S�Þ� ðXnþ1 � ��Þð�� � �nÞ0
� �

þ 2�nðGn

� S�Þ� ð�n � ��ÞðXnþ1 � �nÞ0
� �

:

Write U
ð2Þ
n ¼ E Gn � S�j j2

h i
and

Wn ¼ �2
nV2�ðXnþ1Þ þ 2�nðGn � S�Þ� ðXnþ1 � ��ÞðXnþ1 � ��Þ0 � S�

� �
þ 2�nðGn

� S�Þ� ðXnþ1 � ��Þð�� � �nÞ0
� �

þ 2�nðGn � S�Þ� ð�n � ��ÞðXnþ1 � �nÞ0
� �

:

Applying Theorem 4.1 (i) to the appropriate functions, we obtain that E Wn½ � ¼
O �n logðnþ 1Þð Þ so that:

U
ð2Þ
nþ1 � e1�2�n Uð2Þn þ �2

n logðnþ 1Þ: ð5:5Þ

As above, we apply Lemma 6.3 to obtain that U
ð2Þ
n ¼ O �n logðnþ 1Þð Þ as

wanted.

Convergence of �n: The argument procedes also as above. Consider the function
Aðx; �;GÞ ¼

R
��;Lðx; yÞq�;Lðx; yÞdy, L ¼ Gþ "2Id and �ð�;GÞ ¼

R
Aðx; �;GÞ�ðdxÞ. It

can be shown that � is Lipschitz. On the other hand, we have:

�nþ1 � �opt

�� ��2 � �n � �opt

�� ��2 þ 2�nð�n � �optÞð�ð�n;S�Þ � �
__
�
__Þ þ 2�nð�n

� �optÞ �ð�n;GnÞ � �ð�n;S�Þð Þ þ �2
n þ 2�nð�n � �optÞ

� ��n;Ln
ðXn;Ynþ1Þ � �ð�n;GnÞ

� �
: ð5:6Þ
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From (A2)(ii), we have ð�n � �optÞð�ð�n;S�Þ � �
__Þ � �� �n � �opt

�� ��2�
__Þ � �� �n � �opt

�� ��2. From what
is obtained above on ðGnÞ, we have:

E ð�n � �optÞ �ð�n;GnÞ � �ð�n;S�Þð Þ
�� ��	 


¼ O E Gn � S�j j½ �ð Þ

¼ O �1=2
n log1=2ðnþ 1Þ

� �
:

Therefore:

U
ð3Þ
nþ1 � e���n Uð3Þn þ C3�

3=2
n log1=2ðnþ 1Þ; ð5:7Þ

where U
ð3Þ
n ¼ E �n � �opt

�� ��2h i
and C3 a finite constant which imply (Lemma 6.3)

that U
ð3Þ
n ¼ O �

1=2
n log1=2ðnþ 1Þ

� �

6 Proofs of the Technical Results

We prove Proposition 2.1 in Section 6.1 and Proposition 2.2 in Section 6.2.

6.1 Proof of Proposition 2.1

Essentially, the idea of the proof is the same as the proof of the geometric ergodicity
of the RWM algorithm developed by Jarner and Hansen (2000). There are some
additional technicalities due to the existence of a drift in the algorithm. But the fact
that the drift is bounded is crucial.

Proof of Proposition 2.1: In Lemma 6.1 below we show that there are " > 0, a Ball
C, a nontrivial probability measure 
 such that:

inf
ð�;LÞ2C

P�;Lðx;AÞ � "
ðAÞ; A 2 B; x 2 C ;

and in Lemma 6.2 below we show that we can find � < 1, b <1 such that

sup
ð�;LÞ2C

P�;LV�ðxÞ � ��V�ðxÞ þ b�1CðxÞ; x 2 X :

Í
LEMMA 6.1 There is " > 0, a Ball C, a nontrivial probability measure 
 such that:
infð�;LÞ2C P�;Lðx;AÞ � "
ðAÞ; A 2 B x 2 C .

Proof: For a > 0, let ga be the density of the d-dimensional normal distribution with
zero mean and covariance matrix aId. Because the drift of the algorithm is bounded by
� and ð�;LÞ 2 C, we can find "1 > 0 and k1 > 0 such that infð�;LÞ2C q�;Lðx; yÞ �
k1g"1

ðy� xÞ. Take R > 0 and C ¼ Bð0;RÞ. Define � ¼ minð�;LÞ2Cminy�x;x2C
�ðyÞq�;Lðy;xÞ
�ðxÞq�;Lðx;yÞ.

� > 0. Write " ¼ �k1 and 
ðAÞ ¼
R

A\C
g"1 ðzÞdzR

C
g"1 ðzÞdz

. We have infð�;LÞ2C PLðx;AÞ � "
ðAÞ1CðxÞ as
needed. Í
LEMMA 6.2 Assume (A1) and let � and V� as in Proposition 2.1. There exist
� ¼ �� < 1, b ¼ b� <1 such that supð�;LÞ2C P�;LV�ðxÞ � �V�ðxÞ þ b1CðxÞ; x 2 X ,
where C can be chosen as in Lemma 6.1.
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Proof: We only need to show that:

sup
x2X

sup
ð�;LÞ2C

P�;LV�ðxÞ
V�ðxÞ

<1; ð6:1Þ

and

lim sup
xj j!1

sup
ð�;LÞ2C

P�;LV�ðxÞ
V�ðxÞ

< 1: ð6:2Þ

See Jarner and Hansen (2000) Lemma 3.5.
For x 2 X , note A�;LðxÞ ¼ fy :

�ðyÞq�;Lðy;xÞ
�ðxÞq�;Lðx;yÞ � 1g and R�;LðxÞ ¼ A�;LðxÞc the com-

plement of A�;LðxÞ. Because the drift of the algorithm is bounded and ð�;LÞ 2 C, we
can find 0 < "1 < "2 <1, 0 < k1 < k2 <1 such that:

k1g"1
ðy� xÞ � q�;Lðx; yÞ � k2g"2

ðy� xÞ; ð6:3Þ

where for a positive number a, ga is the density of the d-dimensional normal
distribution with mean 0 and covariance matrix aId. We have:

P�;LV�ðxÞ
V�ðxÞ

¼
Z

A�;LðxÞ
q�;Lðx; yÞ

V�ðyÞ
V�ðxÞ

dyþ
Z

R�;LðxÞ

�ðyÞq�;Lðy; xÞV�ðyÞ
�ðxÞq�;Lðx; yÞV�ðxÞ

q�;Lðx; yÞdy

þ
Z

R�;LðxÞ
1� �ðyÞq�;Lðy; xÞ

�ðxÞq�;Lðx; yÞ

� �
q�;Lðx; yÞdy

� Q�;L x;R�;LðxÞ
� �

þ
Z

A�;LðxÞ

���ðyÞ
���ðxÞ q�;Lðx; yÞdy

þ
Z

R�;LðxÞ

�1��ðyÞq�;Lðy; xÞ
�1��ðxÞq�;Lðx; yÞ

� �
q�;Lðx; yÞdy:

On A�;LðxÞ,
���ðyÞ
���ðxÞ q�;Lðx; yÞ � q��;Lðy; xÞq1��

�;L ðx; yÞ � k2
2g"2
ðy� xÞ; ð6:4Þ

and on R�;LðxÞ,

�1��ðyÞq�;Lðy; xÞ
�1��ðxÞq�;Lðx; yÞ

q�;Lðx; yÞ � q1��
�;L ðy; xÞq��;Lðx; yÞ � k2

2g"2
ðy� xÞ: ð6:5Þ

Hence (6.1) is satisfied.
Let " > 0. we can find R <1 such that:

Z

Bðx;RÞ
g"2
ðy� xÞdy � 1� ": ð6:6Þ

Define C�ðxÞ ¼ fy : �ðyÞ ¼ �ðxÞg and for u > 0, C�ðxÞðuÞ ¼ yþ snðyÞ : y 2 C�ðxÞ;
�

�u � s � ug. Because � super-exponential, we can find r1 such that for xj j � r1, any
point y 2 X can be written y ¼ x1 þ snðx1Þ for s 2 R and x1 2 C�ðxÞ.

From (6.3) and the proof of Theorem 4.1 of Jarner and Hansen (2000), it follows
that we can find u > 0 and r2 > r1 such that for xj j � r2,

Z
C�ðxÞðuÞ\Bðx;RÞ

g"2
ðy� xÞdy � ": ð6:7Þ
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Now, for S 2 fA�;LðxÞ;R�;LðxÞg and u as in (6.7), write S ¼ S \ Bðx;RÞcð Þ
S

S \ Bðx;RÞ \ C�ðxÞðuÞ
� �S

S \ Bðx;RÞ \ C�ðxÞðuÞc
� �

. For xj j � r2, it follows from (6.4),
(6.6) and (6.7) that:

Z
A�;LðxÞ\Bðx;RÞc

q�;Lðx; yÞ
���ðyÞ
���ðxÞ dyþ

Z
A�;LðxÞ\Bðx;RÞ\C�ðxÞðuÞ

q�;Lðx; yÞ
���ðyÞ
���ðxÞ dy

� 2k2
2"; ð6:8Þ

and from (6.5), (6.6) and (6.7) we have:

Z
R�;LðxÞ\Bðx;RÞc

�1��ðyÞq�;Lðy; xÞ
�1��ðxÞq�;Lðx; yÞ

� �
q�;Lðx; yÞdy

þ
Z

R�;LðxÞ\Bðx;RÞ\C�ðxÞðuÞ

�1��ðyÞq�;Lðy; xÞ
�1��ðxÞq�;Lðx; yÞ

� �
q�;Lðx; yÞdy

� 2k2
2": ð6:9Þ

For r > 0 and a > 0, write drðaÞ ¼ sup xj j�r
�ðxþanðxÞÞ

�ðxÞ . That � is super-exponential
implies that drðaÞ ! 0 as r!1. From this we can show that r3 <1 exists such that
for xj j � r3 þ R:

Z

A�;LðxÞ\Bðx;RÞ\C�ð�Þc
q�;Lðx; yÞ

���ðyÞ
���ðxÞ dy � dr3

ð�Þ: ð6:10Þ

and

Z
R�;LðxÞ\Bðx;RÞ\C�ðxÞð�Þc

�1��ðyÞq�;Lðy; xÞ
�1��ðxÞq�;Lðx; yÞ

� �
q�;Lðx; yÞdy � k2dr3

ðuÞ: ð6:11Þ

The bounds (6.8)–(6.11) implies that:

lim sup
xj j!1

sup
ð�;LÞ2C

P�;LV�ðxÞ
V�ðxÞ

¼ lim sup
xj j!1

sup
ð�;LÞ2C

Q x;R�;LðxÞ
� �

¼ 1� lim inf
xj j!1

inf
ð�;LÞ2C

Q�;L x;A�;LðxÞ
� �

:
ð6:12Þ

For R > 0, we can find c0 > 0 such that infy2Bðx;RÞ infð�;LÞ2C
q�;Lðy;xÞ
q�;Lðx;yÞ � c0.Take

u > 0. Because � is super-exponential, �ðx� unðxÞÞ � �ðxÞ
c0

for any x such that xj j is
sufficiently large. Thus, for xj j sufficiently large and u < R, x1 ¼ x� unðxÞ 2 A�;LðxÞ.
For " > 0 arbitrary small define WðxÞ ¼ fx1 � a�; 0 < a < R� u; � 2 Sd�1; � � nðx1Þj j
< "=2g, where Sd�1 is the unit-sphere in Rd. We show that for xj j sufficiently large,
WðxÞ 	 A�;LðxÞ for all ð�;LÞ 2 C. therefore Q�;Lðx;A�;LðxÞÞ � k2

R
WðxÞ q"1

ðy� xÞdy ¼
c > 0. This together with (6.12) shows (6.2) and the Proposition will be proved.

Assumption (A1) implies that for xj j sufficiently large, mðxÞ�nðxÞ < �". Also for
xj j sufficiently large, nðyÞ � nðxÞj j < "=2 for any y 2WðxÞ. For any y 2WðxÞ,

mðyÞ� � ¼ mðyÞ� � � nðx1Þ þ nðx1Þ � nðyÞ þ nðyÞð Þ < "=2þ "=2� " ¼ 0, for xj j suffi-
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ciently large. For y ¼ x1 � a� 2WðxÞ, consider the function f ðtÞ ¼ �ðx1 � t�Þ.
f ð0Þ ¼ �ðx1Þ, f ðaÞ ¼ �ðyÞ and f is differentiable. Therefore there is � 2 ð0; aÞ such
that f ðaÞ � f ð0Þ ¼ �a���r�ðx1 � ��Þ > 0 as seen above. Therefore �ðyÞ > �ðx1Þ
which implies that y 2 A�;LðxÞ for xj j sufficiently large. Í
6.2 Proof of Proposition 2.2

Proof: We only sketch the proof leaving the details to the reader. The idea is to

show that for fj j � V� and any x 2 X , there exists a finite constant K such that
supð�;LÞ2C

�� @
ð�;LÞP�;Lf ðxÞ

�� � KV1=2ðxÞ, where
�� @
@ð�;LÞP�;Lf ðxÞ

�� is the norm of the differential
of P�;Lf ðxÞ (x fixed) seen as a linear functional on R� Rd2

. Since C is convex, the
result follows from mean value theorem.

Write r�;Lðx; yÞ ¼ �ðyÞq�;Lðy;xÞ
�ðxÞq�;Lðx;yÞ and ��;Lðx; yÞ ¼ min 1; r�;Lðx; yÞ

� �
, so that

P�;Lf ðxÞ ¼
Z
��;Lðx; yÞf ðyÞq�;Lðx; yÞdyþ f ðxÞ

Z
1� ��;Lðx; yÞ
� �

q�;Lðx; yÞdy:

It is not hard to show that for ðh;HÞ 2 R� Rd2

, the derivative of q�;Lðx; yÞ with res-
pect to ð�;LÞ evaluated at ðh;HÞ can be written: @

@ð�;LÞ q�;Lðx; yÞðh;HÞ ¼ q�;Lðx; yÞ�
B1ðx; y; �;L; hÞþð B2ðx; y; �;L;HÞÞ, where the functions B1;B2 satisfy: B1ðx; y; �;L; hÞj jþ
B2ðx; y; �;L;HÞj j � K2 y� xj j2 ðh;HÞj j for some finite constant K2. And a straight-

forward calculus gives for any ðh;HÞ with ðh;HÞj j � 1:

@

@ð�;LÞ ��;Lðx; yÞq�;Lðx; yÞ
� �

f ðyÞ
	 


ðh;HÞ
����

����

¼ �ðyÞ
�ðxÞ 1fr�;Lðx;yÞ�1g

@

@ð�;LÞ q�;Lðy; xÞf ðyÞ
	 


ðh;HÞ
����

þ 1fr�;Lðx;yÞ>1g
@

@ð�;LÞ q�;Lðy; xÞf ðyÞ
	 


ðh;HÞ
����

� K2 y� xj j2V�ðxÞq��;Lðx; yÞq1��
�;L ðy; xÞ � K3 y� xj j2V�ðxÞq"2

ðx; yÞ; ð6:13Þ

for some finite constant "2 > 0 where q"2
is the density of the d-dimensional normal

distribution with mean 0 and covariance "2Id. Similarly, @
@ð�;LÞ ð1� ��;Lðx; yÞÞq�;Lðx; yÞ

	 
���
ðh;HÞj � K3 y� xj j2q"2

ðx; yÞ.
Thus P�;Lf ðxÞ is differentiable under the integral and:

@

@ð�;LÞ P�;Lf ðxÞðh;HÞ
����

���� � 2K3V1=2ðxÞ
Z

y� xj j2q"2
ðx; yÞdy; ð6:14Þ

and we are done. Í
6.3 A technical Lemma

We need the following technical lemma. For a proof, see Pelletier (1998). We say
that a sequence ðunÞ is regularly varying with exponent b if un ¼ uðnÞ and the
function u satisfies limt!1 uðtxÞ=uðtÞð Þ ¼ xb.
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LEMMA 6.3 Let ð"nÞ be a positive sequence that is decreasing for nlarge enough and
regularly varying with exponent �
, 
 � 0. Let ð�nÞas in (A3). For � > 0, let ðxnÞ be a
non-negative sequence such that

xn � e���n xn�1 þ �n"n: ð6:15Þ
Then we have:

lim sup
n

xn

"n
� 1

�
: ð6:16Þ
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