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1. Introduction

Waiting time random variables and related scan statistics have been studied extensively
during the last four decades. There are four recent books in the area of runs, scan sta-
tistics, and their applications. They provide excellent and comprehensive review of his-
torical as well as current developments in the distribution theory of runs and scan
statistics. They are in order of publications: Scan Statistics and Applications by Glaz and
Balakrishnan (1999), Scan Statistics by Glaz et al. (2001), Runs and Scans with Ap-
plications by Balakrishnan and Koutras (2002), and Distribution Theory of Runs and
Patterns and its Applications by Fu and Lou (2003). In these books chapters are devoted
to discrete scan statistics and many of their interesting and useful applications. They also
provide excellent references in this research area. Due to complexity of computations of
exact distribution of discrete scan statistics, most attention has been given to providing
bounds, inequalities, and approximations for the distributions. There are several methods
for investigating exact distribution of discrete scan statistics. Most notably, the com-
binatorial method [e.g., Naus (1974)] and the finite Markov chain imbedding method
[e.g., Fu (2001)]. To the best of our knowledge, the leading algorithm up to date for
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calculating exact distribution of scan statistics is the one given in Fu (2001) and Fu et al.
(2003).

In this paper, we will apply the probability generating function (pgf) method to
calculate exact distribution of discrete scan statistics. The pgf method has many other
interesting applications [e.g., Balakrishnan et al. (1997), Ebneshahrashoob and Sobel
(1990) and Ebneshahrashoob et al. (2005)]. In Section 2, we formally define discrete
scan statistic S,(w) and waiting time random variable WT(w, s) and discuss relationship
between their distributions. Then we explain how to apply the pgf method to obtain the
pgf of WI(w, s) by symbolically solving a system of conditional probability generating
functions and how to calculate the exact distribution of WT(w, s) from its pgf. A special
example is given to explain the pgf method. Due to the difficulty of symbolically
obtaining the pgf of WT(w, s), in Section 3, a new approach is proposed to directly
calculate the distribution of WT(w, s) without symbolically obtaining the pgf. We first
provide an efficient method to generate all conditional probability generating functions
related to the random variable WT(w, s). Then we show that the exact distribution of
WT(w, s) can be obtained by simple multiplications of sparse matrices and vectors, which
leads to an efficient algorithm for calculating the exact distribution of the scan statistic
S,(w). Other scan statistics closely related to S,(w) and WT(w, s) are also briefly
discussed. In Section 4, numerical results are given to show that our algorithm is very
efficient and is capable of handling large problems.

2. Probability Generating Function Method
Let {X;}7_; be either a sequence of independent identically distributed (i.i.d.) Bernoulli
trials, with outcomes success (or 1) and failure (or 0) and probabilities P(X; = 1) = p and

P(X;=0)=¢g=1 — p, or a sequence of homogeneous two-state Markov dependent trials
with initial probabilities

p=PX =1), qg=PX; =0) (1)
and transition probabilities
pi=PXe=j|Xii=i), k>2,0<i j<I (2)

with p11 + p1o = po1 + poo = 1. The scan statistic S,(w) of window size w for the sequence
{X;Yi=1 is defined as

wHi—1
Sn(w):max{ Z X 1§i§n—w+l}.

=i
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Let WT(w, s) denote the waiting time until we first observe at least s successes (or 1’s) in
a window of size w. Then S, (w) and WT(w, s) are related by

P(S,(w) > s) = P(WT(w,s) < n). (3)

In the remainder of this paper, we will use the probability generating function (pgf)
method to obtain the exact distribution of WT(w, s) and then obtain the exact distribution
of S,(w) according to (3). With all P(S,(w) > s)’s available, we can easily obtain the
expectation and variance of S,(w) by

ES,w) = 3PS, (w) > 5) @)
and
2 (Su(w) =2 SP(S,() > 5) — E(S,(0)) (1 + E(S,(w). (s)
s=1

In the pgf method, we first establish a system of linear equations consisting of con-
ditional probability generating functions. The solution of this system leads to an ex-
pression for the pgf of WT(w, s). We use the special case of s =3, w=5 and any 0 < p,
pi; < 1 as an example to illustrate the pgf method. General rules for generating the
conditional pgf’s and for eliminating redundant conditional pgf’s are given in equations
(9) and (10) at the end of this section. In this special case we have a total of
(SYI)-H = (;) +1=11 equations:

¢ = pto1 + qio,

b0 = poit1 + pootdo,

d1 = putdr + pioter,

$2 = po1tp1s + pootds,

®3 = po1tP1a + pootPs = poitP1a + pootedo,
@12 = prit123 + protdaz = p11t + protPas, (6)
®13 = p11tP124 + protpas = puit + protgaa,
14 = p11tP1as + proteas = p1it + piot ez,
$23 = po1tP134 + pootPza = poit + pootPsa,
®24 = po1P135 + pootPss = poit + pootPs,
34 = po1tP14s + pootdas = port + pooleo,

where p, q, poo, Po1, P10 and p;; are defined in (1) and (2), and ¢ acts as the parameter of
the pgf’s. In the equations above, ¢ is the pgf of WT(w, s) which depends on the
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conditional pgf’s ¢ and ¢¢. The subscripts 1 of ¢; and 0 of ¢, denote the occurrence of
success and failure on the first trial respectively. In general, the subscripts from left to
right of the pgf’s denote the number of steps back when successes have occurred. For
example, ¢3 denotes the pgf of the conditional distribution of the waiting time WT(w, s)
given that there were two successes one step back and three steps back respectively and
no other in the window that extends w = 5 steps back. Note that ¢4 = ¢, since we are
waiting for 3 successes in a window of size 5 and thus the success occurred at four steps
back will no longer contribute to our experiment. Similarly, ¢,5 = ¢, P35 = ¢3, and ¢ys =
¢@o. Also note that ¢1o3 = @124 = D125 = G134 = D135 = P145 = 1 since three successes have
occurred in a window of size w = 5. Let (using T for transpose)

D = (¢, o, D1, B2y D3, B12, P13, Dray P23, P24, B3a) -

Then the equations in (6) can be written in matrix form
B(r) = tAD(r) + 1b (7)

with the matrix 4 (omitting zeros in 4 except the first zero) and the vector b given by

0 g »p
Poo  Poi
Pio P
Poo Poi
Poo Poi
4= Pio )
P1o
Pio
Poo
Poo

Poo

oSO OO

b= pu | (7
P
P
Poi
Poi
Poi
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Symbolically solving (7) for ¢, we obtain

o(t) = (pt(1 — poot) + qrpm% ®)

where

O(t) = p1, 2 + 2poipiopnt® + paypiot’ + 2pooporpropnt
— pooporProP . — pooPiPloPTit — PooPoipiepnit’

3 3 8 2 3 3 9
—PooPy1P1oP11t" — PooPorProPiit
and

D(t) = 1 — poot — pooPoiP1of> — PooP ol — Pag Porp1opIE

+ Poo PPt + Poo Popio Pt
For the special case of i.i.d. Bernoulli trials, the first two equations in (6) become
identical. The pgf of WT(w, s) for this special case can be obtained from (8) by letting
Po1 = p11 = p and poo = pio = q.

In general, let ¢(7) be the pgf of the distribution of the waiting time WT(w, s) which we
solve for, let ¢y denote the probability generating function of the conditional distribution
of the waiting time given that the first trial was a failure, and let ¢; ;. ,(t) with k <s
and 1 <i; <i, <--- <ip <w denote the probability generating function of the conditional
distribution of the waiting time given that there was one success i; steps back for each j =
1,...,k and no other in the window that extends w steps back. Then these pgf’s can be
obtained according to the following rules: the main rules for generating the pgf’s are

o(t) = pto1 () + qteo(t),
$o(t) = poi1¢1 (1) + pooto(1),
Gir o i (1) = P11EDL iy +141, . ix+1 () F P10IBi 415041, . i1 (2),
ik <si =1,
Bir o, i (1) = Po1td1i 11 0+1, . i1 (E) + P00t ®i 41,5041, igt1(2),
if k <s,i) #1, )

and the reduction rules for eliminating redundant pgf’s are

bi, (1) = do(1), ifw—i;p <s—1,
vy i) = Piviy. i (O), Hfw—ip <s—k, (10)
Giriy,....ix (1) = 1, ifk=s

Note that any information about successes that is more than w steps back will not affect
the outcome of the experiment and thus can be dropped.
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Remark In the pgf methodology, the system of conditional pgf equations are constructed
by considering the condition of one-step ahead from every condition [e.g., see
Balakrishnan et al. (1997) and Section 4 of Chapter XIV in Feller (1957)]. Let Y be
any random variable which takes only the integer values 0, 1, 2,.... The pgf of the
distribution of Y can be formally written as >~ P(Y = n)#" which is convergent for
any 0 < ¢ < 1. For the first equation in (9), we write the pgf’s ¢, ¢, and ¢, as

81) = S P(WT(w,s) = )",
n=0

61(0) = 3 P(WT(w,s) | X; = 1) = m)e”,
n=0

oo(t) = iP((WT(W,s) | X; =0) =n)t"
n=0

Due to the stopping rule of observing s successes in a window of size w, we have
P(WT(w,s) =n+1)
=pPWT(w,s)=n+1|X1=1)+qP(WT(w,s) =n+1|X; =0)
=pP(WT(w,s)| X1 =1)=n)+qP(WT(w,s)| X1 =0) =n)
which leads to the pgf equation
¢(t) = ptdr(1) + qteo (1)

since the coefficients of ¢” in both sides of the equation are same for all n. The second
pgf equation in (9) is based on the fact

P((WT(w,s)| X1 = 0) = n +1)
= pa P(WT(w,s) | X1 =0) =n+1]X, =1)
+ poo P(WT(w,s) [ X1 =0) =n+1|X, =0)
= pot P(WT(w,s)| X1 =0& X, = 1) = n)
+ poo PU(WT(w,8) | X1 = 0& X; = 0) = )
= pa P(WT(w,s)| X; = 1) = n)
+ poo P(WT (w,s) | X1 = 0) = n).

Other pgf equations in (9) and (10) are constructed similarly.
If the pgf ¢(f) of WT(w, s) for any given values of the parameters w, s, p, po; and pq; is
available, it is well-known that the probabilities P(WT(w, s) = k) for k=0, 1,..., n satisfy

¢(0) = P(WT(w,s) = 0),
¢P(0) = kIP(WT(w,s) = k), k=1,2,...,n, (1)
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where ¢® is the k-th derivative of &(f) [e.g., Theorem 3.4.1 in Evans and Rosenthal
(2004)].

For large values of s and w, solving the system of conditional pgf’s for ¢(¢)
symbolically is not always feasible because of computer memory and time restriction. In
Section 3, we first discuss how to efficiently generate the conditional pgf’s and then
propose an alternative method to calculate the derivative values of ¢(¢) at t = 0 directly
without explicitly solving for ¢(f).

3. The Algorithm

First, we discuss how to efficiently generate all conditional probability generating
functions ¢;, ;, ... ; (t) of WI(w, s). With the main rules (9) and the reduction rules (10),
it can be verified that for any integer k with 1 < k < s there are exactly (") possible
pet’s @i ... i With 1 <@y <ip <...<ip < w. For each fixed value of £, the indices of
the pgf’s ¢;, 4, ;(f) are exactly the combinations of choosing k& numbers from the
numbers 1 to w — s + k. If these (W’,f*k) pgf’s are arranged according to the
lexicographical order of their indices, they can be easily generated by a computer

program. Including the pgf’s ¢ and ¢o, we have the total

() () ()
—1+ (") (12

possible non-constant pgf’s. Let (using T for transpose)

(P(t) = (¢(I)> ¢0([), ¢1 (t)a ey ¢w—s+1,.“,w—2,w—l (t))T

be the vector of these pgf’s arranged according to the ascending order of their numbers
of indices and then the lexicographical order of their indices among the ones with the
same number of indices. Then for any given parameters s, w, p, po; and p;;, the system
of the pgf’s can be written in matrix form

D(1) = tAD(¢) + tb (13)

where 4 is an N x N (constant) matrix and b is an N-dimensional (constant) vector.
Note that because of the special ordering of the elements in ®(7), the position of any
pef @i 4. i (#) with k> 1 in the vector ®(¢) is determined by

w—s w—s—+1 w—s—+k—1
() (i
" w—s+k B w—s+k—1i _ w—s+k—1i

k k k—1

(R (Y
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with the convention that () =0 if m < n. The entries in 4 and b can be easily
determined by symbolically generating the pgf’s according to the main rules (9) and then
applying the reduction rules (10) to every newly generated pgf to determine whether it is
a new pgf, a constant pgf, or equivalent to one of the previous pgf’s. For example,
consider the pgf equation

Bir s, i (1) = Po1ED1 iy 141, . i1 (E) + P00t By 1 ip+1, . i1 (2)-

Let a be the position of ¢; ;. . ;(f) in the vector ®(f) according to (14). If
Oliy+1ir+1,.. . ip+1(2) = 1 after the reduction rules (10) applied, then the value of the a-th
component of b will be pg;. If both ¢y 414,41, 5+1(f) and ¢y 41411, s+1(2) are non-
constant after the reduction rules (10) applied, let §; and (3, be the positions of the two
reduced pgf’s in the vector ®(f) according to (14) respectively, then the values of the
(B1-th and [3,-th components of the a-th row of 4 will be py; and poo. The matrix 4 and
vector b can be very efficiently generated by a computer program. Also each row of the
matrix 4 has no more than two nonzero entries according to the main rules and the
reduction rules. Thus the matrix 4 is very sparse and can be easily handled even when its
dimension is very large [e.g., Section 3.4 of Saad (2003)]. It is also very interesting to
point out that for given w and s our matrix 4 from the pgf method and the matrix N,
from the finite Markov chain imbedding method in Fu (2001) are the same under
permutations of rows and columns.

Now, with the matrix 4 and vector b in (13) available, we can easily calculate the prob-
abilities P(WT(w, s) = k) for k = 0,1,...,n according to (11). Since P(WT (w,s) =k) =
%¢<k>(0), differentiating the Equation (13) up to » times, we obtain

(1) = AD(t) + tAD (1) + b,
OB (1) = kAd*V (1) + 14dW (1), k=2,....n.
Plugging in ¢ = 0, these equations become
'(0) = b,
®®(0) = kad*=1(0), k=2,...,n
and can be simply written as
0 (0) = kld'b, k=1,2,...,n. (15)
Note that ¢() is the first component of the vector ®(7). By (11) and (15), we have

P(WT(w,s) =0) =0,

P(WT(w,s) = k) = the first component of 4*~'b,
forall k =1,2,....,n (16)
Since the matrix 4 is very sparse, the calculation of Ab can be easily done. In fact, it

involves no more than 2N multiplications of real numbers, here N = 1 + (Svfl) is the
dimension of the matrix 4 according to (12). Since A*b can be calculated from A(4* " 'b)



AN EFFICIENT ALGORITHM FOR EXACT DISTRIBUTION OF DISCRETE SCAN STATISTICS 467

and P(WT(w, s) = n) equals the first component of 4"~ 'b, the calculation of P(WT(w, s) =
k) for all k =0, 1,...,n (ie., P(WT(w, s) < n)) involves no more than 2N(n — 1)
multiplications of real numbers. Thus with w and s fixed, the complexity of our algo-
rithm for calculating P(S,(w) > s) = P(WT(w, s) < n) is no more than 2N(n — 1) =
2(n—1)(1+ (,*,)) multiplications of real numbers. This complexity dictates the
efficiency of our algorithm. Note that in our calculation of P(S,(w) > s) for all s =
1,...,w, the largest value of N happens when s equals the integer part of w/2. Another
numerical concern about calculating A*b for k= 1,..., n is its stability when the value of
n is large. Let A’ be the resulting matrix of deleting the first row and the first column
from the matrix 4 in (13). Then the matrix 4" is irreducible according to the nature of the
problem. By Taussky theorem [e.g., Theorem 2 on page 376 in Lancaster and
Tismenetsky (1985)], it can be shown that the spectral radius of 4" is less than 1 and
thus the spectral radius of A is also less than 1. This warrants the stability of the
algorithm. Though the algorithm is numerically stable, this kind of computations should
be always done in double precision to minimize accumulative errors for large n.

Our algorithm can now efficiently and safely calculate the distribution of S, (w) by
utilizing P(S,(w) = 5) = P(WT(w, s) < n). The algorithm can be easily applied to many
other related statistics. Here we list a few important ones.

(1) The smallest number of consecutive trials that contain s ones, denoted by
W, = min {w:S,(w) =s} : [e.g., Glaz et al. (2001)]

P(Wy <w) =P(S,(w) >s).

(2) The size of the longest number of consecutive trials that have at most » zeros,
denoted by ¥, and the special case V,, the size of the longest run of ones: [e.g.,
Glaz et al. (2001) or Fu et al. (2003)]

PV, >s4r)=P(Su(s+r) >s).

(3) The reliability of s-within-consecutive-w-out-of-n: F system consisting of »n
linearly ordered components is given by P(S,(w) < s) [e.g., Boutsikas and Koutras
(2000) and references therein]. The system will fail if and only if there are
w consecutive components which include among them, at least, s failed
components.

(4) Type I negative binomial random variable, W7, (w, s), is the r-fold convolution of
WT(w, s) [e.g., Chapter 10 of Balakrishnan and Koutras (2002)]. Here, the pgf of
WT.(w, s) is the r-th power of the pgf of WT(w, s) for the case of i.i.d. Bernoulli
trials.

(5) The number of non-overlapping windows of size at least w containing exactly s
successes each, observed in n Bernoulli trials is denoted by N"s” where I stands
for Type I enumeration scheme: [e.g., Chapter 11 of Balakrishnan and Koutras
(2002)]

PN > r) = P(WT (w,s) < n).

ns
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4. Numerical Results

A computer program in C++ based on the algorithm discussed in Section 3 has been
successfully implemented and tested on various combinations of the parameters w, s, p,
Po1, and py;. Our algorithm is very efficient and matches results on all examples given in
Tables 1 and 2 on page 914 in Fu (2001), results in Fu et al. (2003) and Table 4.1 on
page 48 in Glaz et al. (2001). An executable code of our algorithm for operating system
Windows NT/2000/XP or Linux is available upon request from the first author of this
paper or can be directly downloaded from http://www.csulb.edu/~mortezae/ScanStat/. In
this section, four tables of results will be given to show the efficiency of our algorithm.
The computations using double precision were carried out on a 900 MHz Intel Xeon
Pentium III with 2 Gb memory running Redhat Linux operating system. All numerical
results listed for probabilities, expectations and standard deviations are rounded to four
digits after the decimal point.

Tables 1 and 2 list our results of the two-state Markov dependent trials and i.i.d.
Bernoulli trials for w = 25 and various values of n and probabilities. The last row of each
table gives the CPU times for solving the respective given problems. The CPU times in

Table 1. Probabilities P(S,(w) > s), expectations E and standard deviations ¢ for two-state Markov dependent
trials with w = 25. Last row Time stands for CPU times.

p=0.5,p, =03, po; =04 p=0.5,p1, =04, po; =0.6
s n=>50 n =100 n =200 n=150 n =100 n =200
5 0.9999 1 1 1 1 1
6 0.9993 1 1 1 1 1
7 0.9952 1 1 1 1 1
8 0.9774 0.9998 1 1 1 1
9 0.9244 0.9972 1 0.9998 1 1
10 0.8114 0.9787 0.9997 0.9986 1 1
11 0.6347 0.9061 0.9938 0.9909 1 1
12 0.4276 0.7373 0.9445 0.9604 0.9994 1
13 0.2422 0.4931 0.7731 0.8764 0.9922 1
14 0.1136 0.2612 0.4866 0.7150 0.9486 0.9983
15 0.0437 0.1086 0.2255 0.4949 0.8074 0.9719
16 0.0137 0.0357 0.0781 0.2791 0.5540 0.8292
17 0.0035 0.0093 0.0208 0.1248 0.2865 0.5256
18 0.0007 0.0019 0.0044 0.0435 0.1091 0.2273
19 0.0001 0.0003 0.0007 0.0116 0.0307 0.0677
20 0.0001 0.0023 0.0064 0.0144
21 0.0003 0.0010 0.0022
22 0.0001 0.0002
E 11.1875 12.5292 13.5273 14.4978 15.7354 16.6368
o 1.9199 1.6036 1.3771 1.7550 1.4466 1.2360

Time 5m32s 10m55s 21m55s 5m38s 10m58s 21m36s
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Table 2. Probabilities P(S,(w) > s), expectations E and standard deviations o for i.i.d. Bernoulli trials with
w =25 and n = 100. Last row Time stands for CPU times.

s p=0.01 p =0.05 p=0.1 p=02 p=03 p=04 p=0.5
1 0.6340 0.9941 1 1 1 1 1
2 0.1494 0.8962 0.9979 1 1 1 1
3 0.0172 0.5877 0.9671 1 1 1 1
4 0.0013 0.2525 0.8271 0.9995 1 1 1
5 0.0001 0.0744 0.5559 0.9933 1 1 1
6 0.0162 0.2798 0.9565 0.9999 1 1
7 0.0028 0.1071 0.8415 0.9982 1 1
8 0.0004 0.0323 0.6315 0.9865 1 1
9 0.0079 0.3875 0.9387 0.9995 1
10 0.0016 0.1926 0.8179 0.9956 1
11 0.0003 0.0782 0.6184 0.9757 0.9999
12 0.0264 0.3914 0.9105 0.9987
13 0.0075 0.2046 0.7697 0.9907
14 0.0018 0.0885 0.5610 0.9572
15 0.0004 0.0318 0.3413 0.8641
16 0.0001 0.0096 0.1708 0.6892
17 0.0024 0.0701 0.4620
18 0.0005 0.0236 0.2519
19 0.0001 0.0065 0.1098
20 0.0014 0.0378
21 0.0002 0.0101
22 0.0020
23 0.0003
E 0.8019 2.8243 4.7770 8.1166 11.0884 13.8259 16.3739
o 0.7312 1.1413 1.3888 1.6531 1.7693 1.7916 1.7379
Time 4s 2mé6s 6m40s 10m12s 10m14s 10m14s 10m15s

Table 1 matches the result that with w fixed, the complexity of our algorithm is
proportional to n. For the calculation of the results in these two tables, the algorithm
requires about 200 Mb memory. And the algorithm is terminated when the condition
P(S,(w) > 50) < 10° is satisfied for some 1 <o < w since P(S,(w) >s) fors =so+ 1,...,
w will be much smaller. This explains the difference in CPU times for the cases with
same values of n and w in the tables.

Table 3. Probabilities P(S,(w) > w) for two-state Markov dependent trials with p = 0.5, p;; = 0.75, po; = 0.25.
The second row Time stands for CPU times.

w =40 w =60 w =80

n=10° n=10" n=10° n=10" n=10° n=10"

Prob. 0.8129 1 0.0053 0.0518 0.00002 0.00017
Time 1.5s 14.7s 2.3s 22.5s 2.9s 28.5s
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Table 4. CPU times of calculating P(S,(w) > w) for two-state Markov dependent trials with p = 0.5, py; = 0.75,
Po1 = 0.25, w =500 and large values of n.

n=10* n=10° n=10° n=10" n=10%

0.18s 1.76s 17.52s 2m55s 29m8s

Tables 3 and 4 list our results for the longest success run in a sequence of two-state
Markov dependent trials for the cases p = 0.5, p;; = 0.75, po; = 0.25 and various values
of w and n as discussed in Fu et al. (2003). The distribution of the longest success run is
given by P(S,(w) > w) and the dimension of the corresponding matrix 4 is only N=w + 1.
With window size w and number of trials n given, the complexity of our algorithm for
calculating P(S,(w) > w) is no more than 2(w + 1)(n — 1) multiplications of real
numbers, which enables our algorithm to efficiently handle large problems. The CPU
times in Tables 3 and 4 reflect this complexity of our algorithm very well. It appears that
our algorithm is more efficient than the leading algorithms for exact distributions of scan
statistics developed in Fu (2001) and Fu et al. (2003). As an example, for the case w =
500 and n = 10,000 as shown in Table 4, our algorithm written in C++ takes about 0.18
second on a 900 MHz Pentium III while the algorithm in Fu et al. (2003) written in
MatLab takes about 33 seconds on a 733 MHz Pentium III as reported in the paper. But
making strict comparison of these algorithms is impossible since algorithms written in
different computer languages may result in different CPU times.

Acknowledgments

The authors sincerely thank both the referees for their constructive suggestions and
comments that led to substantial improvements in the presentation and J.C. Fu, J. Glaz
and W.Y. Lou for their e-mail communications during the preparation of this paper.

References

N. Balakrishnan and M. V. Koutras, Runs and Scans with Applications, Wiley: New York, 2002.

N. Balakrishnan, S. G. Mohanty, and S. Aki, “Start-up demonstration tests under Markov dependence model
with corrective actions,” Annals of the Institute of Statistical Mathematics vol. 49 pp. 155-169, 1997.

M. V. Boutsikas and M. V. Koutras, “Reliability approximation for Markov chain imbeddable systems,”
Methodology and Computing in Applied Probability vol. 2 pp. 393411, 2000.

M. Ebneshahrashoob and M. Sobel, “Sooner and later waiting time problems for Bernoulli trials: Frequency and
run quotas,” Statistics & Probability Letters vol. 9 pp. 5-11, 1990.

M. Ebneshahrashoob, T. Gao, and M. Sobel, “Sequential window problems,” Sequential Analysis vol. 24
pp. 159-175, 2005.

M. J. Evans and J. S. Rosenthal, Probability and Statistics, The Science of Uncertainty, W. H. Freeman and
Company: New York, 2004.

W. Feller, An Introduction to Probability Theory and Its Applications, Wiley: New York, 1957.



AN EFFICIENT ALGORITHM FOR EXACT DISTRIBUTION OF DISCRETE SCAN STATISTICS 471

J. C. Fu, “Distribution of the scan statistics for a sequence of bistate trials,” Journal of Applied Probability
vol. 38 pp. 908-916, 2001.

J. C. Fu and W. Y. Lou, Distribution Theory of Runs and Patterns and Its Applications, World Scientific
Publisher: Singapore, 2003.

J. C. Fu, L. Q. Wang, and W. Y. Lou, “On exact and large deviation approximation for the distribution of the
longest run in a sequence of two-state Markov dependent trials,” Journal of Applied Probability vol. 40
pp. 346-360, 2003.

J. Glaz and N. Balakrishnan (eds.), Scan Statistics and Applications, Birkhauser: Boston, 1999.

J. Glaz, J. I. Naus, and S. Wallenstein, Scan Statistics, Springer-Verlag: New York, 2001.

P. Lancaster and M. Tismenetsky, The Theory of Matrices: With Applications, Academic Press: Orlando, 2nd
edition, 1985.

J. I. Naus, “Probabilities for a generalized birthday problem,” Journal of the American Statistical Association
vol. 69 pp. 810-815, 1974.

Y. Saad, Iterative Methods for Sparse Linear Systems, SIAM: Philadelphia, 2003.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


