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Abstract

We present an algorithm for determining the minimal order differential equations
associated with a given Feynman integral in dimensional or analytic regularisation.
The algorithm is an extension of the Griffiths—Dwork pole reduction adapted to the
case of twisted differential forms. In dimensional regularisation, we demonstrate the
applicability of this algorithm by explicitly providing the inhomogeneous differential
equations for the multi-loop two-point sunset integrals: up to 20 loops for the equal-
mass case, the generic mass case at two- and three-loop orders. Additionally, we
derive the differential operators for various infrared-divergent two-loop graphs. In the
analytic regularisation case, we apply our algorithm for deriving a system of partial
differential equations for regulated Witten diagrams, which arise in the evaluation of
cosmological correlators of conformally coupled ¢* theory in four-dimensional de
Sitter space.
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1 Introduction

Feynman integrals are key ingredients in various areas of physics, and their accu-
rate calculation, whether analytically or numerically, remains a significant hurdle in
advancing our understanding of physical phenomena. In particular, identifying the
specific types of special functions required to evaluate Feynman integrals has been an
ongoing challenge since the early days of quantum field theory [1, 2] and continues
to be an active research field as recently reviewed, for instance in [3-8].

The set of differential operators acting on a Feynman integral gives important infor-
mation about its analytic nature. Moreover, the differential equation is important for
evaluating physical observables by solving the system of differential equations associ-
ated with the Feynman integrals, either analytically, in perturbation with respect to the
kinematic parameters or numerically. For instance, the differential operator has real
singularities at the position of thresholds and pseudo-thresholds, and the order of the
differential operator is connected to the underlying algebraic geometry of the singular
locus of the integrand [9]. Intriguingly, there is growing evidence suggesting that cer-
tain Feynman integrals correspond to relative period integrals of singular Calabi—Yau
geometries, a connection explored in a number of studies, including [10-24]. In addi-
tion, it has been remarked that correlation functions [25] and cosmological correlators
[26, 27] of a conformally coupled ¢* field in four dimensions can be expressed in
terms of flat space Feynman integrals. The regulation of ultraviolet divergences in this
case leads to integrals in analytical regularisation.

In this work, we give an algorithmic procedure for deriving such differential equa-
tions and the inhomogeneous part without having to go through the integral reduction
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to master integrals and the construction of a reducible system of differential equations
satisfied by the set of master integrals. Among the motivations for finding a short-
cut to derive differential equations without relaying on master integrals reduction is
that the integration-by-parts reduction leads to large system of master integrals that
may obscure the algebraic geometry underlying the analytic structure of Feynman
integrals. Another motivation is the application to cosmological correlators which
give rise to analytic regularisation for which the commonly used integration by part
algorithms are not developed out-of-the-box. Finding a system of partial differential
equations (PDEs) is also useful for generalised Feynman integrals in the context of
Gel’fand-Kapranov—Zelevinskii (GKZ) systems, which gives a D-module of differ-
ential operators acting on the Feynman integral [16, 28—35]. However, the transition
of this D-module to the PDEs of Feynman integrals requires a restriction which is
highly non-trivial and still an open problem [29, 36-38].

We work with the regularised parametric representation of a Feynman integral
It = [ -o@p"“dxi---dx, attached to a graph I" (we refer to Sect. 2 for details)

with
Uv1+~~+v,,—(L+1)D n
oS = r qu,-—l (1
= gut-tv-LD i
r i=1

with D = 2§ — 2¢ with § a positive integer for dimensional regularisation and v; =
v; + pik for analytic regularisation. In the case when € = « = 0 and § a positive
integer, the exponents in (1) are integers and we have a rational differential form.
One may then use the Griffiths—Dwork pole reduction [39—43] applied to the case of
Feynman integrals [1, 12, 28, 44-46] for determining the minimal order differential
operators associated with a given Feynman integral. In integer space-time dimensions
and without analytic regulator, the integrand of the Feynman integral is a rational
differential form to which one can apply the generalised Griffith-Dwork algorithm [46].
When working in dimensional regularisation, i.e. € # 0, or analytic regularisation, i.e.
k # 0, the integrand is a twisted differential form. One possible approach is a direct
application of the Griffiths—Dwork pole reduction [44, 45] or the creative telescoping
algorithm [47-50] but this approach leads to large linear systems limiting its use for
Feynman graphs with many legs or many loops. Therefore, in this work, we give an
extension of the Griffiths—Dwork reduction algorithm which make an essential use of
the fact that the twist is built from the Symanzik graph polynomials Ur and Fr. This
reduces the size of the linear system to be solved for determining the coefficients of
the differential operator. Because this linear system is generically dense and of large
size, we use the finite field package FiniteFlow [51] to derive analytic solutions.

This way we can analyse how the space-time dimension or the analytic regulator
affects the minimal order of the differential operators.

This paper is organised as follows. In Sect. 2, we review the parametric representa-
tion of Feynman integrals setting our notation for the dimensionally and analytically
regulated integrals in Sect. 2.2. In Sect. 3, we present the algorithmic procedure for
deriving the differential equations. In Sect. 3.1, we generalise the Griffiths—Dwork
pole reduction to the case of the twisted differential a)li"‘, and explain in Sect. 3.1.3
how to use this iteratively to determine the differential equations. This generalises the
algorithm for the rational differential form cases used in [46] to the case of twisted
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differential forms appearing in Feynman integrals in general dimensions. In Sect. 4,
we illustrate the procedure by working on the dimensionally regulated massless box.
We then consider the Witten cross diagram in (A)d Sy in Sect. 4.2. In Sect. 5, we derive
the e-deformed differential equation for the two-loop sunset integral for various mass
configurations, the massless double-box and the ice-cream cone graph. We give a
Grobner basis of differential operators for the analytically regulated two-loop ice-
cream graph, which arises in the cosmology correlator in dSy. In Sect. 6, we give the
e-deformed differential equation for the equal-mass sunset up to twenty loop orders
and for the three-loop massive sunset. In Sect. 7.1, we discuss the question of the
minimal order differential operator, and in Sect. 7.3 we analyse how the € parameter
arises in the differential equation. Section 7.4 contains a short conclusion. Appendix A
is dedicated to a short discussion of the derivation of the differential equation using
the Bessel representation with the creative telescoping algorithm.

2 Twisted differential from regulated Feynman integrals

We will apply our formalism in dimensional regularisation for Feynman integrals and
analytic regularisation for Witten diagrams. Their treatment is slightly different, so
we will consider them separately.

2.1 Review of the parametric representation

We consider the parametric representation of Feynman integrals in D space-time
dimensions associated with a graph I" with n internal edges and L loops. Its deriva-
tion can be found for instance in [7, 52-54]. The differential form associated with a
Feynman integral is

e D
UF vi—1, Qr - Q(") 2
wr = ) ||X,- ; r:=awr , )
Vit v — 5 N
FF i=1

where we have introduced the canonical differential form on P"~!

n
Q" =Y (=) g A Adxg A Adi, 3)
i=1

and where d/x\l means that the term is omitted in the wedge product. We denote collec-
tively the variables attached to all edges of I" as x := {x;|1 < i < n}. The exponents
v; are the powers of propagators (internal edges) of I". The polynomials Ur and Fr
associated with I" are defined as follows [7, 52, 54]. The first Symanzik polynomial is
defined by

U= Y  ar, )

Spanning
trees of I"
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where the sum is over all the spanning trees T of I', i.e. all sub-graphs T of I" which
contain all vertices of I" so that the first Betti number (i.e. the number of loops)
b1(T) = 0 and the number of connected component is by(T) = 1. The monomial
is the product of the variables not in the spanning tree x = ]_[6¢T Xe. This is a
homogeneous polynomial of deg(Ur (x)) = L. The second Symanzik polynomial Fr
is defined by

Viw= Y s, Fr@=Urw| Y mix |-V, )

Spanning ece(I")
2-forests of "

where xp = [] egF Xi 10 each spanning 2-forest. A 2-forest is a disjoint union of two
sub-trees F = Ty U T,. This is a homogeneous polynomial of deg(Fr(x)) = L + 1.
With the dot denoting the scalar product on R1"P~! we define the invariant of T
as sg = Z(vl,vz)EF:TlUTz Du; - Pv, - The second Symanzik polynomial carries all
dependence on the physical parameters, that is the internal masses and the external
kinematics, which we write as

m:={mi,...,my}, §:={sg|F spanning 2-forests of '}, (6)

respectively.

The differential form (2) is defined in the middle cohomology H"~! (P*~!\ {UrFr =
0}) [10, 55]. The Feynman integral associated with the graph I" is given by the integral
Ir = f A, Qr of the differential form over the positive orthant

wi={x1, .. x) eP x> 0forl <i <n}. 7

2.2 Twisted differential forms

The Feynman integral I may diverge for integer values of D and the exponents v;,
but there is an open subset of (D, v, ..., v,) € C"*! where the integral converges.
The (unique) value of the Feynman integral is defined by analytic continuation [56].
We work in dimension D = 28 — 2¢ with § € N* and € € R and consider as well the
situation where the powers of the propagators are shifted from integer values, that is
Vi = Vv; + pik with (Vi,...,Vu, Pl, ..., Pn) € Z2". The differential form (2) thus
becomes a twisted differential form Q7" = wf:'(Q(()") with

— €
e IR (L+1)38 UL+ 1_[<x,Ur(x)> l—[ viel (g
r - F,l\‘/|+,.‘+'vn7L5 FIé i F]"(.x)

The twists are the € or «-th powers of homogeneous degree zero rational functions on
Pl

Notice that we do not assume that € or x are small numbers. When « = 0 we have
the parametric representation of a Feynman integral in dimensional regularisation, and
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we will use the short-hand notation

ity —(L+1)8 L+1\€ n
o =S = Ur ’ Ur Hxvh] ©)
r-—=oTr — Fv1+~~+v,,—L<3 FL i .
r r

i=1

The differential forms (9) and (8) are twisted differential of the kind studied in [57-
60]. Their relevance to Feynman integrals was already recognised in these works and
has been applied in e.g. [61-70] for expanding Feynman integrals on the basis of
master integrals. In contrast to these works, we will use the fact that the twist is given
by the power of the homogeneous degree 0 rational form which will be essential in
the construction presented in this work.

3 Annihilators of Feynman integrals

Feynman integrals are holonomic functions of their physical parameters [71-74]. This
means that Feynman integrals satisfy systems of (inhomogeneous) partial differential
equations of finite order with respect to their physical parameters 71 and .

Let us consider r parameters from the set of internal masses and independent
kinematics, z 1= {z1, ..., 2/} € m US5. We seek differential operators annihilating the
differential form Q"

< 0 0 “ 0 @ €,k €,k
nse)(—) (=) |eF =dp*. 0
Y a5, €, 1) (az) <az,> B =dpy (10)

a1=0a,=0

where ¢4, .q, (m, 3, €, k) are rational functions of the physical parameters, but they
are independent of the edge variables x1, ..., x,. The inhomogeneous term is a total
derivative in x;’s where the only allowed poles are those already present in Q?‘K [46].
Because the domain of integration of the Feynman integral does not depend on the
physical parameters, we then deduce

01

o 9 \4 9 \&
> ca.. a,.(n%,s,e,fc)(—) (—) =05 A
0z,

d
a1=0a,=0 <

where Ylf *“ is an inhomogeneous term obtained by integrating d ,3;"( over the boundary
of orthant (7). This is a non-trivial task because one needs to blow-up the intersections
between the graph hypersurface and the domain of integration, so the integral is well-
defined [10, 12, 45, 55]. For instance, Section 3.2 of [12] gives a detailed derivation
of the inhomogeneous term for the two-loop sunset integral along these lines. If the
integration is done over a cycle C, like the one defined by the maximal cut Cpax :=
{lx1| = --- = |x,| = 1}, the resulting integral is annihilated by the action of the
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differential operator [28]
0] Or L ) aj ) ar ek
D Capna, (1.5, €. 1) - 5 Q¥ =0. (12
a;=0a,=0 <l <r ¢
The ideal generated by these differential operators is a differential module (or D-
module). Thus, the differential equations we are seeking can be obtained by deriving

annihilators of Q1" i.e. partial differential operators that annihilate the integrand by
acting on the physical parameter and the edge variables.

3.1 Griffiths—Dwork reduction for twisted differential forms

The differentiation of Q* leads to expressions of the type

9 aj 9 ar
_)9 _'7 5 o R B QE’K
£ () ()

a=aj+---+ay
a; >0
Ca|,...,uy(r7’la§769K)P(al’“”ar)('£) €,K
= Y T QY. (13)
a=ai+---+ar r
a; >0

where P@1--+%) (x) is ahomogeneous polynomial of degree (L+1)(a; +- - -+a,) inthe
edge variables x. The sum is over the differential operators of ordera; >0, ...,a, >0
and fixed total order a := aj + --- + a,. The pole order in the second Symanzik
polynomial Fr has increased by a. To derive Eq. (10) one needs to find the coefficient
,,,,, o, (M, 5, €, k). From now on we consider the case where vj = --- = v, = 1 so
that v = n. The case with v; # 1 is an immediate generalisation.

3.1.1 The pole reduction for dimensional regularisation

We adapt the Griffiths—Dwork pole reduction to the case of the twisted differential
form (9) in dimensional regularisation (i.e. x = 0 and € # 0). The starting point of
the algorithm is the reduction of polynomial P(1--~%)(x) in the numerator of (13)

Pl (x) = C4(x) - VFr, (14)

where we have introduced the gradient %Fr = (axl Fr(x),..., 0x,Fr (g)). The com-
ponents of the size n vector C, (x) are homogeneous polynomials of degreea(L+1)—L
in x.We generalise the construction by Griffiths [40, 41] to include the twist factor for
a>1

plaa) - % G(0) — x;GL(x)

o dxlA---/\a;,-/\---/\(T)-c?/\---/\dxn. (15)
r

l<i<j<n
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To take into account the general dimensional case, we have introduced the vectors of
twisted forms
Ga(x) = Caop, (16)

whose components are of homogeneous degree (a — 1)(L + 1) + 1 — n. Following
the same steps as in [39], we have

dﬂ;al,m,ar) =—@-1 Z Mdﬂv\dxl/\--~/\dx,-/\~~~/\dx_,-/\~~~Adx,1

a
1<i<j<n FF
d(xiGi(x) — x;Gt - _
+ Z i a(ilia_lx’ a(i))/\dX|/\---/\dx,'/\--v/\dxj/\-w/\dx,,. (17)
I<i<j<n r

From the degree of homogeneity of F and the components of éa()_c)

n

le T _ (4 1Fr),

Xi

n

G .
2 81(.£) =(@-DL+D+1-nGax), (18)
i=1 !
we find that
apr — @ -1y PD VFrow  V-Ge@ow )

F3. Fa!

Using the definition of éa in (16) we have reduced the pole order of Fr in (13)

9\ 3\ V.G
(a—l)(a—m) <—) Q;_—F 2@ o) 4 gpler-a) (20)

9z T

We now expand the first term in the right-hand-side

y Ay

S A oA Ur s = [ Ur

V. Ga@) = V- Ca) L + Car) - V | L. @1
FF FF

where we have defined
A =n—(L+1)(@6 —e), Ap=n—L(—¢). (22)

The second term in this equation can be evaluated using

> . (Ul . - . - Uy
Cax) -V [ L =(AUCa-VlogUr—AFCa~VlogFr) L
F F F F

r r
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P () . U
=|—tr——p—— +rCa-ViegUr | . (23)
r Fr
where we have used Eq. (14) in the second equality. Therefore,
(i)al (i)ar QF. — V- Ca) ++yCa- ViogUr Q€ 1 dplat--ar)
9z 3z r @—1+1p) F! Fla—1+4ap T

(24)
This expression involves the term C, - V log Ur which has a pole in Ur. We then
perform a second reduction by demanding that

Ca(x) - VUr = ca(x) U, (25)
where ca(x) is ahomogeneous polynomial of degree (a—1)(L+1). This is equivalent to

the computation of syzygies of Jac(Ur) := (VUr (x)). Indeed, using the homogeneity
of Ur we can rewrite the previous equation as

(LCaw) = e @3) - VUr =0, (26)

which are examples of syzygies of the Jacobian of Ur. Using this reduction in Eq. (24)
leads to

9\ 3\ M (@1ar) (x) a—1
R el — QS = = QF d (ay,...,ar)
(321) (azr> r Fa! r+a+n—L(8—e) Pr
(27)

with the numerator given by the polynomial of homogeneous degree (a — 1)(L + 1)

M) () 2= C; @fff ol (28)
- F

with Ay and Ap the powers of the Ur and the Fr polynomials respectively given
in (22).
To perform the pole reduction, we have to solve the linear system

Ca(x) - VFp = P@-00) (x)
} ) : (29)
Ca(x) - VUr = ca(x)Ur

for determining the coefficients of éa (x) and ca(x). The system (29) has a solytion
when its rank is positive. We have a linear system of the n components of Ca(x)
which are homogeneous polynomial of degree deg(C) = deg(P %)) — L in x
and ¢, (x) which is a polynomial of homogeneous degree deg(C) — 1. Since the number

of coefficients of a homogeneous polynomial of degree d in n variables is (‘”27]),
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the system has

deg(P@@)y — [ +n—1 deg(P@-)y — [ +n—2 30)
"\ deg(parany — L deg(P@ra)y — [, — |
unknown variables for
deg(P(@a)y 4 — 1 deg(P @)y 4 —2 a1
deg(P(al ----- ar)) deg(P(al ----- ar)) —1
equations. Since the deg(P (%)) = a(L + 1), the rank of the system (29) is
rank = (30) — (31) (32)

=n<(L+1)(a—1)+n>+<(L+1)(a—1)+n—1>

(L+D@—-1+1 (L+D@-1
(L+Da+n—1 (L+Da+n—-2

_< (L +Da )_( <L+1)a—1>

For fixed values of loops L and number of edges n there is always a value of the
number of derivatives a such that the system has positive rank.

A few comments are in order. In practice for Feynman integrals, the polynomial
P (@) (x) is not a generic homogeneous polynomial, so the number of equations
is smaller or equal than (31). We remark that this way of solving the linear system
includes implicitly the freedom given by the syzygies of Jac(Fr) := (%Fr (x)) and
Jac(Ur) since they belong to the kernel of equation (14) and (25) respectively.' One
important property of that reduction is that the differential form ,31(«”] """ “) is that it
does not have poles that are not poles of Fr which is guaranteed by construction. We
refer to Section 3 of [46] for a discussion of the pole constraints.
_ The system of linear equation (29) is dense since, in general, all coefficients in
C,(x) and c5(x) are non-vanishing. Moreover, we are interested in analytic solutions
of these systems. We thus benefit from the dense solver implemented in the Mathe-
matica package FiniteFlow, described in detail in Sec.4 of [S1]. Specifically, in
Mathematica have used the command FFDenseSolve.

3.1.2 The pole reduction for analytic regularisation

We give an adaption of the Griffiths—Dwork pole reduction to the case of the twisted
differential form (8) from analytical regularisation. Since most of the steps are similar
to the one presented in the previous section, we only give the main equations.

As before we reduce the polynomial P@-4)(x) in the Jacobian of Fr using

ential forms éa (x) as in Eq. (16), leading to the pole reduction Eq. (20). Because the

1 Tt was noticed in [46], that in the rational case, only the first order syzygies are needed to take into account
the non-isolated singularities of Feynman integrals.
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twist is different the expansion of the right-hand-side (recall that D = 25 — 2¢)

AU AU
o A 5 = Up K A = [ Ur K
V Ga@) =V G- 0@  +Ca) - V(Lo ), 33
Fr Fr’
where we have set (we have assumed that vi = --- = v, = 1 the generic case of
integer values is an easy generalisation)
n
Q@) =[]« (34)

i=1

and defined the powers of the various polynomials by

n n
rw=n—(L+DE—€)+kY pi. Ap=n—LE—e+k Y pi. ro=k.

i=1 i=1

(35)
This is evaluated using
(U?’f 0w~ ) . L. L U 0"
Calx) -V — - (AUCa-VlogUrkoCa-VlogFr +10Ca- Vlog Q@))T
Fp. Fr
(36)
so that

(i)“‘.,.(i)“’ gere _ Y Ca@ +2yCa- ViogUr +4pCa- Viog Q) e
8Zr r-

= Z r
dz1 @—1+ip) F&!

1 (ai,...,ar)
—d et (37
+a—1+AF Pr (37

This time we need to reduce the pole in Ur from the term éa . %10g Ur and the
new pole in 1/x; arising from the propagators. As before we impose the following

conditions i )
Ca(i) . VF[‘ = P(aly...,u,)(‘&)

Cax) - VUp = ca(@)Ur (38)

Ca®) - VO@) = g2 (1) Q)
leading to the pole reduction in Eq. (13)

3\ 9\ M@0 () 1
PR e | — Q¢ = =/ Of d (ul,‘..,a,)‘ 39
(311> <8Zr) r Fa! 1"+a—l+AF r (39)

The numerator is now given by the polynomial of homogeneous degree (a—1)(L +1)

_ V- Ca@) +Ayca@) + 2oga ()

40
a—1+4+Af 40
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3.1.3 Determination of the differential equations

We turn to the derivation of the differential equation (10) by iterating the generalised
Griffiths—Dwork reduction given in the previous sections. We present an algorithm for
a derivation of a linear ordinary differential equation with respect to a single variable
differentiation z (either an internal mass, or a kinematic variable or a scaling parameter
as used in [9, 46]) so that » = 1 and a = a;. The generalisation to the many variable
case is immediate.

We are seeking the differential operator

N(T,e,k)

. (4
2= Y awsen () (1)

a=0

with c3(m, 5, €, k) polynomials in the internal masses 7 and the (independent) kine-
matic variables 5 and the regulators € and «, such that

Zrart = dpr “42)

Holonomicity of Feynman integrals gives an upper bound on the order of the differ-
ential operator, which is determined by the number of master integrals. For a graph
I' the minimal order of the differential operator depends in general of the regulators.
Let N(T, €, k) be the starting order of the reduction. We then apply the results of
Sects. 3.1.1 or 3.1.2 so that

g\ VT.ex) MNTe0
(a) o= _Fg—(r,e,w(_l) 2 +dpr 43)

In the next step we add the lowest-order derivative

g\ NTen g\ NTen-1
(a) +gNT,e,0)—1(, €, K) (a) Qr*

_ MNTE () + gNren)—1(, €, k) PVTEO=1(x)

€,k N(T,e,k)
N0 Q" +dBr . (44)
r

where the rational coefficient gN(T,e,i0)—1 (t,e) = CN(F,e,/c)—l(t» 6)/61\7(1"15,,() (t,¢€)
is an unknown rational function of ¢ and the regulators € and «. The polynomial
PNT€0=1(x) is the numerator factor obtained by taking the N (T, €, k) — 1 deriva-
tive of the differential form.

We then apply the reduction of Sect. 3.1.1 or 3.1.2 to the polynomial in the numera-
tor MV T (x) gNT,e.0)—1(t, €) PNT.€0=1(x) The resolution of the system (29)
determines the rational coefficient gy (r e.«)—1(t, €) and MNT€O=1(x) computed
using (40). One iterates the reduction until the power of the second Symanzik poly-
nomial Fr isn — L — 1 so that

@ Springer



Algorithm for differential equations for Feynman... Page 130f45 89

N(T,e,x)—1 _
g N(F,e,lc)+ e C'N(l"f,/()—a(l: 6) g NT.ex)-a Qe,;{ :MO Qé,l(_"_dﬂé,l(
dr = CN(F,E,K)(zaE) dr r r o
(45)
where MY is of degree 0 so that
colt, €,k
qo(t, €, k) = _alte ) o (46)

CN(Tex0)(, €, k)

The inhomogeneous term ,BIGJK isthe sumof 82 with 1 < a < N(T, €, k) contributions
with their multiplicative factor as given in (24)

B = Y (Bl —xiBLdxi Ao Ay A AdG A Ay, (4])

I<i<j<n
with
N (T, e,k) >,
- Ca(x)
BR* = L wp", (48)
: a; @-1+n—LE—epFe! | "

which is a vector of degree of homogeneity 1 — n in the edge variables x. Since
d,Bf:K =-V.Br QE)”), from (45) we have the ordinary differential equation satisfied
by the integrand of the Feynman integral

d N(T,e,x)
(a) *
(49)

Integrating this expression over the positive orthant leads to the inhomogeneous dif-
ferential equation satisfied by the Feynman integrals

d N(T,e,x)
(a) *

N(T,e,k)

<

N(Te0)—
N —r(t,€) (d\NTEOT BE*
- CUF = -V -Dr .

o NTew(t,€) \drf

N(Te,c) )=
S enren)—r(t, €) <d>N(F’€'K) " 6

o NTew(t,€) \drf r

=—/ V. B&*dxy - -dx, . (50)
x;>0

The inhomogeneous term is a total derivative reflecting the fact that it is spanned by
Feynman integral with collapsed edge of the original graph I". The evaluation of this
inhomogeneous term is delicate and requires taking into account the various blow-ups
of the domain of integration so the integral is well-defined [10, 12, 45, 55].

Letus comment on how to determine the order of the differential operators. An upper
bound on the order can be computed from the number of master integrals. The number
of master integrals can be computed from the Euler characteristic of complement of
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the graph polynomial [72] or counting the critical points of the Euler representation
of the integral in projective space [65, 74] or [62, 75] (see [33] for a discussion of the
relation between the different ways of computing the number of master integrals). On
the other hand, determining the minimal order is a difficult question. Our pragmatical
approach is to increase the order starting from lower orders until the system (29) has
a solution, which is the spirit of the Griffiths—Dwork reduction applied to Feynman
integrals in [44].

In practice, for determining the minimal order it is enough to run the step of the
Griffiths—Dwork reduction for fixed generic numerical values for the physical parame-
ters (the internal masses and kinematic parameters), because all the reduction amounts
to solve a linear system in the projective space of the edge parameters x. This allows
to determine the smallest order for which the algorithm closes to give a differential
operator. The Griffiths—Dwork algorithm does not automatically lead to an irreducible
differential operator. The factorisation of a linear ordinary differential operator can be
done with the DFactor routine from Maple up to the order 4 for generic parame-
ters [76, 77], and to any orders for linear ordinary differential operators with numerical
coefficients using the facto algorithm in sagemath [78, 79].

In the rational case ¢ = ¥ = 0, it was noticed in [11, 12, 46, 80] that the order
of the minimal differential operator is smaller than the number of irreducible master
integrals. When the regulator take integer values the minimal order is smaller than the
number of master integrals. In the various cases studied below, we will see that the
order of the minimal differential operator can saturate the upper bound given by the
number of masters for generic values of the regulators € and «. This will be discussed
further in Sect. 7.1.

4 One-loop examples

We start in Sect. 4.1 with the simple example of the massless one-loop box in dimen-
sional regularisation, which will serve as an illustration of where the main features of
the algorithm emerge (Fig. 1).

We then work out a Grobner basis of differential operators associated with the
Witten cross diagram for conformally coupled ¢* in four dimensional de Sitter space.
It was shown in [25, 26] that the cosmological correlators of conformally coupled ¢*
can be organised as dimensionally regulated flat space Feynman integrals in position
space. Because of the measure of integration in (anti)-de Sitter the resulting integrals
fall into the category of the analytic regularisation of Sect. 2.2.

4.1 The massless box graph in dimensional regularisation

We define the usual Mandelstam invariants as r = (k; + k3)2, s = (k1 + k2)2. The
graph polynomials are given by

Ug=x14+ -+ x4, Fo(s, 1) = —txoxqg — sx1x3. (@28
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Fig.1 The box graph with ky
massless external and internal N 4 .
states. The outgoing external

momenta are k; with

ki + -+ k4 = 0. The labels of 1
the graph give the index of the

edge variable x;

The twisted differential in Eq. (9) for the box graph in D = 4 — 2¢ in the projective
space P3 reads QGD = a)ED 964), where

w5 = : UZD E (52)
O™ Foes, 02 \FoGs, ) ) -

This is a single scale function depending only on the ratio X = ¢/s of the kinematic
invariants, so we scale the integral obtaining QGEI (X) = (—s)*t¢ QG (s, Xs). The
application of the procedure given in Sect. 3.1.3 needs only to start at the first order.
Computing the derivative with respect to X, we obtain

P = 2+ €)xpxq, (53)
which we will reduce with respect to
V(FD) = (90, F0 = —x3, 9,F0 = —0X, 9.F0 = —xp, —Xx) . (54)

The vector C 1(x) has components

f@= ) rx, (55)

eEMmM) 4

where m; ; denote the set of exponent vectors of degree i in j variables. There-
fore, my 4 = {(a1,a2,a3,a4)la1 + a2 + a3 + a4 = 2,a1,a2,a3,a4 > 0}. Since
deg(Ci(x)) = 2, deglc1(x)) = 1, Qe c1(x) = > .qp,,9ex’ and miy =
{(1,0,0,0),(0,1,0,0), (0,0, 1,0), (0,0, 0, 1)}. Hence the linear system becomes

St Yeemy, Mex 0 (FO) = (2 + ©)xaxy

S Yo M0 (UD) = Yo, 03U o
which leads to
co = ﬂ (57)
XX+1
We then derive
Fo= (X4 DX+ 14X o), (58)
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In this simple case, the algorithm requires only one iteration. The boundary contribu-
tion in Eq. (48) is given by

1§€D _ Xx_4’ X1t +x3,Xﬁ, _x4(2X-|- 1)
2 2 2 2
+ 230,10 1xaX — x1,x1 — x3,x3 — 14X, 0}
+ )‘3,0,1,0 {x4 —x2, 20X — x3,0, x3 — x4 X}

+ 2100010, ¥2X — x1, (x4 — x2) X, x1 — x4X}. (59)

The boundary vector depends on the free coefficients )‘21, ny.n3.n, LtOM the reduction.

This freedom arises from the kernel of the linear system (56) on the unknown coeffi-

cients A/, 1....nq- The gradient of this vector does not depend on the free coefficients as
i reads X(Xe+ X+ 1) —xixs(X + e+ 1)
- o € - €
V. Be =20 1 s (60)
X(X + D (x2xa X + x1x3)
so that o
Lo+ V-B5=0. (61)

Byintegrating%-Ig’f:I overthe Ay = {x; > 0, 1 <i < 4} we gettheinhomogeneous
term )
e+ DI'(—e —1
PG RINC T
I'(—2e)

(7= ). (62)

This simple example illustrates the general procedure as we will see with more loops.
In general the system of equations is dense.

4.2 The Witten cross diagram in AdS, in dimensional regularisation

The dimensionally regulated Witten cross diagram of Fig. 2 considered in Section 4.1
of [26] is given by the integral over the bulk point X

s 4—4.
W =g | SR (©3)
0 ’ 2 (12v3a)? Jrs IXIZIX — un [PA49)X — ug |2
Fig.2 Witten cross diagram, Uy U3
between four states on boundary
of dSy
171 774
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with the vectors u; = (1,0, 0,0) and u; = (% % 0, O) where ¢ andg_' param-

eterise the cross ratios ;g: = v122v§4/(v124v§3) and (1 —¢)(1 — E) = v123v§4/(v124v§3)
defined by the position on the boundary of (A)dS;.

The parametric representation is given by I£ (¢, ¢) = N As
gration over the twisted differential form

p2-2¢ _ =32\ ¢

28 —de (¢, ¢) the inte-

T(1—4e) U F,(Z,0) x5

over the domain A3 = {x; > 0, 1 <i < 3} and with the graph polynomials
Uy =xi+x+x3,  Fu(6,0) =xix2+ lxixz + (1 — (1 — Dxgxsz. (65)

We can apply the algorithm to the case of the analytic regularisation of Sect. 3.1.2
with § = 2, ¢ = k = 2¢, (p1, p2, p_3) = (0, —2,0). We find the following set of
differential operators acting on I« (¢, ¢)

2

Ly =€ -1 - 5)4288—42 +(¢Gc =E=2) =20 (242 —25))¢—§

+Qe—1) (28(; 10— ;2) (66)

and

x2—(§_1)§§_§+(§_1)§§ E+§§—28(§+§) (67)

We have checked that they form a Grobner basis with respect to the lexicographical
ordering of ¢, ¢ using the command OreGroebnerBasis, which is part of the
package HolonomicFunctions [50].

The algorithm determines the boundary terms such that?

=2 &
gxyr 1 _ Fx(é:{) + % B>2<8r28 — 0 r = 1’ 2 (68)
UxF« (£, ¢) Xy

For computing the boundary contribution to say, .%x 1 we need to evaluate

-

Sl = —/ V- BEE. (69)
Az

Integrating by parts we have the expression

2 Details are provided in the attached Mathematica notebook with this example is accessible at
Cross-AdS.nb.
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o
St = / fo <x]1§100(31f’128)1 —Xlliglo(Bi‘ffm) dxadis
o
+ / f ( lim (BX7), — lim (318*125)2> dx;dx;
0 Xp—> 00 ’ x—0 ’
o0 2¢,2. 2¢,2
~|—// ( lim (B){")3 — lim (Bx8’15)3) dxidxy. (70)
0 X3—00 ’ x3—0 ’

B2¢e,2¢e

The components of B} depend on seven free parameters

| 3 3 3 3 3 3
{M,o,o» AL 112,00 22,1,00 20,015 40,1,00 )‘1,0,0} . (71)

For all values of these parameters we have for ¢ > 0

= i 57 =0 o
For all values of the parameters, the limits limxlﬁo(Bif’lzs)l and limx3_>0(Bi’f’12£)3
are finite for & > 0. But the limits limxl_mo(B)z:’l%)l and limx3_,oo(B)2:’128)3 are not
finite for ¢ > 0. With the choice of the parameters
4e — 1
3 3
A1,0,0 —2(8—_1)/\2,1,0’
2 Qe — DA 2Qe—DAJ,, Qe - DA 50
Ot - ci(de— 1) e~ 1
A1 0QC+20 - =244 —¢ =T+ De)
2t¢(e—1)
(e — D2 (¢ + & =302 + 20452 — ¢ — {)e) 73

(4e — (& — D3¢ =)

we have limx,ﬁoo(Bisy’lzs)l = limx_%%oo(Bie)’lzg)g = (0 for &¢ > 0. The boundary term

is given by

o0 0
Sl =— // lim (Biﬁ'lzg)l dxpdxs — // lim (Bif’lze)_% dxjdxz,
0 0

x1—0 x3—0
_ _1N\28(F _ 1)\28 _
__m@e-D(@-DF@-DF 1) 74
sin(2mwe)
It was shown in [26] that
. . (3 1 = 1-¢
L) —Liy () - $log(¢ ) log (1)
15(2,0) =2 - + 0(e), (75)

¢—¢
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Fig.3 The two-loop sunset

graph. The labels of the graph

give the index of the edge k k
variable x;

where Li, (z) = — foz log(1 — u)d log u is the dilogarithm. One easily checks that
Lea (5,0 + S =0+ 0(). (76)

This analysis shows that the boundary term produced by the Griffiths—Dwork reduc-
tion is not guaranteed to be integrable over the positive orthant. The choice of free
parameters we have made is equivalent to add a total derivative (or an exact form) to
get a convergent integral. Although the algorithm produces the integrand for comput-
ing it according (50), this simple case shows that evaluating the inhomogeneous term
is not an easy task, which will not carry for most of the remaining cases studied in this

paper.

5 Two-loop examples

In this section, we apply the algorithm to the case of dimensionally regulated two loop
integrals. We derive the e-deformation of the equal-mass sunset integral in Sect. 5.1.1,
the general mass configuration sunset integral in Sect. 5.1.2, the two point kite integral
in Sect. 5.2, the ice-cream cone graph in Sect. 5.3, the non-planar triangle-box graph
in Sect. 5.4 and the four points planar and non-planar boxes Sect. 5.5. We conclude in
Sect. 5.6 with the ice-cream cone graph in analytic regularisation in four dimensions,
which arises in the two-loop correction to cosmological correlators of conformally
coupled ¢* in de Sitter space [27].

5.1 The two-point two-loop sunset graph

We now turn to the two-loop sunset graph of Fig. 3 and show how to adapt the Griffiths-
Dwork reduction used in [12, 46] to the e-dependent integrand from dimensional
regularisation. For the two-loop case the differential Eq. (9), setting r = k2, is

Q)= SIAY o a7
© Fo) \Fo®?) ™°

with the graph polynomials

Ug = x1x2 4+ x1x3 + x2x3,
Fo(t) = —tx1xox3 + (m%)m + m%xz + m§X3)U@. (78)
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The twisted differential form Qf, is defined on the complement of the sunset elliptic
curve Fo () = 0. We discuss the equal-mass and the general case separately. We
apply the algorithm by starting to seek an operator of second order which is enough
for the equal-mass case, but for the three-mass case we find that the minimal order is
four, in agreement with previous results [81-83].

5.1.1 The equal-mass case

We derive the differential operator satisfied by the two-loop all equal-mass in general
dimensions. We start with at N(©, €) = 2 finding

d)? ¢ T3 +2e) (x1x2x3)? U% ¢ 3
(E) Qe(t’e) B (14 2¢) F@(l‘)3 F®(t)2 Q() ’ (79)

from which we can extract P® = 2(e + 1)(2¢ + 1)(x1x2x3)2. Accordingly, we
label the unknowns with the upper index so S® indicates the k-th reduction. We then
perform the Jacobian reduction of P as

3
2(e + D€ + 1) (xixax3)” = Y > AP x40, (Fo (1), (80)

i=1 e€my3

APy,
We have to solve the following equation for the coefficients )»22) i coupled to the
equations generated by

where we have written explicitly the components of C@ as Cl.(z) =D emis

3
DY AP, U = Y ¢PxUs, (81)
i=1 e€my3 ecms3
where ¢@ = Y @ e | known h degree 3 polynomial i
= ) _eemss 9e x° 1s an unknown homogeneous degree 3 polynomial in

x. The unknowns will be fully determined at the end of algorithm. For this case, the
differential form given in Eq. (15) reads

2 @ 30\¢ ®) @) 3\ €
g = x0C;7 —x3C, Us dey 4 x3C7 —x1Cy Ug dxs
© Fo ()2 Fo(1)? Fo(1)? Fo(1)?
€
G —wnc? (UL
5 5 | dxz, (82)
Fo(r) Fo(r)

which leads to

2 ) )
(2 +2¢) (i) QS (1, €) = (Zi:l GG | ez G O logUO>
dr '

Fo(1)? Fo(1)?
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W\ oo

Therefore, using Eq.(28), we define

Y 9P 4 3ec®
2+ 2e

M@ = : (84)

which upon using (81) leads to the reduction of the pole

d\? M@ (U O\
©

We now add the first derivative with an unknown rational coefficient g (¢, €)

d\’ . d) e MO (U
<5> Q@(I,E)‘HIIU,G) (a) Qe(t’e)zFQ(Z)z F@(t)2

€
3
) QY +dgs, .
(86)
where M(D .= M@ 4 q1(t, €)x1x2x3(1 4 2¢€). We then reduce the pole a second time
by writing

3
MY =3Py Fo ). (87)

i=1

where C l.(l) are unknown homogeneous degree 1 polynomials. Thus,

d : € d € _
<E) Pl O+t (E>Q@(”€)_ Fo()? Fo ()

The last step to compute the differential operator is to derive the constant term, which
must reduce the poler order of the right-hand-side of this equation. We thus impose

3, Vo vl o\
Zt=l i O(z)( ] ) Q(()%)_l_dﬂé (88)

3
> CcVo'Fo (1) + qolt, )F (1) = 0. (89)

i=1

Solving all the equations needed for the pole reduction leads to the unique solution
for the coefficients g1 and gg. The solutions are

(3t2 — 101 —9) e 312 — 201 +9
t—9)( — )t + t—-90¢—-Dt’
€22t +2) €3t —95) =3

q0(t, €) = (—9G—Dr T G=9c—1r T G=9c=1i ©0

qi(t,€) =
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leading to the e-deformed differential operator

d d
g(Z),e,l—mass — =1 —9 t—3
o g = Du=9— )+ =3)
2 d 2
€ ((3: —10r = 9)— + 3¢ —5) +e2@+1). O

Collecting the inhomogeneous contributions into the vector

_.

2
=2 FEST TSR .

one can check that the action of this differential operator on Q¢ o) is

géZ),e,l—mamQ%(t) + % . Eé =0 93)

as it should be from the general considerations of Sect. 3.1.3.
From the solutions, we can compute the inhomogeneous term is given by evaluating
the integral

y@(t,e)z—/ V- BS. (94)
A3
Because the denominator of Bee has a pole at the coordinate point[1 : 0 : 0], [0 : 1 : O]

and [0 : O : 1] one needs to consider the blow-up of the domain of integration Aj3.
This is done by inserting a small P! of radius p (see Eq. (3.47) of [12])

Fot€) = lim Z/ > (BE)dx; . (95)
08315~ 1< £i<3
A computation identical to the one performed in [12] leads to

_ T(+e)?
y@([,é)——6m. (96)

The piece of order €° reproduces the differential operator for the two-loop equal-mass

sunset in D = 2 given in [53]. This differential equation in general dimensions can
be obtained by applying the results [82, 84] to the all-equal-mass case.

5.1.2 The different mass case

For the non-equal-mass case, the order of the differential equation is 4 with the fol-
lowing € expansion

L5 = ﬁl(])ﬁ(z)fé*m“” +e2P 4+ 1 ELP 1420 1 L7, 97)
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where .fi(r) are irreducible differential operator of order i and fé‘m”” is the dif-
ferential operator for the three-mass two-loop sunset integral in two dimensions. This
differential equation reproduces the one derived in [82, 84]. The € deformation does
not change the non-apparent singularities of the differential operator as can be seen
from the coefficient of the highest order term

6

) s = 3]‘[(; 12 (—(2e+5)t2—2(m%+m§+m§)(1+2e)t

4

++60 ). ©8

i=1

where u; = {m; +mo+ms3, —m+my+ms, my —mp+m3, m; +my —ms3} are the
thresholds. The € deformation is only affecting the apparent singularities, since the €
factor in (77) does not change the nature of the singular locus which is still given by
the same elliptic curve as in the € = 0 case.

The action of .Z§ on the Feynman integral is given by

fé]é(m, t,e) = So(m,t,€) (99)
with the source term

cnt, O+ D> e, (e+ D> cp(t,e)l(e+ 1)2

Folm,t, €)= (mam3)*T (1 42¢) = (mim3)2€T(1+2¢€)  (mymp)>*T(1 +(21%)0)

where c12 (2, €), c13(¢, €) and c23(¢, €) are polynomials of degree 4 in ¢ and degree 2 in
€, respectively. The contribution to the inhomogeneous term arise from each boundary
contributions located at x; = 0, x, = 0and x3 = 0. They are given by the two-bouquet
Feynman graphs

k k k
. m 3 m 3 m 2
k k k

(101)

The coefficients match the one derived from the general dimension results of [82, 84].

The results are  provided on the SageMath worksheet
Sunset-Twoloop-3mass-Epsilon.ipynb. Expanding in powers of €, we have

3
Tt €)= S0, 1)+ (cél)(rﬁ) +3 eV ) log(m,-)) e+ 02 (102)
i=1
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with the leading term given by
4
(i, 1) = 60r* + 56 (m% +md m§> £ — 308 . (103)
i=1
For € = 0 the two-loop sunset integral satisfies the differential equation [12, 83]

3
2379 (O (1) = s, 1) + Y 5i (i, 1) log(m?) (104)
i=1

with

so(m, 1) = (105)

18t — 24 (m%m% + m%) -4 (m‘]1 + mg + mg + 10(m%m% + m%m% + m%m%)) 12

4 4
+8<m%+m%+m§)nmt+21—[u«?,
i=1 i=1
s1(m, 1) = (106)
(4m$ —2md - 2m§) Bt (—12m‘,‘ + Vmm3 + Lamm3 + om3 — 28m3m3 + 6m3) 1
+ <12m? — 22m‘1‘m% — 22m‘1‘m§ + 16m%m3 + 16m%m§ - 6mg + 6m§m% + 6m%m§

4
— 6mg>t -2 <2m‘11 — m%m% — m%m% - m‘z1 + Zm%mg - m%) l—[ i s

i=1

207, 1) = (107)
(=2t +4m3 — 2m3) £ + (6mt + 14mimd — 28mim3 — 12m3 + 14mdm3 + 6m3) 1

+ ( — 6m? + 16m?m% + 6m‘1‘m% — 22m%m‘21 + ém%mgt + 12mg — 22m§m% + 16m%m§1

4
— 6mg)t +2 <m‘1‘ + m3m3 — 2m3m3 — 2m4 + mim3 + m%) l—[ i,

i=1

with
s3(m,t) = —s; —s2. (108)

It can be checked that

SO, 1) =2V P g3 (0 o). (109)
The logarithmic dependence on the masses arise at the order € and
Vi) = 114r* + 168 (m% +md mg) By ( — 552(m* + m% + m?)
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Fig.4 Special two-point kite.

Dashed lines are massless

propagators, and solid lines are

massive propagators. The labels k
of the graph give the index of the

edge variable x;

4 4
+ 1136(mim3 + mim3 + m%m%))t2 — 64 (m% +m3 + m%) l_[ it + 141_[ ulz ,
i=1 i=1

(110)

and
1
eV my, my, m3) = (111)
—80r* — (88mF + 683 + 68m3 ) 1 + (360m} — 780mFm3 — 780mIm
+ 436m% — 904m3m3 + 436m‘3‘)z2 + ( — 136m$ + 324mm3 + 324mim3 — 256mim3
4
— 256m3m} + 68mS — 68mim3 — 68mm + 68m§)r 28 [ i

i=1

X (2m‘1t — m%m% — m%m% — mg + Zm%m% — m%)

. 1 1 1 1
WlthCE Ymi, ma, m3) = cg ) (ma, mi, m3),andcg Ymi, ma, m3) = 05 )(m3, ma, my),
and ¢{" () + ¢V () + ¢V i) = 478 G, 1).

5.2 The two-point one-mass kite

We consider the two points kite graph of Fig. 4 with three massive and two massless
propagators. Its Symanzik polynomials read

Ue = (x1 +x2)(x3 + x4) + (x1 + x2 + X3 + x4) x5, (112)
4
Fo(m®, p*) = k*(x1xax3x4 Y X7+ (x14x4) (x2+23)x5) —m (x1+-x3+x5) Us .

i=1
(113)

Now setting k> = Xm?, we have single scale problem and now set m = 1 so

U3 v \*
Qo =—2 _—[=2) . 114
CTE (L XD\ R ) (o
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Fig.5 The ice cream cone

graph. The massive external L1
momenta are k; satisfy
k1 + ko + k3 = 0. We have L z L
labelled the graph with the edges 1 3
variables
Y1 Y2
ko

It was shown in [46, 85, 86] that the two point Kite graph with generic masses satisfies
a first order differential equation in four dimensions. The integrand of the Feynman
integral is the twisted differential form

S v\ )
o= T D \Fox) 0 (11>

and the result of the reduction gives the differential operator

d
L5 =X(X =D + X — 141+ X)e. (116)

5.3 The three-point ice-cream cone graph

In this section, we give the result for the e-deformed differential equation for the ice-
cream cone graph of Fig. 5 generalising the result for ¢ = 0 given in [9, 46]. The
two-loop (one scoop) ice-cream cone differential form in D = 2 — 2¢ dimensions is

given by
€
Uo (U @)
Q¢ (t)=—(— Q (117)
< 2 2 0
Fo \Fo
with
Uo = (y1 + y2)(x1 +2) + zx1,
Vo  =k3yiyz+x1)+zxi&iyr +k3y),
Fo(t) := (u3y1 + n3y3 +m3x; + m3z)Us — tVo. (118)

We find the following results (some numerical cases are accessible on the SageMath
worksheet IceCream-Epsilon.ipynb).
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e The equal-kinematics case u; = up = my; = mp = kK = k% = k% = 1: the
differential operator has order 3 and reads

4
L0 =3 e 2 (119)
r=0

with

3 2
o710 _ 5.3 0 _ _ i 20 _ 2 _ E
Lo =2 -3 4)(dt) +2:% (1t 2)(11: 44z+15) (dt>
1272 (29z 116t+89)i+321 t-2), (120)
I B De-He—-He+ 1) (5)3
< dr

d 2
2 4 3 _ 2 —
t (lOt 3713 — 26t +95t+18) (dl>

d
1 (24:4 4503 — 24242 4 53¢ +48) 12t eaed — 11207 —4gr — 12, (121)

d\? d
A2 21y (563 — 2262 + 5 24) 2) 42 (28t3 232 1300 —71) =
g @+ +si+24) (1) + ) =

+261* 4 561° — 4812 — 641 — 18, (122)
d
[71.3 _ 2 _ 2 = 2 _ 2
203 = (2; 41 3) -+ 1) - +6(3t 1) t+1)72, (123)
.zg]"‘ =41 (t+1)>. (124)

The € term factorises as

d
Lo - ((2;6 — 161" + 3814 —24r°) = +4 (217 — 122 + 197 — 6) z2>

d+5t3—30t2+49t—18 d+ 2 — 4 (125
°<E (r—4>t<t—1><r—3)>°<5 m) )

The rightmost operator is the minimal differential equation for the € = 0 case [46]

m_ d 2(t —2)
Lo’ = at (t— D@ —3) (126)

e The equal-mass case i = up» = m; = my = 1 and generic momenta
k12 # k% # k% # 1: the differential operator is of order 3 reads

3 3
T Y
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3
where fgi 1745 of order n. The €° term factorises as
3 3
LEN =200 250, (128)

where .,iﬂaol is a first order operator and the second order differential operator

3
.,?g’l 19 matches the mass specialisation of the differential operator derived algo-
rithmically in Section 5.2 of [46] and using Hodge theory in Section 7.3 of [9].
The highest order coefficient factorises as

3 3
e s = 103 = 1 Ak = Gy = mo)her D0
(129)
with

o1 = K + 1 (md (—3K3 = K33 + k3) + m3 (k! — K33 - K3K3)
+ (m3 + m4)2 (—k%kg Ty k§k§> )

ik + m%(m3 +ma)? (—kF = K3+ 83) + K oms + ma)®, (130)
and

(1) = PRAE + t(m1 ( K22 — 122 + kg‘) + m2 (kj‘ — KR — k%k%)
+ (m3 — ma)? (—kfk% Ty kgkg) )
+mik3 +mim (—kl2 + k3 — k%) + m3(m3 — my)? (k% — k2 - k%) + m3k?

- m3ms —ma)? (k3 = K3 + K3) + K3oms —m)*, (131)

3
and cg” ](t, €) a polynomial of degree 5 in ¢ and 1 in €. We recognise the physical

thresholds of the ice-cream cone graph given in Section 5.2 of [46] (and given on
this page PF-icecream-2loop.ipynb). The € deformation only affects the position
of the apparent singularities.

The equal-mass case for the scoop m| = m; = 1 and generic masses (1| #
u> # 1 and generic momenta k12 # k% #* k% # 1: the differential operator has
order 3 and has the € expansion

5 5
T YLD Y

@ Springer


https://nbviewer.org/github/pierrevanhove/PicardFuchs/blob/main/PF-icecream-2loop.ipynb

Algorithm for differential equations for Feynman... Page 29 of45 89

5
where fgi 1 is of order n. The €° term factorises as
5 5
LR = ) 0 2810, (133)

where .,5%01 is a first order operator and the second order differential operator

5
fgl 19 matches the mass specialisation of the differential operator derived algo-
rithmically in Section 5.2 of [46] and using Hodge theory in Section 7.3 of [9].
The leading coefficient factorises as

5 5
7 v = 3 (th3 — (my +m2)?)(th3 — (my —m2)*)er(Dea ey (2, €).
(134)

Only the positions of the apparent singularities depend on €. They arise from the

5
roots of the polynomial 0521 ](t, €)of degree Sint and 1 in €.
e Generic masses non-vanishing m| # my # | # @2 and generic momenta
k% + k% * k% # 1: the differential operator is of order 4 and has the € expansion

1 2

[1",e _ 1.r r Lr _24r

Lo =YL ey L (135)
r=0 r=0

The €° term factorises as

[171,0 0 0 [171,0
39,4 Zgu,l Ofb’l O.,%@ N (136)

where .0 | and £ | are first order operators and the second order differential oper-

7
ator 2L 0 matches the mass specialisation of the differential operator derived
algorithmically in Section 5.2 of [46] and using Hodge theory in Section 7.3 of [9].
The leading coefficient factorises as

7 7
LY s =108 = o1+ m))) R = i = m))er el ).
(137)

The position of the non-apparent singularities is not affected by the ¢ deformation,

7
but the apparent depend on €. They arise from the roots of the polynomial cgl ] (t,€)
of degree 11 in¢ and 2 in €.

5.4 The three-point non-planar triangle-box graph

For the non-planar triangle-box graph in Fig. 6, setting the internal mass tom = 1 and
defining the 2k - ko = X with k% = k% = 0 and ky + k2 + k3 = 0. We have

Uz = (x1 +x2)(x3 + x4 + x5 + x6) + (X3 + x4) (x5 + X6), (138)
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Fig.6 The non-planar 3
triangle-box graph. Dashed lines - -k
are massless propagators, and 2 -

solid lines are massive

propagators. The external ks ——_
momenta k; satisfy ~
ki +ky+ k3 =0and TN

B=k=0 - ke

Fig.7 The planar massless ko
double-box graphs. The massless

external momenta k; satisfy !
ki+-+k4=0andk? = 0. '
The labels of the graph give the
index of the edge variable x; !

Fx(X) = — ((x3 + x4 + x5 + X6)X1x2 + X1X3X5 + X2x4X6) X
+ (x3 + x4 + x5 + x6) Ux .  (139)

The integrand of the Feynman integral is the twisted differential form

6-35 3 €
Qx U« ( Us ) Q. (140)

T (Fe(X)%? \ Fg(X)?
an the differential operator is

d \? d
£ = (16+X)X> <d_X) + QX +8)e+TX +80)X — +4(X +6)e +4(2X +15).
(141)

5.5 The four-point planar and non-planar double boxes graph

We show how to derive differential equation for the massless box and massless double-
box integrals in dimension D = 4 — 2¢. Unlike previous cases, these integrals are
divergent in four dimensions so the € = 0 integrals are not defined.

5.5.1 The massless planar double-box graph

The graph polynomials associated with the massless double-box graph in Fig. 7 are
given by

U = (o1 + x2 + x3) (x4 + x5 + x6) + (X1 + - - - + Xx6)X7, (142)

Fr(s, 1) = tx3x5x7 + 5 ((X1 + x2 + x3)x4%6

+ (x4 + x5 + x6)x1x2 + (X2 + x4) (X1 + X6)X7)
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Fig.8 The non-planar massless 1 D)
double-box graphs. The massless ko —----- e m e — o ks
external momenta k; satisfy AN /
ki+--+ks=0andk? = 0. 5N 7

|
!
|

The labels of the graph give the 4 : e
index of the edge variable x; |
!
|

with the twisted differential in D = 4 — 2¢ in the projective space P°

€
U Ui @
QE (s, 1) = Q. 143

m () Fr(s, 1)3 (Fzm(s,t) 0 (143)

We work with the single scale form QGEEI (X) = (—s5)3t2€ Qr (s, Xs) with the result

d\? d
2 2
L =1+ X)X (ﬁ) + Q43X +OX o+ X —e— 26 (144)

5.5.2 The massless non-planar double-box graph

The graph polynomials associated with the non-planar massless double-box graph in
Fig. 8 are given by

Ux = (x1 + x3 + x4) (x2 + x5 + x6 + x7) + (x2 + x7) (x5 + X6) (145)

and

Fx(s, 1) = s (x1x3(x2 + x5 + X6 + X7) + x1X6x7 + X2(X3X5 — X4X6))
+ tx4(x5x7 — x2%6) (146)

we work with the single scale differential form

3 €
QE — (_S)3+26 UIX UIX 9(7) (147)
= Frz(s, X5)3 \ FX (s, 5X) o

The differential operator we obtain is

€ __ 22 i ? i
L5 =1+ X)X (dX> + 1+ X000 +2X)Q+OX 7 +2X(X + 1)

+ QXX +1)—1)e—26>. (148)
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Fig.9 The Witten ice-cream /
cone graph in momentum space 2

5.6 The Witten ice-cream cone diagram

We turn to the Witten ice-cream cone of Fig. 9 in analytic regularisation entering the
two-loop correction to the cosmological correlator between conformally coupled field
analysed in Section 5.3.4 of [27]. The cosmological correlator is the integration over
the energy of the two-loop flat space integral analytically regulated

d4L2d4L4
192/ 2\1 241 21 s (49
(LD (LD ((La + Lo+ Q) ((La + Lo+ 0)2) 1+

where El + l?z + 1_53 + l?4 =0and Q = (w3, 1_53) and Q = (w4, —124). The parametric
representation is given by the integration Ig = [ ™ QK@ over the domain Ay = {x; >
0,1 < i < 4} of the differential form

4 _ “
itk (1 R
with the graph polynomials
Uo = x1x2 + (x1 + x2)(x3 + x4), (151)
and
Fo=x1% (602 +140%) + (i +xxn@ - 0% (52)

Setting u = 02/(Q — Q)2 and v = QZ/(Q - Q)2 one finds the following Grobner
basis of differential operators

3\° 3 0 3
L= —u— 2} o= — Br+ Du—
1=(1-u U)U<8v> Wy O gy

3
+ Bk (1 —u—2v)—v)8——8/c2, (153)
v

3 Details are provided in the attached Mathematica notebook with this example is accessible at Ice-
cream-AdS.nb.
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Fig. 10 Multi-loop sunset

p p
3\?2 3\? 3 3
-l L T P R 154
) u(8u> +U(8v) 3K8u+3fc8v, (154)
a 3
L= ((u — )21 =20+ v)) (—) (155)
du

9 2
_ 2 2 2 _ _ 2 e
~|—v(9K ((u+v 1) 2uv) W9 — (v —1) 8u(1+v)) (81})
+ <K2 (—29142 + u(43v +29) — 18(v — 1)2) iy (6u(v +3)—6(v— 1)2)
9
Fu(Su —v+1)) —
ou
+ (K2 (27u2 — 59uv — 54u + 36v% — 63v + 27)

— 3k (—9u2+6uv+8u+3v2 — 4+ 1)

0 2
—v(u+3v—3))£+24(/c—1)/c w—u—1).

6 Three- and higher-loop examples

We now turn to the higher-loop cases of Fig. 10. We first discuss the equal-mass case
and then a numerical example at three-loop order with all possible mass configurations.

6.1 Minimal differential operator for higher-loop sunset

We now consider the n — 1-loop sunset integral withn > 4in D = 2 —2¢ dimensions.
Eq. (9) for this case reads

Fou-1)#) \Fou-1@)"!
(156)

n

g U’é( D ‘
S - . - _ 0 n—
Ié(n_l)(m,t, €) ZA Q%(n_l)(m, t,€); Q%(ﬂ_])(mslv €)= ( )
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with
"1
Uop—-1) = X1+ X, ZIZ
i

n
Fou_1(t) =U,_; Zm%xi — X1 Xy (157)

i=1

Notice that U’é (-1 /Fom-1 ()"~ is a homogeneous rational function of degree 0
in (x1, ..., x,). As usual the differential form is defined in the complement of the
vanishing locus of the denominator in Pl \{Fo@u-1)(t) = 0}. In D = 2 dimension
(e = 0) we have arational differential form Q€® ( nﬁ})(nﬁ, t, 0). The differential operator
has been given up to six loops for € = 0, and it is in agreement with the Feynman
integral being a (relative) period of a Calabi—Yau manifold of complex dimension

n—21[11,12, 14, 17, 18, 20, 80, 87].

6.1.1 The equal-mass case

Already in D = 2 dimensions, for the sunset integral from three loops on the
Griffiths—Dwork algorithm had to be adapted because of the non-isolated singular-
ities of integrand. This was achieved in [46] by using syzygies. The resolution of the
linear system in Eq. (29) also takes into account the syzygies when including the €
dependent factor.

For the equal-mass case m| = --- = my4; = 1, we find the sunset Feynman
integral satisfies the differential equation

€ F(l +€)l
@(l)le({l,...,1},t,6)=—(l+1)!m (158)

with

[
L5 =D Loae (159)
r=0

where the differential operator is .,Sfé o is of order / — r. In the all equal mass case,

the € dependence takes the particular form Zé o= Zg ot O (¢) where fg o is the
differential operator of order / for the all-equal-mass sunset integral in D = 2 derived
in [53] and the € dependent differential operators have an order / — r where r is the
power of €. The order €° differential operator fg o reproduces the one derived in [53]
up to five-loops using the properties of the Feynman integral in D = 2 dimensions (see
as well [17, 88-92]). By applying the algorithm presented in Sect. 3.1 we derived the
differential equations for the all-equal-mass sunset integral up to 20 loop orders. The
explicit results are given on the SageMath worksheet Sunset-1mass-Epsilon.ipynb.
We notice that the algorithm presented in this work produces the minimal differential
operator and does not need any factorisation of the differential operator, contrary to
the procedure presented in [90].
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6.1.2 The three-loop generic mass cases

For the three-loop sunset with different masses, we find the following results which
are given as well on the SageMa th worksheet Sunset-Threeloop-Epsilon.ipynb. With
the notation of Section 4 of [46]:

e Case [4]: The equal-mass case m| = my = m3 = my has already been discussed
in the previous section. The €° operator was derived and analysed in [11, 53, 88].
For € # 0, the differential operator reads

[4].¢ dy’ 3 2 d)?
L85 = —(t — 16)(t — 4)1* <dt> —6(r7 — 1517 + 32r) <5>

d
— (71> — 681 + 64) (E) —t+4

5 [d)? d
el —6(t —10)t (E) — 63t — 20)t< )+18—6t

d
+ €2 (—(llr2 — 28t — 64) (E) — 11+ 14> +e (=6t —12) . (160)

e Case [31]: For two different masses m; = my = m3 # my4 the differential
operator is of order 5 and has the following € dependence

1
2[31],6 _ Z }’g[’;l] r + Z 2+r$[311 r , (161)
r=0 r=0

where 3,,[31“ are of order n. The order €° operator factorises as

[311,0 __ 31] 0 [31],¢
.,2”5 —.i” 92”@(3) , (162)

where .Z, [31 is a first order operator and .Z, [3(13])0 is the fourth order differential
operator of the three-loop sunset integral with mass configuration [31] (see in

Section 4.3 of [46]). The coefficient of the highest order term (d/dz)° is given by

[31],¢

O3 |ajans 2t — (my —ma)H(t — (m1 4+ ma)?)(t — BGmy + my)?)

x (t — (3my —ma)HgP(t, ). (163)

The € dependence appears only in the apparent singularities determined by the
polynomial ¢B3!l(z, €) of degree 3 in ¢ and 1 in €.
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e Case [22]: For two different masses m; = my # m3 = my4 the differential
operator has order 6 and the € expansion

L2 Z & L 4 Z et g2 (164)

22 .
where f,,[ 17 are operators of order n. The order €” operator factorises as

[22],0 [22] 0 [22] 0 [22],0
L0 = P00 g0 o 120 (165)

where .,2’;[212 10 and <, [22 are first order operators. .Z [2<2 is the fourth order
operator for the three loop sunset integral with mass configuration [22] given

Section 4.3 of [46]. The coefficient of the highest order term (d/d)° is given by

[22],¢ _ 4 2 2 2
Z35G) /e =17t — 2m)7)(t — 2ma)")(t — 2my + 2ma)”)

x (t — 2my —2ma)>) ¢ (1, €).  (166)

The € dependence appears only in the apparent singularities determined by the
polynomial ¢!??!(z, €) of degree 4 in ¢ and 3 in €.

e Case [211]: For three different masses m; = my # m3 # my the differential
operator has order 7 and has the € expansion

8 6
P P L 167
r=0 r=0

211 .
where .,2”,1[ I are operators of order n. The order €” operator factorises as

[211],0 [211],0 211 ,0 211]0 [211],0
PO = g0 o B0 o B0 o 20 (168)

where .Z, [2“ 9%11[2]1 110 and f 21 110 are first order operators and .,2”@2 (131)] 0 is the
fifth order d1fferent1al operator the three-loop sunset integral with mass configu-
ration [211] given Section 4.3 of [46]. The coefficient of the highest order term

(d/dr)® is given by

[211].e
o0)

/dns =1 (l — (my; — mz)z) (l‘ — (m + m2)2>
X (t —(my +my — 2m4)2) (t —(my —my + 2m4)2) (t —(—m; +my + 2m4)2>

x (1= o+ ma +2ma?) ¢Vt ). (169)

The € dependence appears only in the apparent singularities determined by the
polynomial ¢!2!1(z, €) of degree 9 in r and 7 in €.
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e Case [1111]: For four different masses m| # my # m3 # my, the differential
operator has order 11 and has the € expansion

16
95%1(131)1],5 ZZG 1111 +Z l6+r$[llll]e' (170)
r=0 r=0

The order €” operator factorises as

[LI111.0 _ ol11111.0 [1111],0 [1111],0
Lo = N T (171)
where ,Z [l 1 1, € ,Za[sl 111 1€ are first order operators and .Z, [1(13])1] 0 is the sixth

order d1fferent1a1 operator for the three-loop sunset integral with mass configu-
ration [1111] given in [46]. The coefficient of the highest order term (d/ dr'l is
given by

[1111],e
©03)

ol ! (t —(mi+my —m3 — m4)2>

X (t —(my —mp +m3 — m4)2> (t — (my +mo +m3 — m4)2>
X (t —(my —my —m3 +m4)2> (t — (my +my —m3 +m4)2>
X (l —(mp —my+m3 +m4)2) (t —(—=m1 +my +m3 +m4)2)

x (1= o +ma+my +m?) g6 (72)

The € dependence appears only in the apparent singularities determined by the
polynomial g!'""(z, €) of degree 17 in ¢ and 16 in €.

7 Summary and discussion

In Sect. 3.1, we have presented an algorithm for deriving inhomogeneous differential
equations satisfied by Feynman integrals. At each derivative order the procedure con-
sists of solving the linear systems (29) in order to determine the coefficients ¢y ... 4, (2)
and the inhomogeneous term Br in (10). Our work introduces an explicit dependence
on the regulators € or «, so it is worth discussing their effect on the minimal differential
operator and on the singularities of the differential equations.

7.1 Minimal order of the differential operator and number of master integrals

The minimal order differential operator gives direct information about the underlying
algebraic-geometry associated with the Feynman integral. The knowledge of this oper-
ator is an essential ingredient for identifying if a given Feynman integral is a (relative)
period associated with a genus 0, 1 or 2 curve, a Calabi-Yau manifold or other object.
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We start by summarising what we have found with the examples studied in this
paper:

e Forthe L-loop sunset integrals, the number of irreducible master integrals is 251 —
L —21[72,93, 94].

— The minimal differential operator for the all equal-mass case has order the
number of loops L.

— For generic mass configuration at one-loop we have an operator of order 1, at
two-loop an operator of order 4 and at three-loop an operator has order 11.

— Ininteger dimensions € = 0 the order of the minimal order differential operator
for generic kinematics can be less than the number of master integrals. One

typical example is the one of the Picard—Fuchs operator %) for the multi-
L+2 )

loop sunset in D = 2 dimensions which has for minimal order 21 — ( L2

I
for generic mass configurations [46]. The order of the e-dependent differential
operator is the same as the number of irreducible master integrals but its e-
independent piece fg () is factorisable as .Z(g o = 210 ZLow.

e For the two-loop ice-cream cone, the number of irreducible masters is four.

— In the generic mass and kinematics case, the minimal order of the e-deformed
minimal differential operator is four.

— For special kinematic configurations, the ice-cream cone differential operator
is three which is smaller than the number of masters.

We thus see that when € 7% 0 and generic kinematics the order of the differential
operator saturates the bound given by the number of irreducible masters. This leads
us to formulate the following observation: For general kinematics the minimal (i.e.
not factorisable) e-deformed differential operator has the same order as the number
of independent master integrals.

7.2 Order reduction

For special kinematics, the minimal order is smaller than the number of master inte-
grals. This reduction of order can be understood by the factorisation of the differential

operator
restriction 5

ggeneric —  Lestiicted = Z1 © Zminimal - (173)
The reduction of order arises when the integrand has more singularities or more
symmetries:

e More singularities: In the case of massless internal lines or massless external
kinematics, extra singularities arise thus reducing the genus of the singular locus of
the integral. This has for consequence a lowering of the order minimal differential
operator.

e More symmetries: Another situation is when special choices of kinematic con-
figurations the integrand of the Feynman integral produce extra symmetries in the
space of projective variables x. This leads to new relations between independent
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(period) integrals, which reduce the number of independent integrals. A typical
case is the reduction order of the sunset integral according the mass configurations
as givenin[11, 17, 18, 46, 90]. These cases are not associated with the appearance
of new singularities of the Feynman integral.

In the case of special kinematic configurations that do not lead to new singularities
of the integral, the order drop is not detected by either the computation of the Euler
characteristic of complement of graph hypersurface in the projective space of the
edge variables, nor the computation using the critical points of the Lee—Pomeransky
representation [33, 74, 95] nor the Baikov representation [62, 65, 96]. For instance
in [97] it was explained how a hidden involution symmetry of the two-loop non-planar
double-box allows identifying the hyperelliptic curve of genus 2 when the use of the
Baikov representation gave a curve of genus 3. It is shown in [9], using a detailed
algebraic-geometrical analysis, that all planar two-loop integrals are either period of
rational curves, elliptic curve or genus 2 hyperelliptic curves or minimal order two or
four, respectively.

7.3 The regulator dependence

For a differential equation

dV f(2)

dzV

en(2) +---+co(@)f(2) =0, (174)

the roots of ¢y (z) are the singularities of the differential equation. A root of ¢y (z)
where the solution f(z) is regular is called an apparent singularity. A root of ¢y (z)
where the solution has a singularity is a real singularity (See Section 16.4 of [98] for
details). For the case of Feynman integrals, the non-apparent singularities of (174)
are the roots of the discriminant of the singular locus of the integrand of Feynman
integrals [9].

We have noticed that the dimensional regulator € appears only in the apparent
singularities of the differential operator .Z. This means that the e deformation does
not change the position of the real singularities, but it affects the local behaviour (the
monodromy) of the solution near the singularity. The physical interpretation of this is
that the kinematic singularities (the position of the thresholds and pseudo-thresholds)
of a Feynman integral are independent of the space-time dimension. However, the
local behaviour of the integral near the thresholds and pseudo-thresholds does change
with the space-time dimension. The latter has been used with great success when
decomposing amplitudes using the generalised unitarity method [99].

7.4 Outlook

We have presented a generalisation of the Griffiths—Dwork reduction for deriving
the differential operator acting on Feynman integrals in dimensional regularisation or
analytic regularisation. The algorithm makes a special use of the fact that the twist
from the regularisation is the power of a degree zero homogeneous rational function
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in the edge variables. The procedure amounts to solving linear systems which is done
using FiniteFlow routines [51].

We have applied the algorithm to various cases and derived the inhomogeneous
partial differential equations satisfied by the integrand of the Feynman integral in
parametric representation. In dimensional regularisation we have confirmed that the
order the differential operators is smaller or equal to the number of master integrals.
The order of the differential operators is lower for the cases of the kinematic invariants
where the integrand presents more symmetry (equal-masses, special kinematics,...) or
more singularities (massless internal or external states). Something that was already
noticed in the case of finite integrals [46] but stays true for the regulated integrals.

One motivation for presenting this algorithm is its application to Feynman integrals
in analytical regularisation which arise in the evaluation of the cosmological correla-
tors [25, 27, 100], since the commonly used integration-by-part algorithms need to be
adapted to the case of analytic regularisation with several propagators with generalised
powers.

We have shown as well how to derive a Grobner basis of partial differential operators
in some multiple scale cases. The differential operators produced by the algorithm of
this paper might arise as specialisation of the system of partial differential operators
obtained by GKZ approach. The restriction of the GKZ D-module is a difficult open
problem, which we leave for further investigations.
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A The Bessel representation for the sunset graphs

Following the steps in Section 8 of [53] gives the following Bessel integral represen-
tation for the multi-loop sunset integrals in D = 2 — 2¢ dimensions

2(1171)(175)1‘%
(my---mp1)C(1 + (n — e)

00 n
x/ I_e(ﬁx)HK_G(m,-x)ng("_l)dx. (175)
0

i=1

Ié(n_l)(”?’l, t,€) =
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This integral representation is valid for t < (my +--- + my)?. For x — 0 we have

b= (5)s JmKw=(3) 79

and the integral converges as long as 2 + (n — 1)e > 0 which is the condition D =
2 —2¢ < 2n/(n — 1) for the absence of ultraviolet divergences for the n — 1-loop
massive sunset.

Using this representation and applying the creative telescoping algorithm [47-50],
we have checked the results obtained the extended Griffiths—Dwork reduction. The
creative telescoping algorithm builds an annihilator

y(t93l;xvax)=$(t’at)+<g(t’al;x9ax) (177)
of the integrand f (¢, x) 1= I_¢(+/1x) ]_LL:Il K_c(mix) x €= guch that
T (t, 05 x, 0x) f(t,x) = ZL(t,0)i(t, x) +C(t, 0 x,0,) f(t,x) =0 (178)

implying that £ (t, ;) f (¢, x) is the operator acting on the integral because the domain
of integration is independent of . On an ordinary laptop, the results for the equal-mass
case and up to twenty loops order are obtained in a few second to a few minutes, which
is of the same order of time as the generalised Griffiths—Dwork reduction presented
in the main text of this work.
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