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Abstract
We study the universal scaling limit of random partitions obeying the Schur measure.
Extendingour previous analysis (Kimura andZahabi inLett.Math. Phys. 111:48, 2021.
https://doi.org/10.1007/s11005-021-01389-y), we obtain the higher-order Pearcey
kernel describing the multi-critical behavior in the cusp scaling limit. We explore
the gap probability associated with the higher Pearcey kernel, and derive the coupled
nonlinear differential equation and the asymptotic behavior in the large gap limit.
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1 Introduction and summary

Universality of the eigenvalue statistics in the scaling limit is one of the key concepts in
the study of random matrices [2, 17, 29]. For example, the Tracy–Widom distribution
[34], whichwas originally introduced to describe the largest eigenvalue statistics of the
Gaussian Unitary Ensemble (also known as edge statistics), is now applied to a large
number of statistical problems in various contexts. Typically, the eigenvalue density
function ρ(x) of the standard Hermitian single randommatrix is obtained by solving a
second order algebraic equation with respect to the auxiliary function, called the resol-
vent. Hence, in the vicinity of the spectral edge x∗, the density function shows square
root singularity, ρ(x) ∼ (x∗ − x)

1
2 , where the eigenvalue statistics is well described

by the Airy kernel [16, 30]. Replacing such a square root singularity with a higher

order one, ρ(x) ∼ (x∗ − x)
1
p with p even, which would be realized in the fermion

momenta distribution in the non-harmonic trap [28], one may obtain the higher-order
analog of the Airy kernel and the corresponding Tracy–Widom distribution [1, 11, 14,
28].

A similar singular behavior is observed at the cusp point, appearing in the colli-
sion limit of the eigenvalue supports, that we call the cusp statistics. In this case, we
shall apply the Pearcey kernel, an analog of the Airy kernel using the Pearcey integral
function [33], to describe the eigenvalue statistics in the vicinity of the cusp singu-
larity [6, 7]. See also [8]. Similar to the edge statistics, the cusp statistics is widely
discussed in various contexts, including stochastic process [35] and asymptotics of
the combinatorial problems [32].

In this paper, we study the random partition distribution based on the Schurmeasure
[31], which depends on two sets of parameters, X = (xi )i∈N and Y = (yi )i∈N. It has
been known that the Schur measure random partition is a discrete determinantal point
process: The correlation function is obtained as a determinant of the associated discrete
kernel K (x, y) for x, y ∈ Z + 1

2 . See (2.11) for the definition of the kernel. In our
previous paper [27] (see also [5]), we showed that this kernel is asymptotic to the
higher Airy kernel in the scaling limit under the condition X = Y. In this paper, we
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relax this condition and consider generic parameters X and Y. Then, we obtain the
following scaling limit of the Schur measure kernel.

Proposition 1.1 (Proposition 3.8) We have the following asymptotic behavior of the
Schur measure kernel,

lim
ε→0

(αp

ε

) 1
p+1

K

(

β

ε
+

(αp

ε

) 1
p+1

x,
β

ε
+

(αp

ε

) 1
p+1

y

)

= Kp-Airy(x, y) , (1.1)

where (αp, β) are the constants defined in (3.4), and K p-Airy(·, ·) is the higher Airy
kernel constructed with the higher Airy functions (Definition 3.6).

The kernel Kp-Airy is identified with the known higher Airy kernel for even p, while
it gives the higher-order analog of the Pearcey kernel for odd p. We emphasize that
the higher Pearcey kernel appearing in the odd p scaling limit is realized only when
we relax the condition X = Y.

As in the case of the ordinary Airy kernel, the higher Airy kernel is defined as an
integral of the bilinear form of the corresponding higher Airy functions, which can be
rewritten in the following form.

Proposition 1.2 (Chistoffel–Darboux-type formula, Proposition 3.10) The p-Airy ker-
nel is written as follows,

K p-Airy(x, y) = 1

x − y

p
∑

k=1
(−1)k Ai(p−k)p (x)˜Ai

(k−1)
p (y) , (1.2)

where Ai(k)p and ˜Ai
(k)
p are k-th derivatives of the p-Airy functions (Definition 3.23).

This formula reproduces the known result for even p [28], and generalizes the result
for p = 3, 5 presented in [6, 7]. See Example 3.11.

In addition, we apply the saddle point approximation to study the asymptotic behav-
ior of the higher Airy functions. Although the saddle point analysis presented here is
not rigorous, rather heuristic, it provides an efficient way to discuss the asymptotic
behavior. As an application of this analysis, we obtain the asymptotic behavior of the
scaled density function, which is given by the diagonal value of the p-Airy kernel
(Proposition 3.14).

Once given such a kernel, one can formulate the probability such that no “particle”
is found in the interval I ⊂ R, which is called the gap probability, using the Fred-
holm determinant associated with the kernel. We study the gap probability based on
the higher Pearcey kernel, and obtain the underlying Hamiltonian system (Proposi-
tion 4.10) similarly to the Fredholm determinant associated with other kernels, i.e., the
Fredholmdeterminant behaves as the isomonodromic τ -function.We in particular con-
sider the so-called level spacing distribution associated with the interval I = [−s, s].
In this case, we obtain the coupled nonlinear differential equations (Proposition 5.8).
We also obtain the large gap asymptotics of the level spacing distribution.
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Proposition 1.3 (Proposition 5.10) Let F(s) be the Fredholm determinant defined by
the p-Airy kernel with the interval I = [−s, s], which provides the gap probability for
the determinantal point process associated with the corresponding kernel. We have
the following large gap behavior,

F(s)
s→∞−−−→ exp

(

−Cps
2
p+2

)

(1.3)

with a p-dependent positive constant Cp.

This behavior is consistent with the Forrester–Chen–Eriksen–Tracy conjecture [12,
16], relating the local behavior of the density function to the large gap behavior of the
gap probability.

Organization of the paper

The remaining part of this paper is organized as follows. In Sect. 2, we show prelim-
inary properties on the Schur measure. We in particular discuss that the correlation
function is systematically obtained using the associated kernel. In Sect. 3, we ana-
lyze the wave function, which is a building block of the kernel, and show that it is
asymptotic to the higher p-Airy function in the scaling limit for both even and odd
p. We study the asymptotic behavior of the higher Airy function in Sect. 3.2, and
show in Sect. 3.3 that the kernel associated with the Schur measure is asymptotic to
the higher Airy and Pearcey kernels. In Sect. 4, we explore the gap probability based
on the higher Airy and Pearcey kernels. After establishing the operator formalism in
Sect. 4.1, in Sect. 4.2 we study the Fredholm determinant in details, which yields the
Hamiltonian system and also the Schlesinger equations. In Sect. 5, we consider the
level spacing distribution, which is a specific case of the gap probability. For this case,
we obtain the coupled nonlinear differential equations for the auxiliary wave func-
tions in Sect. 5.2. We then explore the asymptotic limit, which is called the large gap
limit, of the level spacing distribution in Sect. 5.3 and obtain the consistent result with
the Forrester–Chen–Eriksen–Tracy conjecture. In Sect. A, we analyze the Fredholm
determinant with the interval I = [s,∞) (single Hamiltonian case) for the p-Airy
kernel.

2 Schur measure

We consider the random distribution of partitions with the Schur measure defined as
follows [31].

Definition 2.1 (Schur measure) We define the Schur measure on the set of partitions
Y ,

μ(λ) = 1

Z(X, Y)
sλ(X)sλ(Y) , λ ∈ Y , (2.1)
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where sλ(·) is the Schur function. We denote sets of the (infinitely many) parameters
by X = (xi )i∈N and Y = (yi )i∈N, and Z(X, Y) is the normalization constant to be
specified below.

In this paper, we assume that all the parameters are real. We also use another
parametrization with the Miwa variables,

tn = 1

n

∞
∑

i=1
xni , t̃n = 1

n

∞
∑

i=1
yni . (2.2)

These series are absolutely convergent if all |xi |, |yi | < 1. The constant Z(X, Y) is the
partition function imposing the normalization condition,

∑

λ∈Y μ(λ) = 1, which is
obtained via the Cauchy sum formula (assuming all |xi |, |yi | < 1),

Z(X, Y) =
∑

λ∈Y
sλ(X)sλ(Y) =

∏

1≤i, j≤∞

(

1− xiy j
)−1 = exp

( ∞
∑

n=1
n tn t̃n

)

. (2.3)

We then define correlation functions for the random partition as follows.

Definition 2.2 (Correlation function) The k-point correlation function associated with
the Schur measure is defined with a set W = (wi )i=1,...,k ⊂ Z+ 1

2 as follows,

ρk(W ) =
〈

∏

w∈W
δw(X(λ))

〉

=
∑

λ∈Y
μ(λ)

∏

w∈W
δw(X(λ)) (2.4)

with the “density function”

δw(X ) =
{

1 (w ∈X )

0 (w /∈X )
(2.5)

and the boson-fermion map,

X(λ) =
(

xi = λi − i + 1

2

)

i∈N
⊂ Z+ 1

2
. (2.6)

In order to discuss the correlation functions of the random partitions, we introduce
two distinct wave functions as follows.

Definition 2.3 (Wave functions) We define two distinct wave functions,

J (z) = exp

( ∞
∑

n=1

(

tnz
n − t̃n z

−n)
)

=
∑

n∈Z
J (n) zn , J (n) =

∮

dz

2π i

J (z)

zn+1
,

(2.7a)
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˜J (z) = exp

( ∞
∑

n=1

(

t̃n z
n − tnz

−n)
)

=
∑

n∈Z
˜J (n) zn , ˜J (n) =

∮

dz

2π i

˜J (z)

zn+1
,

(2.7b)

which are biorthonormal,

∑

k∈Z
J (n + k)˜J (m + k) = δn,m , (2.8)

and related to each other as ˜J (z)−1 =J (z−1).

Remark 2.4 Imposing the relations tn = ±t̃n for all n ∈ N, we have the following
relations between the wave functions,

J (z) =
{

˜J (z) (tn = +t̃n)
˜J (z)−1 (tn = −t̃n) (2.9)

Then, one can describe the determinantal formula for the k-point correlation func-
tion defined in (2.4).

Proposition 2.5 (Determinantal formula [31]) The k-point correlation function of the
random partitions with the Schur measure is given by a size k determinant constructed
from the kernel,

ρk(W ) = det
1≤i, j≤k K (wi , w j ) , (2.10)

where the kernel associated with the Schur measure is given by

K (r , s) = 1

(2π i)2

∮

|z|>|w|
dzdw

K (z, w)

zr+1/2w−s+1/2

(

r , s ∈ Z+ 1

2

)

, (2.11a)

K (z, w) = J (z)

J (w)

1

z − w
= J (z) ˜J (w−1)

z − w
. (2.11b)

Lemma 2.6 From the formula (2.11), we obtain the expression of the kernel using the
wave functions,

K (r , s) =
∞
∑

k=1
J

(

r + k − 1

2

)

˜J

(

s + k − 1

2

)

. (2.12)

Proof We first expand (J (z), ˜J (w)) with (J (n), ˜J (m)) in K (z, w) based on the
definition (2.7),

K (z, w) =
∑

n,m∈Z

znw−m

z − w
J (n)˜J (m) . (2.13)
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Then, substituting this expression and expanding the geometric series, we obtain

K (r , s) = 1

(2π i)2

∮

|z|>|w|
dzdw

∑

n,m∈Z

∞
∑

k=0
zn−r−

1
2−k−1w−m+s−

1
2+k J (n)˜J (m)

=
∞
∑

k=1
J

(

r + k − 1

2

)

˜J

(

s + k − 1

2

)

. (2.14)

This completes the proof. 	

Remark 2.7 From this expression (2.12) together with the biorthonormal condi-
tion (2.8), we see that the kernel is projective,

∑

t∈Z+ 1
2

K (r , t)K (t, s) = K (r , s) . (2.15)

3 Scaling limit

In this Section, we study the differential/difference equations for the wave functions
in the scaling limit. From this analysis, we see that the wave functions are asymptotic
to the higher-order Airy functions, and the corresponding kernel is given by higher
analogs of the Airy and Pearcey kernels.

3.1 Wave functions

From the expressions (2.7), we see that the wave functions obey the differen-
tial/difference equations,

[ ∞
∑

n=1
n
(

tnz
n + t̃n z

−n)− z
∂

∂z

]

J (z) = 0 , (3.1a)

[ ∞
∑

n=1
n
(

t̃n z
n + tnz

−n)− z
∂

∂z

]

˜J (z) = 0 , (3.1b)

[ ∞
∑

n=1
n
(

tn∇n
x + t̃n∇−nx

)− x

]

J (x) = 0 , (3.1c)

[ ∞
∑

n=1
n
(

t̃n∇n
x + tn∇−nx

)− x

]

˜J (x) = 0 , (3.1d)

where we define the shift operator

∇x = exp

(

d

dx

)

, ∇x f (x) = f (x + 1) . (3.2)
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We rescale the variables (x, tn, t̃n) → (x/ε, tn/ε, t̃n/ε) to take the scaling limit. Then,
the differential/difference equations are written as follows,

[ ∞
∑

k=1
αkε

k dk

dxk
− (x − β)

]

J
( x

ε

)

= 0 ,

[ ∞
∑

k=1
α̃kε

k dk

dxk
− (x − β)

]

˜J
( x

ε

)

= 0

(3.3)

where we define the parameters,

αk =
∞
∑

n=1

nk+1

k!
(

tn + (−1)k t̃n
)

, α̃k = (−1)kαk , β = α0 =
∞
∑

n=1
n (tn + t̃n) .

(3.4)

We introduce the scaling variable

x = β + α
1

p+1
p ε

p
p+1 ξ . (3.5)

Then, we define the scaling limit of the wave functions,

φ(ξ) := lim
ε→0

(αp

ε

) 1
p+1

J

(

β

ε
+

(αp

ε

) 1
p+1

ξ

)

,

ψ(ξ) := lim
ε→0

(αp

ε

) 1
p+1

˜J

(

β

ε
+

(αp

ε

) 1
p+1

ξ

)

. (3.6)

Lemma 3.1 The scaled wave functions are formally biorthonormal,

∫ +∞

−∞
dzφ(x + z)ψ(y + z) = δ(x − y) . (3.7)

Proof Let f (·) be a test function on R. From the biorthonormality of J and ˜J shown
in (2.8), we have

∑

k,k′∈Z
J (n + k)˜J (k′ + k) f (k′) = f (n) . (3.8)

Then, this equation reads

∑

k,k′∈Z
J

(

β

ε
+

(αp

ε

) 1
p+1

(x + z)

)

˜J

(

β

ε
+

(αp

ε

) 1
p+1

(y + z)

)

f

(

(αp

ε

) 1
p+1

y

)

= f

(

(αp

ε

) 1
p+1

x

)

(3.9)

123



Universal cusp scaling in random partitions Page 9 of 56 27

where we have the following scaling variables,

x =
(

ε

αp

) 1
p+1

n , y =
(

ε

αp

) 1
p+1

k′ , z =
(

ε

αp

) 1
p+1 (

k − β

ε

)

. (3.10)

The summation over Z is converted to the Riemann integral,

lim
ε→0

(

ε

αp

) 1
p+1 ∑

k∈Z
f

(

(

ε

αp

) 1
p+1

k

)

=
∫ ∞

−∞
dx f (x) . (3.11)

Hence, taking the limit ε → 0 of (3.9), we obtain

∫ ∞

−∞
dydzφ(x + z)ψ(y + z) f̄ (y) = f̄ (x) (3.12)

with the scaled test function,

f̄ (x) = lim
ε→0

f

(

(αp

ε

) 1
p+1

x

)

, (3.13)

from which we deduce the formula (3.7). 	

In the scaling limit, we obtain the simplified differential equations as follows.

Lemma 3.2 (Differential equations in the scaling limit) Assuming αp′ → 0 for 0 <

p′ < p, we obtain the differential equations in the scaling limit ε → 0,

[

dp

dξ p
− ξ

]

φ(ξ) = 0 ,

[

(−1)p dp

dξ p
− ξ

]

ψ(ξ) = 0 . (3.14)

Proof The differential operator with respect to the x-variable is rewritten using the
scaling variable ξ as follows,

d

dx
= α

− 1
p+1

p ε
− p

p+1 d

dξ
. (3.15)

Then, the differential equation for J (x/ε) is given by

0 =
[ ∞
∑

k=1
αkα

− k
p+1

p ε
k− kp

p+1 dk

dξ k
− α

1
p+1
p ε

p
p+1 ξ

]

J

(

β

ε
+

(αp

ε

) 1
p+1

ξ

)

= α
1

p+1
p ε

p
p+1

[ ∞
∑

k=1
αkα

− k+1
p+1

p ε
k− (k+1)p

p+1 dk

dξ k
− ξ

]

J

(

β

ε
+

(αp

ε

) 1
p+1

ξ

)

. (3.16)
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Under the assumption αp′ → 0 for p′ < p, it becomes

α
1

p+1
p ε

p
p+1

[

dp

dξ p
− ξ + O(ε

1
p+1 )

]

J

(

β

ε
+

(αp

ε

) 1
p+1

ξ

)

= 0 , (3.17)

Taking the scaling limit ε → 0, we obtain the differential equation for φ(ξ). We can
apply the same analysis to obtain the differential equation for the other wave function
ψ(ξ). 	


Instead of the scaling variable (3.5), it is also possible to use another scaling vari-
able,1

x = β + α̃
1

p+1
p ε

p
p+1 ξ . (3.18)

In this case, the wave functions behave in the scaling limit as follows,

lim
ε→0

(αp

ε

) 1
p+1

J

(

β

ε
+

(

α̃p

ε

) 1
p+1

ξ

)

= ψ(ξ) ,

lim
ε→0

(αp

ε

) 1
p+1

˜J

(

β

ε
+

(

α̃p

ε

) 1
p+1

ξ

)

= φ(ξ) . (3.19)

Namely, the roles of φ(ξ) and ψ(ξ) are now exchanged. We remark that, for even p,
αp = α̃p and thus φ(ξ) = ψ(ξ).

Remark 3.3 Parity is odd for both (d/dξ)p and ξ in the odd p case. Hence the differen-
tial equation preserves the parity, and thus one can choose either even or odd function
as a solution. For even p, on the other hand, it is not the case, so that the solution is in
general asymmetric.

Inclusion of subleading terms As mentioned above, we can modify the differential
equation via further tuning of the parameters. We define the parameters as follows,

αkα
− k+1

p+1
p ε

k− (k+1)p
p+1 = ρk , ρ̃k = (−1)kρk , (3.20)

with ρp = 1. Namely, the order of the constant is given by

αk = O

(

ε
p−k
p+1

)

. (3.21)

Then, we have the differential equations,

[ p
∑

k=1
ρk

dk

dξ k
− ξ

]

φ(ξ) = 0 ,

[ p
∑

k=1
ρ̃k

dk

dξ k
− ξ

]

ψ(ξ) = 0 . (3.22)

1 In order that all the variables and the parameters are real, we should take (3.5) if αp > 0, while (3.18) if
αp < 0 for odd p.
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3.2 Higher Airy functions

In order to describe solutions to the differential equations appearing in the scaling
limit, we introduce the higher-order Airy functions as following [6, 7, 33, 35].

Definition 3.4 (Higher-order Airy functions) We define the higher-order Airy func-
tions as follows,

Aip(z) =
∫

γ

dx

2π i
exp

(

(−1)n−1 x p+1

p + 1
− xz

)

(p = 2n, 2n − 1) (3.23a)

˜Ai2n−1(z) =
∫

γ̃

dx

2π i
exp

(

(−1)n x p+1

p + 1
− xz

)

(p = 2n − 1) (3.23b)

where γ and γ̃ are the integral contours given by

γ : −i∞ −→ +i∞ , γ̃ = γ̃+ + γ̃− , (3.24)

with the angle

γ̃± : ±ie−iθ∞ −→ 0 −→ ∓ie+iθ∞ , θ = π

p + 1
. (3.25)

We may rewrite Aip(z) and ˜Aip(z) as real (improper) integrals, 2

Ai2n(z) =
∫ ∞

0

dx

π
cos

(

x2n+1

2n + 1
+ xz

)

,

Ai2n−1(z) =
∫ ∞

0

dx

π
exp

(

− x2n

2n

)

cos (xz) , (3.27a)

˜Ai2n−1(z) =
∫ ∞

0

dx

π
exp

(

− x2n

2n

)

(

e− sin( π
2n )xz cos

(

cos
( π

2n

)

xz + π

2n

)

− esin(
π
2n )xz cos

(

cos
( π

2n

)

xz − π

2n

) )

. (3.27b)

We remark thatAip=2n−1(z) is an even function,while ˜Aip=2n−1(z) is an odd function.

Lemma 3.5 For x, y ∈ R, the Airy functions obey the formal biorthonormal condition
as follows,

∫ ∞

−∞
dzAip(x + z)˜Aip(y + z) = δ(x − y) . (3.28)

2 For even p = 2n, we similarly define the higher analog of the Airy function of the second kind, which
shows the same oscillation amplitude for z →−∞,

Bi2n(z) =
∫ ∞
0

dx

π

(

exp

(

− x2n+1
2n + 1

+ xz

)

+ sin

(

x2n+1
2n + 1

+ xz

))

. (3.26)
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27 Page 12 of 56 T. Kimura, A. Zahabi

Proof Using the integral form of the delta function,

δ(z) =
∫ ∞

−∞
dx

2π
eixz , (3.29)

we have

LHS of (3.28) =
∫ ∞

−∞
dz

∫ ∞

−∞
du

2π

∫

γ̃ ′
dv

2π

exp

(

−u2n

2n
+ v2n

2n
− i(ux + vy)− iz(u + v)

)

= 1

2π

∫ ∞

−∞
du

∫

γ̃ ′
dv exp

(

−u2n

2n
+ v2n

2n
− i(ux + vy)

)

δ(u + v)

=
∫ ∞

−∞
du

2π
e−iu(x−y) = RHS (3.30)

where the modified contour is given by γ̃ ′ = γ̃ ′+ + γ̃ ′− with γ̃ ′± : ∓e−iθ∞ −→
0 −→ ±e+iθ∞. 	

Differential equations These Airy functions obey the differential equations,

[

(−1)n−1 d2n

dz2n
− z

]

Ai2n(z) = 0 ,

[

(−1)n d2n

dz2n
− z

]

Ai2n(−z) = 0 , (3.31a)

[

(−1)n d2n−1

dz2n−1
− z

]

Ai2n−1(z) = 0 ,

[

(−1)n−1 d2n−1

dz2n−1
− z

]

˜Ai2n−1(z) = 0 . (3.31b)

Therefore, the solutions to the differential equations (3.14) are given by

φ(ξ) =

⎧

⎪

⎨

⎪

⎩

Aip((−1)n−1ξ) (p = 2n)

Aip(ξ) (p = 4n − 1)
˜Aip(ξ) (p = 4n − 3)

ψ(ξ) =

⎧

⎪

⎨

⎪

⎩

Aip((−1)n−1ξ) (p = 2n)

˜Aip(ξ) (p = 4n − 1)

Aip(ξ) (p = 4n − 3)

(3.32)

The normalizations are fixed by comparing their biorthonormality conditions (Lem-
mas 3.1 and 3.5).
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3.2.1 Asymptotic behavior: Aip

Let us explore the asymptotic behavior of the higher Airy functions based on the saddle
point approximation at z →±∞. 3 Although the saddle point analysis presented here
is not rigorous, rather heuristic, it provides an efficient way to discuss the asymptotic
behavior. We may need an alternative approach, e.g., Riemann–Hilbert analysis, to
confirm rigorously the results shown in this part.

In order to apply the saddle point approximation, we rewrite the p-Airy function
for z ∈ R,

Aip(z) =
∫

γ

dx

2π i
eW (x,z) , (3.33)

where we introduce the potential function,

W (x, z) = (−1)n−1 x p+1

p + 1
− xz (p = 2n, 2n − 1) . (3.34)

The stationary equation with respect to this potential function is given by

0 = ∂W (x, z)

∂x
= (−1)n−1x p − z , (3.35)

which leads to the saddle point

x p∗ =
{

−z (n = 2m)

+z (n = 2m − 1)
. (3.36)

Positive z regime We first consider the positive z regime. For the case with n = 2m
(p = 4m, 4m − 1), the saddle point (3.36) is given by

x∗ = ω̃k z
1
p , ω̃k = exp

(

2k + 1

p
π i

)

, k ∈ Z/pZ . (3.37)

Namely, (ω̃k)k∈Z/pZ is a p-th root of −1, such that ω̃
p
k = −1. For the case with

n = 2m − 1, we instead consider the saddle point given by

x∗ = ωk z
1
p , ωk = exp

(

2k

p
π i

)

, k ∈ Z/pZ , (3.38)

where (ωk)k∈Z/pZ is a p-th root of +1, such that ωp
k = +1.

3 The asymptotics of the higher Airy function discussed in this part is known in the literature (See, e.g.,
[3]). We show them here for the sake of self-contained presentation.
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27 Page 14 of 56 T. Kimura, A. Zahabi

We focus on the casewith n = 2m for themoment. Expanding the potential function
up to the quadratic order, we obtain

W (x, z) ≈ W (x∗, z)+ 1

2

∂2W (x∗, z)
∂x2

(x − x∗)2

= − p

p + 1
ω̃k z

1+ 1
p + p

2
ω̃−1k z1−

1
p (x − x∗)2 . (3.39)

Hence, the saddle point contribution with � (ω̃k) > 0, which decays at z → +∞, is
given by

exp

(

− p

p + 1
ω̃k z

1+ 1
p

)∫ +i∞

−i∞
dx

2π i
exp

( p

2
ω̃−1k z1−

1
p (x − x∗)2

)

= exp

(

− p

p + 1
ω̃k z

1+ 1
p

)

z−
1
2+ 1

2p
ω̃

1
2
k√

2pπ
. (3.40)

Although we may deform the contour to pick up all the saddle points with a positive

real part, we only focus on the most dominating factors, x∗ = ω̃±1m−1z
1
p . For the case

with n = 2m − 1, we similarly take the saddle points x∗ = ω±1m−1z
1
p . Then, we obtain

the asymptotic behavior of the p-Airy function at z →+∞,

Aip(z)
z→+∞−−−−→

√

2

pπ
z−

1
2+ 1

2p

×

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

exp

( −p

p + 1
sin

(

π

p

)

z1+
1
p

)

cos

(

p

p + 1
cos

(

π

p

)

z1+
1
p − π

4
+ π

2p

)

(p = 2n)

exp

( −p

p + 1
sin

(

π

2p

)

z1+
1
p

)

cos

(

p

p + 1
cos

(

π

2p

)

z1+
1
p − π

4
+ π

4p

)

(p = 2n − 1)

.

(3.41)

This expression is available both for n = 2m and n = 2m − 1.
Negative z regime We consider the negative z-regime z < 0. In this case, the saddle
point (3.36) is given by

x∗ =
{

ωk |z|
1
p (n = 2m)

ω̃k |z|
1
p (n = 2m − 1)

for k ∈ Z/pZ . (3.42)

For n = 2m, expansion of the potential function up to the quadratic order is given by

W (x, z) ≈ p

p + 1
ωk |z|1+

1
p + p

2
ω−1k |z|1− 1

p (x − x∗)2 . (3.43)
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In contrast to the previous case z →+∞, we shall take the saddle point with �(ωk) ≤
0 to obtain a decaying contribution in z → −∞. Then, we obtain the asymptotic

behavior of the p-Airy function at z →−∞ from the saddle points x∗ = ω±1m |z| 1p as
follows,

Aip(z)
z→−∞−−−−→

√

2

pπ
|z|− 1

2+ 1
2p

×

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

cos

(

p

p + 1
|z|1+ 1

p − π

4

)

(p = 2n)

exp

( −p

p + 1
sin

(

π

2p

)

|z|1+ 1
p

)

cos

(

p

p + 1
cos

(

π

2p

)

|z|1+ 1
p − π

4
+ π

4p

)

(p = 2n − 1)

.

(3.44)

This expression is in fact available both for n = 2m and n = 2m − 1. In particular
for p = 2n, there is no exponential damping factor in the limit z →−∞. We remark
that Aip=2n−1(z) is an even function.

3.2.2 Asymptotic behavior: ˜Aip

We study the asymptotic behavior of ˜Aip(z) for z ∈ R,

˜Ai2n−1(z) =
∫

γ̃

dx

2π i
e
˜W (x,z) , ˜W (x, z) = (−1)n x

2n

2n
− xz . (3.45)

From the stationary equation with respect to this potential function, we obtain the
saddle point as follows,

0 = ∂ ˜W (x, z)

∂x
= (−1)nx p − z �⇒ x p∗ =

{

+z (n = 2m)

−z (n = 2m − 1)
(3.46)

For positive z, we obtain the following asymptotic behavior,

˜Aip(z)
z→+∞−−−−→ −

√

2

pπ
z−

1
2+ 1

2p exp

(

p

p + 1
sin

(

π

2p

)

z1+
1
p

)

cos

(

p

p + 1
cos

(

π

2p

)

z1+
1
p − π

4
− π

4p

)

. (3.47)

Since ˜Aip(z) is an odd function, ˜Aip(−z) = −˜Aip(z), the asymptotic behavior for the
negative z is similarly obtained. We remark that the function ˜Aip(z) is not bounded at

infinity, ˜Aip(z)
z→±∞−−−−→ ∓∞, while the product behaves as Aip(z)˜Aip(z)

z→±∞−−−−→ 0.
See Sect. 3.3.2 for details.
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3.3 Higher Airy kernel

We now discuss the asymptotic form of the kernel in the scaling limit.

Definition 3.6 (Higher Airy kernel) We define the p-Airy kernel with the higher Airy
functions,

Kp-Airy(x, y) =
∫ ∞

0
dzAip(x + z)˜Aip(y + z) . (3.48)

This integral is understood as an improper integral for odd p, while the inte-
gral converges absolutely for even p: From the asymptotic behavior of the Airy

functions discussed in Sects. 3.2.1 and 3.2.2, we see that Aip(z)Aip(z)
z→+∞−−−−→

z−1+
1
p×(exponential damping factor) for even p, Aip(z)˜Aip(z)

z→±∞−−−−→ |z|−1+ 1
p

×(oscillatory factor) for odd p. See (3.70) in Sect. 3.3.2 for more precise expressions.
Meanwhile, we will show an alternative expression of the p-Airy kernel in terms of
the derivatives of the p-Airy functions (Proposition 3.10), which are clearly finite.

In the following, we call the kernel for even p the higher Airy kernel, and the higher
Pearcey kernel for odd p.

Lemma 3.7 (Projectivity) The p-Airy kernel is projective,

∫ ∞

−∞
dzK p-Airy(x, z)Kp-Airy(z, y) = Kp-Airy(x, y) . (3.49)

Proof This immediately follows from the biorthogonaliry of the p-Airy functions
(Lemma 3.5). 	


Then, we obtain the following behavior of the kernel in the scaling limit.

Proposition 3.8 The Schur measure kernel is asymptotic to the higher Airy kernel in
the scaling limit,

lim
ε→0

(αp

ε

) 1
p+1

K

(

β

ε
+

(αp

ε

) 1
p+1

x,
β

ε
+

(αp

ε

) 1
p+1

y

)

= Kp-Airy(x, y) . (3.50)

Proof The derivation is parallel with our previous paper [27]. Before taking the scaling
limit, the kernel is given by the summation formula (2.12). In the scaling limit, we
replace the wave function with the Airy functions and the summation with the integral
in the scaling limit ε → 0. 	


As mentioned in Remark 3.3, for odd p, one can make the wave functions either
even of odd function. Therefore, we correspondingly consider the symmetrized kernel
as follows,

p = 2n − 1 : Kp-Airy(x, y)

= 1

2

∫ ∞

0
dz

[

Aip(x + z)˜Aip(y + z)− Aip(x − z)˜Aip(y − z)
]

, (3.51)
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so that, for p = 2n − 1, we have

Kp-Airy(x, y) = Kp-Airy(−x,−y) . (3.52)

3.3.1 Christoffel–Darboux-type formula

We consider the Christoffel–Darboux-type formula for the higher Airy kernel. In order
to derive this formula, we start with the following property.

Lemma 3.9 For odd p = 2n − 1, the p-Airy kernel (3.51) obeys the following,

xK p-Airy(x, 0) =
�p/2�
∑

m=1
Ai(p−2m)

p (x)˜Ai
(2m−1)
p (0) . (3.53)

Proof Denoting

A (z) = 1

2

(

Aip(z + x)− Aip(z − x)
)

, A (k)(z) = dk

dzk
A (z) , (3.54)

we have

xA (z) = 1

2

(

(z + x)Aip(z + x)− (z − x)Aip(z − x)
)

− z

2

(

Aip(z + x)− Aip(z − x)
)

= A (p)(z)− zA (z) . (3.55)

Then, we obtain

xK p-Airy(x, 0) =
∫ ∞

0
dzxA (z)˜Aip(z)

=
∫ ∞

0
dz

[

A (p)(z)˜Aip(z)+A (z)˜Ai
(p)
p (z)

]

. (3.56)

Applying the integration by parts recursively, we have

xK p-Airy(x, 0) =
p

∑

k=1
(−1)k+1

[

A (p−k)(z)˜Ai(k−1)p (z)
]∞
0

. (3.57)

We remark A (k)(z)
z→∞−−−→ 0. In addition, Ai(2k)p (x) and ˜Ai

(2k−1)
p (x) are even,

Ai(2k−1)p (x) and ˜Ai
(2k)
p (x) are odd, so that ˜Ai

(2k)
p (0) = 0. Hence, the odd k terms

are zero in the summation, which proves the result (3.53). 	

Then, we arrive at the following formula.
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Proposition 3.10 (Christoffel–Darboux-type formula) The p-Airy kernel defined
in (3.48) is written in terms of the higher Airy functions,

K p-Airy(x, y) = 1

x − y

p
∑

k=1
(−1)k Ai(p−k)p (x)˜Ai

(k−1)
p (y) . (3.58)

Proof The even case p = 2n is already known [28]. Hence, we focus on the odd case
(p = 2n − 1) here. From the definition, we have the relation

d

dz
K p-Airy(x + z, y + z) = −Aip(x + z)˜Aip(y + z) . (3.59)

This is also obtained from the RHS of (3.58). Therefore, we have the following expres-
sion with the constant of integration,

Kp-Airy(x, y) = 1

x − y

p
∑

k=1
(−1)k Ai(p−k)p (x)˜Ai

(k−1)
p (y)+ C(x, y) . (3.60)

To be compatible with another relation,

(

∂

∂x
+ ∂

∂ y

)

Kp-Airy(x, y) = −Aip(x)˜Aip(y) , (3.61)

we have the constraint for the constant (∂x + ∂y)C(x, y) = 0 �⇒ C(x, y) =
C(x − y). Then, putting y = 0 and from the relation (3.53), we conclude that the
constant is zero, C(x) = 0. This proves the equality (3.58). 	

Example 3.11 The lower degree examples of the p-Airy kernel are given as follows,

K2-Airy(x, y) =
−Ai′2(x)Ai2(y)+ Ai2(x)Ai

′
2(y)

x − y
, (3.62a)

K3-Airy(x, y) =
−Ai′′3(x)˜Ai3(y)+ Ai′3(x)˜Ai

′
3(y)− Ai3(x)˜Ai

′′
3(y)

x − y
, (3.62b)

K4-Airy(x, y) =
−Ai′′′4 (x)Ai4(y)+ Ai′′4(x)Ai′4(y)− Ai′4(x)Ai′′4(y)+ Ai4(x)Ai

′′′
4 (y)

x − y
,

(3.62c)

K5-Airy(x, y) =
−Ai′′′′5 (x)˜Ai5(y)+ Ai′′′5 (x)˜Ai′5(y)− Ai′′5(x)˜Ai

′′
5(y)+ Ai′5(x)˜Ai

′′′
5 (y)− Ai5(x)˜Ai

′′′′
5 (y)

x − y
.

(3.62d)

The kernel for p = 2 is the standard Airy kernel [4, 16, 30], and the case with p = 3
is called the Pearcey kernel. The case p = 5 has been also mentioned in [6, 7].
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Corollary 3.12 (Diagonal value of the kernel) The diagonal value of the kernel is given
as follows,

K p-Airy(x, x) = −x Aip(x)˜Aip(x)−
p−1
∑

k=1
(−1)k Ai(p−k)p (x)˜Ai

(k)
p (x) , (3.63)

and obeys the relation

d

dx
K p-Airy(x, x) = −Aip(x)˜Aip(x) . (3.64)

This relation will be useful to study the asymptotic behavior of the density function
in the scaling limit. See Sect. 3.3.2.

In order that the relation (3.63) holds, we shall have the following relation.

Lemma 3.13 The following relation holds,

p
∑

k=1
(−1)k Ai(p−k)p (x)˜Ai

(k−1)
p (x) = 0 . (3.65)

Proof The derivative of the LHS is zero,

p
∑

k=1
(−1)k d

dx

(

Ai(p−k)p (x)˜Ai
(k−1)
p (x)

)

= 0 . (3.66)

The constant of integration canbefixedbyAi(p−k)p (x)˜Ai
(k−1)
p (x) = Ai(p−k)p (x)Ai(k−1)p (x)

x→∞−−−→ 0 for even p and Ai(2k−1)p (0) = ˜Ai
(2k)
p (0) = 0 for odd p. 	


3.3.2 Density function

Due to the determinantal formula of the correlation function (2.10), the one-point
function, which is called the density function, is given by the diagonal value of the
kernel. Hence, the scaled density function is obtained from the p-Airy kernel (3.63),
ρ(x) → ρ̄(x) = Kp-Airy(x, x), as in (3.50). We have the following asymptotic behav-
ior of the density function.

Proposition 3.14 (Asymptotic behavior of the density function) Define the density
function from the p-Airy kernel,

ρ̄(x) = Kp-Airy(x, x) . (3.67)

The asymptotic behaviors of the density function are given as follows:

p = 2n : ρ̄(x)
x→+∞−−−−→ 1

2pπx
exp

( −2p
p + 1

sin

(

π

p

)

x1+
1
p

)
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[

1

sin (π/p)
+ cos

(

2p

p + 1
cos

(

π

p

)

x1+
1
p

)]

(3.68a)

x→−∞−−−−→ |x | 1p
π

−
cos

(

2p
p+1 |x |1+

1
p

)

2pπ |x | (3.68b)

p = 2n − 1 : ρ̄(x)
x→±∞−−−−→

cos
(

π
2p

)

π
|x | 1p −

cos
(

2p
p+1 cos

(

π
2p

)

|x |1+ 1
p

)

2pπ cos
(

π
2p

)

|x |
(3.68c)

Proof From the relation (3.64), we obtain

dρ̄(x)

dx
= −Aip(x)˜Aip(x) . (3.69)

Then, applying the asymptotic behavior of the Airy functions obtained in Sects. 3.2.1
and 3.2.2, we obtain the asymptotic behavior of the density function.
Even case: p = 2n In this case, the derivative of the density function is given as
follows,

dρ̄(x)

dx
x→+∞−−−−→ − 2

pπ
x−1+

1
p exp

( −2p
p + 1

sin

(

π

p

)

x1+
1
p

)

cos2
(

p

p + 1
cos

(

π

p

)

x1+
1
p − π

4
+ π

2p

)

= − 1

pπ
x−1+

1
p exp

( −2p
p + 1

sin

(

π

p

)

x1+
1
p

)

[

1+ sin

(

2p

p + 1
cos

(

π

p

)

x1+
1
p + π

p

)]

(3.70a)

x→−∞−−−−→ − 2

pπ
|x |−1+ 1

p cos2
(

p

p + 1
|x |1+ 1

p − π

4

)

= − 1

pπ
|x |−1+ 1

p

[

1+ sin

(

2p

p + 1
|x |1+ 1

p

)]

(3.70b)

Odd case: p = 2n − 1 For the odd case, we have the following asymptotic behavior,

dρ̄(x)

dx
x→±∞−−−−→ − 1

pπ
|x |−1+ 1

p

(

sin

(

2p

p + 1
cos

(

π

2p

)

|x |1+ 1
p

)

+ cos

(

π

2p

))

.

(3.70c)

Integrating these expressions, we obtain (3.68). 	

Remark 3.15 This expression is compatible with the results for even p [28].

Remark 3.16 In the odd case p = 2n − 1, the density function is an even function,
while it is asymmetric for the even case p = 2n. Asymptotic values of the density
function are non-zero except for ρ̄(x) at x →+∞ for p = 2n.
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3.3.3 Modification of the kernel

As shown in (3.22), we can modify the differential equations to contain the subleading
terms. In this case, the corresponding modified Airy functions are given as follows,

Aip(z) =
∫

γ

dx

2π i
eW (x,z) , ˜Aip(z) =

∫

γ̃

dx

2π i
e
˜W (x,z) , (3.71)

where the potential functions obey

∂

∂x
W (x, z) =

p
∑

k=1
ρk x

k − z ,
∂

∂x
˜W (x, z) =

p
∑

k=1
ρ̃k x

k − z (3.72)

for the coefficients (ρk, ρ̃k)k=1,...,p obtained in (3.22). We remark that we apply the
same integration contours (γ, γ̃ ) as before (3.24).

Under this modification, the kernel is accordingly modified as follows,

Kp-Airy(x, y) = 1

x − y

p
∑

�=1

�
∑

k=1
(−1)kρ� Ai

(�−k)
p (x)˜Ai

(k−1)
p (y) , (3.73)

which obeys the same relation as (3.59),

d

dz
K p-Airy(x + z, y + z)

= 1

x − y

p
∑

�=1

�
∑

k=1
(−1)kρ�

(

Ai(�+1−k)p (x + z)˜Ai
(k−1)
p (y + z)+ Ai(�−k)p (x + z)˜Ai

(k)
p (y + z)

)

= − 1

x − y

p
∑

�=1

(

ρ� Ai
(�)
p (x + z)˜Aip(y + z)+ ρ̃� Aip(x + z)˜Ai

(�)
p (y + z)

)

= −Aip(x + z)˜Aip(y + z) . (3.74)

The diagonal value of the kernel is given by

Kp-Airy(x, x) =
p

∑

�=1

�
∑

k=1
(−1)kρ� Ai

(�+1−k)
p (x)˜Ai

(k−1)
p (x)

=
p

∑

�=1

�
∑

k=1
(−1)k+1ρ� Ai

(�−k)
p (x)˜Ai

(k)
p (x) , (3.75)
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and from the regularity of the kernel at x = y, we have the relation,

n
∑

�=1

�
∑

k=1
(−1)kρ� Ai

(�−k)
p (x)˜Ai

(k−1)
p (x) = 0 . (3.76)

4 Gap probability

Once given a kernel, the probability such that no “particle” is found in the interval
I ⊂ R, called the gap probability, is given by the Fredholm determinant,

det(1− K̂ ) =
∞
∑

k=0

(−1)k
k!

∫

I
dx1 · · ·

∫

I
dxk det

1≤i, j≤k K (xi , x j ) , (4.1)

where K̂ is the integral operator defined in (4.17). In this Section, we explore the
Fredholm determinant associated with the higher Airy kernel for both p even and odd.
Hence, it provides the gap probabilities of the determinantal point process defined by
the limiting kernel. We will consider the specific cases I = [−s, s] in Sect. 5 and
I = [s,∞) in Sect. A.

4.1 Operator formalism

DefinitionsWe introduce the operator formalism to study the Fredholm determinant.
For any integrable function f (x), we define the corresponding state | f 〉 in the Hilbert
space,

f (x) = 〈x | f 〉 = 〈 f |x〉 . (4.2)

In this formalism, the delta function is given by

〈x |y〉 = δ(x − y) . (4.3)

The identity operator is constructed by the complete set,

1 =
∫

dx |x〉〈x | . (4.4)

The trace of the operator is given by

TrO =
∫

dx〈x |O|x〉 =
∫

dxO(x, x) . (4.5)
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Coordinate and differential operators We define the coordinate and differential
operators,

x f (x) = 〈x |Q| f 〉 = 〈 f |Q|x〉 , f ′(x) = 〈x |P| f 〉 = −〈 f |P|x〉 , (4.6)

whose kernels are given by

〈x |Q|y〉 = xδ(x − y) , 〈x |P|y〉 = ∂

∂x
δ(x − y) . (4.7)

Kernels and wave functions We define the operator K corresponding to the p-Airy
kernel,

K (x, y) ≡ Kp-Airy(x, y) = 〈x |K |y〉 . (4.8)

We then introduce the states associated with the wave functions,

φk(x) = dkφ(x)

dxk
= 〈x |φk〉 , ψk(x) = dkψ(x)

dxk
= 〈ψk |x〉 , (4.9)

and we put

|φ0〉 = |φ〉 , |ψ0〉 = |ψ〉 . (4.10)

For even p, they are equivalent to each other, |φk〉 = |ψk〉. We remark the relation

P|φk〉 = |φk+1〉 , P|ψk〉 = |ψk+1〉 , (4.11)

and also

〈ψk | = (−1)k〈ψ |Pk . (4.12)

From the relation

〈x |[Q, K ]|y〉 = (x − y)K (x, y) , (4.13)

we obtain a useful formula

[Q, K ] =
p

∑

k=1
(−1)k |φp−k〉〈ψk−1| . (4.14)

4.2 Fredholm determinant

We consider the intervals I = ⊔m
j=1[a2 j−1, a2 j ] ⊂ R. We denote the parameter set

by a = (a j ) j=1,...,2m .
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Definition 4.1 Let χI (·) be the characteristic function associated with the interval I :

χI (x) =
{

1 (x ∈ I )

0 (x /∈ I )
(4.15)

and the corresponding projection operator

〈x |�I | f 〉 = f (x)χI (x) , �2
I = �I . (4.16)

We define the restricted kernels and the corresponding operators

〈x |K̂ |y〉 = K (x, y)χI (y) , K̂ = K�I , (4.17a)

〈x |Ǩ |y〉 = χI (x)K (x, y) , Ǩ = �I K . (4.17b)

Lemma 4.2 We have the following commutation relation,

[�I , P] =
2m
∑

j=1
(−1) j |a j 〉〈a j | . (4.18)

Proof Taking the derivative of the expression (4.16), we obtain

〈x |P�I | f 〉 = d

dx
( f (x)χI (x))

= f ′(x)χI (x)−
2m
∑

j=1
(−1) j f (a j )δ(x − a j )

= 〈x |�I P| f 〉 −
2m
∑

j=1
(−1) j 〈x |a j 〉〈a j | f 〉 , (4.19)

which yields the relation (4.18). 	

We consider the Fredholm determinant associated with the p-Airy kernel,

F(a) = det(1− K̂ ) = det
(

1− Ǩ
)

. (4.20)

Taking the logarithm of the Fredholm determinant, we obtain

log F(a) = −
∞
∑

n=1

1

n
TrK̂ n = −

∞
∑

n=1

1

n
TrǨ n , (4.21)

where we have

TrK̂ n = TrǨ n =
∫

I
dx1 · · ·

∫

I
dxnK (x1, x2)K (x2, x3) · · · K (xn, x1) . (4.22)
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4.2.1 Resolvent operators

We define the resolvent operators from the kernels,

R =
∞
∑

n=1
K̂ n = K̂

1− K̂
, L =

∞
∑

n=1
Ǩ n = Ǩ

1− Ǩ
. (4.23)

One can show the following formulas for the resolvent,

[X , (1− K̂ )−1] = (1− K̂ )−1[X K̂ ](1− K̂ )−1 , (4.24a)

∂(1− K̂ )−1 = (1− K̂ )−1
(

∂ K̂
)

(1− K̂ )−1 . (4.24b)

The same relation holds for Ǩ . Then, the parameter dependence of the Fredholm
determinant is given as follows.

Lemma 4.3 The total derivative of the Fredholm determinant is

dlog F(a) =
2m
∑

j=1
(−1) j−1R(a j , a j )da j =

2m
∑

j=1
(−1) j−1L(a j , a j )da j

=
2m
∑

j=1
(−1) j−1Hjda j (4.25)

where we define the Hamiltonians,

Hj = R(a j , a j ) = L(a j , a j ) , j = 1, . . . , 2m . (4.26)

Proof The parameter derivative of the projection operator is given by

∂

∂a j
�I = (−1) j |a j 〉〈a j | , (4.27)

which yields

∂

∂a j
K̂ = (−1) j K |a j 〉〈a j | , ∂

∂a j
Ǩ = (−1) j |a j 〉〈a j |K . (4.28)

Then, the parameter derivative of the Fredholm determinant is given by

∂

∂a j
log det(1− K̂ ) = −Tr

(

1− K̂
)−1 ∂ K̂

∂a j

= (−1) j−1TrR|a j 〉〈a j | = (−1) j−1R(a j , a j ) , (4.29a)
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∂

∂a j
log det(1− Ǩ ) = −Tr

(

1− Ǩ
)−1 ∂ Ǩ

∂a j

= (−1) j−1Tr|a j 〉〈a j |L = (−1) j−1L(a j , a j ) . (4.29b)

Taking into account all the contributions of the parameters (a j ) j=1,...,2m , we
obtain (4.25). 	

Remark 4.4 For x, y ∈ I , we have

R(x, y) = L(x, y) . (4.30)

Hence, we have

R(ai , a j ) = L(ai , a j ) , i, j = 1, . . . , 2m , (4.31)

so that we denote

Ri j := R(ai , a j ) = L(ai , a j ) . (4.32)

The expression (4.25) means that the parameter dependence of the Fredholm deter-
minant is fixed by the diagonal values of the resolvent kernels, that we call the
Hamiltonians. In fact, the Fredholm determinant plays a role of the isomonodromic
τ -function, and the parameters (a j ) j=1,...,2m are interpreted as the corresponding time
variables in this context [23–25]. See also [18].

4.2.2 Auxiliary wave functions

As shown above, we shall evaluate the Hamiltonians to describe the Fredholm
determinant. For this purpose, we introduce auxiliary wave functions, (q,p) =
(qk,pk)k=0,...,p−1,

qk(x) = 〈x |(1− K̂ )−1|φk〉 ,
q̃k(x) = 〈x |(1− Ǩ )−1�I |φk〉 = qk(x)χI (x) , (4.33a)

pk(x) = 〈ψk |(1− Ǩ )−1|x〉 ,
p̃k(x) = 〈ψk |�I (1− K̂ )−1|x〉 = pk(x)χI (x) . (4.33b)

Using the resolvent kernels, we may write them as follows,

qk(x) = φk(x)+ 〈x |R|φk〉 , (4.34a)

pk(x) = ψk(x)+ 〈ψk |L|x〉 . (4.34b)

Then, we obtain the expression of the resolvent kernels using these auxiliary wave
functions.
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Lemma 4.5 (Resolvent kernel via the auxiliary wave functions) The resolvent kernels
are written in terms of the auxiliary wave functions,

R(x, y) = 1

x − y

p
∑

k=1
(−1)kqp−k(x)p̃k−1(y) , (4.35a)

L(x, y) = 1

x − y

p
∑

k=1
(−1)k q̃p−k(x)pk−1(y) . (4.35b)

Proof This expression is obtained from the relation,

(x − y)〈x |R|y〉 = 〈x |[Q, R]|y〉
= 〈x |(1− K̂ )−1[Q, K̂ ](1− K̂ )−1|y〉

=
p

∑

k=1
(−1)k〈x |(1− K̂ )−1|φp−k〉〈ψk−1|�I (1− K̂ )−1|y〉

=
p

∑

k=1
(−1)kqp−k(x)p̃k−1(y) . (4.36)

We may apply the same analysis to the other kernel L(x, y). 	

Remark 4.6 For x ∈ I ( ⇐⇒ χI (x) = 1), the diagonal value of the resolvent kernel
is given by

R(x, x) = L(x, x) =
p

∑

k=1
(−1)kq′p−k(x)pk−1(x) =

p
∑

k=1
(−1)k−1qp−k(x)p′k−1(x) .

(4.37)

See also Lemma 4.8.

Lemma 4.7 (Parameter dependence of (qk,pk)) The auxiliary wave functions show
the following parameter dependence,

∂qk
∂a j

= (−1) j R(x, a j )qk(a j ) ,
∂pk
∂a j

= (−1) jpk(a j )L(a j , x) . (4.38)

Proof We notice the relation

|a j 〉 = �I |a j 〉 , (4.39)

so that K |a j 〉 = K̂ |a j 〉 and 〈a j |K = 〈a j |Ǩ . Then, we obtain as follows,

∂qk
∂a j

= 〈x |(1− K̂ )−1 ∂ K̂

∂a j
(1− K̂ )−1|φk〉
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= (−1) j 〈x |(1− K̂ )−1K |a j 〉〈a j |(1− K̂ )−1|φk〉
= (−1) j R(x, a j )qk(a j ) . (4.40)

The derivatives of pk are similarly obtained. 	

Then, from the regularity of the resolvent kernel at x = y, we have the following

relation, which is an analog of the relation (3.65).

Lemma 4.8 The following relation holds for the auxiliary wave functions,

p
∑

k=1
(−1)kqp−k(x)pk−1(x) = 0 . (4.41)

Proof Applying the parameter derivative of the auxiliary functions shown in
Lemma 4.7, we can show that there is no parameter dependence,

∂

∂a j

p
∑

k=1
(−1)kqp−k(x)pk−1(x) = 0 , j = 1, . . . , 2m . (4.42)

Hence, we can modify them to obtain I = ∅, where all the auxiliary functions become
zero. Therefore, the constant of integration turns out to be zero. 	

Lemma 4.9 (x-dependence of (qk ,pk))The derivatives of the auxiliarywave functions
are given as follows,

∂

∂x
qk(x) = qk+1(x)− q0(x)uk −

2m
∑

j=1
(−1) j R(x, a j )qk(a j ) , (4.43a)

∂

∂x
pk(x) = pk+1(x)− vkp0(x)−

2m
∑

j=1
(−1) jpk(a j )L(a j , x) , (4.43b)

where we define auxiliary functions (u, v) = (uk, vk)k=0,...,p−1 of the parameters
(a j ) j=1,...,2m,

uk = 〈ψ |�I (1− K̂ )−1|φk〉
=

∫

I
dxψ(x)φk(x)+

∫

I
dx

∫

I
dyψ(x)R(x, y)φk(y) , (4.44a)

vk = 〈ψk |(1− Ǩ )−1�I |φ〉
=

∫

I
dxψk(x)φ(x)+

∫

I
dx

∫

I
dyψk(x)R(x, y)φ(y) . (4.44b)

We remark

u0 = v0 . (4.45)
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Proof In order to show these expressions, we use the formula

〈x |[P, K̂ ]|y〉 =
(

∂

∂x
+ ∂

∂ y

)

K (x, y)χI (y)

= −φ(x)ψ(y)χI (y)−
2m
∑

j=1
(−1) j K (x, y)δ(a j − y)

= 〈x |
⎡

⎣−|φ〉〈ψ |�I −
2m
∑

j=1
(−1) j K |a j 〉〈a j |

⎤

⎦ |y〉 (4.46)

where we have

(

∂

∂x
+ ∂

∂ y

)

K (x, y) = −φ(x)ψ(x) ⇐⇒ [P, K ] = −|φ〉〈ψ | . (4.47)

We may also obtain this expression by writing

〈x |[P, K̂ ]|y〉 = 〈x |[P, K ]�I + K [P,�I ]|y〉 , (4.48)

with the relation (4.18). A similar relation holds for Ǩ ,

〈x |[P, Ǩ ]|y〉 =
(

∂

∂x
+ ∂

∂ y

)

χI (x)K (x, y)

= 〈x |
⎡

⎣−�I |φ〉〈ψ | −
2m
∑

j=1
(−1) j |a j 〉〈a j |K

⎤

⎦ |y〉 . (4.49)

Then, we compute

∂

∂x
qk(x) = 〈x |P(1− K̂ )−1|φk〉

= 〈x |(1− K̂ )−1[P, K̂ ](1− K̂ )−1 + (1− K̂ )−1P|φk〉

= qk+1(x)− q0(x)uk −
2m
∑

j=1
(−1) j R(x, a j )qk(a j ) , (4.50a)

∂

∂x
pk(x) = −〈ψk |(1− Ǩ )−1P|x〉

= −〈ψk |(1− Ǩ )−1[Ǩ , P](1− Ǩ )−1 + P(1− Ǩ )−1|x〉

= pk+1(x)− vkp0(x)−
2m
∑

j=1
(−1) jpk(a j )L(a j , x) , (4.50b)

to obtain the formulas (4.43). 	
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Parameter dependence of (uk, vk) We consider the parameter dependence of
(uk, vk)k=1,...,p. Since we have

∂

∂a j

(

�I (1− K̂
)−1

) = (−1) j |a j 〉〈a j |(1− K̂ )−1 +�I (1− K̂ )−1 ∂ K̂

∂a j
(1− K̂ )−1

= (−1) j�I (1− K̂ )−1|a j 〉〈a j |(1− K̂ )−1 (4.51)

with (4.39), we obtain

∂uk
∂a j

= (−1) jqk(a j )p0(a j ) ,
∂vk

∂a j
= (−1) jq0(a j )pk(a j ) . (4.52)

Rewriting (qp,pp) From the differential equations for the wave functions (3.14), we
have the relations,

|φp〉 = Q|φ0〉 , 〈ψp| = (−1)p〈ψ0|Q . (4.53)

Then, we have

qp(x) = 〈x |(1− K̂ )−1|φp〉
= 〈x |(1− K̂ )−1Q|φ0〉
= 〈x |Q(1− K̂ )−1|φ0〉 − 〈x |(1− K̂ )−1[Q, K̂ ](1− K̂ )−1|φ0〉

= xq0(x)−
p

∑

k=1
(−1)k〈x |(1− K̂ )−1|φp−k〉〈ψk−1|�I (1− K̂ )−1|φ0〉 ,

(4.54)

which leads to the expressions

qp(x) = xq0(x)−
p

∑

k=1
(−1)kqp−k(x) vk−1 , (4.55a)

pp(x) = (−1)pxp0(x)−
p

∑

k=1
(−1)kuk−1 pp−k(x) . (4.55b)

Rewriting (u p, vp) Similarly, we can rewrite (u p, vp) as follows,

u p =
∫

I
dxx ψ(x)q0(x)−

p
∑

k=1
(−1)ku p−k vk−1 , (4.56a)

vp = (−1)p
∫

I
dxx p0(x)φ(x)−

p
∑

k=1
(−1)kuk−1 vp−k . (4.56b)
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We remark the relation,

u p − (−1)pvp = −
p

∑

k=1
(−1)ku p−k vk−1 . (4.57)

4.2.3 Hamiltonian system

We denote

qk, j = qk(a j ) , pk, j = pk(a j ) . (4.58)

The parameter dependence of the wave functions (qk, j ,pk, j ) is given by

dqk, j
da j

=
(

∂

∂x
+ ∂

∂a j

)

qk(x)

∣

∣

∣

∣

x→a j

= qk+1, j − q0, j uk −
2m
∑

�( �= j)

(−1)�R j�qk,� ,

(4.59a)

dpk, j
da j

=
(

∂

∂x
+ ∂

∂a j

)

pk(x)

∣

∣

∣

∣

x→a j

= pk+1, j − p0, jvk −
2m
∑

�( �= j)

(−1)�pk,�R� j .

(4.59b)

Therefore, we have the following expression for the Hamiltonians.

Proposition 4.10 (Hamiltonian system) The Hamilsonians associated with the Fred-
holm determinant are written as follows,

Hj = R j j

=
p

∑

k=1
(−1)k ∂qp−k, j

∂a j
pk−1, j =

p
∑

k=1
(−1)k−1qp−k, j

∂pk−1, j
∂a j

, (4.60)

whose explicit form is given by

Hj = −a jq0, jp0, j −
p−1
∑

k=1
(−1)kqp−k, jpk, j

+
p

∑

k=1
(−1)k (qp−k, jp0, jvk−1 − q0, jpk−1, j u p−k

)−
2m
∑

�( �= j)

(−1)�(a� − a j )R j�R� j .

(4.61)

Corollary 4.11 (Hamilton equations) From the Hamiltonians obtained above, we have
the Hamilton equations for the wave functions,

∂qp−k, j
∂a j

= (−1)k ∂Hj

∂pk−1, j
,
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∂pk−1, j
∂a j

= (−1)k−1 ∂Hj

∂qp−k, j
, (4.62a)

∂u p−k, j
∂a j

= (−1) j+k ∂Hj

∂vk−1, j
,

∂vk−1, j
∂a j

= (−1) j+k−1 ∂Hj

∂u p−k, j
. (4.62b)

This shows that (qp−k,pk−1)k=1,...,p and (u p−k, vk−1)k=1,...,p form the canoni-
cal pairs. For even p, qk and pk (uk and vk as well) are equivalent. Hence,
(qp−k,qk−1)k=1,...,p (and (u p−k, uk−1)k=1,...,p) are the canonical pairs with respect
to the time variables a = (a j ) j=1,...,2m.

Lemma 4.12 The parameter dependence of the Hamiltonians is given by

dHj

da j
= −q0, jp0, j −

2m
∑

�( �= j)

(−1)�R j�R� j . (4.63)

Proof This is obtained as follows,

dHj

da j
= dR j j

da j

= d

da j

(

〈a j | K̂

1− K̂
|a j 〉

)

= 〈a j |(1− K̂ )−1[P, K̂ ](1− K̂ )−1 + (1− K̂ )−1
(

∂ K̂

∂a j

)

(1− K̂ )−1|a j 〉

= 〈a j |(1− K̂ )−1
⎛

⎝−|φ〉〈ψ |�I −
2m
∑

�=1( �= j)

(−1)�K |a�〉〈a�|
⎞

⎠ (1− K̂ )−1|a j 〉

= −q0, jp0, j −
2m
∑

�=1( �= j)

(−1)�R j�R� j (4.64)

where we use the relation

〈a�|(1− K̂ )−1|a j 〉 = 〈a�| K̂

1− K̂
|a j 〉 + 〈a�|a j 〉 . (4.65)

	

Lemma 4.13 (Integral of motion) The integrals of motion defined as

I� = u� − (−1)�v� +
�

∑

k=1
(−1)k

⎛

⎝u�−kvk−1 +
2m
∑

j=1
(−1) jq�−k, jpk−1, j

⎞

⎠ ,
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� = 1, . . . , p , (4.66)

are zero.

Proof From Lemma 4.7, for i �= j , we have

∂qk,i
∂a j

= (−1) j Ri jqk, j ,
∂pk,i
∂a j

= (−1) jpk, j R ji . (4.67)

Using the relations (4.59) and (4.52), the derivative of the integral of motion with the
parameter a j is given by

(−1) j dI�
da j

= q�, jp0, j − (−1)�q0, jp�, j +
�

∑

k=1
(−1)k (q�−k+1, jpk−1, j + q�−k, jpk, j

)

= 0 . (4.68)

Since it does not depend on the parameters a = (a j ) j=1,...,2m , we can modify them
to obtain I = ∅, which yields qk,pk, uk, vk = 0. 	


We can also derive the integrals of motion in the operator formalism. Recalling

[K̂ , P] = K [�I , P] + [K , P]�I , (4.69)

and

(1− K̂ )−1 K̂ + 1 = (1− K̂ )−1 , (4.70)

together with the relations (4.18) and (4.47), we have

u� = 〈ψ |�I (1− K̂ )−1P�|φ〉
= 〈ψ |�I

[

(1− K̂ )−1[K̂ , P](1− K̂ )−1 + P(1− K̂ )−1
]

P�−1|φ〉
= 〈ψ |�I (1− K̂ )−1 ([�I , P] + [K , P]�I ) (1− K̂ )−1P�−1|φ〉
+ 〈ψ |P�I (1− K̂ )−1P�−1|φ〉

= v0u�−1 +
2m
∑

j=1
(−1) jq�−1, jp0, j + 〈ψ |P�I (1− K̂ )−1P�−1|φ〉 . (4.71)

Applying this process recursively together with the relation (4.12), we arrive at
Lemma 4.13.

In particular, applying the expression (4.57), the integral of motion for � = p is
given by

Ip =
p

∑

k=1

2m
∑

j=1
(−1)k+ jqp−k, jpk−1, j . (4.72)
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We can show also from Lemma 4.8 that this integral of motion becomes zero.

4.2.4 Lax formalism

We introduce the vector notation

Q = (q0 q1 · · · qp−1)T , P = (p0 p1 · · · pp−1) , (4.73)

where we denote

qk(x) = qk , pk(x) = pk . (4.74)

We also denote (q,p) = (q0,p0). Then, we may express the parameter dependence
in the matrix form as follows.

Lemma 4.14 (Lax formalism) The x-dependence and the parameter dependence of
the auxiliary wave functions are given as follows,

∂Q
∂x

=
⎛

⎝

2m
∑

j=1

A j

x − a j
+ A∞

⎞

⎠Q ,
∂Q
∂a j

= − A j

x − a j
Q , (4.75a)

∂P
∂x
= P

⎛

⎝

2m
∑

j=1

˜A

x − a j
+ ˜A∞

⎞

⎠ ,
∂P
∂a j

= −P ˜A j

x − a j
. (4.75b)

We call this the Lax matrix, whose coefficients (A j , ˜A j ) j=1,...,2m,∞ are given by

(A j )k,k′ = (−1) j+p−k′+1qk, jpp−k′−1, j , (˜A j )k,k′ = (−1) j+p−k+1qp−k−1, jpk′, j ,

(4.76a)

A∞ =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−u0 1
−u1 0 1

...
. . .

. . .

−u p−2 0 1
x − u p−1 + (−1)p−1vp−1 (−1)p−2vp−2 · · · −v1 v0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, (4.76b)

˜A∞ =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−v0 −v1 · · · −vp−2 (−1)px + (−1)p−1u p−1 − vp−1
1 0 (−1)p−2u p−2

1
. . .

...

. . . 0 −u1
1 u0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (4.76c)
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Proof From the expression (4.43) together with (4.35), we obtain the x-derivative for
k = 0, . . . , p − 2,

∂qk
∂x

= qk+1 − ukq−
2m
∑

j=1

p
∑

�=1
(−1) j+� qk, jp�−1, j

x − a j
qp−� , (4.77a)

∂pk
∂x

= pk+1 − vkp−
2m
∑

j=1

p
∑

�=1
(−1) j+� qp−�, jpk, j

x − a j
p�−1 . (4.77b)

For k = p − 1, we may also use (4.55) to obtain

∂qp−1
∂x

= xq− u p−1q−
p

∑

k=1
(−1)kvk−1qp−k

−
2m
∑

j=1

p
∑

�=1
(−1) j+� qp−1, jp�−1, j

x − a j
qp−� , (4.78a)

∂pp−1
∂x

= (−1)pxp− vp−1p−
p

∑

k=1
(−1)kuk−1pp−k

−
2m
∑

j=1

p
∑

�=1
(−1) j+� qp−�, jpk, j

x − a j
p�−1 . (4.78b)

The parameter dependence immediately follows from Lemma 4.7. 	

Remark 4.15 AT

j = ˜A j for j = 1, . . . , 2m.

Lemma 4.16 The matrix coefficients (A j , ˜A j ) j=1,...,2m,∞ are traceless.

Proof It follows from Lemma 4.8 for j = 1, . . . , 2m, and from the relation (4.45) for
j = ∞. 	

Lemma 4.17 The total derivative of the Fredholm determinant is given in terms of the
matrices (A j ) j=1,...,2m,∞ as follows,

d log F(a) = 1

2

2m
∑

i �= j

trAi A j
dai − da j

ai − a j
+

2m
∑

j=1
trA j A∞

∣

∣

∣

x=a j
da j . (4.79)

Proof From the matrices (A j ) j=1,...,2m,∞, we obtain

(−1) j−1trA j A� = (−1)�(a j − a�)
2R j�R� j , (4.80a)

(−1) j−1trA j A∞
∣

∣

∣

x=a j
= −a jq0, jp0, j −

p−1
∑

k=1
(−1)kqp−k, jpk, j
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+
p

∑

k=1
(−1)k (qp−k, jp0, jvk−1 − q0, jpk−1, j u p−k

)

.

(4.80b)

Hence, the Hamiltonian (4.61) is given by

(−1) j−1Hj =
2m
∑

�( �= j)

trA j A�

a j − a�

+ trA j A∞
∣

∣

∣

x=a j
. (4.81)

Substituting this expression to (4.25), we obtain (4.79). 	

Proposition 4.18 (Schlesinger equation) The matrix coefficients obey the Schlesinger
equation,

∂Ai

∂a j
= [Ai , A j ]

ai − a j
,

∂A j

∂a j
= −

2m
∑

�( �= j)

[A j , A�]
a j − a�

− [A j , A∞]
∣

∣

∣

x=a j
. (4.82)

Proof For i �= j , we may use the relation (4.67) to obtain

∂(Ai )k,k′

∂a j
= (−1)i+ j+p−k′+1 (Ri jqk, jpp−k′−1,i + qk,ipp−k′−1, j R ji

)

= (−1)i+ j+k′

ai − a j

p−1
∑

�=0
(−1)� (qk,ipp−�−1,iq�, jpp−k′−1, j − (i ↔ j)

)

= (Ai A j − A j Ai )k,k′

ai − a j
. (4.83)

For i = j , we use the Hamilton equations (4.62a) to obtain

∂(A j )k,k′

∂a j
= (−1) j−1

(

(−1)k+k′ ∂Hj

∂pp−k−1, j
pp−k′−1, j − qk, j

∂Hj

∂qk′, j

)

. (4.84)

Then, evaluating the derivative of the Hamiltonian with (qk, j ,pk, j ) based on the
expression (4.81), we arrive at the Schlesinger equation (4.82). 	


4.3 Interlude: Comment on unitary matrix integral

It has been known that the Fredholm determinant associated with the Schur measure
kernel studied in Sect. 2 provides an alternative form of the unitary matrix model [10]:

ZN

Z(X, Y)
= det(1− K )[N+ 1

2 ,∞) (4.85)
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where the partition function of the unitary matrix model is given by

ZN =
∫

U(N )

dU exp

( ∞
∑

n=1

(

t ′n trUn + t̃ ′n trU−n
)

)

=
∑

λ1≤N

sλ(X)sλ(Y). (4.86)

The second equality is obtained by the character expansion with another set of the
Miwa variables compared to the previous case (2.2),

t ′n =
(−1)n−1

n

∞
∑

i=1
xni , t̃ ′n =

(−1)n−1
n

∞
∑

i=1
yni . (4.87)

In our previous works [26, 27], we considered the p-even higher asymptotic analysis
of the random partitions and related unitary matrix models in order to study the phase
structure of the corresponding physical models of interest. This analysis is based on
the fact that the scaling limit considered in Sect. 3 for even p corresponds to the edge
scaling limit, namely the large N limit of the unitary matrix model. For the p-odd
case, on the other hand, the relation between the cusp scaling limit and the large N
limit is not clear at this moment. We remark that it has been reported that the phase
transition does not happen for the unitary matrix model in the specific scaling limit,
which may correspond to the cusp limit [19–21].

5 Level spacing distribution: odd p

Based on the general formalism of the gap probability discussed in Sect. 4, which is
for the determinantal point process defined by the limiting kernel, we consider the
specific case with the interval

I = [−s, s] , (a1, a2) = (−s, s) , (5.1)

from which we obtain the level spacing distribution by taking the second derivative.
We now focus on the case for odd p. In this case, we have the following auxiliary
functions,

(qk,pk) := (qk,2,pk,2) = (−1)k(qk,1,−pk,1) . (5.2)

Namely, (q2k,p2k−1) are even, (q2k−1,p2k) are odd functions.

Lemma 5.1 Denoting the s-derivative of a function f by

d f

ds
= f ′ , (5.3)

we have the following relations for the auxiliary functions,

u′2k−1 = 2q2k−1p , v′2k−1 = 2qp2k−1 , (5.4a)
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u2k = v2k = 0 . (5.4b)

Proof From (4.52) and (5.2), the total variations of the auxiliary functions are given
by

du� = −q�,1p0,1d(−s)+ q�,2p0,2ds =
{

2q�pds (� : odd)
0 (� : even) (5.5a)

dv� = −q0,1p�,1d(−s)+ q0,2p�,2ds =
{

2qp�ds (� : odd)
0 (� : even) (5.5b)

Recalling u�, v�
s→0−−→ 0, we conclude that u�, v� = 0 for even �. 	


We then consider the s-dependence of the auxiliarywave functions. The total deriva-
tives of the auxiliary wave functions are given in (4.59). However, as the interval
parameters are taken as in (5.1), we have to take into account both the contributions
of a j=1,2.

Lemma 5.2 The s-derivative of the auxiliary wave functions is given as follows,

q′k = qk+1 − ukq+ 2(−1)k Rqk , (5.6a)

p′k = pk+1 − vkp− 2(−1)k Rpk , (5.6b)

where we define

R := R12 = R21 = 1

2s

p
∑

k=1
qp−kpk−1 . (5.7)

Proof The total variation of qk(x) is now given by

dqk(x) =
(

qk+1(x)− q(x)uk + R(x, a1)qk,1

−R(x, a2)qk,2
)

dx − R(x, a1)qk,1da1 + R(x, a2)qk,2da2
x→s−−−→
(5.1)

(

qk+1 − quk + 2(−1)k Rqk
)

ds . (5.8)

A similar expression holds for pk , and hence we obtain the formulas above. 	

Corollary 5.3 The s-derivative of (qp−1,pp−1) is given as follows,

q′p−1 = +sq−
�p/2�
∑

m=1
qp−2mv2m−1 + 2Rqp−1 , (5.9a)

p′p−1 = −sp−
�p/2�
∑

m=1
pp−2mu2m−1 − 2Rpp−1 . (5.9b)
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Proof This follows from Lemma 5.2 together with the relations (4.55) and (5.4b). 	

Lemma 5.4 The following relation holds,

(sR)′ =
p−1
∑

k=1
qp−kpk − 1

2

�p/2�
∑

m=1

(

u2m−1v′p−2m + v2m−1u′p−2m
)

. (5.10)

Proof This can be shown as follows,

(2sR)′ =
p

∑

k=1

(

qp−kpk−1
)′

=
p

∑

k=1

(

qp−k+1pk−1 + qp−kpk −
(

u p−kqpk−1 + vk−1qp−kp
))

= qpp + qpp+ 2
p−1
∑

k=1
qp−kpk −

p
∑

k=1

(

uk−1qpp−k + vk−1qp−kp
)

(4.55)= 2
p−1
∑

k=1
qp−kpk −

p
∑

k=1
(1+ (−1)k) (uk−1qpp−k + vk−1qp−kp

)

.

(5.11)

Applying (5.4a), we obtain the relation above. 	

Integral of motion The integral of motion shown in Lemma 4.13 is given as follows
for the current case,

I� = u� − (−1)�v� +
�

∑

k=1
(−1)k

(

u�−kvk−1 + (1− (−1)�)q�−kpk−1
)

. (5.12)

For even �, this becomes trivial. For odd �, on the other hand, we have

I� = u� + v� +
�

∑

k=1
(−1)k (u�−kvk−1 + 2q�−kpk−1)

= u� + v� +
��/2�
∑

m=1
u�−2mv2m−1 + 2

�
∑

k=1
(−1)kq�−kpk−1 . (5.13)

The lower order examples are given as follows,

I1 = u1 + v1 − 2qp , (5.14a)

I3 = u3 + v3 + u1v1 − 2 (q2p− q1p1 + qp2) , (5.14b)

I5 = u5 + v5 + u3v1 + u1v3 − 2 (q4p− q3p1 + q2p2 − q1p3 + qp4) . (5.14c)
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For � = p, we obtain the following from (4.72) (also from Lemma 4.8),

Ip = 2
p

∑

k=1
(−1)kqp−kpk−1 . (5.15)

Hence, using the first integral of motion (5.14a) together with the relation (5.4b), we
may rewrite the function R (5.7) in terms of (u2m−1, v2m−1)m=1,...,�p/2�,

R = 1

s

�p/2�
∑

m=1
qp−2mp2m−1 = 1

2s(u1 + v1)

�p/2�
∑

m=1
u′p−2mv′2m−1 . (5.16)

5.1 Hamiltonian structure

For the current case, we have the Hamiltonian (4.61) as follows,

H := H1 = H2

= −sqp−
p−1
∑

k=1
(−1)kqp−kpk −

p
∑

k=1
(−1)k (uk−1qpp−k − vk−1qp−kp

)− 2sR2

= −sqp−
p−1
∑

k=1
(−1)kqp−kpk −

�p/2�
∑

m=1

(

u2m−1qpp−2m − v2m−1qp−2mp
)− 2sR2 .

(5.17)

In this case, however, we cannot apply the previous expression (4.63) for the s-
derivative of the Hamiltonian since the derivatives of the auxiliary wave functions
are modified as in Lemma 5.2 and Corollary 5.3.

Lemma 5.5 The s-derivative of the Hamiltonian is given as follows,

H ′ = −qp+ 2R2

= −u1 + v1

2
+ 1

2s2(u1 + v1)2

⎛

⎝

�p/2�
∑

m=1
u′p−2mv′2m−1

⎞

⎠

2

. (5.18)

Proof We can show this similarly to Lemma 4.12. In this case, the s-derivative of the
operator K̂ is obtained from (4.28) as follows,

∂

∂s
K̂ = K | − s〉〈−s| + K |s〉〈s| . (5.19)

Hence, we obtain

dH

ds
= d

ds

(

〈s| K̂

1− K̂
|s〉

)
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= 〈s|(1− K̂ )−1
(

− |φ〉〈ψ |�I + 2K | − s〉〈−s|
)

(1− K̂ )−1|s〉
= −qp+ 2R2 . (5.20)

The expression in terms of (u2m−1, v2m−1)m=1,...,�p/2� is then obtained from the
integral of motion I1 (5.14a) and the expression (5.16). 	

Remark 5.6 (Hamiltonian structure) We may write the Hamiltonian as follows,

H =
p

∑

k=1
(−1)k dqp−k

ds
pk−1 =

p
∑

k=1
(−1)k−1qp−k

dpk−1
ds

, (5.21)

which comes from (4.60). Hence, even though the s-derivative of the auxiliary func-
tions are modified in this case, the same Hamilton equations are still available as in
the form of (4.62a).

Fredholm determinant In this case, the logarithmic derivative of the Fredholm deter-
minant (4.25) is given by

d log F(s) = H1d(−s)− H2ds = −2Hds . (5.22)

Denoting the Hamiltonian as a function of the s-variable by H(s) and noticing

F(s)
s→0−−→ 1, we obtain the Fredholm determinant in terms of the Hamiltonian as

follows,

F(s) = exp

(

−2
∫ s

0
dσH(σ )

)

= exp

(

−2
∫ s

0
dσ(σ − s)

(

qp− 2R2
)

)

. (5.23)

The second expression is analogous to the Tracy–Widom distribution in terms of the
Hastings–McLeod solution to the Painlevé II equation [22] and its higher analogs.

5.2 Nonlinear differential equations

We derive the closed differential equations for (u, v) by using the functional rela-
tions obtained above. The strategy that we apply is to rewrite all the bilinear forms
(qkpl)k,l=0,...,p−1 in terms of (u, v) recursively.

Proposition 5.7 All the bilinear terms (qkpl)k,l=0,...,p−1 are expressed in terms of the
auxiliary functions (u, v).

Proof First of all, the lowest bilinear term is obtained from the first integral of motion
Ip (5.14a) as follows,

qp = u1 + v1

2
. (5.24)
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From Lemma 5.1, we then obtain

q2m−1p = 1

2
u′2m−1 , qp2m−1 = 1

2
v′2m−1 , (5.25)

and

q2m−1p2n−1 =
u′2m−1v′2n−1
2(u1 + v1)

. (5.26)

We then apply the recursion relations. Assume that the bilinear term qkpl is known:
We can write it in terms of (u, v). From Lemma 5.2 and Corollary 5.3, the s-derivative
of qkpl gives rise to two possibly unknown terms, qk+1pl and qkpl+1,

(qkpl)′ = qk+1pl + qkpl+1 + · · · , (5.27)

where the symbol · · · means the known terms. We remark that the expression of the
function R in terms of (u, v) is also known as in (5.16) as a consequence of the highest
integral of motion Ip (4.72). If qkpl+1 is already known, we may write

qk+1pl = (qkpl)′ + · · · . (5.28)

If qk+1pl is known, we can similarly determine the other bilinear term qkpl+1. When
(k, l) = (odd, odd) or (even, even), we cannot determine them in this way since both
qk+1pl and qkpl+1 are unknown. We should fix them from another path.

We start this algorithm from q2m−1p and qp2m−1, whose expressions are known
as (5.25):

q2m−1p q2mp q2mp1 q2mp2 · · · q2mp2m (5.29a)

qp2m−1 qp2m q1p2m q2p2m · · · q2mp2m (5.29b)

Meanwhile, we have q2mp2n and q2np2m for n ≤ m. In this case, we can fix q2m+1p2n
and q2np2m+1 from q2m+1p2n−1 and q2n−1p2m+1, respectively. 	
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We show the flow diagram to determine the bilinear terms (qkpl)0≤k,l≤p−1 for p = 7:

qp qp1 qp2 qp3 qp4 qp5 qp6

q1p q1p1 q1p2 q1p3 q1p4 q1p5 q1p6

q2p2 q2p1 q2p2 q2p3 q2p4 q2p5 q2p6

q3p q3p1 q3p2 q3p3 q3p4 q3p5 q3p6

q4p q4p1 q4p2 q4p3 q4p4 q4p5 q4p6

q5p q5p1 q5p2 q5p3 q5p4 q5p5 q5p6

q6p q6p1 q6p2 q6p3 q6p4 q6p5 q6p6

(5.30)
Basedon these expressions,weobtain the closeddifferential equations for the auxiliary
functions (u, v) as follows.

Proposition 5.8 The auxiliary functions (u, v) = (u2m−1, v2m−1)m=1,...,�p/2� obey
the closed coupled nonlinear differential equations. The number of the differential
equations agrees with the number of the auxiliary functions, 2�p/2� = p − 1.

Proof For m = 1, . . . , �p/2�, the bilinear term q2mp2m has two different forms,

q2mp2m = (q2m−1p2m)′ + known , q2mp2m = (q2m−1p2m−1)′ + known .

(5.31)

By equating these expressions, we obtain the following equation

q2mp2m : (q2m−1p2m)′ + known = (q2m−1p2m−1)′ + known . (5.32)

For qp−1pp−1, in particular, we have another equation from its derivative,

(qp−1pp−1)′ : 1

2

[

(qp−2pp−1)′ + known+ (qp−1pp−2)′ + known
]′

= −s(qp−1p− qpp−1)

−
�p/2�
∑

m=1
(u2m−1qp−1pp−2m + v2m−1qp−2mpp−1) , (5.33)

where the RHS is obtained from Corollary 5.3. In addition, the remaining integrals
of motion provide the equations, I2m−1 = 0 for m = 2, . . . , �p/2�. Writing all the
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bilinear terms (qkpl)0≤k,l≤p−1 in terms of the auxiliary functions (u, v), we obtain
differential equations for them. The total number of the equations is given by �p/2�+
1+ (�p/2� − 1) = 2�p/2� = p − 1. 	


5.3 Large gap behavior s → ∞

As shown before, the logarithmic derivative of the Fredholm determinant is given by
the Hamiltonian. Moreover, the s-derivative of the Hamiltonian is written in terms
of the auxiliary functions (u2m−1, v2m−1)m=1,...,�p/2� as shown in Lemma 5.5. In
particular, using the integral of motion (5.14a), we obtain

d2

ds2
log F(s) = −2H ′ = u1 + v1 − 4R2 . (5.34)

Hence, the large gap behavior of the Fredholmdeterminant is obtained from the asymp-
totic behavior of these auxiliary functions.

Lemma 5.9 In the large s limit, the s-derivative of theHamiltonian behaves as follows,

H ′ s→∞−−−→ O(s
2
p ) . (5.35)

Proof We first consider the large s behavior of the function R,

R = R(−s, s) = K (−s, s)+
∞
∑

n=1

∫

I
dz1 · · ·

∫

I
dznK (−s, z1)K (z1, z2) · · · K (zn−1, zn)K (zn, s) . (5.36)

From the Cristoffel–Darboux formula (3.58) together with the asymptotic behavior
of the higher Airy functions, (3.41) and (3.47), we have the following asymptotic
behavior of the kernel,

K (s, s)
s→∞−−−→ O(s

1
p ) , (5.37a)

K (−s, s) s→∞−−−→ O(s−1) . (5.37b)

Hence, we obtain

∫

I
dzK (−s, z)K (z, s)

s→∞−−−→ O(s
1
p ) . (5.38)

Recalling the projectivity property of the kernel (3.49),

lim
s→∞

∫

I
dzK (x, z)K (z, y) = K (x, y) , (5.39)
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we see that the n > 1 terms in (5.36) provide the same order contribution, from which
we obtain

R
s→∞−−−→ O(s

1
p ) . (5.40)

We then consider the following term,

u1 + v1 =
∫

I
dx

(

ψ(x)φ′(x)+ ψ ′(x)φ(x)
)

+
∫

I
dx

∫

I
dy

(

ψ(x)R(x, y)φ′(x)+ ψ ′(x)R(x, y)φ(y)
)

=2ψ(s)φ(s)+
∫

I
dx

∫

I
dy

(

ψ(x)K (x, y)φ′(x)+ψ ′(x)K (x, y)φ(y)
)+ · · · .

(5.41)

The asymptotic behavior of the first term is immediately obtained from (3.41) and
(3.47),

ψ(s)φ(s)
s→∞−−−→ O(s−1+

1
p ) . (5.42)

The integral term behaves as follows,

∫

I
dx

∫

I
dy

(

ψ(x)K (x, y)φ′(x)+ ψ ′(x)K (x, y)φ(y)
)

=
∫

I
dx

∫

I
dy

[(

∂

∂x
+ ∂

∂ y

)

ψ(x)K (x, y)φ(y)

−ψ(x)

(

∂

∂x ′
+ ∂

∂ y′

)

K (x ′, y′)
∣

∣

∣

(x ′,y′)→(x,y)
ψ(y)

]

(4.47)=
[∫

I
dyψ(x)K (x, y)φ(y)

]x=+s

x=−s

+
[∫

I
dyψ(x)K (x, y)φ(y)

]y=+s

y=−s
+

(∫

I
dxψ(x)φ(x)

)2

= 2ψ(s)

(∫

I
dyK (s, y)φ(y)

)

+ 2

(∫

I
dxψ(x)K (x, s)

)

ψ(s)
s→∞−−−−→
(5.37)

O(s
2
p ) .

(5.43)

From the projectivity of the kernel, the multiple integral terms provide the same order
contributions as before.

Summarizing all these contributions, we conclude the asymptotic behavior of H ′
as shown in (5.35). 	


From Lemma 5.9, we immediately obtain the large gap behavior of the Fredholm
determinant as follows.
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Proposition 5.10 The Fredholm determinant behaves as

F(s)
s→∞−−−→ exp

(

−Cps
2
p+2

)

(5.44)

with a p-dependent positive constant Cp.

Remark 5.11 This result is consistent with the Forrester–Chen–Eriksen–Tracy conjec-

ture [12, 16] on the large gap asymptotics of the Fredholm determinant F(s)
s→∞−−−→

exp
(−Cs2β+2

)

for the density of state behaving as ρ(s) ∼ sβ (β = 1
p in our case).

Based on the current framework basead on the saddle point analysis, it seems to be
difficult to provide a rigorous argument and to determine the constantCp in general. It
would be plausible to apply the Riemann–Hilbert analysis to this issue as discussed in
[9] for the case p = 3. See [15] for detailed analysis on the gap probability asymptotics.

5.4 Example: p = 3

Let us consider the simplest example p = 3 formore detail.We simplywrite (u1, v1) =
(u, v). The s-derivatives of the auxiliary functions are given as follows,

q′ = q1 + 2Rq , (5.45a)

q′1 = q2 − uq− 2Rq1 , (5.45b)

q′2 = sq− vq1 + 2Rq2 , (5.45c)

p′ = p1 − 2Rp , (5.45d)

p′1 = p2 − vp+ 2Rp1 , (5.45e)

p′2 = −sp− up1 − 2Rp2 , (5.45f)

u′ = 2q1p , v′ = 2qp1 . (5.45g)

Hence, we have the Lax matrix form,

d

ds

⎛

⎝

q
q1
q2

⎞

⎠ =
⎛

⎝

2R 1 0
−u −2R 1
s −v 2R

⎞

⎠

⎛

⎝

q
q1
q2

⎞

⎠ ,
d

ds

⎛

⎝

p
p1
p2

⎞

⎠ =
⎛

⎝

−2R 1 0
−v 2R 1
−s −u −2R

⎞

⎠

⎛

⎝

p
p1
p2

⎞

⎠

(5.46)

The integrals of motion are given by

I1 = u + v − 2qp , (5.47a)

I3 = q2p− q1p1 + qp2 . (5.47b)

The Hamiltonian and its s-derivative are given by

H = −sqp+ q2p1 − q1p2 − uqp1 + vq1p− 2sR2 , (5.48a)
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H ′ = −qp+ 2R2 = −u + v

2
+ 1

2

(

u′v′

s(u + v)

)2

, (5.48b)

where the function R is given by

R = u′v′

2s(u + v)
. (5.49)

From Lemma 5.4, we obtain

(2sR)′ = 2q2p1 + 2q1p2 − uv′ − u′v . (5.50)

Nonlinear differential equations We consider the derivatives of the auxiliary func-
tions (u, v) recursively:

u′′ = 2q2p− u(u + v)− 4Ru′ + 2sR

�⇒ 2q2p = u′′ + u(u + v)+ 4Ru′ − 2sR (5.51a)

v′′ = 2qp2 − v(u + v)− 4Rv′ + 2sR

�⇒ 2qp2 = v′′ + v(u + v)+ 4Rv′ − 2sR (5.51b)

which is equivalent to

2q2p+ 2qp2 = u′′ + v′′ + (u + v)2 + 4R(u′ + v′)− 4sR , (5.52a)

2q2p− 2qp2 = u′′ − v′′ + (u2 − v2)+ 4R(u′ − v′) . (5.52b)

Hence, q2p and qp2 are written only in terms of (u, v) since the function R is given
as (5.49). We then obtain

(2q2p)′ = +s(u + v)− u′v + 2q2p1 �⇒ 2q2p1 = (2q2p)′ − s(u + v)+ u′v
(5.53a)

(2qp2)′ = −s(u + v)− uv′ + 2q1p2 �⇒ 2q1p2 = (2qp2)′ + s(u + v)+ uv′
(5.53b)

which yields the expressions of q2p1 and q1p2 in terms of (u, v). We may also write

2q2p1 + 2q1p2 = (2q2p)′ + (2qp2)′ + u′v + uv′ , (5.54a)

2q2p1 − 2q1p2 = (2q2p)′ − (2qp2)′ − 2s(u + v) . (5.54b)

Similarly, we have

(2q2p1)′ = 2q2p2 + 8Rq2p1 − 2vq2p− 2svR + sv′ (5.55a)

(2q1p2)′ = 2q2p2 − 8Rq1p2 − 2uqp2 − 2suR − su′ (5.55b)
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from which we obtain

4q2p2 = (2q2p1)′ + (2q1p2)′ − 8R(q2p1 + q1p2)

− 2(uqp2 + vq2p)− 2s(u + v)R − s(u′ − v′) . (5.56)

Therefore, we obtain the coupled differential equations for the auxiliary functions
(u, v) from the following relations,4

(2q2p1)′ − (2q1p2)′ = 8R(q2p1 + q1p2)+ 2(uqp2 − vq2p)

− 2s(u − v)R − s(u′ + v′) , (5.57a)

(q2p2)′ = s(qp2 − q2p)− vq1p2 − uq2p1 . (5.57b)

Introducing the symmetric and anti-symmetric variables,

x := u + v , y := u − v , (5.58)

we obtain

y(4) = − x ′6

s2x3
− x ′5

s3x2
+ x ′5

2sx3
+ 2y′2x ′4

s2x3
− 2y′x ′4

sx3

+ 3x ′′x ′4

s2x2
+ 2y′2x ′3

s3x2
− y′2x ′3

sx3
+ yx ′3

sx

− 2y′x ′3

s2x2
− x ′′x ′3

sx2
− 2y′y′′x ′3

s2x2
+ 2y′′x ′3

sx2

+ 5x ′3

s
− y′4x ′2

s2x3
+ 2y′3x ′2

sx3
− 5yx ′2

8x
− yy′x ′2

sx

− y′x ′2

s
− 2y′x ′2

s3x
− 4y′2x ′′x ′2

s2x2
+ 5y′x ′′x ′2

sx2

+ y′y′′x ′2

sx2
+ 2y′′x ′2

s2x
+ x (3)x ′2

sx
− y(3)x ′2

sx

− y′4x ′

s3x2
+ y′4x ′

2sx3
+ 2y′3x ′

s2x2
− yy′2x ′

sx

− 5y′2x ′

s
+ 3

2
sx ′ − 4y′x ′ + y′2x ′′x ′

sx2
+ 4y′x ′′x ′

s2x

+ 2y′3y′′x ′

s2x2
− 6y′2y′′x ′

sx2
− 4x ′′y′′x ′

sx
− 2y′x (3)x ′

sx

+ yy′3

sx
+ y′3

s
+ 2y′3

s3x
+ 5yy′2

8x
− 2y′x ′′2

sx

+ 6y′y′′2

sx
+ 2x + y′4x ′′

s2x2
− y′3x ′′

sx2

4 We suspect that the differential equations shown in [6, eqs.(3.25) and (3.26)] need to be improved.
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− y′3y′′

sx2
− 6y′2y′′

s2x
− 4xy′′ − y′2x (3)

sx
+ 3y′2y(3)

sx
, (5.59a)

x (5) = 3x ′7

s2x4
+ 4x ′6

s3x3
+ 9x ′6

2sx4
− 6y′2x ′5

s2x4
− 12x ′′x ′5

s2x3

+ 3x ′5

s4x2
+ 11x ′5

2s2x3
− 3x ′5

x4
− 8y′2x ′4

s3x3

− 3y′2x ′4

sx4
− 11x ′′x ′4

s3x2
− 39x ′′x ′4

2sx3

+ 8y′y′′x ′4

s2x3
+ 3x (3)x ′4

s2x2
+ 2x ′4

sx
+ 6x ′4

s3x2

+ 3y′4x ′3

s2x4
− 6y′2x ′3

s4x2
− 5y′2x ′3

s2x3
+ 3y′2x ′3

x4

+ 12x ′′2x ′3

s2x2
− 2y′′2x ′3

s2x2
+ 4yy′x ′3

sx2
+ 16y′2x ′′x ′3

s2x3

− 20x ′′x ′3

s2x2
+ 9x ′′x ′3

x3
+ 8y′y′′x ′3

s3x2

+ 8y′y′′x ′3

sx3
+ 8x (3)x ′3

sx2
− 2y′y(3)x ′3

s2x2
+ 6x ′3

s4x

− x ′3

x
− 4x ′3

s2
+ 4y′4x ′2

s3x3
− 3y′4x ′2

2sx4

− 4y′2x ′2

sx
− 6y′2x ′2

s3x2
+ 24x ′′2x ′2

sx2
− 5y′′2x ′2

sx2

+ 4yy′x ′2

s2x
− 2y′x ′2

x
+ 14y′2x ′′x ′2

s3x2

+ 7y′2x ′′x ′2

sx3
+ 12x ′′x ′2

s
− 18x ′′x ′2

s3x
− 8y′3y′′x ′2

s2x3

− 4yy′′x ′2

sx
+ 11y′y′′x ′2

s2x2
− 6y′y′′x ′2

x3

− 14y′x ′′y′′x ′2

s2x2
− 4y′2x (3)x ′2

s2x2
+ 8x (3)x ′2

s2x

− 7x (3)x ′2

2x2
− 5y′y(3)x ′2

sx2
− 2x (4)x ′2

sx
+ 3y′4x ′

s4x2

− y′4x ′

2s2x3
− 4yy′3x ′

sx2
− 4x2x ′ − 4y2x ′ − 6y′2x ′

s4x
+ y′2x ′

x

+ 4y′2x ′

s2
− 8y′2x ′′2x ′

s2x2
+ 18x ′′2x ′

s2x

− 6x ′′2x ′

x2
+ 6y′2y′′2x ′

s2x2
− 6y′′2x ′

s2x
+ 3y′′2x ′

x2

− 4y′4x ′′x ′

s2x3
+ 8y′2x ′′x ′

s2x2
− 3y′2x ′′x ′

x3
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− 8yy′x ′′x ′

sx
− 12x ′′x ′ − 8y′3y′′x ′

s3x2
+ 4y′3y′′x ′

sx3

− 8y′y′′x ′

s
+ 12y′y′′x ′

s3x
− 14y′x ′′y′′x ′

sx2

− 2y′2x (3)x ′

sx2
− 16x ′′x (3)x ′

sx
+ 2y′3y(3)x ′

s2x2

− 6y′y(3)x ′

s2x
+ 3y′y(3)x ′

x2
+ 6y′′y(3)x ′

sx
+ x (4)x ′

x

+ 2y′y(4)x ′

sx
+ 2y′4

sx
− 4yy′3

s2x
+ 2y′3

x

− 6x ′′3

sx
− 2y′2x ′′2

sx2
− 3y′2y′′2

sx2
+ 6x ′′y′′2

sx
− 8xyy′

+ y′

2
− 3y′4x ′′

s3x2
+ y′4x ′′

2sx3
− 4y′2x ′′

s
+ 6y′2x ′′

s3x

+ y′3y′′

s2x2
+ 12yy′2y′′

sx
− 3

2
sy′′ + 6y′3x ′′y′′

s2x2

− 12y′x ′′y′′

s2x
+ 3y′x ′′y′′

x2
+ y′4x (3)

s2x2
− 2y′2x (3)

s2x

+ y′2x (3)

2x2
− 6xx (3) + 3x ′′x (3)

x
+ 4y′y′′x (3)

sx

− y′3y(3)

sx2
− 2yy(3) + 6y′x ′′y(3)

sx
− 3y′′y(3)

x
− y′y(4)

x
. (5.59b)

Although we have such an explicit form of the differential equations, it is not clear
how it would be helpful to characterize the level spacing distribution. It would be also
interesting to compare with the differential equations obtained in [3].
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A Single Hamiltonian analysis

In this Appendix, we analyze the Hamiltonian system only with a single time variable,
which corresponds to the Fredholm determinant with the interval

I = [s,∞) (a1 = s) . (A.1)
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For even p, the corresponding Fredholmdeterminant leads to the higher Tracy–Widom
distribution, while for odd p, this is a formal calculation. In this case, the derivative
of the Fredholm determinant (4.25) is given by

dlog F(s) = −H(s)ds , (A.2)

where the s-dependence of the Hamiltonian (4.63) is given by

dH

ds
= −q(s)p(s) , (A.3)

with

q(s) = q0(s) , p(s) = p0(s) . (A.4)

Therefore, the Fredholm determinant is written as follows,

F(s) = exp

(

−
∫ ∞

s
dσ(σ − s)q(σ )p(σ )

)

. (A.5)

For even p, since p(s) = q(s), it is given by

F(s) = exp

(

−
∫ ∞

s
dσ(σ − s)q(σ )2

)

, (A.6)

which reproduces the higher Tracy–Widom distribution of even p [1, 11, 14, 28].
Derivatives of (qk,pk) From the parameter dependence of the wave functions (4.59),
the (k + 1)-st function is written in terms of the lower degree functions,

dqk
ds

= qk+1 − ukq �⇒ qk+1 = dqk
ds

+ ukq , (A.7a)

dpk
ds

= pk+1 − vkp �⇒ pk+1 = dpk
ds

+ vkp . (A.7b)

Similarly, the s-dependence of the auxiliary function (4.52) is given by

duk
ds

= −pqk ,
dvk
ds

= −pkq . (A.8)

Then, the lower degree cases are given as follows,5

q1 = q′ + u0q (A.9a)

q2 = q′′ + u0q′ + u1q− pq2 (A.9b)

q3 = q′′′ + u0q′′ + u1q′ + u2q− 4qq′p− q2p′ − u0q2p , (A.9c)

5 We denote the s-variable derivative by
dq
ds
= q′, etc.
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p1 = p′ + v0p , (A.9d)

p2 = p′′ + v0p′ + v1p− p2q , (A.9e)

p3 = p′′′ + v0p′′ + v1p′ + v2p− 4pp′q− p2q′ − v0p2q . (A.9f)

A.1 Integral of motion

We consider the integral of motion as discussed in Lemma 4.13. In this case, we
introduce the integral of motion for � ≤ p,

I� = u� − (−1)�v� +
�

∑

k=1
(−1)k (u�−kvk−1 − q�−kpk−1) . (A.10)

Since all the functions are zero in the limit s →∞, the s-independent constant shall
be zero,

I� = 0 . (A.11)

The lower degree cases are explicitly given as follows,

I0 = u0 − v0 , (A.12a)

I1 = u1 + v1 − u0v0 + qp , (A.12b)

I2 = u2 − v2 + u0v1 − u1v0 − qp1 + q1p . (A.12c)

A.2 Nonlinear differential equations

We can derive closed differential equations for the wave functions (q,p) by equating
(qp,pp) obtained as in (A.9) with another expressions (4.55). For even p = 2n, the
resulting differential equation for q(s) = p(s) is known to be the n-th equation of the
Painlevé II hierarchy [1, 14, 28]. The lower degree equations are given by6

p = 2 : q′′ = q
(

s + 2q2
)

= sq+ 2q3 , (A.13a)

p = 4 : q(4) = q
(

s − 6q4 + 10q′2 + 10qq′′
)

, (A.13b)

p = 6 : q(6) = q
(

s + 20q6 − 140q2q′2 − 70q3q′′

+42q′′2 + 56q′q′′′ + 14qq′′′′
)

+ 70q′2q′′ . (A.13c)

For odd p, we instead obtain coupled nonlinear equations. We first consider the
simplest example of odd degree, p = 3. In this case, from (4.55), the wave functions

6 We use the convention for the s-derivatives, q(1) = q′, q(2) = q′′, etc.
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for k = 3 are written in terms of (q0,p0) = (q,p),

q3 = v0q′′ + (u0v0 − v1)q′ + (+s + v2 − u0v1 + u1v0)q− v0q2p , (A.14a)

p3 = u0p′′ + (u0v0 − u1)p′ + (−s + u2 − u1v0 + u0v1)p− u0qp2 . (A.14b)

Equating these expressions with (A.9c) and (A.9f), together with the integrals of
motion (A.12), we obtain coupled nonlinear differential equations for the wave func-
tions (q,p),

q(3) = +sq+ 6pqq′ , (A.15a)

p(3) = −sp+ 6qpp′ . (A.15b)

We may apply the same process to obtain differential equations for higher degree
cases.

• p = 5

q(5) = q
(+s + 10q′p′′ + 10p′q′′ + 10pq′′′

)− 30p2q2q′ + 10q′
(

p′q′ + 2pq′′
)

,

(A.16a)

p(5) = p
(−s + 10q′p′′ + 10p′q′′ + 10qp′′′

)− 30p2q2p′ + 10p′
(

p′q′ + 2qp′′
)

.

(A.16b)

• p = 7

q(7) = q
(

+s + 42p′′q(3) + 14
(

−20p2q′q′′ + 2q′′p(3) + q′p(4) + 2p′q(4)

+p
(

−20p′q′2 + q(5)
)))

+ 140p3q3q′ − 70q2
(

p′2q′ + 2pp′q′′ + p
(

2q′p′′ + pq(3)
))

+ 14
(

−5p2q′3 + 5p′q′′2 + 2q′2p(3) + q′
(

8p′′q′′ + 7p′q(3)
)

+p
(

5q′′q(3) + 3q′q(4)
))

, (A.17a)

p(7) = p
(

−s + 42q′′p(3) + 14
(

−20q2p′p′′ + 2p′′q(3) + 2q′p(4)

+p′q(4) + q
(

−20p′2q′ + p(5)
)))

+ 140p3q3p′ − 70p2
(

p′
(

q′2 + 2qq′′
)

+ q
(

2q′p′′ + qp(3)
))

+ 14
(

−5q2p′3 + 5q′p′′2 + p′
(

8p′′q′′ + 7q′p(3) + 2p′q(3)
)

+q
(

5p′′p(3) + 3p′p(4)
))

. (A.17b)

We remark that these nonlinear differential equations have been recently obtained
in the context of the Riemann–Hilbert problem associated with the Pearcey kernel
[13].
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A.3 Asymptotic behavior and the boundary condition

We consider the asymptotic behavior in the large s limit. Recalling that the resolvent
kernel behaves as R, L → 0 in the limit s →+∞ (I → ∅), together with (4.34), we
see that the auxiliary wave functions behave as

q(s)
s→∞−−−→ φ(s) , p(s)

s→∞−−−→ ψ(s) . (A.18)

We then obtain the asymptotic behavior of the bilinear form q(m)p(n) from (3.41) and
(3.47) as follows,

q(m)p(n) s→∞−−−→ O(s−1+
1+m+n

p ) , (A.19)

which goes to zero in the limit s →∞ if n+m < p−1. In fact, in the limit s →∞, all
the nonlinear differential equations obtained in Sect. A.2 are asymptotically reduced
to

dpq
ds p

= sq ,
dpp
ds p

= (−1)psp , (A.20)

which is consistent with the asymptotic behavior (A.18).

Proposition A.1 The auxiliary wave functions (q,p) obey the differential equation
(A.20) in the limit s → ∞, and hence they are asymptotic to the p-Airy function
(A.18) for arbitrary p ≥ 2.

It has been already established that this statement holds for even p. One can specify the
boundary condition of the nonlinear differential equations, which is an analog of the
Hastings–McLeod solution to the Painlevé II equation asymptotic to the Airy function
[22].

Proposition A.2 We have the large gap behavior of the Fredholm determinant,

F(s)
s→−∞−−−−→ exp

(

−C̃ p|s|
2
p+2

)

(A.21)

with a p-dependent positive constant C̃ p.

Proof The proof is parallel with Proposition 5.10. In this case, we rewrite the s-
derivative of the Hamiltonian (A.3) in terms of (uk, vk)k=0,1 using the integral of

motion (A.12b). Then, we see that H ′ s→−∞−−−−→ O(s
2
p ) as in Lemma 5.9. Integrating

this twice, we obtain the large gap behavior of the Fredholm determinant. 	


References

1. Akemann,G.,Atkin,M.R.:Higher order analogues of Tracy–Widomdistributions via the laxmethod. J.
Phys. A 46, 015202 (2013). https://doi.org/10.1088/1751-8113/46/1/015202. arXiv:1208.3645 [math-
ph]

123

https://doi.org/10.1088/1751-8113/46/1/015202
http://arxiv.org/abs/1208.3645


Universal cusp scaling in random partitions Page 55 of 56 27

2. Akemann, G., Baik, J., Di Francesco, P. (eds.): The Oxford Handbook of Random Matrix Theory.
Oxford Handbooks in Mathematics, Oxford University Press, Oxford (2011). https://doi.org/10.1093/
oxfordhb/9780198744191.001.0001

3. Adler, M., Cafasso, M., van Moerbeke, P.: Non-linear PDEs for gap probabilities in random matri-
ces and KP theory. Physica D 241, 2265–2284 (2012). https://doi.org/10.1016/j.physd.2012.08.016.
arXiv:1104.4268 [math-ph]

4. Bowick, M.J., Brézin, E.: Universal scaling of the tail of the density of eigenvalues in random matrix
models. Phys. Lett. B 268, 21–28 (1991). https://doi.org/10.1016/0370-2693(91)90916-E

5. Betea, D., Bouttier, J., Walsh, H.: Multicritical random partitions. Sémin. Lothar. Comb. 85B, 33
(2021). arXiv:2012.01995 [math.CO]

6. Brézin, E., Hikami, S.: Level spacing of random matrices in an external source. Phy. Rev. E
58, 7176–7185 (1998). https://doi.org/10.1103/PhysRevE.58.7176. arxiv:cond-mat/9804024 [cond-
mat.stat-mech]

7. Brézin, E., Hikami, S.: Universal singularity at the closure of a gap in a random matrix theory. Phys.
Rev. E 57, 4140–4149 (1998). https://doi.org/10.1103/PhysRevE.57.4140. arXiv:cond-mat/9804023
[cond-mat.stat-mech]

8. Brézin, E., Hikami, S.: RandomMatrix Theory with an External Source, SpringerBriefs in Mathemat-
ical Physics, vol. 19. Springer, Berlin (2016). https://doi.org/10.1007/978-981-10-3316-2

9. Bleher, P.M.,Kuijlaars, A.B.J.: Large n limit ofGaussian randommatriceswith external source, part III:
double scaling limit. Commun. Math. Phys. 270(2), 481–517 (2006). https://doi.org/10.1007/s00220-
006-0159-1. arXiv:math-ph/0602064 [math-ph]

10. Borodin, A., Okounkov, A.: A Fredholm determinant formula for Toeplitz determinants. Integral
Equ. Oper. Theory 37(4), 386–396 (2000). https://doi.org/10.1007/BF01192827. arxiv:math/9907165
[math.CA]

11. Cafasso, M., Claeys, T., Girotti, M.: Fredholm determinant solutions of the Painlevé II hierarchy and
gap probabilities of determinantal point processes. Int. Math. Res. Not. rnz168 (2019). https://doi.org/
10.1093/imrn/rnz168 arXiv:1902.05595 [math-ph]

12. Chen, Y., Eriksen, K.J., Tracy, C.A.: Largest Eigenvalue distribution in the double scaling limit of
matrix models: a Coulomb fluid approach. J. Phys. A 28, L207–L212 (1995). https://doi.org/10.1088/
0305-4470/28/7/001. arXiv:hep-th/9502123

13. Chouteau, T.: A Riemann Hilbert approach to the study of the generating function associated to the
Pearcey process. Math. Phys. Anal. Geom. 26, 10 (2023). https://doi.org/10.1007/s11040-023-09455-
8. arXiv:2209.02411 [math-ph]

14. Claeys, T., Krasovsky, I., Its, A.: Higher-order analogues of the Tracy–Widom distribution and
the Painlevé II hierarchy. Commun. Pure Appl. Math. (2009). https://doi.org/10.1002/cpa.20284.
arXiv:0901.2473 [math-ph]

15. Dai, D., Xu, S.-X., Zhang, L.: Asymptotics of Fredholm determinant associated with the Pearcey
kernel. Commun.Math. Phys. 382(3), 1769–1809 (2021). https://doi.org/10.1007/s00220-021-03986-
3. arXiv:2002.06370 [math-ph]

16. Forrester, P.J.: The spectrum edge of random matrix ensembles. Nucl. Phys. B 402, 709–728 (1993).
https://doi.org/10.1016/0550-3213(93)90126-A

17. Forrester, P.J.: Log-Gases and Random Matrices. Princeton University Press, Princeton (2010)
18. Forrester, P.J.: Tau Functions and their Applications. Cambridge University Press, Cambridge (2021).

https://doi.org/10.1017/9781108610902
19. Hisakado, M.: Unitary matrix models and Painleve III. Mod. Phys. Lett. A 11, 3001–3010 (1996).

https://doi.org/10.1142/S0217732396002976. arXiv:hep-th/9609214
20. Hisakado, M.: Unitary matrix models with a topological term and discrete time Toda equation. Phys.

Lett. B 395, 208–217 (1997). https://doi.org/10.1016/S0370-2693(97)00067-1. arXiv:hep-th/9611177
21. Hisakado, M.: Unitary matrix models and phase transition. Phys. Lett. B 416, 179–183 (1998). https://

doi.org/10.1016/S0370-2693(97)01316-6. arXiv:hep-th/9705121
22. Hastings, S.P., McLeod, J.B.: A boundary value problem associated with the second Painlevé transcen-

dent and the Korteweg-de Vries equation. Arch. Rational Mech. Anal. 73(1), 31–51 (1980). https://
doi.org/10.1007/bf00283254

23. Jimbo, M., Miwa, T.: Monodromy perserving deformation of linear ordinary differential equa-
tions with rational coefficients, II. Physica D2(3), 407–448 (1981). https://doi.org/10.1016/0167-
2789(81)90021-x

123

https://doi.org/10.1093/oxfordhb/9780198744191.001.0001
https://doi.org/10.1093/oxfordhb/9780198744191.001.0001
https://doi.org/10.1016/j.physd.2012.08.016
http://arxiv.org/abs/1104.4268
https://doi.org/10.1016/0370-2693(91)90916-E
http://arxiv.org/abs/2012.01995
https://doi.org/10.1103/PhysRevE.58.7176
http://arxiv.org/abs/cond-mat.stat-mech/9804024
https://doi.org/10.1103/PhysRevE.57.4140
http://arxiv.org/abs/cond-mat.stat-mech/9804023
https://doi.org/10.1007/978-981-10-3316-2
https://doi.org/10.1007/s00220-006-0159-1
https://doi.org/10.1007/s00220-006-0159-1
http://arxiv.org/abs/math-ph/0602064
https://doi.org/10.1007/BF01192827
http://arxiv.org/abs/math.CA/9907165
https://doi.org/10.1093/imrn/rnz168
https://doi.org/10.1093/imrn/rnz168
http://arxiv.org/abs/1902.05595
https://doi.org/10.1088/0305-4470/28/7/001
https://doi.org/10.1088/0305-4470/28/7/001
http://arxiv.org/abs/hep-th/9502123
https://doi.org/10.1007/s11040-023-09455-8
https://doi.org/10.1007/s11040-023-09455-8
http://arxiv.org/abs/2209.02411
https://doi.org/10.1002/cpa.20284
http://arxiv.org/abs/0901.2473
https://doi.org/10.1007/s00220-021-03986-3
https://doi.org/10.1007/s00220-021-03986-3
http://arxiv.org/abs/2002.06370
https://doi.org/10.1016/0550-3213(93)90126-A
https://doi.org/10.1017/9781108610902
https://doi.org/10.1142/S0217732396002976
http://arxiv.org/abs/hep-th/9609214
https://doi.org/10.1016/S0370-2693(97)00067-1
http://arxiv.org/abs/hep-th/9611177
https://doi.org/10.1016/S0370-2693(97)01316-6
https://doi.org/10.1016/S0370-2693(97)01316-6
http://arxiv.org/abs/hep-th/9705121
https://doi.org/10.1007/bf00283254
https://doi.org/10.1007/bf00283254
https://doi.org/10.1016/0167-2789(81)90021-x
https://doi.org/10.1016/0167-2789(81)90021-x


27 Page 56 of 56 T. Kimura, A. Zahabi

24. Jimbo,M.,Miwa, T.:Monodromy preserving deformation of linear ordinary differential equationswith
rational coefficients, III. Physica D4(1), 26–46 (1981). https://doi.org/10.1016/0167-2789(81)90003-
8

25. Jimbo, M., Miwa, T., Ueno, K.: Monodromy preserving deformation of linear ordinary differential
equations with rational coefficients: I. General theory and τ -function. Physica D 2, 306–352 (1981).
https://doi.org/10.1016/0167-2789(81)90013-0

26. Kimura, T., Zahabi, A.: Unitarymatrixmodels and random partitions: universality andmulti-criticality.
JHEP 07, 100 (2021). https://doi.org/10.1007/JHEP07(2021)100. arXiv:2105.00509 [hep-th]

27. Kimura, T., Zahabi, A.: Universal edge scaling in random partitions. Lett. Math. Phys. 111, 48 (2021).
https://doi.org/10.1007/s11005-021-01389-y. arXiv:2012.06424 [cond-mat.stat-mech]

28. Le Doussal, P., Majumdar, S.N., Schehr, G.: Multicritical edge statistics for the momenta of fermions
in nonharmonic traps. Phys. Rev. Lett. 121(3), 030603 (2008). https://doi.org/10.1103/PhysRevLett.
121.030603. arXiv:1802.06436 [cond-mat.stat-mech]

29. Mehta, M.L.: Random Matrices, 3rd edn., Pure and Applied Mathematics, vol. 142. Academic Press,
New York (2004). https://doi.org/10.1016/S0079-8169(04)80088-6

30. Nagao, T., Wadati, M.: Eigenvalue distribution of random matrices at the spectrum edge. J. Phys. Soc.
Jpn. 62(11), 3845–3856 (1993). https://doi.org/10.1143/jpsj.62.3845

31. Okounkov, A.: Infinite wedge and random partitions. Sel. Math. 7(1), 57–81 (2001). https://doi.org/
10.1007/pl00001398. arXiv:math/9907127 [math.RT]

32. Okounkov, A., Reshetikhin, N.: Random skew plane partitions and the Pearcey process.
Commun. Math. Phys. 269(3), 571–609 (2006). https://doi.org/10.1007/s00220-006-0128-8.
arXiv:math/0503508 [math.CO]

33. Pearcey, T.: The structure of an electromagnetic field in the neighbourhood of a cusp of a caustic.
Philos. Mag. 37(268), 311–317 (1946). https://doi.org/10.1080/14786444608561335

34. Tracy, C.A., Widom, H.: Level spacing distributions and the Airy kernel. Commun. Math. Phys. 159,
151–174 (1994). https://doi.org/10.1007/BF02100489. arXiv:hep-th/9211141 [hep-th]

35. Tracy, C.A., Widom, H.: The Pearcey process. Commun. Math. Phys. 263(2), 381–400 (2006). https://
doi.org/10.1007/s00220-005-1506-3. arXiv:math/0412005 [math.PR]

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

123

https://doi.org/10.1016/0167-2789(81)90003-8
https://doi.org/10.1016/0167-2789(81)90003-8
https://doi.org/10.1016/0167-2789(81)90013-0
https://doi.org/10.1007/JHEP07(2021)100
http://arxiv.org/abs/2105.00509
https://doi.org/10.1007/s11005-021-01389-y
http://arxiv.org/abs/2012.06424
https://doi.org/10.1103/PhysRevLett.121.030603
https://doi.org/10.1103/PhysRevLett.121.030603
http://arxiv.org/abs/1802.06436
https://doi.org/10.1016/S0079-8169(04)80088-6
https://doi.org/10.1143/jpsj.62.3845
https://doi.org/10.1007/pl00001398
https://doi.org/10.1007/pl00001398
http://arxiv.org/abs/math.RT/9907127
https://doi.org/10.1007/s00220-006-0128-8
http://arxiv.org/abs/math.CO/0503508
https://doi.org/10.1080/14786444608561335
https://doi.org/10.1007/BF02100489
http://arxiv.org/abs/hep-th/9211141
https://doi.org/10.1007/s00220-005-1506-3
https://doi.org/10.1007/s00220-005-1506-3
http://arxiv.org/abs/math.PR/0412005

	Universal cusp scaling in random partitions
	Abstract
	1 Introduction and summary
	Organization of the paper
	2 Schur measure
	3 Scaling limit
	3.1 Wave functions
	3.2 Higher Airy functions
	3.2.1 Asymptotic behavior: Aip
	3.2.2 Asymptotic behavior: widetildeAip

	3.3 Higher Airy kernel
	3.3.1 Christoffel–Darboux-type formula
	3.3.2 Density function
	3.3.3 Modification of the kernel


	4 Gap probability
	4.1 Operator formalism
	4.2 Fredholm determinant
	4.2.1 Resolvent operators
	4.2.2 Auxiliary wave functions
	4.2.3 Hamiltonian system
	4.2.4 Lax formalism

	4.3 Interlude: Comment on unitary matrix integral


	5 Level spacing distribution: odd p
	5.1 Hamiltonian structure
	5.2 Nonlinear differential equations
	5.3 Large gap behavior s toinfty
	5.4 Example: p=3

	Acknowledgements
	A Single Hamiltonian analysis
	A.1 Integral of motion
	A.2 Nonlinear differential equations
	A.3 Asymptotic behavior and the boundary condition
	References





