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Abstract

In this paper, we introduce a new invariant to isolated complete intersection singular-
ities. We use this new invariant to obtain two characterization theorems for contact
simple complete intersection singularities.
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1 Introduction

In [4], we classify three-dimensional isolated weighted homogeneous rational com-
plete intersection singularities, which define many new four-dimensional N' = 2
superconformal field theories. Many highly non-trivial physical questions such as the
Coulomb branch spectrum and the Seiberg—Witten solution [16, 17] can be easily
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found by studying the mini-versal deformation of the singularity. In this article, we
will introduce a new invariant to isolated complete intersection singularities. This new
invariant is very useful in the classification theory of complete intersection singulari-
ties.

Finite-dimensional Lie algebras are the semi-direct product of the semi-simple
Lie algebras and solvable Lie algebras. Brieskorn [2] gave a beautiful connection
between simple Lie algebras and simple singularities. Simple Lie algebras have been
well-understood, but not the solvable (nilpotent) Lie algebras. Thus, it is extremely
important to establish a connection between singularities and solvable (nilpotent)
Lie algebras. Recently, in [3, 8, 10, 11], the authors gave many new natural connec-
tions between the set of complex analytic isolated hypersurface singularities and the
set of finite-dimensional solvable (nilpotent) Lie algebras. They introduced three dif-
ferent ways [12] to associate Lie algebras with isolated hypersurface singularities.
These constructions are helpful to understand the solvable (nilpotent) Lie algebras
from the geometric point of view [3]. Firstly, a new series of derivation Lie algebras
Lix(V),0 < k < n associated to the isolated hypersurface singularity (V, 0) defined
by the holomorphic function f(xy, ..., x,) are introduced in [10]. Let Hess(f) be
the Hessian matrix (f;;) of the second-order partial derivatives of f and /(f) be the
determinant of the matrix Hess( /). More generally, for each & satisfying0 < k < nwe
denote by /4 (f) the ideal in O, generated by all k& x k-minors in the matrix Hess( f).
In particular, ho(f) = O, the ideal h,,(f) = (h(f)) is a principal ideal. For each k as
above, the graded k-th Hessian algebra of the polynomial f is defined by

Hi (V) = Ou/(f + T () + hi(f)).

The dimension of H (V') as a C-vector space is denoted as i (V).

It is known that the isomorphism class of the local k-th Hessian algebra Hj(f)
is a contact invariant of f, i.e., depends only on the isomorphism class of the germ
(V,0) [10]. In [10], we investigated the new Lie algebra Li(V) which is the Lie
algebra of derivations of k-th Hessian algebra Hy (f),1.e., Ly (V) = Der(Hi(V)). The
dimension of L;(V), denoted by Ax(V), is a new numerical analytic invariant of an
isolated hypersurface singularity.

In particular, when k = 0, those are exactly the previous Yau algebra L(V'), and
Yau number A(V) (cf. [5]), i.e., Lo(V) = L(V), Ap(V) = A(V). Thus, the L;(V)
is a generalization of Yau algebra L(V). Moreover, L, (V) has been investigated
intensively and many interesting results were obtained. In [3], it was shown that L,, (V)
completely distinguishes ADE singularities. Furthermore, the authors have proven
Torelli-type theorems for some simple elliptic singularities. Therefore, this new Lie
algebra L, (V) is a subtle invariant of isolated hypersurface singularities. It is a natural
question whether we can distinguish singularities by only using part of the information
of L, (V).In[9], we studied generalized Cartan matrices of the new Lie algebra L, (V)
for simple hypersurface singularities and simple elliptic singularities. We introduced
many other numerical invariants, namely, the dimension of the maximal nilpotent
subalgebras (i.e., nilradical of nilpotent Lie algebra) g(V) of L,(V); dimension of
the maximal torus of g(V), etc. We have proven that the generalized Cartan matrix
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of L, (V) can be used to characterize the ADE singularities except for the pair of Ag
and Ds singularities [9].

Secondly, let (V, 0) be an isolated hypersurface singularity defined by a holomor-
phic function f : (C",0) — (C,0). The multiplicity mult(f) of the singularity
(V, 0) is defined to be the order of the lowest non-vanishing term in the power series
expansion of f at 0.

Definition 1 Let (V,0) = {(z0, ..., zn) € C*t' f(z0,...,z,) = 0} be an isolated
hypersurface singularity with mult(f) = m. Let Ji(f) be the ideal generated by all
ok f

the k-th-order partial derivative of f,i.e., Ji(f) =< 57— 10 < i1, ..., ix =n >.
ip 0%

For 1 < k < m, we define the new k-th local algebra, M (V) := Op41/(f + J1(f) +
-+ 4 Jr(f)). In particular, M,, = 0. The dimension of M (V) as a C-vector space is
denoted as di (V). In particular, d,, (V) = 0.

Recall that a polynomial f € C[xy, ..., x,]is said to be weighted homogeneous if
there exist positive rational numbers wy, ..., w, (weights of x1, ..., x,) and d such
that, > a;w; = d for each monomial [ | xf I appearing in f with nonzero coefficient.
The number d is called weighted homogeneous degree (w-degree) of f with respect
to weights w;. The weight type of f is denoted as (w1, ..., wy; d). Without loss of
generality, we can assume that w-degf = 1. An isolated hypersurface singularity
(V,0) is called weighted homogeneous if it is defined by a weighted homogeneous
polynomial f.

Remark 1 If f defines a weighted homogeneous isolated singularity at the origin,
then f € Ji(f) C 22(f) C -+ C Ji(f), thus My (V) = Opyt/(f + N1 (/) + -+
Ji(f)) = Ong1 /e (f).

The isomorphism class of the k-th local algebra My (V) is a contact invariant of
(V,0),1.e., depends only on the isomorphism class of the germ (V, 0). The dimension
of My (V) is denoted by di (V) which is a numerical analytic invariant of an isolated
hypersurface singularity.

Theorem 1 [13] Suppose (V,0) = {(x1,...,xp) € C* f(x1,...,x,) = 0} and
W,0) = {(x1,...,x,) € C" g(x1,...,x,) = 0} are isolated hypersurface singu-
larities. If (V, 0) is biholomorphically equivalent to (W, 0), then My (V) is isomorphic
to My (W) as a C-algebra for all 1 < k < m, where m = mult(f) = mult(g).

Based on Theorem 1, it is natural for us to introduce the new series of k-th deriva-
tion Lie algebras L (V) (or L¢((V, 0))) which are defined to be the Lie algebra of
derivations of the k-th local algebra My (V), i.e., Ly (V) = Der(My(V), My(V)).
Its dimension is denoted as ¢ (V) (or §x((V, 0))). This number §; (V) is also a new
numerical analytic invariant.

Finally, we recall that the well-known generalized Mather—Yau theorem as follows.
Let m be the maximal ideal of O,

Theorem 2 Let f, g € m C O,. The following are equivalent:
(1) (V(£),0) = (V(g),0);
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(2) Forallk =0, O,/(f, m*J(f)) = 0,/(g, m*J(g)) as C-algebra;
(3) Thereissomek > Osuchthat O, /(f, mFJ(f)) = O,/(g, m*J(g)) as C-algebra,

where J(f) = (4-..... 30).

ax; "
In particular, if kK = 0 and k = 1 above, then the claim of the equivalence of (1) and
(3) is exactly the Mather—Yau theorem [14].

Motivated from Theorem 2, in [8, 11], we introduced the new series of k-th Yau
algebras L*(V) (or L¥((V, 0))) which are defined to be the Lie algebra of derivations of
the moduli algebra TX(V) = O, /(f, m*J(f)), k > 0, where m is the maximal ideal,
ie., LX(V) := Der(T*(V), T*¥(V)).Its dimension is denoted as A¥ (V) (or A¥ ((V, 0))).
This series of integers A*(V) are new numerical analytic invariants of singularities.
It is natural to call it k-th Yau number. In particular, when £ = 0, those are exactly
the previous Yau algebra and Yau number, i.e., LOV) = L(V),A%V) = A(V). In
[20], Yau observed that the Yau algebra for the one-parameter family of simple elliptic
singularities E 6 1s constant. It turns out that the first Yau algebra L(V)isalso constant
for the family of simple elliptic singularities Eg. However, the Torelli-type theorem
for LK(V) for all k > 1 does hold on Eg [7]. In general, the invariant LK(V), k> 1
is more subtle than the Yau algebra L(V). In a word, we have reasons to believe that
these three series of new Lie algebras and its numerical invariants will also play an
important role in the study of singularities.

In this paper, we generalized the above construction to isolated complete intersec-
tion singularity. (This will be abbreviated in the sequel to ICIS.) Let X be an analytic
space at the origin of C" defined by an ideal Ix = (f1,..., fp) C m? as the fiber of
the corresponding map germ f : (C",0) — (CP, 0). It is well-known [18] that, in the
case n > p, the map germ f is finitely contact determined if and only if X is an ICIS.
Thus, the ICIS X is determined by the Artinian C-algebra O, /(Ix + m**!) where k
is the order of contact-determinacy of the map germ f. In this paper, we consider a
different Artinian C-algebra, more geometrically associated to X can play a similar
role. More precisely, if X is an ICIS defined by an ideal Iy as above, then one can
consider the singular subspace of X, which is the analytic space germ SX defined by
the ideal STy C m generated by the f; and all the p x p minors in the Jacobian matrix

(g—g), i=1,...,p;j=1,...,n. Itis easy to see from the following example that

O, /SIx is an interesting invariant of (X, 0).

Example1 If f,g € C{x,y,z} are analytic functions defining an isolated curve
singularity (X, 0), then the Tjurina number of (X, 0) (i.e., the dimension of the
tangent space of the base space of the semiuniversal deformation of (X, 0)),
7(X, 0) =dimcC{x, y, 2}/(f, g, M1, M2, M3), where

wa o jer oy
— |9x ady|. — |dx 0 — |dy 9z |.
Ml_ 3_g% 9M2_ ﬁé aM3— 3_g8_g’
ax dy dx 0z dy 0z

are the 2-minors of the Jacobian matrix of f, g, i.e.,

of af  df
dx dy 0z
9g g g |-
dx dy 9z
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For each ICIS X, it is natural for us to introduce X a new derivation Lie algebras
N L(X) which is defined to be the Lie algebra of derivations of the local Artinian
algebra O, /SIx, i.e., NL(X) = Der(O, /SIx). Its dimension is denoted as v(V).
This number v(V) is also a new numerical analytic invariant.

Recall that the classifications of contact simple and unimodal complete intersection
singularities were done by Giusti [6] and Wall [19]. The classification of contact simple
complete intersection curve singularities (i.e., with modality 0) is as follows [6].

Type S, (2 +y2+ 273, y2), u > 5,

Ty (x* 4+ + 22, yz),

Types § T3 (x2 + y3 + 74, yz) )
To (x2 4+ y* + 25, yz),
U7 (x2 + yz, xy~|—z ,
Types (x +yz+ 73 , xy) ,
U9 (x +yz, xy+z ),

)

Tyves Ws (x2 +z, +xz,
yP Wo (x? +yz,y +x2),
Types | 29 (x2+ 23, y2+ 2%,

Z10 (X2 + yZZ, )’2 + Z3)
In this paper, we obtain the following results.

Theorem A The generalized Cartan matrix C(X) arising from Lie algebra N L(X)
completely distinguishes the contact simple complete intersection curve (CSCIC)
singularities. Equivalently, if X and Y are two CSCIC singularities, then C(X) =
C(Y) ifand only if X and Y are analytically isomorphic.

Theorem B If X and Y are two contact simple complete intersection curve singular-

ities, then NL(X) = NL(Y) as Lie algebras, if and only if X and Y are contact
equivalent.

2 Preliminaries

2.1 Isolated singularities

Let O, be the algebra of germs of holomorphic functions at the origin of C". Obvi-
ously, O, can be naturally identified with the algebra of convergent power series in n
indeterminates with complex coefficients. For f € O,, we denote by V = V(f) (or
(V, 0)) the germ at the origin of C" of hypersurface { f = 0} C C". We say that V is a
germ of isolated hypersurface singularity if the origin is an isolated zero of the gradient
of f. The local (function) algebra of V is defined as the (commutative associative)
algebra F(V) = O, /(f), where (f) is the principal ideal generated by the germ
of f at the origin. According to Hilbert’s Nullstellensatz for an 1s01ated singularity
V = V(f) = {f = 0} the factor algebra A(V) = O,/(f, a)q ..,%) is finite
dimensional. This factor algebra is called the moduli algebra of V and its dimension
(V) is called Tjurina number. The well-known Mather—Yau theorem states that
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Theorem 3 [14] The analytic isomorphism type of an isolated hypersurface singularity
is determined by the isomorphism class of its moduli algebras, i.e.,

(V1,0) = (W, 0) < A(V1) = A(V2).

Definition 2 A n-dimensional singularity (V, 0) is defined by:
V. 0={fi==fm=0},00C (CN’())

where f; : ((CN , O) — (C, 0) are germs of analytic functions with
d fi
r(p) =rank | —(p) =N-—-n
dzj  io

for any generic (or smooth) point p of V. If r(0) = N — n then (V, 0) is a smooth
germ, i.e., analytically isomorphic to (C*, 0). If 7(0) < N —n, butr(p) = N —n for
all p € V — {0} then we say that (V, 0) has an isolated singularity at the origin. In
general,m > N —n;if m = N —n, then it is called a complete intersection singularity.

2.2 Derivation Lie algebra

Let O, denote the C-algebra of germs of analytic functions defined at the origin of
c".

Definition 3 Let A and B be analytic algebras (i.e., O, /I) (or commutative associative
algebras). A C-linear map 6 : A — B satisfying the Leibniz rule, that is

S(f-8)=48(f)-g+f ),
is called a derivation of A with values in B. The set
Der(A, B) :={§ : A — B | § is a derivation}

isvia (a-8)(f) := a-6(f) an A-module, the module of derivations of A with values
in B. In case A = B we define Der(A) := Der(A, A).

Let A be an analytic algebra. Then Der(A) is a vector space over C, and it is also
a Lie algebra, if we define the multiplication as follows:

[6,01(f-8) =00 —00d)(f 8

with 6, o € Der(A), f, g € A. A simple computation yields

[6,01(f-8)=1[8,01(f)-g+ f-[6,01(8)

hence the multiplication is closed. The other properties of a Lie algebra can also be
verified by simple computations.
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2.3 Kac-Moody Lie algebras of isolated hypersurface singularities

Let (V, 0) be an isolated hypersurface singularity. Let g(V') be the maximal ideal of
L(V) consisting of nilpotent elements. It is follows from [15] a generalized Cartan
matrix C(V), constructed from g(V), is an invariant of (V, 0) (cf. [21]).

Definition 4 An/ x/ matrix with entries in Z, C = (c;;) is a generalized Cartan matrix
if

@ciij=2 Vi=1,...,1,

(b)cij <0 Vi,j=1,...,1,i # ],

(©)cij=0ifandonlyifc;; =0Vi,j=1,...,1,i # j.

To each generalized Cartan matrix C(V), one can associate a Lie algebra KM(C)
(called a Kac—-Moody Lie algebra) defined by generators:

{fl,...,fl,hl,...,hl,el,...,el}

and relations:

hisejl = cijej, [hi, fil=—cijfj, Vi,j=1,...,1),
hi,hj1=0, (Vi,j=1,....1), le, fil=hi,
lei, fi1=0, (ade;)) “*le; =0 = (adfi)” U+ f;, (Vi # j).

Let H = Ch; 4+ --- + Chy; denote &1 (C) (resp. £—(C)) the subalgebra of KM(C)
generated by {ey, ..., e/} (resp. (fi, ..., f1)) one shows that:

KM(C) =&, (C)® H ®§-(0).
One can also define &4 (C) by generators: {ey, ..., e;} and relations:
(ade)) “itle; =0 Vi, j=1,....1,i #j.

We shall construct the generalized Cartan matrix from an isolated hypersurface
singularity (V, 0). Let g(V) be the set of all nilpotent elements in L(V), then g(V) is
the maximal nilpotent Lie subalgebra of L (V') and Der(g(V)) be its derivation algebra.

Definition 5 A torus on g(V) is a commutative subalgebra of Der(g(V)) whose ele-
ments are semisimple endomorphism. A maximal torus is a torus not contain in any
other torus. The dimension of maximal torus is called generalized Mostow number
(GMN). GMN is an invariant of isolated singularity (V, 0).

Theorem 4 (Mostow’s theorem [15]) If T} and T, are maximal tori of g(V), then there
exist ¢ € Autg(V) (automorphism group of g(V)) such that pTyp~' = T».

Let T be a maximal torus and consider the root space decomposition of g(V)
relatively to 7 [15]:

g(V) = Z g(V)’S,

BER(T)
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g ={xeg(V):tx =B@t)x,Vt € T},
and

R(T)={B € T":g(V)P £ (0)} (root system),

RYT) ={B € R(T) : g(V)P & [g(V), g(V)1},

i g(V)P ) 1
l == d ) V R T )
" m([g(V),g(vn ngwvp) PeRD

dg = dim(g(V)?), B € RN(T).

The map: f — dg R'(T) — N* gives the partition:

RN T) = R'(T)p, U---URNTD),,, p1<--<pg RUT) #0,
RYT), = (B € R'(T);dg = p).

Sets; = R(T)), and s =51 + -+~ +s,. We letdg, = d; and lg, = 1;.
Let f:{1,...,1} — {1, ..., s} be defined by:

I; 1<ic<l,
2, L =i <h+Db,

:Y; h+b+--+l1<i=<l
Theorem 5 [15] Fori, j € {l,...,1},i # j, let
—¢;j(T) = min{—n € N; (adv) " lw =0, Voegfro, vwe ghro,
with (ad0)? = 0 and let ¢;; (T) = 2fori =1,...,1. Then
C(T) = (c;j(M)<i,j<

is a generalized Cartan matrix.

3 Proof of theorems
Now we apply the above theory to study the 'L (X) of contact simple complete inter-
section curve singularities. We use the following convention: g! = [g, g1, ..., g’ =

[g, g”1. We use N to denote the set of positive integers.
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Proposition 6 Ler X = {x,y,z € C?: (x> + y> + 23, yz)} be the T; contact simple
complete intersection curve singularity and N'L(X) be a derivation Lie algebra.
Then

2 0 0 -1
0 2 -1 0
CI=1o 2 2 —
2 0 -1 2

Proof It is easy to see that moduli algebra C{x,y,z}/(f,g, M1, M2, M3) =
<1,x,y,z, 2%, 23, y*>. After simple calculation the Lie algebra A/£(X) has the fol-
lowing basis:

e1 = 3x01 + 2y + 2203, er = y*0h, e3 =2°03,
es = =22 + ¥, es =203,

e = 22201 + x03, e7 =201, eg= 2y281 +x0, e9=2z0.
The nilradical of Lie algebra A'L(X) is given as
g(X) = <ez,e3,€4,...,e9>.
The nilradical of Lie algebra A'£(X) has the following multiplication table:

le2, e4] = —2e5, [e2, e8] = —deg, [e3, 4] = 2e7,
le3, e6] = —4eq, [eq, eg] = 2ea,
les, e9] = es, [es, e9] = e7.
The type of 77 singularity = dim g(X)/[g(X), g(X)] = 4. The nilpotency of 77

singularity = min{p € N U {0} : g(X)Ptl =0} = 2. Itis easy to see from [1] that
the torus 7 of g(X) is spanned by

f1:g(X) — g(X) r:g(X) — g(X) 13:g(X) — g(X)

ey —> e, e — 0, ey — 0
e3—>0, e3 —> e3, 63—>0
ey —> 0, eq —> 0, ey —> e4
e5s —> es, es — 0, e5 —> e5
ee €6 €6
66—>E, 66—>—E, 66_)?
e7] —> O, e7 —» ey, e —> e7
€g eg e
eg—>—3, 68—>E’ eg—);
€9 €9 €9
69—>5, eg—);, eg—);.
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Thus, T = Ct; + Crp + Cr3. Let g; : T — C be a linear map with g;(¢;) = §;; for
i,j=1,273.

g(V) = gﬂl ® g/ffz P gﬁs ® gﬁ1+ﬁ3 ® gﬁ1/2—ﬁ2/2+/33/2 ® gﬂ2+/33 ® g—ﬁ1/2+ﬂ2/2+ﬁ3/2
o 851/2+ﬂz/2+ﬂ3/2
=Cey @ Cez @ Ceqg @ Ces @ Ceg @ Cer @ Ceg @ Ceg.

(e2, e3, eq, €g) is a T-minimal system of generators. The generalized Cartan matrix is

2 0 0 -1
0 2 -1 0
CIn=14o 2 2 —

-2 0 -1 2
O

Proposition 7 Let X = {x, v,z € C : (x> 4+ y3 + 2%, y2)} be the Ty contact simple
complete intersection curve singularity and N'L(X) be a derivation Lie algebra. Then

2 0 0 0 -1
0 2 -1 -1 0
C(Ty) =10 -1 2 0 0
0o -2 0 2 -1
-2 0 0o -1 2

Proof It is easy to see that moduli algebra C{x,y,z}/(f, g, M1, M2, M3) =
<1,x,y,z, 2% 23, 2%, y*>. After simple calculation the Lie algebra A/£(X) has the
following basis:

3x9) N yd» N 3203 3y20, 223 239
el = — —_—, € = sy €3 =, e4=——,
1= 3 g ° 277y T3 YT

—473) 7239

=" 24020, e =205 e = S xy, eg =2t
7v29

€9 = YA +xdy, e10 =231

The nilradical of Lie algebra A'L(X) is given as
g(X) =<en,e3,e4,...,€10>.
The nilradical of Lie algebra A'£(X) has the following multiplication table:

s es, e _ ez, e —_

[e2, e5] = —eq, [e2,e9] =

—Te10
3

Tes
[e3, e7] = ,[e7,e9] = R [e7, e10] = €5, [e9, e10] = es.
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The type of Ty singularity =dim g(X)/[g(X), g(X)] = 5. The nilpotency of T3 sin-
gularity = min{p € N U {0} : g(X)?T! = 0} = 2. It is easy to see from [1] that the
torus 7 of g(X) is spanned by

f:g(X) — g(X) r:g(X) — g(X) 13: g(X) — g(X)

e —> ep, e — 0, ey — 0
e3 —> 0, e3 —> e3, e3 — 0
eq — 0, ey —> 0, ey —> e4
es —> —es, e5 —> es, es —> es
e — 0, e —> ¢, e —> €6
€7
e7 —> 0, e7 —> 0, e7—>?
eg —> —eg, eg —> 2eg, eg —> eg
€9
eg —> —e9, €9 —> €9, eg —> 3
€10
elp — 0, el —> elo, el —> —-

Thus, T = Ct; + Ct; + Ct3. Let §; : T — C be a linear map with B;(¢;) = §;; for
i,j=1,2,3.

g(X) = gﬂl ® gﬂz ® gﬂ3 ® g*ﬁ1+/32+/33 ® gﬂerﬁz ® gﬂ3/2 @ g*ﬁ|+252+53
e g—ﬂ1+ﬂ2+ﬂ3/2 o gﬂ2+ﬂ3/2
=Cey; @ Cez @ Ceqy @ Ces @ Ceg @ Ce7 @ Ceg @ Ceg & Ceyp.

(e2, €3, e4, €7, €9) is a T-minimal system of generators. The generalized Cartan matrix
is

2 0 0 0 -l
0 2 -1 -1 0
crp=0 -1 2 0o o
0 -2 0 2 -1
2 0 0 -1 2

O

Proposition 8 Ler X = {x, v,z € C: (x> 4+ y* + 2°, y2)} be the Ty contact simple
complete intersection curve singularity and N'L(X) be a derivation Lie algebra. Then

2 0 0 0 -1
0 2 -2 -2 -1
C(ly)y=10 -2 2 =2 -1
o -2 -2 2 -1
-2 -1 -1 -1 2
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Proof 1t is easy to see that moduli algebra
Clx,y, 2}/(f, & M1, My, M3) = <1,x,y,2,2°,2°, 2%, 2, y*>.

After simple calculation the Lie algebra A/ £(X) has the following basis:

3x8;  yd 3z 3y%9,

e] = 1 + 3 + 10 e = 10

- 1233 on — 2333 e — Z433

3= ATy 5=

—5749 8749

€ ="3 24020, e =203, ey = St xiy, e9 =20,
8y2d

e =22 £ xiy, en =20

The nilradical of Lie algebra N'£(X) is given as
g(X) =<ez,e3,€4,...,e11>.

The nilradical of Lie algebra A'£(X) has the following multiplication table:

—8ey —es
[e2, e6] = —e7, [ez, el = ——, le3,eq] = —,
5 6
Seq

le3, 051 = —L . [e3, eq] =
e3, e5| = 4 e3, €| = 3

—8eq1
3 :

8eg
[e3, es] = leg, e10] = 5 leg, er1l =e7 [e10, er1] = e9.
The type of Ty singularity =dim g(X)/[g(X), g(X)] = 5. The nilpotency of Ty sin-
gularity = min{p € N U {0} : g(X)PTl =0} = 2. Itis easy to see from [1] that the
torus 7 of g(X) is spanned by

1 g(X) — g(X) n:g(X) — g(X))
ey —> e, ey —> 0

e3 — 0, €3 —> €3

ey —> 0, ey —> eyq

es —> 0, es —> 2es
eq —> —€g, e —> 366,
e7 —> 0, e7 —> 3e7
eg —> 0, eg — €3

e9g —> —eg, e9 —> 4deg
e10 — —ejo, e10 — 2eio
e;] — 0, el — 2eqg.
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Thus, T = Ct; + Crr. Let ; : T — C be a linear map with ;(¢;) = §;; for
i,j=1,2.

g(X) — gﬁl o) gﬁ2 o) gzﬂZ o) g*/gl+3/32 o) g3ﬂ2 o) g*ﬂl+4/32 o) g*ﬂ1+2ﬁ2
=Cer dC(ezs D eqg Deg) D Cles D err) ® Ceq ® Cer @ Ceg b Ceyp.

(e2, e3, e4, g, e10) is a T-minimal system of generators. The generalized Cartan matrix
is

0 0 0 -1
-2 -2 -1
-2 2 =2 -1
-2 -2 2 -1
-2 -1 -1 -1 2.

C(Ty) =

S OO
\S)

O

Proposition9 Ler X = {x,y,z € C3 : (x> + yz, xy + z°)} be the U7 contact simple
complete intersection curve singularity and N'L(X) be a derivation Lie algebra. Then

2 0 -1 0
0 2 0o -1
-2 0 2 -1
o -2 -1 2

CcUy) =

Proof It is easy to see that moduli algebra C{x,y,z}/(f,g, M1, My, M3) =
<1l,x,y,z, 22 xz, y2>. After simple calculation the Lie algebra N'L(X) has the
following basis:
e = —x0; + %82 +z03, ey = 6xz01, e3 =2x0] —z03, eq =3xz03, e5= y283,

_ 2 _ 2 e L
e = —xz0] + 2703, e7=—6xz0, + yd3, eg=y 01, e9= 5 + 2702,
el = y*a1.

The nilradical of Lie algebra A/ L(X) is given as

g(V) = <ez,eq4,e5,¢6,...,e10>.

The nilradical of Lie algebra A'£(X) has the following multiplication table:

[e2, es] = —3es, [ez,e6] = €10, [e2, 7] = Geg,
[e4, ec] = —es, [e4, e9] = —eg,

€10
[e7,e3] =e5, [e7,e9] =e6, [eg,e9] = 5
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The type of U7 singularity =dim g(X)/[g(X), g(X)] = 4. The nilpotency of Uy
singularity = min{p € N U {0} : g(X)?T! = 0} = 2. It is easy to see from [1] that
the torus T of g(X) is spanned by

ep —> e + 3eg, er —> 3eg, er —> —3eg
64—>0, e4 —> é4, 64—>0
1 g(X) — g(X) n:g(X) — g(X) 3:8(X) — g(X)
es —> 0, es —> 0, es —> e5
eq —> 0, e —> —€g, e —> €6
—e7 e7
e7 — —, e7 —> 0, e7 — —
2 2
eg €g
€g > eg —> 0, eg —> —
2 2
€9 €9
eg —> 3, €9 —> —€9, eg —> —
€10 — €10, el — —€10, €10 — €10-

Thus, T = Ct; + Cry + Ct3. Let g; : T — C be a linear map with g;(¢;) = §;; for
i,j=1,23.

g(X) = gﬁl e gﬁz D gﬂa o g*ﬁerﬁa e g*ﬂ1/2+ﬂ3/2 e gﬁ1/2+ﬁ3/2 e 851/2*52+ﬂ3/2
D gﬂl—ﬂz+ﬂ3

=C (%2 + 66) @ Cey @ Ces ® Ceg ® Cey @ Ceg @ Ceg @ Cey.

(%2 +e6, €4, €7, e9) is a T-minimal system of generators. The generalized Cartan matrix
is

2 0 -1 0
0o 2 0 -1
2 0 2 -1
0 -2 -1 2 o

CU7) =

Proposition 10 Ler X = {x, y,z € C3 : (x2 +xy + 23, xy)} be the Ug contact simple
complete intersection curve singularity and N'L(X) be a derivation Lie algebra. Then

2 -2 —4
CU)=|-2 2 -4
-2 -2 2

Proof It is easy to see that moduli algebra C{x,y,z}/(f, g, M1, M2, M3) =
<1,x,y,z,2% 23, 2% xz>. After simple calculation the Lie algebra A/L£(X) has the

following basis:
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e = 3)6581 + 4))582 + 2Z583, e =701, e3= @ + 182", + 3x03,
e4 = xzzal + 23% — YTGS’ es = 23%, e6 = 23% +x203, o7 =25,
ey = _7582 + @ +2203, e9 = % + Zz% +xzdh, €0 =20,
en =z,
The nilradical of Lie algebra A'/L(X) is given as
g(X) = <ez,e3,e4,...,€11>.

The nilradical of Lie algebra A'£(X) has the following multiplication table:

el

[e2, e3] = —b6es, [e2,e4] = 5 [e2, ec] = —e7, [e2, e9] = —ejo,

3eq 18e11 3eg
lez, e4] = — + ez, [e3,e5] = . les, es] = —beg, [e3,e9] = —,

2 7 7

6 — —
[e3, er0] = %, lez, e11] = 3e7 [e4, e5] = %[84, esl = %,

Teo
[es, eg] = 3
les, e0] = —2, [es, e10] = —, [es, eg] =
64769 - 2 9 647610 - 2 ’ 65968 - 675

—eq 3eg
[es, e9] = ——, [es, e9] = -

3e7 3eq
[es, e10] = 77 [eg, e10] = W

The type of Ug singularity =dim g(X)/[g(X), g(X)] = 3. The nilpotency of Ug
singularity = min{p € N U {0} : g(X)f”‘H = 0} = 4. It is easy to see from [1] that

the torus T of g(X) is spanned by

1:g(X) — g(X)

€3
ey —> € ey —> ?
ey 4es
e4 —> —— es —> ——
3 3
e —> €6 e7 —> 2e7
2eg €9
eg —> —— eg — —
3 3
4eg Sern
el — T eyl — T

@ Springer



99 Page 160f34 N. Hussain et al.

Thus, T = Ct. Let 8 : T — C be a linear map with 8(¢) = 1.

g(X) = gﬁ ® gﬁ/3 ® gzﬁ/3 ® g4/3/3 ® g2/5 ® g5ﬁ/3
=C(ex D ec) @ Clez D eg) D Cles D eg) @ Cles @ e10)  Cer @ Cey;.

(e3, €9, e4) is a T-minimal system of generators. The generalized Cartan matrix is

2 -2 —4
CU)=|-2 2 -4
-2 -2 2

]

Proposition 11 Let X = {x,y,z € C : (x? + yz, xy + z%)} be the Uy contact simple
complete intersection curve singularity and N'L(V) be a derivation Lie algebra. Then

2 -2 -2 -1 0
-2 2 -2 -1 0
CUp)=]|-1 -1 2 0 -1
-2 =2 0 2 -1
0 o -2 -1 2

Proof 1t is easy to see that moduli algebra
Clx,y, 2}/(f, & M1, Mo, M3) = <1,x,y,2,2%, 2%, x2, x2%, y*>.
After simple calculation the Lie algebra A/£(X) has the following basis:

9
m:—mm+%ﬂu@,@=—&ﬁww£% 3 = 3x0, — 203,

8xz0
ey = 8x1281, es = 2xz0] — 1283, eq = 3 3, e7 = 4x1283, eg = y283,

—y0
eg = —xz720; + Z333, el = —8xz%0) + yo3, e = yzaz, e = % + 230,

e13 = y*01.
The nilradical of Lie algebra A'L(X) is given as
g(X) =<ep, eq,e5,¢6,...,e13>.
The nilradical of Lie algebra N'£(X) has the following multiplication table:

32e7
[e2, es] = —16e13, [ea,e5] = —e4, [e2,e6] = =

[e2, e7] = 4deg, [ez, e9] = ey3,
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[e2, e10] = 8eyy,
les, eg] = —2e7,
[es, e9] = —eg,

[e10, e12] = e9,

—8eg
[es, e5] = —2e13, [e4,e6] = 3
[es, e7] — eg,
[es, e12] = —er1, [e10, e11] = es,
ers
le11, er2]l = —.
8

The type of Uy singularity =dim g(X)/[g(X), g(X)] = 5. The nilpotency of Uy
singularity = min{p € N U {0} : g(X)?*! = 0} = 2. It is easy to see from [1] that
the torus T of g(V) is spanned by

f:g(X) — g(X)

€2
€4
€s
€6
e7
eg

€9

— ep,
—> 2ey,
—> es,
— 0,
— e7,
—> 2@8,
—> 2e9,
€10

ey — —

2 9
3eqi

el —> —5—»

2
3ern

ey —> ——

2 ’

e;3 — 3eys,

1 g(X) — g(X))
ey —> 0
eq —> 0
es —> 0
e —> €6
e7 — e7
eg — eg
eg —> 0
€10

e — —/—

2
eil
ey — —
2
—e1n
2

e|;3 —> 0.

e —>

Thus, T = Ct; + Cry. Let ; : T — C be a linear map with ;(¢;) = §;; for

ij=1,2.

g(X) = gﬂl D g2/31 D gﬂz @ gﬂ1+/32 D g2ﬂ1+/32 D gﬁ1/2+/32/2 e g3ﬂ1/2+ﬁ2/2

@ g3/ g g

= C(ex @ e5)C(es B e9) ® Ceg @ Ce7 @ Ceg @ Cejg @ Ceqy @ Cepn @ Ceys.

(e2, es, €6, €10, €12) is a T-minimal system of generators. The generalized Cartan

matrix is

CUy) =

-2
-1
-2

-2 -2 -1 0
2 -2 -1 0
-1 2 0 -1
-2 0 2 -1
o -2 -1 2

]
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Proposition 12 Let X = {x,y,z € C3 : (x> + 23, y? + x2)} be the Wg contact simple
complete intersection curve singularity and N'L(X) be a derivation Lie algebra. Then

2 -1 0
CWyy=|-2 2 =2
0 -1 2

Proof It is easy to see that moduli algebra C{x,y,z}/(f, g, M1, My, M3) =
<1,x,y,z,2%, yz, y*z, y*>>. After simple calculation the Lie algebra AV'L(X) has
the following basis:

e1 = —4xd; — ydr + 2203, er = 2y*01 — yzda,
e3 =x01 — 203, e4 =2x0>+ y03,

e5 = —yzaz’ e = —y233, e7] = —y2233,
eg = —y 0 — yz03, e9=—y*0) — 2703,
el = —yzzaz, el = —yzod; — Z2827 2 = —y2281.

The nilradical of Lie algebra A'/L(X) is given as
8(X) = <ez,e4,¢5,¢6, ..., €12>.
The nilradical of Lie algebra A'£(X) has the following multiplication table:

[e2, e4] =2es —eg, [ez,es5] =e10, lez, €] = 2e7,
[e2, es] = —2ej0, [e2, e9] = 2e12,
leq, es] = es, [ea, e9] = —2es, [ea, ei0] = e7,
leq, e11] = €9, [e4, e12] = 2e)0,
les, es] = e7, les, el =en, lee, e9l =2e7, [eq, e11]1 = 2eio
The type of Wg singularity =dim g(X)/[g(X), g(X)] = 3. The nilpotency of Wy

singularity = min{p € N U {0} : g(X)?*! = 0} = 4. It is easy to see from [1] that
the torus T of g(X) is spanned by

f:g(X) — g(X) r:g(X) — g(X) 13:g(X) — g(X)

ey —> ex + eg, ey —> eg, ey —> —ey
ey — 0, ey —> ey4, ey — 0
e5 —> e5 + eg, e5; —> e5 + eg, e5—>_768
e —> ¢, e —> 2eg, e — 0
e7 — 0, e7 — 0, e7 —> e7
eg —> —eg, eg —> —esg, eg —> €y
e9g —> —eo, eg —> —2e9, eg —> ¢e9
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elp — 0, elp —> —ejlo, el — el
el — —eyy, ey — —3eyy, el] — e
e;p — 0, erp —> —2eqo, e — enn.

Thus, T = Ct; + Cty + Ct3. Let §; : T — C be a linear map with g;(¢;) = §;; for
i,j=1,2,3.
g(X) = gﬁl ® gﬁz @ gﬁ1+2/32 ) gﬂz ® g—ﬂl—ﬂ2+ﬂ3 ® g—ﬂ1—2ﬂ2+ﬂ3 D g—ﬂ2+l33
P g*ﬂ1*3ﬂ2+l§3 D g*2/32+/33 D gﬂ1+l32
=C(ex + €9) @ Ceq @ Cep @ Ce7 @ Ceg ® Ceg
® Ce1p @ Cer @ Cer2 @ C(2e5 + eg).

(e2 + €9, e4, e11) is a T-minimal system of generators. The generalized Cartan matrix
is

2 -1 0
CWg)y=|-2 2 =2
0o -1 2

|

Proposition 13 Ler X = {x, y,z € C? : (x®+yz2, y>+x2)} be the Wy contact simple
complete intersection curve singularity and N'L(X) be a derivation Lie algebra. Then

2 -3 -6
CWoy=|-2 2 -1
-2 -2 2

Proof It is easy to see that moduli algebra C{x,y,z}/(f, g, M1, My, M3) =
<l,x,y,z2, 22,73, 24, vz, y2>. After simple calculation the Lie algebra N'£(X) has
the following basis:

_ 5x0; ydy  3z03

“a=g Tty Tty es —2201 —2y%0), €3 = —22701 4 2xy + 403,
2
z°0
e =0, es =220, —4xds, e = —y20, + T3
3 3
7703 270 5
= —, = — 8 s
e7 > €8 4 + y703
3
-7’0
eg = 1 ! + yz93, ejp = 2483, el] = y281 + yzoa,
e = 2432, ey = Z431.
The nilradical of Lie algebra A'L(X) is given as
g(X) = <en,es,e5,¢,...,e13>.
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The nilradical of Lie algebra A'£(X) has the following multiplication table:

[e2, e3] = —2e4 + Beg, [e2,e5] = —8e7, [e2,es] = —e10, [e2,e11] = —ey3,
€9
[e3, e4] =8eq, [e3,e5] = —16er1, [e3,e5] =ex — 3 [e3, e7] = —2ey3,
lez, e9] = —2eg, [e3,e11] =4deg, [e3,e12] =4deio, [e3,e13] =2e12, [e4,e6] = er2,
deg
[eq, e9] = —e10, [es,e11] = —e1n [es, e6] = eq + 3 [es, e7] = 2eq2,
—e10 —er2
les, e11] = —4eg, [es,e13] = —4deio, [es, e7] = S [eq, eg] = 1
e3
[es, e9] = —.
4

The type of Wy singularity =dim g(X)/[g(X), g(X)] = 3. The nilpotency of Wy
singularity = min{p € N U {0} : g(X)?T! = 0} = 6. It is easy to see from [1] that
the torus T of g(X) is spanned by

1:8(X) — g(X)

e3
ey —> € ey —> Z
Seq es
4 —> —— es — —
4 2
3eg 3e7
eq —> —— e — —
4 2
Seg
eg —> T €9 —> €9
9610 3611
e —> — eyl — —
4 4
Te13
e — 2612 ey — T

Thus, T = Ct. Let 8; : T —> C be a linear map with 8(¢) = 1.

2(X) = gP @ P @ gB/4 @ gPI2 @ g/4 @ gBI2 @ OB/ @y g2 @ gTHI
=C(e2 P eg) ®Cles D eg) ®Cez @ Ces  Cleg @ e11) @ Cey
@ Cejo ® Cerz @ Ceys.

(e3, es, eg) is a T-minimal system of generators. The generalized Cartan matrix is

2 -3 -6
CWoy=|-2 2 -1
2 -2 2
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Proposition 14 Let X = {x,y,z € C : (x> 4+ 23, y? 4 23)} be the Zg contact simple
complete intersection curve singularity and N'L(X) be a derivation Lie algebra. Then

2 -2 —4
CZy=|-—2 2 -4
2 2 2

Proof It is easy to see that moduli algebra C{x,y,z}/(f, g, M, M2, M3) =
<1,x,y,z, 2%, 23, 2% yz, xz>. After simple calculation the Lie algebra A’£(X) has
the following basis:

e1 = —3x0; — 3ydy — 2283, ey = —yd +x0y, e3=—201, eq=—22°0 — xds,

e5 = —z382, e = —2z282 —yd3, ey = —3xz01 —3yz0y — 22283, eg = —1383,
eg = —2°0] — X283, e10=—2°% — yzd3, e11 = —z'3, e = yzd — xzda,
ei3 =—2'0, el =—2*3.

The nilradical of Lie algebra N'£(X) is given as
g(X) = <es,esq,e5,...,€14>.

The nilradical of Lie algebra A/£(X) has the following multiplication table:

les,eq] = eg, [e3,e7] = —3eis, [e3,e9]l =e11, [e3,ern]l =e13, [e4,e6] = ez,
leq, e7] = —6e3 +e9, [es,eg] = —dery, [es,er2] = e, le4, e14] = —eqn,

les, ec] = eg, les,e7] = —3e13, [es, e10] = e11,

les, ern] = —e14, les, e7] = e10 — 6es,

[es, es] = —4er3, [es, e12] = —eo, e, €13] = —eii,

[e7, es] = 2e11, [e7,e9] = Gey4,
[e7, e10] = 6e13.

The type of Zg singularity =dim g(X)/[g(X), g(X)] = 3. The nilpotency of Zg

singularity = min{p € N U {0} : g(X)?T! = 0} = 4. It is easy to see from [1] that
the torus T of g(X) is spanned by

r:g8(X) — g(X)

eq4

ey —> €3 e4 —> ?
e6

e; —> €5 e —> ?
2e7 deg

e] —> —— eg — —
3 3
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€9 —> €9 €| — €10
2612

e1] — 2eq1 e;p — T
Sei3 Seis

e13 —> T €14 —> T

Thus, T = Ct. Let 8; : T —> C be a linear map with 8(¢) = 1.

o(X) = g @ oP @ 23 @ g3 @ 2 @ ¢5H/3
=Clez®es D eg Deo) Cles @ eg) D Cler @ ern) ® Clers ® era)
@ Ceg @ Cey;.

(eq, eq, €7) 1s a T-minimal system of generators. The generalized Cartan matrix is

2 -2 —4
CZy=|-2 2 -4
-2 -2 2

m}

Proposition 15 Let X = {x, v,z € C3 : (x> 4+yz%, y>+2%)} be the Z ¢ contact simple
complete intersection curve singularity and N'L(X) be a derivation Lie algebra. Then

2 -2 -1 0
-2 2 -1 -1
-2 -1 2 =2
0 o -1 2.

C(Zy) =

Proof 1t is easy to see that moduli algebra
Cix, y,2}/(f, & M1, My, M3) = <1, x,y,2,2%, 20, y2, y2°, y2°, x2>.
After simple calculation the Lie algebra N'£(X) has the following basis:

el = —7x01 — 6ydr — 4703, e = —yzzal,

e3 = —2yzd — xd3, e4 = —73) — xd,

es = —xz01 +2yz0) — 27303, e = —yzzaz, e7 = —2yz0y + 2283,

es = 3770 — 2yzd3, eg = —yz203, el = —yz 01 —x2d3, en = —yz 03,

en =y — 28, e3=—z70 —x2dy, el4=—y 0, ej5=—yz 0.
The nilradical of Lie algebra N'£(X) is given as
g(X) =<ep,e3,e4,...,€15>.
The nilradical of Lie algebra A/£(X) has the following multiplication table:

[er, e3]1 =e9, [e2,e4] =e6, [e2,e5] =—e15, [e2,e10]l =e11, [e2,e13] = ey,
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les, eal = €7, l[e3, es] =3eio — 2ez, le3, e6] = —2e15, [e3, e7]1 = —2e,
[e3, e13] = —enn, le3,e15] = —e11, [eq, es] = —3ei3, [es, 7] = 2ey3,

[eq, eg] = 2e10 — 6er, [eq, e9] = —2e15, [e4, e10] = €12, [es, e15] = —ei4,
les, es] = 4e1s, les, e7] = 2eq, les, eg] = —8eg, [es, e9] = —2eyy,

les, el0]l = 2e15, [es, e12] = —2e14, [es, €7] = 2e14,

[es, es] = 2e11, [e7, es] = 6eo,

[e7,e9] = 2e11, [es, e1n] = ber1, [es, e13] = Geis.

The type of Zj¢ singularity =dim g(X)/[g(X), g(X)] = 4. The nilpotency of Zig
singularity = min{p € N U {0} : g(X)PTl =0} = 4. Itis easy to see from [1] that
the torus T of g(X) is spanned by

i g(X) — g(X) b g(X) — g(X)
er —> e, e —> 0

e3 —> 0, ez —> €3

ey —> ey, ey —> —2ey
e5 —> €5, e5 —> —e;5

e —> 2eg, e —> —2eg
e7 — e7, e7 —> —e7

eg —> 0, eg —> 2eg

e9 —> eg, €9 —> €9

e — €10 el — 0

el — 2eqq, e;] — 0

e;p —> 2eqn elp —> —2epn
e;3s — 2ey3, e13 — —3e3
el4 — 3eis, el4 — —3es
e1s — 2eqs, els —> —eqs.

Thus, T = Cty + Ctp. Let B; : T — C be a linear map with g;(t;) = 6;; for
i,j=1,2.

g(X) = gﬁl ey gﬂz D gﬂl—Zﬂz D gﬁl—ﬁz e g2ﬂ1—2ﬂ2 o g2/32 ® g,31+/32
@ gzﬂl ® g2ﬂ|*3ﬁ2g3ﬂ1*352 ® g2/31 —B2

=C(e2 @ e1p) ® Ces @ Cey ® Cles D e7) ® Cleg @ e12) @ Ceg
@ Ceg @ Ceq1 @ Cey3 @ Ceg @ Ceys.
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(e3, es, es, eg) is a T-minimal system of generators. The generalized Cartan matrix is

2 -2 -1 0
-2 2 -1 -1
-2 -1 2 =2
0 0o -1 2

C(Zy) =

O

Proposition16 Let X = {x,y,z € (GRS ()c2 + y2 + 473, yz), w > 5} be the S,
contact simple complete intersection curve singularity and N'L(X) be a derivation

Lie algebra.
Then
2 0 0
0 2 0}; u=35,
0 0 2
2 -1 -1
-2 2 0 1; n=0,
-2 0 2
2 -1 -1 -1
-1 2 0 0
-2 0 2 o) W=7,
-2 0 0 2
2 =2 -1 -1
-1 2 0 0
2 0 2 o’ w=8,
ClI=1\=2 0o o 2
2 -3 -3 -3
-2 2 0 0 o
2 0 2 ol K=
-2 0 0 2
2 _(/L _ 6) *(Hz*?’) —(n=3)
—(n=5) _ _
) 21 22 02 s wisoddand > 11,
-2 —1 0 2
2 —(u—6) —1 -1
—(p—6)
22 (2) (2) 8 ;  is even and p > 10.
-2 0 0 2

Proof 1t is easy to see that the moduli algebra of S, series is given as:
(C{x’ Y, Z}/(f7 8, Mls M27 M'i) = <1’ X, ¥, 2, Zz? 13’ Z47 LR Z(M_3)>'
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The Lie algebra V'L (X) arising from series S, has the following dimension:
v(X) =pn+2.
In case of u is odd, then the Lie algebra N'£(X) has the following basis:

_(w=3)xd1  (w—3)yd

e| = 3 7 283, ex=—7%03, e3=—72"03,
ey = =29V ey = w — y0s,
eu—1 = w —x83, ey ="V,
erst = —(M—zl)yfh _(u —23)x32’ eurr = —2#Vpy.

In case of u is even, then the Lie algebra AL (X) has the following basis:

LT L S 2203 e 2303 e 2403 ’
2 2 pn-3 u—4 nw—>5 nw—=6
ey = z(“_3)83, eus = —(u = 3;z(u—4)32 Tyt
ey = w +x33, e, = Z3g,,
eut1 = (MM_# +x02, eu4r = #7309,

The nilradical of Lie algebra N'£(X) arising from Ss is given as:

g(X) = <ep, e5,e7>.

Set, e; = x1, es = x3, e7 = x3. The nilradical of Lie algebra N'L(X) has zero

multiplication table.

The type of S5 singularity =dim g(X)/[g(X), g(X)] = 3. The nilpotency of Ss
singularity = min{p € N U {0} : g(X)?T! = 0} = 0. It is easy to see from [1] that

the torus T of g(X) is spanned by

f:g(X) — g(X) r:g(X) — g(X) 13:g(X) — g(X)

x| — X1, x;1 — 0, x1— 0
x2 —> 0, X2 —> X2, xo —> 0
x3 —> 0, x3 —> 0, X3 —> X3.
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Thus, T = Ct; + Crp + Cr3. Let g; : T — C be a linear map with g;(¢;) = §;; for
i,j=1,273.

gX) =g’ @ ¢ @ gh

=Cx; & Cxp ® Cxs.

(x1, x2, x3) is a T-minimal system of generators. The generalized Cartan matrix is
2 0 0
ClSs5) =10 2 0
0 0 2
For Sg, the nilradical of Lie algebra A/ £(X) is given as

g(X) = <en, e3, e4, €5, €6, eg>.

The nilradical of Lie algebra A'£(X) has the following multiplication table:

3eq eg
[e2, e4] = - [e2, es] = — [e4, e6] = €3, [es, e8] = e3.

The type of Sg singularity =dim g(X)/[g(X), g(X)] = 3. The nilpotency of Sg sin-
gularity = min{p € N U {0} : g(X)Pt =0} = 2. Itis easy to see from [1] that the
torus 7 of g(X) is spanned by

n:g(X) — g(X) n:g(X) — g(X))
ey —> e, ey — 0
e3 — 0, e3 —» e3
—ey n
€4 —> —(, ey — —
4 2 4 2
—es €s
es —> ——, es — —
2 2
€6 €6
e —> —, eq —> —
6 2 6 2
eg €g
eg —> —, €] —> —.
8 2 8 2

Thus, T = Cty + Cry. Let ; : T — C be a linear map with ;(¢;) = §;; for
i,j=1,2.

g(X) = gﬁl ® gﬁz @ g—ﬁ1/2+ﬂ2/2 ® 82(/31+/32)
=Cer, @ Cez ® C(eq D es) ® Cleg P e3).
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(e2, e4, e5) is a T-minimal system of generators. The generalized Cartan matrix is

2 -1 -1
ClSe)=1-2 2 0
-2 0 2

For S, the nilradical of Lie algebra A/£(X) is given as
g(X) = <en, e3, e4, €5, €, €7, €9>.
The nilradical of Lie algebra N'£(X) has the following multiplication table:
le2, e3] = e, [e2,es]=—0e7, [e2,ec]=0e9, [es5,e7]=—es, [e6,e9] = —es.

The type of §7 singularity =dim g(X)/[g(X), g(X)] = 4. The nilpotency of S7 sin-
gularity = min{p € N U {0} : g(X)Pt =0} = 2. Itis easy to see from [1] that the
torus 7 of g(V) is spanned by

1 :g(X) — g(X) n:g(X) — g(X))
er —> e, e —> 0
e3 —> 0, e3 —> €3
e4y —> ey, ey —> e4
es
es —> 0, es —> 0
€6
e —> 0, eq —> 5
e7
e —> ey, e7] —> 3
€9
eg —> €9, eg —> E

Thus, T = Ct; + Cry. Let ; : T — C be a linear map with ;(¢;) = §;; for
i,j=1,2.

g(X) = gﬂl ® gﬁz @ gﬂ1+ﬂ2 ® gﬁz/2 D gﬁ1+ﬁ2/2
=Cer @ Cez ® Ceqy @ C(es ® eg) D C(e7 @ e9).

(e2, e3, es, €g) 1s a T-minimal system of generators. The generalized Cartan matrix is

2 -1 -1 -1
1 2 0 0
CEI=1_5 0o 2 o
2 0 0 2
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For Sg, the nilradical of Lie algebra A/£(X) is given as
8(X) = <en, e3,e4, €5, €6, €7, €8, €10>.

The nilradical of Lie algebra A'£(X) has the following multiplication table:

- - 5 7
[e2, e3] = %, [e2, es] = $, [e2, ec] = ?, [e2, e7] = 2610,

[es, eg] = es, [e7, e10] = es.

The type of Sy singularity =dim g(X)/[g(X), g(X)] = 4. The nilpotency of S7 sin-
gularity = min{p € N U {0} : g(X)PT =0} = 2. Itis easy to see from [1] that the
torus 7 of g(V) is spanned by

n:g(X) — g(X) n:g(X) — g(X))
ey —> e, e — 0
e3 —> 0, ez —> e3
e4 —> é4, 4 —> €4
es —> 2es, es —> e5
€6 €6
€6 —> e —> —
2 2
e7 e7
€7 —> —, e — —
2 2
3eg eg
eg —> ) eg —> —
2 2
. 3e1o . el
10 —> —(%—» 10 —> &=~
2 2

Thus, T = Ct; + Cry. Let ; : T — C be a linear map with ;(¢;) = §;; for
i,j=1,2.

g(X) = gﬂl ey gﬁz o gﬁ1+/32 D g2ﬂ1+/32 ey gﬁ1/2+ﬂ2/2 D g3ﬁ1/2+ﬂ2/2
=Cer @ Ce3 @ Cey @ Ces @ Cleg @ e7) ® Cleg  e1p).

(e2, e3, eq, €7) is a T-minimal system of generators. The generalized Cartan matrix is

2 2 1 -1
-1 2 0 0
CEI=1_, o 2 o
2 0 0 2

For So, the nilradical of Lie algebra A'L(V) is given as
g(X) = <ez, e3,e4,€5,¢6,€7, €8, €9, €11>.
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The nilradical of Lie algebra A'£(X) has the following multiplication table:

le2, e3] = e, [e2, es] =2e5, [e2,e5] =3e6, [e2,e7] = —15e9,

[e2, es] = 20e11, [e3, ea] = €6, [e7,e9] = —eq, [es, e11] = —es,
The type of Sy singularity =dim g(V)/[g(V), g(V)] = 4. The nilpotency of Sy sin-
gularity = min{p € N U {0} : g(X)?T! = 0} = 3. It is easy to see from [1] that the
torus 7 of g(X) is spanned by

1:g(X) — g(X)

ey —> e e3 —> 2e3
ey —> 3ey es —> des
e —> Seg e7 —> 2e7
eg —> 2eg e9g —> 3eg

eyl — 3611.
Thus, T = Ct. Let 8; : T —> C be a linear map with 8(¢) = 1.

gX) =g’ o og’ @t @gF
=Cer ®ClezDer Deg) D Cles D eg @ ery) ® Ces @ Ceg.

(e2, e3, €7, eg) is a T-minimal system of generators. The generalized Cartan matrix is

2 -3 -3 -3

2 2 0 0
CEI=1_, o 2 o
2 0 0 2

The nilradical of Lie algebra A'£(X) arising from Sy, = 10 is given as:
g(X) =<en,e3,e4,...,€4,€,40>

Case 1: When p is odd and @ > 11, then nilradical g(X) has the following multi-
plication table:

lea, e3] = eq, [ez,eq] =2es5, [e2,es5] =3es,...,[e2, e 4] = (L —06)e, 3,
(n—3) (m—Hu = Deyso

ez, ep—2]=—(u—4) 7w lea, ep—1] = > as

lez, ea] = es, [e3,es] =2e7, [e3,e6] = 3es, ..., [e3,eu—5] = (L — 8)ey—3,

leq, es] = eg, [e4,e6] = 2e9, e4,e7] =3ero, ..., [e4,ep—6] = (u —10)e;, 3,

les, es] = e10, les,e7] = 2e11, les, es]l = 3eiz, ..., [es,ep—7] = (u —12)ey 3,
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eu-3,€e[,_ =e,-3, eu—2,.e,|l = —e, —3, eu—1,€ = —e, _13.
|:u23 (H23+1):| n—3, leu—2,eul p-3, leu—1,eus2l n=3

The type of S, singularity =dim g(X)/[g(X), g(X)] = 4. The nilpotency of S,
singularity = min{p € N U {0} : g(X)?*! =0} = u — 6.
It is easy to see from [1] that the torus 7" of g(X) is spanned by

r:g(X) — g(X)
ey — e
e3 —> 2e3

eq —> 3ey

ep—3 —> (n—4)e,—3

(n—S)ey—2
€2 —>
2
(1 —S)eu—1
€u—1 —>
2
(n — 3)eu
eﬂ )
(n—3)ey+2
€M+2 — 2

Thus, T = Cr is a unique maximal torus of g(V). Let 8 : T — C be a linear map
with (1) = 1.

g(X) — gﬂ D gzﬂ fas) g3ﬂ - g(/i*4)ﬁ
= Cey @ Ces 69((364...69((36% @C(e,%z Deu2 Gaeﬂ_l) GB(C(eMTq D ey

@e,hq)@(je% @Ce# @CE#@"'@CE#

(e2,e3,e,-2,€e,-1) is a T-minimal system of generators. The generalized Cartan
matrix is

2 —(,LL _ 6) —(112—3) —(l12—3)
==5) 2 -2 -2
c(S,) = 2
(S,) -2 -1 2 0
-2 -1 0 2

Case 2: When pu is even and o > 10, then nilradical g(X) has the following
multiplication table:

—es5 —e6 €3
’ e, e5] = ——,...,1€2,€¢,—4] = — R
> [e2, e5] 3 [e2, e)—4] =6

[e2, e3] = —eq, [e2,e4] =
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le2, ep—2] = M» le2, ep—1] = w

[e3, e4] = —eq, [e3,e5] = _767, [e3, ec] = _Tg .o es eu—s] = (/_;5753)’
[es. 5] = —eg. [eq, e6] = _Teg, les, e7] = _?0, oo lea, ep—el = (;ei_;),
les, eg] = —e1o, les, e7] = %, [es, eg] = %, o les,eu7] = (;35—73),
leugt- eu2] = (JT;—ii_é) leuge-eg] = % e

e l=e 3, leu—1,eu12]l =e,-3.

The type of S, singularity =dim g(X)/[g(X), g(X)] = 4. The nilpotency of S,
singularity = min{p € N U {0} : g(X)PT =0} = u — 6. It s easy to see from [1]
that the torus T of g(X) is spanned by

r:g(X) — g(X)
ey —> e
e3 —> 2e3

eq —> 3ey

ep-3 —> (n—4ey—3

(n—3S)ey—2
ey-g — ————
2
(1 —S)ep—1
€n—1 —
2
(n—3ey
eﬂ 2
(n — 3)eu+2
€M+2 —_—> >

Thus, T = Ct is a unique maximal torus of g(V). Let 8 : T — C be a linear map
with () = 1.

=58 w=3)p
2

sX)=¢gfos? sl o Vos 2 ag
=Cer @Ce3 @ Cey... 6Ce ;3 Cle—2®e,—1) D Cley Beusn)
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(e2,e3,e,_2,€e,-1) is a T-minimal system of generators. The generalized Cartan
matrix is

2 —(u—-6) -1 -1
—(&=6) 2 0 0

CEI=1 2 0 20
-2 0 0o 2

O

Proposition 17 The following seven cases of Lie algebras N'L(X) arising from contact
simple complete intersection curve singularities are not isomorphic:

(1) NL(T7) 2 N L(S7),

(2) NL(Tg) 2 N L(U7), NL(Tg) 2 NL(Ss), NL(U7) 2 N L(S3),

(3) NL(To) 2 N L(Us), NL(Ty) 2 NL(S9), NL(Us) 2 NL(So),

(4) NL(Ug) 2 NL(Wo), NL(Ug) 2 NL(S11), NL(Wo) 2 NL(S11),

(5) NL(Wg) 2 N L(S10),

(6) NL(Z9) £ NL(S12),

() NL(Z10) 2 NL(S13).

Proof Case (1)Itis easy to see from Proposition 6, the nilradical of Lie algebra A L(T7)
Spanned by:

g(V) = <er, e3, €4, €5, €7, €8, €9>.
It is follow from Proposition 16, the nilradical of Lie algebra N'£(S7) Spanned by:
g(V) = <en, e3,e4,e5,e7,09>.

Therefore, the Lie algebras N'L(T7) and N L£(S7) have different dimensions of nil-
radical. Therefore, these two Lie algebras are pairwise non-isomorphic. Case(2) It is
easy to see from Propositions 7, 9 and 16 the dimensions of nilradical of Lie algebras
NL(Tg), NL(U7) and N L(Sg) are 9, 8 and 8 respectively. From Proposition 9, the
nilradical of N'/L(U7) has [2, 4, 8] dimensions of upper central series. From Propo-
sition 16, the nilradical of A/£(Sg) has [1, 4, 8] dimensions of upper central series.
Therefore the Lie algebras ' L(Tg), N'L(U7) and N'L(Sg) have different dimensions
of nilradical and upper central series of nilradical. Therefore, these three Lie algebras
are pairwise non-isomorphic. Similarly, we can prove cases (3)-(7). O

Proof of Theorem A The Theorem A is an immediate corollary from Propositions 6 to
16.

Proof of Theorem B From above Propositions 6 to 16 we have the following table:

Now we need to distinguish the pairs which have same dimensions of Lie algebra
NL(X), and from the above table, we only need to treat the following seven cases:
() NL(T7) 2 NL(S7),

(2) NL(Ty) 2 NL(U7), NL(Tg) 2 N L(S3), NL(U7) % NL(S3),
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type equations v(V)
Sp (2 +y2+21473, y2), > 5) nw+2
T; 24+ +23, ) 9

Ty 2 +y3 474y 10
Ty &2+ 4+ y2) 11
U7 (2 +yz, xy +2°) 10
Ug (x2+yz+z3, Xxy) 11
Uy (2 +yz, xy+24) 13
Wg (2 + 23, y2 + xz) 12
Wy (&2 +yz% ¥ +x2) 13
Zo 2 +23, 2+ 14
Z1o (2 +y22 2 +2) 15

(3) NL(To) £ NL(Us), NL(To) £ NL(S9), NL(Us) £ N L(S),

(4) NL(Ug) 2 N L(Wo), NL(Ug) 2 NL(S11), NLWo) 2 NL(S11),

(5) NL(Ws) 2 N L(S10),

(6) NL(Zg) £ NL(S12),

(1) NL(Z10) Z NL(S13).

It follows from Proposition 17 these seven cases are non-isomorphic. Therefore, we
completely characterize the contact simple complete intersection curve singularities
by using the derivation Lie algebra N'L(X).
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