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Abstract

We construct a family of staggered Virasoro modules which are isomorphic to those
constructed by Cromer. Using these staggered Virasoro modules, we verify the limit
formulas of the logarithmic couplings given by Vasseur, Jacobsen and Saleur. Further-
more by using the formula of the norm of logarithmic primary proved by Yanagida,
we present explicit formulas for the logarithmic couplings of these staggered Virasoro
modules.
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1 Introduction

Logarithmic conformal field theories have been actively studied in both physics and
mathematics in recent years. Unlike the case of rational conformal field theories, loga-
rithmic conformal field theories admit indecomposable modules on which the Virasoro
zero-mode L acts non-semisimply. These indecomposable modules are called stag-
gered modules or logarithmic modules and appear in the field of statistical mechanics,
such as critical percolation and dilute polymers [5, 19, 23], and in the theory of fusion
rules, such as the Nahm—Gaberdiel-Kausch algorithm [3, 6, 9] (there are also studies
on the Virasoro fusion rules from the Schramm-Loewner evolution processes [13]).
For each staggered module, an important invariant called logarithmic coupling can
be defined [15] and it has been found that the value of the logarithmic coupling fixes
the staggered module up to isomorphism [14]. There are many studies related to the
logarithmic couplings. Let us briefly review a few of them. In the case of the Virasoro
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minimal models M(2, p), Mathieu and Ridout show that the logarithmic couplings
can be written by combinatorial product [16]. In the paper [22], Vasseur, Jacobsen
and Saleur derive limit formulas for the logarithmic couplings by studying in detail
certain two point functions with deformation parameters. In the paper [4], Cromer also
derive certain combinatorial formulas of the logarithmic couplings by using free field
realization techniques. Recently, Nivesvivat and Ribault derive explicit formulas for
the logarithmic couplings from the direction of the Liouville theory [18].
Let p4+ and p_ be coprime integers such that p_ > p; > 2, and let

. 2
_ 6(P+ p-)
pP+P-

Cpp- =1

be the central charge of the minimal model M(p4., p—). In this paper we examine the
logarithmic couplings of certain staggered modules whose central charge are ¢, ,_.
In Sect.3.1, we construct certain staggered modules F'(t) whose L nilpotent rank
two by gluing certain Fock modules, and define certain finite length submodules P (7)
as the quotients of F (7). We see that these staggered modules F(t) are isomorphic
to those constructed by Cromer [4]. In Sect. 3.2, we rederive the limit formula of the
logarithmic couplings given by Vasseur, Jacobsen and Saleur [22] using the staggered
modules F (7). Furthermore, by using the results in [24], we present explicit formulas
for the logarithmic couplings of the staggered modules P (7). These results are stated in
Theorem 3.2. As an application of the proofs of these theorems, in Sect. 3.3 we consider
the structure of a slightly more complex staggered modules whose L nilpotent rank
two.

2 The structure of Fock modules

Recall that the Virasoro algebra L is the Lie algebra over C generated by L, (n € Z)
and C (the central charge) with the relation
m3 —m

[Lin, Lyl = (m — ”)Lm-i-n + 12

C8m+n,0a [Lna C] =0.
Fix two coprime integers p, p— such that p_ > p; > 2, and let

P —p)?

c =1
et p+p-

be the central charge of the minimal model M(p., p_). In this paper we consider
Virasoro modules on which C acts as ¢, ,_ - id. In this section we briefly review the
structure of Fock modules whose central charges are ¢, ,_ in accordance with [12]
and [21] (see also [7]).
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2.1 Fock modules

The Heisenberg Lie algebra

H =P Ca, ® CKy

nez

is the Lie algebra whose commutation is given by
[am, an] = Wl5m+n,0KHs [K'Hs H] = 0.
Let

H* =P Cazn, H'=Cay®Cky, H =H'aH

n>0

For any a € C, let C|a) be the one dimensional H= module defined by

anler) = 8y 0fex) (n = 0), Kyla) = |a).

For any a € C, the bosonic Fock module is defined by the following induced

module
F, = Ind%z(cm).

Let

a@z) =Yy apz """

nez

be the bosonic current. Then we have the following operator expansion

a(z)a(w) ~ Gl

We define the energy-momentum tensor

T() := % ta(2)a(z) : +§3a(Z)’ LAY 21%_ -y 21;:'

where : is the normal order product. The Fourier modes of 7(z) = ), .7 Luz™
generate the Virasoro algebra whose central charge is ¢, ,_.

n—2

By the energy-momentum tensor 7'(z), each Fock module F,, has the structure of a
Virasoro module whose central charge is ¢, ,_. The Ly weight of the highest weight
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vector |«) is given by

1
Lola) = sala = p)la).

Let us denote
ha = = ( )
o = sald = p).
For any o € C, the Fock module F,, has the following Lo weight decomposition

Fo= @B Falnl. Fyln] :={v € Fy \ {0} | Lov = (ho +n)v},

VLEZZ()
where each weight space F,[n] has a basis
{a—ile) | A+ n}

witha_y =a_y, ---a—,, forapartition A = (A1, ..., Ag).
We define the following conformal vector in Fy

1 2
T=3 (a_l + ,Oa_2> 10).

Definition 2.1 The Fock module Fj carries the structure of a Zx(-graded vertex oper-
ator algebra, with

Y(]0), z) =1id, Y(a-1|0), z2) = a(z), Y(T,z2)=T(2).

We denote this vertex operator algebra by 7 ,.

2.2 The structure of Fock modules

We set o+ = £4/2p~/p+. Forr, s, n € Z we introduce the following symbols

_1=r 1—s V2p+p—
®r s;n = ) at + ) a- + ) n

Forr,s,n € Z, we set

Fr‘s;n = Far.x;n’ hr,s;n = _ar,s;n(ar,s;n - /0)

2

For any i € C, let L(h) be the irreducible Virasoro module whose highest weight is
h and the central charge C = ¢, ,_-id. Forr,s,n € Z,let L(hys.y) = L, s,. For
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1<r<py—1,1<s<p_—1,weset

rYoi=pL—r, sV i=p_ —s.

Before describing the structure of Fock modules, let us introduce the notion of socle

series.

Definition 2.2 Let M be a finite length Virasoro module. Let Soc(M) be the socle
of M, that is Soc(M) is the maximal semisimple submodule of M. Since M is finite
length, we have the sequence of the submodule

0 < Soci (M) <Socr(M) <---<Soc,(M)=M

such that Soci (M) = Soc(M) and Soc;11(M)/Soc; (M) = Soc(M /Soc;(M)). We
call such a sequence of the submodules of M the socle series of M.
The following proposition is due to Feigin and Fuchs [7].

Proposition 2.1 As the Virasoro module, there are four cases of socle series for the
Fock modules Fy ., € F, — mod:

1. Foreachl <r <py—1,1<s<p_—1, n€Z, wehave
0 =< SOC] (Fr,s;n) =< SOCZ(Fr,s;n) =< SOC3(Fr,s;n) = Fr,s;n
with

SOCI(Fr,S;n) = SOC(Fr,s;n) = @ Lr,sV;|n|+2k+l,
k>0

SOCZ(Fr,S;n)/SOCI(Fr,s;n)

= @ Lr,s;|n\+2k 57 @ Lrv,sv;ln\+2k7

k>a k>1—a
Fr,s;n/SOC2(Fr,s;n) = @ LrV,s;|n|+2k+l’
k>0

wherea =0ifn >0anda =1ifn <O.
2. Foreach 1 <s < p_ —1, n € Z, we have

0 < Soci(Fp, s;n) < Soca(Fp, s;n) = Fp, sin
with

SOCI(Fer,s;n) = SOC(Fer,s;n) = @ Lp+,sv;|n|+2k+1,
k>0

Soca(Fp, s:n)/S0c1(Fp, s:n) = @Lp+,‘v;\n|+2k

k>a

wherea =0ifn > landa =1ifn < 1.
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3. Foreach1 <r < py — 1, n € Z, we have
0 < Socy (Fr,p,;n) < Soc; (Fr,pf;n) =Fr p_mn
with

Socy (Fr,p_;n) = SOC F D— n @Lr p—;ln|+2k>
k>0

Socy (Fr,p,;n) /SOCI r,p— n @ Lrv —ilnl+2k—1

k>a

wherea = 1ifn > 0anda =0ifn < 0.
4. For each n € Z, the Fock module F,, , ., is semi-simple as a Virasoro module

Soc (Fpy.pin) = Fpipoin = @Lm,p—:lnlﬂk-
k>0

For the four groups of Fock modules in Proposition 2.1, we call the first group of
Fock modules “braided-type", the second and third groups of Fock modules “chain-
type" and the last group of Fock modules “semisimple-type".

2.3 Screening operators and Felder complex

As detailed in [20], we can define the non-trivial screening currents

0"(z) € Home(Fy i, Foyaen)llz, 271 7> 1,k 1 € Z,
0"(z) € Home (Fe s, Fio—s:)llz. 271, s = 1k, [ € Z.

These fields satisfy the following operator product expansion

o' (w) +8wQ[£'(w) N

(z —w)? Z—w

T(2) Q% w) =
In particular zero modes

Res,— Q") (2)dz = Q) € Home(Fyx, Fr i), r> 1,k eZ,
Res,—0 0¥ (2)dz = 0% € Home(Fiy, Fi—y), s> L keZ

commute with every Virasoro mode. These zero modes are called screening operators.
Forl <r < p4,1 <s < p_andn € Z, we define the following Virasoro modules
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l.Forl <r<py, 1 <s<p_,nelZ
K s:n:+ = ker (QE:] :

XV sint 14 = 1M (
2. Forl <r<py, 1 <s<p_,ne’
Ky = ker (QE]

Xr,sv;n—l;— = im (Q

Frgn —> FrV,s;n—H) >

. Fr,s;n g Frv,s;n+l) .

: Fr,s;n - Fr,sv;n—l) ,

: Fr,s;n - Fr,s\/;n—l> .

The following propositions are due to Felder [8].

Proposition 2.2 The socle series of K, s.p.+ and X, s.n.+ are given by:

I. Forl1 <r<py—1,1<s<p_—1landn € Z, we have

0< Sllf:t = SOC(Kr,s;n;i)

0< Sl)le: = SOC(Xr,S;n;:I:)

such that
n>0
K
S1;+ = @Lr,sv;n—i-Zk—la
k>1
&
S2;+ = @Lr,s;n—ﬁ—Z(k—l)’
k>1
X
S1;+ = @Lr,sv;n—i-Zk?
k>1
X
Sg;_;,_ = @Lr,s;n+2k71a
k>1
n>1
K
Sl;_ = @ Lr,xv;n+2k—lv
k>1
K
S - = @ Lr,s;n+2(k—l)7
k>1
X
Sl;_ = @ Lr,sv;n+2(k—l)s
k>1
X
S - = @ Lrv,sv;n+2k717
k>1

IA

K .
S2;:|: = Kr,s;n; +

A

X .
S2;:|: = Xr,s;n;j:

n<-1
K
Sl;+ = @Lr,xv;—n+2k—la
k>1
K
SZ;+ = @ Lr,s;—n+2k7
k>1
X
i = @Lr,s\/;—n-i-Z(k—l)v
k>1
X
S5, = @ Ly s;—nt2k—1,
k>1
n<o
K
Sl;_ = @ Lr,xv;—n+2k—ls
k>1
K
S - = @ Lr,s;—n+2k,
k>1
X
Sl;_ = @ Lr,sv;—n+2k’
k>1
X
§-= @ Lpv svient2k—1
k>1

K _ ¢K /¢K X _ ¢X /¢X
where Sz;i = Sz;i/Sl;i and Sy = Sz;i/Sl;i.
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2. Forl <r<py—1, s=p_, ne€Z wehave
Xy, p_in = Soc(Fy p_.n)-
3. Forr=py, 1 <s <p_—1, n€Z wehave

Xp,sin =S0c(Fp, sin).

Proposition2.3 1. Forl <r < py, 1 <s < p_andn € Z the screening operators
Vv
Q[i] and ng 1 define the Felder complex

Y1 [rl
o ol
e > Frv,s;nfl — Fr,s;n e Frv,s;nJrl .
This complex is exact everywhere except in F, s = F, 5.0 where the cohomology
is given by

kengr_]/imQEZV] >~ L, s.0.

2. For1 <r < py, 1 <s < p_andn € Z the screening operators Q[_S] and Q[_Sv]
define the Felder complex

[sV1 ol
e Fr,sv;n—H —> Frsin — Fr,sv;n—l e
This complex is exact everywhere except in F, ; = F, 5.0 where the cohomology
is given by

kerQ¥!/imQU " ~ L, ..

3. For 1 <r < p; andn € Z the screening operators QE:] and QE:V] define the
Felder complex

ot o'
= Bt — Frpoon —> Frvopinpr =

and this complex is exact.

4. For 1 < s < p_ and n € Z the screening operators Q[f] and Q[fV] define the
Felder complex

(V1 [s]
o- (o)
o> Fp vt — Fpsin —> Fp svin1 —> -

and this complex is exact.
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3 Staggered Virasoro modules

In this section, we construct certain staggered modules by gluing bosonic Fock mod-
ules and, by using these staggered modules, we rederive the limit formulas of the
logarithmic couplings given by Vasseur, Jacobsen and Saleur [22] (see also [11, 18]).
Furthermore, by using the formula of the norm of logarithmic primary proved by
Yanagida [24], we give explicit formulas for the logarithmic couplings. We see that
the staggered Virasoro module which will be constructed in this section are isomorphic
to those constructed by Cromer [4]. In this section, we identify any Virasoro modules
that are isomorphic among each other.

3.1 Construction of certain staggered Virasoro modules
We set
Ap,p. =l snlr,s,nel}.
Let U (L) be the universal enveloping algebra of the Virasoro algebra.

Definition 3.1 1. Wedeﬁne?}, . p_ tobe the subset of A2
T = (x1,000) € A2

4, p_ Suchthatevery element

».,p_ satisfies the following conditions:

o Ny < hg,.

e The two Fock modules Fy, and Fy, are contained in the same Felder complex
given in Proposition 2.3 and adjacent to each other as

Or
= Fy —> Foyy = -+,

where we denote the screening operator from Fy, to Fy, by Q.

2. We define Tpf p_ to be the subset of A?J _p_ such that every element 7 =
(a1, ap) € A2 satisfies the following conditions:

P+ P

e Ny > hy,.

e The two Fock modules Fy, and Fy, are contained in the same Felder complex
given in Proposition 2.3 and adjacent to each other as

> Fy 25 By

where we denote the screening operator from Fy, to Fy, by Q.

3. Wedefine 7, , =7,%, UT/ ,

Let a be the dual of the zero mode a( defined by
lam, @] = 8 0id. 3.1
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For any «, g € C, let us identify ePlla) = |a + B).

Fix any © = (a1, @2) € 7, ,_. Let v be any Lo-homogeneous vector of Fy, and
let A € U(L) be any Lo-homogeneous element. Let i, +n1 and 1, be the Lo-weight
of v and A, respectively. For any € € C*, let us consider the following operator

[Q‘[a g—e&Aee&] — Qre—e&Aee& _ e—Z&AeEa Q‘[

on Fy,, where F, € F, —mod for all o € C. Note that [Q-, e €4 Aecy € Fy,[n1 +
ny + hg, — hg,]. Let us write [Qr, e €4 Aey as

[Qr, e ““Ac“lv=")" fi(e)aslea),

AEN12

where fj (e) are some polynomials of € and Ny = ny + n2 + hg, — he,. Since
[OQ:, A] = 0, we can see that every f; (¢€) is divisible by €. Then we define

T :
lim — [0 e 4] vi= Y (€ fu@lecp)aslon).
<20 AM-N12

We introduce the following C-linear operators.

Definition 3.2 For any v = (a1, 00) € 7,, p_, we define the following C-linear
operator

1 L
Ac(4) = lim — [Q,, e—“'Aef”] . for A e UL,
P
where Fy, 4, Fur+e € Fp —mod forall e € C.

Proposition 3.1 Forany v = (a1, a2) € T, p_, the operator A satisfies the follow-
ing the properties of the derivative

A;(AB) = A (A)B+ AA.(B), A,BecU(L).
Proof For any A, B € U(L), we have

[Qr, e “@ABe )
= [Qr, e WA €0 B
=[0x. efg‘iAe“}]e*“}Be“ﬂ‘ + eié&Aee‘}[Qr, e,S&Beg,;]
=[Qr, e A B + A[Qy, ¢4 Bed]
+[Qr. @A (e Be — B) + (67 Aet — A)[Qr., e O Be ).

Dividing both sides by € and taking the limit, we have the property of the derivative.
O
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For any t = (a1, a0) € 7, p_, set

F(t) = Fy, ® Fo,.

Definition 3.3 Fixanyt = (a1, a2) € 7, ,_.For A € U(L), we define the following
operator J; (A) on F(7):

A+ A;(A) on Fy,

J:(A) =
(4 A on Fy,.

By Proposition 3.1, we obtain the following proposition.

Proposition 3.2 For any v = (a1, @2) € Tp, p_, we have
J:(AB) = J;(A)J-(B), forany A, B € U(L).

By this proposition, we see that J; defines a structure of Virasoro module on F (7).
We denote this Virasoro module by (F(t), J;). Let us compute the J; (L) action of
the Virasoro module (F(7), J7).

Proposition 3.3 Forany v = (a1, a2) € T, p_ and n € Z, the J (L) action on the
vector subspace Fy, C F(t) is given by

Jo(Ly) = Ly +[Qc, anl.

Proof Note that the ordinary action of L, on the Fock modules in 7, — mod is given
by

1
L, =~ Z Ll =51+ Day. (3.2)

mez

Let v be any nonzero vector of Fg,. Then, by (3.1), (3.2) and [Q, L,] = 0, we have

(Je(Ln) — Lp)v = A (Lp)v

1 A A N A
= lim —Qre “L,e“v— lim —e ““L,e““Q.v
e—>0 € e—>0 €

1 .1
= lim —Q;€a,v — lim —€a, Qv
e—0¢€ t—0 €

= [Qr, ay]v.

O
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Remark 3.1 Fix any 7 = (a1, a2) € Tpi p_- In [4], Cromer define the operator

1
Vi = [an, O]

az — o]

and define the structure of a Virasoro module on Fy, @ Fy, as

L,+V, on Fu,

J(Ly) =
e(Ln) Ly on Fy,.

From Proposition 3.3, we see that the Virasoro modules (F(t), J;) and (F(7), J})
are isomorphic.

By Proposition 3.3, we see that (F(t), J;) has the structure of a staggered Virasoro
module whose Lg-nilpotent rank two. In the following, we define a finite length sub-
module of the staggered module (F (7), J;).

Noting Proposition 2.1, we define the following symbols.

" _ N
Definition3.4 1. Forany v = (a1, a2) € 7, ,_,

let S; be the Shapovalov element
hO‘Z _ho‘l
Se=L_"7 +---eUL)\ {0}

satisfying S¢|o1) = 0.
2. Forany 7 = (a1, a2) € 7},{:’,,7, let S; be the Shapovalov element
hay~ha,
Se=L_, +--- e UL)\ {0},
which gives the singular vector in Fy,[hq, — ha, -

Fort = (a1, a0) € ’Tp})pf ande € C*, letus consider the vector e €4 S; |or] +€) €
Fg,, where Fy, 4. € F, —mod. Let us write

Sty = Y ful@ailo),

by —hay

where f) (€) are some polynomials of €. Since S; |«¢;) = 0, we can see that every f; (¢€)
is divisible by €. Then we define

lim ele™CSclar +e) 1= Y0 (€7 file) lem0)aslan) € Foy.
¢ Mrhay —ha,

By the Jantzen filtration of the Fock module Fy, (cf.[7, 12]), we can see that this vector

is nonzero and becomes a cosingular vector in Fy, [ha, — ho,]. Thus, by Proposition
2.2, we have Q;(v;) € C*|ay) (cf. [8]).
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Definition 3.5 For any 7 = («1, @2) € 7, ,_, we define the following vector:

lime,ge e 8, |a) +€) € Fyy T € T,,};‘,pf,

DERE 3.3)
‘ lot1) teT) , .

Definition 3.6 For 7 € Tp +.p_» we define the following finite length submodule of
(F (1), J7)

P(t) .= J(UL)).v;.
Since Q+(vy) # 0, we see that every P(t) has Lo nilpotent rank two, and

Jr(Sz0(S:)v: # 0,

where o is an anti-involution of U (£) defined by o (L,)) = L_,,(n € Z). Thus every
P (7) is an extension between certain two highest weight Virasoro modules.

3.2 The logarithmic couplings of P(7)

We review the definition of the logarithmic couplings (see [3, 14] for general cases).
Fixany t = (o1, a2) € Tp}’p_ .Let V(hy,) and V (h,) be any highest weight modules
whose highest weights are /o, and h,, respectively. Assume that there exists a non-
trivial staggered module satisfying

0= V(hg) = Ex 5 V(hay) — 0.

Let xo be the highest weight vector of V (h,) such that (t(xp), t(xp)) = 1, and let yo
be the highest weight vector of V (hy,). Let x = t(xp) and fix any Lo-homogeneous
vector y € E; such that p(y) = yo. Then we have

(Lo = hay)y = ¢Sz x, o (S)y = B'x,
where c(# 0) and B’ are some constants. We then define B(E;) by

BE)="F. 34
C

One can check that this S(E7) is a unique constant independent of the choice of y. The
B(E;) is called the logarithmic coupling of E; or the indecomposability parameter of
E..

In the following, let us determine the logarithmic coupling of P(7) for any v =
(@1, 2) €T ..p_ - Before that, let us introduce the formula of the norm of logarithmic
primary proved by Yanagida [24] as follows.

Let M(h,cp,,p_) be the Verma module of the Virasoro algebra whose highest
weight and the central charge are h € C and C = cp,, ,_ - id. Let |) be the highest
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weight vector of M(h, cp, p_). Note that, for r,s > 1, M(h; 4,0, cp, p_) has the
singular vector whose Lo-weight is &, 5.0 + rs. Let S, s € U (L) be the Shapovalov
element corresponding to this singular vector, normalized as

Sr,slhr,s;0> = (Lr_sl + - )|hr,s;0>~

Forr,s > 1 and h € C, let us consider the value (h|o (S, s)Srs|h), where we
choose a norm of the highest weight vector |h) € M (h, cp, p_) as (h|h) = 1. We can
see that this value is a polynomial of & and is divisible by (& — h, s.0). A more detailed
value is given by the following theorem.

Theorem 3.1 ([24]) Forr,s > 1 and h € C,
<h|o'(Sr,s)Sr,s|h) = Rr,s (h - hr,s;O) + 0((h - hr,s;O)z)’

where R, g is given by

o=z T1 0 (o(2) +(2))

(k,1eZ?,
1—r<k<r,1—s<I<s,

(k,1)#(0,0),(r,s)

We obtain the following limit and combinatorial formulas of the logarithmic cou-
pling B(P (7).

Theorem 3.2 Fix any t = (a1, an) € Tp+,p, and let (r,s) be the element in ZZ>1
such that S; = S, 5. Then the logarithmic coupling B(P (1)) is given by the following
formula:

N\

1. Inthe case of T € 1,2 ,_, the logarithmic coupling of P(t) is given by

L (o) + €lo (So)Selot + €)le—o

B(P(7)) = —
%(haz—}-é - hal-‘rE)lE:() (35)
B 1201 — p
= 2 al — ()[2 r,s»

where we choose a norm of the highest weight vector |a) as (¢|a) = 1 for any
Fock modules F,.
2. Inthe case of T € ’Tpﬂp_, the logarithmic coupling of P (t) is given by

Lz + €lo(Sp)Selaz + €)=

B(P(7)) = —

L (haye — hayse)le=o (3.6)
_ 1207 — p
= 5 0 —a r,s-.
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Proof We only prove (3.5). (3.6) can be proved in the same way. Fixany t = (a1, 2) €
’Tp}"pf. Note that Q¢ |«1) = 0. Then, from Proposition 3.3 and (3.3), we have

(Jz(Lo) — hay)vr = (a1 — a@2) O (ve),
Jr (0 (S)ve = 0 (Sp)ve, 3.7
Jo(SD)ar) = O (ve).

Thus, by (3.7) and the definition of the logarithmic couplings (3.4), we obtain

d R R
B(P(1)) = —(a2 — al)ilg(al|O'(Sr)eimsre€a|al)|e:0

4 d el 5
= —(a2 — o) lg«me o (S)Sre o) e—o- (3.8)
Note that
d 200 — p
—hatele—g = (3.9
de 2

for any & € C. Thus, by (3.8), we obtain the limit formula

L (o) + €]o(S)Se ot + €)le—o

B(P (1)) = — (3.10)

d
%(haz—l—e - ha1+6) |e:0

Let (r, s) be the element in ZZZI such that S; = S, 5. Then, by Theorem 3.1 and (3.9),
we have

d 1
Tl FeloSoSlan +€)lem = 5= PRy s

Therefore, by (3.10), we obtain

1201 — p

IB(P(‘E)) = E—Rr,s-
o] — o

O

Corollary 3.1 Forany t = (a1, o) € 7},\;,,;,, lett" = (p—ax, p—aj)€ Tpip—'
Then we have B(P(t)) = B(P(zY)).

Remark 3.2 In [4], Cromer derive certain summation formulas of the logarithmic cou-
plings B(P(t)). It would be an interesting problem to see if our formula can be derived
directly from theirs.

For example, noting Proposition 2.1, let us compute some values of (P (7)) in the
case of (py, p—) = (2,3):
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. Fort = (1,10, 21,2, -1),

1 2a1,10 = p
201,1,0 — 01,2;—1

B(P(1)) =

For t = (1,2:0, &1,1:-1),

2001 2.0 — P 5
B(P (1)) = ——R1,2 =——.
2ay0,0 —o1,1;-1 13
. Fort = (a1 1.1, @1 2:-2),
I 2ay,-1—p
B(P(r)) = =———————R3 | = —420.

201,11 —a1,2;-2

. Fort = (a1 2,-1, @1,1;-2),

20191 — p 10780000

1
B(P(r) = 5 ——HEERyy = -

a1 — Q11,2 243

. For 7 = (2,0, 21,2;1),

2 — 10
B(P(r) = 2 2M20 P p

————Ri»= .
2 01,2:0 — 01,2:1 27

These values coincide with the logarithmic couplings B 4, B1.5, B1.7, B1,8 and B3 1 in
[3], respectively (see [16, 22] for other values of logarithmic couplings, but note that
the normalization of the Shapovalov elements S, ; is different from our case).

3.3 Other rank two staggered modules

In the following we present a slightly more complex staggered modules whose L
nilpotent rank two.

Note that, unlike the chain type Fock modules, every braided type Fock module is
included in two different Felder complex given in Proposition 2.3. Let ’Tbi

be the

subset of 7,,, ,_ consisting any element T = (o1, a2) such that Fy, is braided type.
We set

. / / bi bi / /
Tp+,p_ = {((O{l, 012)7 (a]»az)) € 7;7_: p— 7’17_: p— | o] = a] /\a2 75 052}.

Fix any (7, 7") = (1, @2), (a1, @))) € Yp, »_. We set

F(t,7') = Fy, ® Fo, ® Fy,.
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For A € U(L), we define the following operator J; /(A) on F(z, t'):

A+ A (A) + A (A) on Fy,

j /A =
ne(4) {A on Fo, @ Fy.

Then, by Proposition 3.1, we have
Jr 1 (AB) = J; 17 (A)J; o (B), forany A, B € U(L).

Thus we see that J; - defines the structure of a Virasoro module on F'(z, t’). Similar
to Proposition 3.3, we have the following proposition.

Proposition 3.4 For any (t,t') = (a1, @2), (@1, 05)) € Yy, p,_ and n € 7, the
Jr /(Ly) action on the vector subspace Fy, C F(z, ') is given by

Jt,r/(Ln) =L, + [0, an] + [0, anl.

Definition 3.7 For (7, 1/) € Yp, . p_» we define the following finite length submodule
of the staggered module (F(z, t'), J7 ¢/)

P(z, ") i= Jp v (U(L)).vr,

where v; is the vector of Fy, defined by (3.3).

We define the subset Tg/g‘,‘pf C Yp, p_as

Mi
Tp_:r,lp_ = {((ar,s;()v O‘rv,s;l)v (ar,s;Os ar,sv;—l)) |1 <r<pst, 1 <s< P—}-

/ Mi
Theorem 3.3 For any (z7,1') € ijflp_,

rithmic couplings are the same as those of P(t) and P(t'), respectively.

P(t, 1) has two subquotients whose loga-

Proof Fix any element
Mi
(r,7) = ((or 5,0, v 5:1)5 (@r 5505 A sv;—1)) € Tp:flpf-
Let us consider the staggered module P (z, t/). By Proposition 3.4, we have

(Jeor(Lo) — hpv s )vr = —ray QU (wr) — sa— 0% (vy), (3.11)

where v; € F; .0 is defined by (3.3). By using Theorem 3.1 we have
1 ,
T (87,50 (Sr.e)ve = 5 ety 0 = PR, (0 (ve) + 0" (v)). (3.12)

@ Springer



44 Page 180f 19 H. Nakano

By (3.11) and (3.12), we see that P(z, ') has two submodules J; /(U (L)).Q' (v;)
and J; /(U (L)). Q[f] (v7), and the logarithmic couplings of the quotient modules

P(t, ')/ Jr o (UL)).0% (vy), P(t, )/ I (UL)).07 (vr)

are the same as those of P(7) and P ('), respectively. O

4 Future works

In this paper, we have constructed the infinite length staggered Virasoro modules
(F(t), Jr) and (F(z, '), J; ) using certain limit operations. We have not examined
the detailed subquotient structure of these staggered modules. If we try to investigate
the structure of these staggered modules directly from the definitions, we will have to
calculate the actions of any modes of the screening currents QE:] (z). The results of
classification for isomorphism classes of staggered modules by [14] are considered
important to avoid the difficulties of direct calculation.

It is known that there is a constant difference between the logarithmic coupling
B (L) associated with a given rank two staggered module A and a certain constant E Q)
characterizing the two point function (Y, (z) ¥ (w)) [3, 10], where ¥, (z) is the field
which generates A. As shown in [10, 22], this constant E (A) also has a limit formula
similar to B(A). It is an interesting problem to examine the explicit formula of E (A) in
the case of A = F'(7). We believe that the value of the image of the screening operators
[4, 17, 21] is important to investigate this problem.

We believe that our limit method is valid for other models as well. For example, in
the case of staggered modules of N = 1 superconformal minimal models [2], we can
construct certain staggered Neveu—Schwarz modules, by gluing Neveu—Schwarz Fock
modules. The theory of admissible Jack polynomials [1] is considered to be important
to investigate the logarithmic couplings of these staggered Neveu—Schwarz modules.
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