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Abstract

Aganagic and Okounkov proved that the elliptic stable envelope provides the pole
cancellation matrix for the enumerative invariants of quiver varieties known as vertex
functions. This transforms a basis of a system of g-difference equations holomorphic
in variables z with poles in variables a to a basis of solutions holomorphic in @ with
poles in z. The resulting functions are expected to be the vertex functions of the 3d
mirror dual variety. In this paper, we prove that the functions obtained by applying
the elliptic stable envelope to the vertex functions of the cotangent bundle of the full
flag variety are precisely the vertex functions for the same variety under an exchange
of the parameters a <> z. As a corollary of this, we deduce the expected 3d mirror
relationship for the elliptic stable envelope.
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1 Introduction

The goal of this paper is to discuss a specific example of 3d mirror symmetry (some-
times also called symplectic duality) from the perspective of enumerative geometry.
3d mirror symmetry originated in three-dimensional supersymmetric gauge theories.
The low energy dynamics of such a theory are governed by the geometry of the moduli
space of vacua. The Higgs and Coulomb branches are algebraic varieties that give two
components of the moduli space of vacua, see [3, 18]. 3d mirror symmetry expects
deep relationships between the geometry of the Higgs branch of a theory and the
Coulomb branch of the dual theory.

One such expectation deals with the problem of curve counting. In many cases, the
Higgs branch can be constructed as a Nakajima quiver variety X. Using the enumerative
theory of stable quasimaps to a geometric invariant theory quotient from [4], one can
package the K -theoretic equivariant count of genus 0 curves in X into an object known
as the vertex function, see [20] Section 7. The vertex function is a power series

V(@) € Krcx (Otoellz]]

where

e Tis atorus that acts on X.

e CJ acts naturally on the domain P! of quasimaps and trivially on X.

e z is a collection of variables inserted to keep track of the degrees of quasimaps.

e [oc stands for localized K -theory.

The variables z are usually referred to as the Kéhler parameters of X. In the case,
where X has finitely many T-fixed points, one can restrict the vertex function to the
fixed points to obtain a collection of vertex functionsAlthough V) (a, z) depends on
g, we omit it as an argument.

Vp@.2)' =) cala. h.)z? € Kyocx (phiocllzll. p e X7
d

where £ is the T-weight on the symplectic form on X and a stands for the equivariant
parameters of the torus A := ker(%) C T. The vertex functions are known to satisfy

1 Although V), (a, z) depends on ¢, we omit it as an argument.
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certain g-difference equations in both the variables a and z. In some cases, the Coulomb
branch X' can also be constructed as a Nakajima quiver variety?, in which case one
can ask: what is the relationship between the vertex functions and difference equations
of X and X*?

Another side of the story involves elliptic stable envelopes. Elliptic stable envelopes
were defined in [2] for Nakajima quiver varieties in order to identify the monodromy
of the difference equations. Let Stab(p) be the elliptic stable envelope of p € X' for
a certain choice of polarization and chamber (to be explained below), see [2, 25] for
precise definitions. The elliptic stable envelope Stab(p) is a section of a certain line
bundle over the extended T-equivariant elliptic cohomology scheme of X. If X7 is
finite, then one can restrict these sections to obtain a matrix

Stab, , := Stab(p)|,

The entries in this matrix are certain combinations of theta functions in the parameters
a and z.

The vertex functions V), (a, z) are known to be holomorphic in z with poles in a.
In [2], it is proven that for the correct choice of polarization and chamber, the matrix
of restrictions of the elliptic stable envelopes provides the pole cancellation matrix of
V) (a, z) and gives another set of solutions to the same system of difference equations.
In other words,

B, := Y Stab,,V,(a.2) €]

rex?’

has no poles in a certain neighborhood of a point on a toric compactification of A.
Hence, we can expand B), as a power series

B, =Y va(z,h q)a’
d

One expectation of 3d mirror symmetry is that under the correct normalization, (1) is
the vertex function of X'. For such a statement to make sense, we must have a bijection
on the fixed point sets

!

b:XT<—>X!T

as well as a way of exchanging equivariant parameters with the Kihler parameters:

!
<> a

!
a <— 7

2 In general, the Coulomb branch corresponding to a type A quiver variety can be constructed as a bow
variety, see [17, 22]. The combinatorial tools for studying vertex functions of bow varieties have not yet
been developed.
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100 Page 4 of 31 H. Dinkins

This result has been proven in the case where X is a hypertoric variety in [27], as
well as for the vertex function at a particular fixed point for the cotangent bundle of
the Grassmannian in [6]. As far as we are aware, this has not been proven for any
other examples. Related results pertaining to quantum K -theory for instanton moduli
spaces were obtained in [13]. For the Hilbert scheme of points in the plane, and more
generally, the Hilbert scheme of points on minimal resolutions of type A singularities,
consequences of 3d mirror symmetry were explored in [15, 26].

In this paper, we study the case when X is the cotangent bundle of the full flag
variety in C". In [23], the authors study 3d mirror symmetry from the perspective of
elliptic stable envelopes and prove that in this case

xX'=x

i.e., the cotangent bundle of the full flag variety is 3d mirror self-symmetric. A crucial
part of their argument involves the elliptic weight functions introduced in [24]. In [23],
certain combinatorial properties of the weight functions are interpreted in light of 3d
mirror symmetry as a relationship between the elliptic stable envelopes of X and X".
This example has also been studied from a physical perspective in [5], where 3d mirror
symmetry is studied in various limits.

Here, we revisit the identification X' = X from the perspective of vertex functions
as explained above. Fixed points on X are naturally indexed by permutations / =
(I, ..., I,) of n. The bijection on fixed points is given by

b:] «s 1 =1

We define the identification « of the equivariant and Kahler parameters in (7) below.
Then, our main result is:

Theorem 1 (Theorem 4) Let X be the cotangent bundle of the full flag variety and let

(StabI»J)I,JeXT

be the restriction matrix of the elliptic stable envelope for the choice of polarization
and chamber given by (3) and (4), normalized as in Definition 7. Then,

Vi@, 2=« ) Stab; ;V;(a,2)
JexT

where V; (a, 2) is the normalization of the vertex function given by Definition 6.

In other words, we prove that the elliptic stable envelope provides the transition
matrix between the vertex functions of X and X' = X, where the roles of the equiv-
ariant and Kihler parameters are switched for X'.

Our proof relies on [12, 14], in which the difference equations satisfied by the vertex
functions in a and z are identified via the Macdonald operators (see Propositions 2
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Fig.1 Quiver data for the n

-1

cotangent bundle of the flag Y R

variety [
|
n

_.
[N

and 3). In [19], the authors prove that solutions of these equations of a particular form
are uniquely determined by their leading coefficient. In light of this, along with the
results from [2], in order to identify

K Z Stab111‘7](a,z)
JexT

with the vertex functions of X', it is sufficient to calculate the leading coefficient. This
is done by using the known diagonal and quasiperiodicity properties of the elliptic
stable envelope. Along the way, to connect our results with those of [23], we define
the elliptic weight functions and identify precisely which choices of polarization and
chamber are needed to relate the weight functions to the elliptic stable envelopes.

As a corollary of our main Theorem, we obtain a simple proof of the main result
of [23], which states that the inverse of the restriction matrix of the elliptic stable
envelope of X is equal to that of X' after applying x and appropriately permuting
the rows and columns. Another interesting application of the results of this paper to
K -theoretic stable envelopes are explored in [7].

2 Description as a quiver variety

2.1 Definitions

We construct the cotangent bundle of the full flag variety in C" as a Nakajima quiver
variety. Fix n € N. We consider the quiver with n — 1 vertices, with dimension

v=(vi,Vv2,...,.Vu-1) =(1,2,...,n = 1)

and one framing of dimension of n at vertex n — 1 (Fig. 1).
The Nakajima quiver variety associated with this data is a geometric invariant theory
quotient with respect to the group

n—1

G=[]6Lw

i=1
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100 Page6of 31 H. Dinkins

where V; is a vector space of dimension v;. As the stability condition, we choose the
G-character

n—1
0:G—>C*, (g []detg

i=1

By [9] Proposition 5.1.5, the 6-semistable points consist of maps so that V; — V;_
are surjective for i € {1, ..., n}, where V,, = W is the framing vector space. Thus,
the quiver variety X is the cotangent bundle of the full flag variety.

2.2 Torus action and fixed points

The maximal torus A of GL(W) acts on X. After choosing a basis {e; };eq1,...,

¢ n) S0 that
W = C", this action is induced by the action of A = (C*)" on W given by

W1y eoyttn) - (X1, ey X)) = (U] X0, 1y )
An additional torus C; acts on X by scaling the cotangent data, which is given by the
maps V; — V;_y fori € {1,...,n}, by Bl

We define

T:=AxC;
The torus A C T preserves the symplectic form of X and T/ A scales it with character
h. Also, the action of A is not faithful, but has kernel (u, u, ..., u) € A. We write A
for the quotient by the diagonal subgroup, and denote

T=AxC;
Coordinates on A will be denoted by a; = u; /u;+1.

The T-fixed points on X are given by data for which the vector spaces V; are spanned
by coordinate vectors of W. Then, ker(V; — V;_1) = Spanc{es,} where we assume
that Vp = 0, and the tuple (/1, ..., I,) defines a permutation of n.

The vector spaces V; and W descend to vector bundles V; and VV on X. It is known
that Pic(X) = Z"~! is generated by the tautological line bundles

L; :=det); 2)
see [16]. We define the Kihler torus
K := Pic(X) ® C*

and write (z1, ..., z,—1) for the coordinates on it. These coordinates are usually called
Kihler parameters.
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2.3 Polarization and tangent space

Elliptic stable envelopes were defined for Nakajima quiver varieties in [2]. The defini-
tion presented there depends on a choice of a polarization. The choice of polarization
controls the g-periodicity of the stable envelopes, see [2] Section 3.3.

A polarization of X is the choice of a K-theory class T!/2X so that the tangent
bundle decomposes as

TX =T'"?X + im(T'?X)" € K1(X)

There is a natural choice of polarization for X, given in terms of the tautological
bundles V;,i =1,...,n —land V, = W by

n—1 n—1
T'PX =)V ®@Viei— ) VY @V € K1(X) 3)
i=1 i=1

(i) ...

In terms of the Chern roots x, ’, xl(i) of V;, this is given by

i+1 i
712X = Z Z (,) (Z k’“)) > — (,) (Zx(’)>EKT(X)

i=1 \j=17%; j=1%j
At the fixed point given by a permutation 7 of {1, 2, ..., n}, the tangent space can be
calculated by substituting for the Chern roots x( D=y 1;- So in terms of the coordinates
on A,
i i+l u i i u
1/2 Iy Iy
I3 ) DEd D) By
i=1 j=1k= 1 j=lk= l
= Y ek
1<j<k<n 1
Thus,

ur.
nx= Y Zapt Y Lekrpn
u

1<j<k<n "i 1<j<k<n 1k
2.4 Chamber
The elliptic stable envelope depends additionally on the choice of a chamber in
LiegrA = cochar(A) ®7z R
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100 Page8of31 H. Dinkins

where cochar(A) denotes the cocharacter lattice of A. In the case of a variety with

finitely many fixed points, the chamber controls the diagonal entries of the matrix of

restrictions of the elliptic stable envelope, see [2] Section 3.3 and [25] Section 2.13.
A chamber is a choice of connected component of

LiegA — | J{o € LiegA | (0. w) = 0)

w

where the union is taken over all A-weights of the tangent spaces at the fixed points and
(-, -) denotes the natural pairing on characters and cocharacters. A choice of generic
cocharacter o of A gives a chamber €, and the dependence of the chamber on the
cocharacter is locally constant. The tangent space at a fixed point decomposes into a
direct sum of A-weight spaces

T/ X = QB Vi (w)

weHom(A,C>)

A choice of chamber given by a cocharacter o decomposes the tangent space at a fixed
point / into attracting and repelling directions:

T;X =N/ +N;

where
Nf= @ Viw)
w
(o,w>>0
Ny= @B Vviw
w
(0,w)<0

Since the fixed point set is finite, every direction is either attracting or repelling.

Definition 1 The index bundle with respect to € at a fixed point 7, written ind%, is the
attracting part of the polarization restricted to /.

In our case of the cotangent bundle of the full flag variety, we fix once and for all
the cocharacter

oiur (L u o uh, ueC* 4
and denote the corresponding chamber as €. With respect to this chamber, attracting
weights look like u; /u; where i < j, or equivalently, like monomials with positive
powers in ;. Explicitly, we have

T;X =N/ +N;
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where
_ uj _ ui;
= Y My
; ui; ; ur,
1<j<k<n 7/ 1<j<k<n
1k>lj Ik<lj
ujy _ ur;
Ni= Y Mgty M
urg. ur
I<j<k<n 1 I<j<k<n 'k
I <lI; Iy >1;
Given a permutation / = ([1,...,1,) of n, we define the ordered indices
- (k) - (k)
i), ..., 0 sothat
.(k L (k
{lf)<...<l,£)}={l1,...,1k}

Definition 2 For permutations / and J with ordered indices i,(,f ) and j,g,k), we define

[<J < i%<j®forallk=1,....,n—landm=1,....,k (5)

In what follows, we will also denote by < an arbitrary refinement of this partial order
to a total order.

2.5 Vertex functions

The vertex function is an important enumerative invariant of a Nakajima quiver variety
X. The vertex function is defined as the generating function for a virtual K -theoretic
equivariant count of quasimaps from P! to X. When restricted to a fixed point, the
vertex function gives a power series in the Kihler parameters, with coefficients given
by rational functions in the equivariant parameters and g, the coordinate on the torus
(C;< which acts on the domain P! of quasimaps. In the setting of elliptic cohomology,
g plays the role of the modular parameter of the elliptic curve C* /¢, and we assume
that 0 < |¢] < 1.

A central property of the vertex functions is that when normalized properly, they
give a basis of solutions to a system of g-difference equations in both the equivariant
and Kihler parameters, see [21]. The vertex functions are holomorphic in the Kih-
ler parameters with poles in the equivariant parameters. Rather than review all the
necessary theory here, we refer the reader to [20] Section 7, [1, 4] Section 1.

For the specific case of the cotangent bundle of the full flag variety, the vertex
functions have been studied in [12, 14]. In particular, explicit formulas were given for
the vertex functions and the systems of g-difference equations solved by the vertex
functions were identified. We review these results here.

For an indeterminate x, we define

) =0 ~xq")

i=0
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The g-Pochammer symbol is given by

and the odd Jacobi theta function is defined by

9 (x) = (12 = x 7V (gx)p(g/x)

This function satisfies
1
9(1/x) = =9 (x) and 9 (gx) = —qlTxﬁ(x) (6)

For a vector bundle V on X, written in terms of its Chern rootsas V = x| + ...+ x,,
we define

DY) = H(p(xi) and O(V) = ]_[ B (x;)
i=l1 i=l1
We extend this to K7(X) by

r r

O(—V) = ]_[ and O(=)) = ]"[

i=l1 i=1

1
0(x;)

@(x;)

The function ® (V) pulls back under the elliptic Chern class map to a section of the
Thom class of the bundle ) over the elliptic cohomology scheme of X, see [2] Section
2.6, [8] Section 6.1, and [25] Section 2.6.

Quasimaps from P! to X come equipped with a notion of degree. The quasimap
moduli space from which the vertex function of X is defined is the disjoint union
of quasimap moduli spaces for each degree. The choice of stability condition for the
quiver variety determines the set of degrees for which the moduli spaces are nonempty,
see [20] Corollary 7.2.15. For the cotangent bundle to the full flag variety, the following
definition gives the set of such degrees, see [14] Section 3.

Definition 3 We define C C Z x Z? x ... x Z"~! as the collection of integers d; ;
wherei € {l1,...,n—1}and j € {1,...,i} so that

o d;i j >0foralli, j.
e Foreachi € {l1,...,n — 2}, there exists {ji,...,ji} C {l,...,i 4+ 1} so that
di > diy, j, forall k.
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Theorem 2 [14] Theorem 3.1 The vertex function of the cotangent bundle of the full
flag variety, restricted to a fixed point 1, is given by the following power series:

ulk
n—2 i i+l (hu )
’ i j—di+1k

Vi) = )z HHI_[()—’

dijeC i=1 j=1k=1

uy ;
1 i (quk.> n n— l(hu>
nl

lj_ ik
[TI1
1 j,k=1 (h#) i=1j=1 (q;{,l >

d;,j—di !

n

J

i

dn-1,j

where z¢ Hz—l ]_[ 12 l”.

Note that our normalization of the vertex functions differs from that in [14] by absorb-
ing various powers of g and # into the Kihler parameters.

2.6 Difference equations

Definition 4 For 1 < r < n, we define the Macdonald difference operators by

D, (x; q, 1) = tr(r+1)/2 rn Z l_[ Ixi — xl nTx

Jc{l,...n}ieJ ie
J=r J&J

where x = (x1,...,x,) and T]" : x; = qx;.

For our purposes, these difference operators will act either on the space of rational
functions in x so that none of the denominators vanish or on the space of formal power
series in x with coefficients in some ring.
We introduce new parameters ¢; related to the Kéhler parameters by
Si h

Civ1 g

and write the vertex functions V;(u, z) as Vi (u, ¢).

Definition 5 For each fixed point / € X', we define a factor

B0t T (g, (g /0"
arw.¢.0 =1 =500

i=1

Proposition 1 This factor satisfies the following transformation properties:

e _ —i, —17pe
Troaj(u,&,t) =oar(u, &, 0" ’uli T

1
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100 Page 12 0of 31 H. Dinkins

Tl (u, £, 0) =y (u, £, 0)(q/t)" e T

Proof This follows from direct computation using (6). O

For the sake of g-difference equations, the following function gives an equally good
alternative choice

n—1
1 » .
ar(u, §, 1) = exp (—m E ln(zi)]n(£i|1t1(1+1)/2—m)>
i=1

exp (—; In(g,) In(uy . .. unt”“”w))
In(q)

Definition 6 We defined normalized vertex functions by
- 1/2
Vi, 8) = ar@ u, g = DT, X) Vi@, 8)

Proposition 2 [12] Theorem 2.6 For all fixed points I, the normalized vertex function
is an eigenvector of the Macdonald operators:

D& g, Vi, &) = e (™ )Vi(u,8)

where e, (u™") denotes the rth elementary symmetric polynomial in u™".

Proof Observe thatthe term o7 (1, ¢, h) has the same g-periodicity in ¢ as the prefactor
in Theorem 2.6 of [12]. Furthermore, the term ®((g — h) Tll/ ’x ) only involves the
equivariant parameters, so it does not affect the g-difference properties in the variables
¢. Now, the result follows from Theorem 2.6 in [12]. m]

Similarly, we have

Proposition 3 [14] Theorem 4.8 For all fixed points I, the normalized vertex function
is an eigenvector of the Macdonald operators:

(q/B) VD, (u; q,q/m)Viw, &) = e (¢ HVi(u, &)

where e, (¢ ') denotes the rth elementary symetric polynomial in £ .

2.7 The dual variety

We denote by X' another copy of the cotangent bundle of the full flag variety, con-
structed as a Nakajima quiver variety in the same way as X above. In particular, we
assume the choice of stability 6" is the same.

This variety is equipped with the action of a torus "IV'!, with quotient torus T'. We
write "‘!11 e, ufw ! for the coordinates on T! and ai, el ajl_ 1 1! for the coordinates
on T'. We choose the same chamber as for X , and denote a generic cocharacter in the
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chamber by o'. As before, the choice of chamber provides a decomposition of the
tangent bundle at a fixed point '

TpX' =N + N[ e Kn(pn
into attracting and repelling directions.

Similarly, the Kdhler torus of X " has coordinates z!l, el zl!l_l. As discussed in the
introduction, 3d mirror symmetry expects the existence of a bijection

1

X" s x'T
and an isomorphism of tori
K:TXKXC;—)T!XK!XC;
In our context, we define the bijection on fixed points as
[« 17!

For uniformity in our formulas below, we prefer to write I' for the inverse permutation
I~'. We define « by

|
zi > Rha;

qrq @)

As in the case of X, we define new parameters ;“1!, R ;“,’l related to z} by

The parameters ¢; and ;‘i! can be thought of as coordinates on extensions Kand K’ of
the Kihler tori. In this language, the map « is induced by the map

given by
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100 Page 14 of 31 H. Dinkins

Abusing notation, we will also write this map as k when it appears in what follows.
From the explicit form of «, it is easy to verify that the differential of «, restricted
to suitable subtori, satisfies

dik(o) =6' and dk(0) =o' 8)

This is an expected property of 3d mirror symmetry, see [11] where the property (8)
is part of the definition of 3d mirror symmetry.

2.8 Limits of vertex functions
Given a choice of chamber € determined by a cocharacter o : C* — A, we define

Vp(Og, 2) := u])iglo Vp(o(w), z) )

Since all equivariant parameters appear in terms of the form
1 —wu;/u;j
1 —wu;/uj

for some w, w’ € Q(q, h), this limit is a well-defined element of C(g, h)[[z]].
For our choice of chamber in (4), we have

Proposition 4
k (Vi(0¢,2)) = ©((g — h!)N;T)

Proof Recall that attracting directions of the tangent space look like u; /u ; fori < j.In
the limit of the vertex function with respect to the chamber &, these weights contribute
terms of the form

1 —wa

lim =
a—01—wa

for w, w’ € Q(q, h). Repelling weights contribute terms of the form

. 1 —wa w
lim = —
a—oo 1 —w'a w

/

So if a is an repelling weight, we obtain contributions of the form:

. (ha)y (ﬁ)d
lim = (-

a— 00 (qa)d q
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Putting this together with Theorem 2, we find that

n—2

- (W, e (Wdy j—dig,
Vy0e,2)= ) z ]‘[ = ']‘[1‘[ L]
di jeCy i=1 (q)d"_l’ i=1 (q)dl j—dit1,j
’i_[zlL[ ﬁ di../—di+1,k”1;[1 ll_[ (C_I)di,jd,-,klﬁ[’ﬁ n dyi
L h 111 q
i=1j=1 k=1 i=1 j,k=1 i=1j=1
le=1; Ii>1; i>1;

Now, define indices f; x so that
di—1,j—drj k<n
fj,k — { J J

dp—1,j k=n

We observe that

[T G a-fit=21

1<j<k<n

Furthermore, the g-Pochammer terms in V), (O¢, z) give

”l-[lm)d,, ¥ 1-[ S Wy diry _ [

o1 @i i 1 (@d; j—di 11 1<j<k<n (@) £

A proof by induction on the order < from Definition 2 can show that the rest of the
terms combine to give in total

I k—j+8(Ij<I)
1_[ (Y q(a) Zj .. Zk—1

A k—j—1+8(j<Iy)
I<j<k=n ¢ (3) Zj .. Zk—1

where §(a < b)is 1 ifa < b and 0 otherwise. Applying the map «, this is clearly seen
tobe ®((g — BYND). o

3 Weight functions and elliptic stable envelopes

3.1 Definitions

Following [24], we define elliptic weight functions associated with the cotangent
bundle of the full flag variety. We will show that these coincide with the elliptic stable

envelope of X. For a further discussion of elliptic weight functions and their relation
to stable envelopes in the case of the cotangent bundle of the Grassmannian, see [10].
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100 Page 16 of 31 H. Dinkins

The weight functions depend on the parameters

e w; for 1 < j < n, which we abbreviate by w.

° t](.k) forl <k <mand1 < j <k, where t;”) = w;. We abbreviate by t® the
(k) t}gk)

variables ;" ..., and by ¢ the variables t gD,
e u;jfor1 < j <n, which we abbreviate by u.
o

We will identify these with the parameters of X in (10) after discussing the main
properties of the weight functions.
Let

n—1 k k+1 k l?(ht(k)/ta(k))
Urtt.w. b = [ (n I w,,k,a,caskw;k») [] 20 fa )

k k
peatr D0 /1)

k=1 \a=Ic=1
where
9 (x) i o
(k)
19<Xh75(1’(+' <la Dy a)/uk+1>
o L (k+1 . (k
Vikae(x) = —5 it =i
’9<h_ Ukt 0<la ) 1y g ey k1
9 (x/h) D 0
Here, the index j(I, k,a) € {1, ..., n}is the index so that
Lt kay = i
and
1 a<b
8(a <b) = .
0  otherwise
Let
n—1 k
k
E, by =[] [] »ta,” 1)
k=1a,b=1
and

Ur(t, w, h, p)

Ur(t, w, i, p) = 5

Define the symmetrization of a function of £ by

k k k k
Syml(lof(tl( ), e t,& )) = Z f(ti({), e tr((,)c))

TESK
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Define
Wit w, h, w) =0 h )" D28ym,q) ... Symu-1Up (¢, w, h, )

Wi (t, z, h, p) is known as the elliptic weight function, see [24]. We will need the
normalized weight function

Wi(t, w, h, p)
E(t. h)
= z?(h_l)”(”_l)/ZSymtm ... Symyn1 171 (t,w, h, pn)

Wit w, h,p) =

3.2 Properties of the weight functions

Although our normalization differs slightly from that in [24], the proofs of all of the
properties of the weight functions stated below can be obtained from straightforward
modifications of the proofs of the analogous properties in [24] Section 2. For a function
f(@),let f(wy) denote the result of substituting t;k) = w,® in f.

J

Lemma 1 [24] Lemma 2.4 W[(Wj, w, h,u) =0unless I < J

Next, let

Pr(w, by = [ #wp/wy) [ oGws/wy)

k<l k<l
I1<Iy I <1

Lemma 2 [24] Lemma 2.5
Wi(wr, w, b, p) = Pr(w, )

Define the functions

n—1 k k+1 n—1 (k) (k)

O (Apgr1/ ety 1)
G.w hwy=[TTTTToc "/ T] vy B
k=1 a=1c=1 k=1 ﬁ(thJrl/Mk)ﬂ(t] ety )

and

Gi(w, h, p)
V(O ([ Ti<j<k<n wi /wr;) 1
— I9L(h)N(1) /f<lk k J 1_[ ﬂ(wll e wlk)ﬁ(hﬂk+l/,uk)

O (A Ti<j<kzn wi /wi;) D(wr, - wp b1/ k)
Ij<Iy

k=1
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where N (I) is the number of non-inversions of I:

N() = Z 1:'1("7_1)— Z 1

1<j<k<n 1<j<k<n
Ij<Iy Ij>Iy

Let

Git,w, h,p) =G, w, h, WGr(w, h, p)

Lemma 3 [24] Lemma 2.3 The ratio Wi (¢, w, h, )/ G(t, w, h, p) does not change
when any of the variables t, w, u, and h are shifted by q.

As a result, we deduce:

Lemma 4 W, (t, w, h, p) has the same transformation properties as
Gi(t,w,h, w)/E(t, )

under shifts of the variables t, w, i, and h by q.

3.3 Elliptic stable envelopes

We identify the Chern roots, equivariant parameters, and Kihler parameters of X with
the weight function parameters by

h— h
t(gk) — l/xék)

Wj/ij1 > hz;
w; = l/u,- (10)

Under this identification, Lemmas 1, 2, and 4 give us the following three lemmas.

Lemma 5 WI(xJ, u,h,z) =0unless I < J.

Lemma 6 The function VT’I (x, u, h, z) has the same transformation properties as
1

ﬁ(ﬁ_l)ﬂ(detind,_Q)'ﬁ H(zi L) rﬁl‘/‘(ﬁkll)ﬁ‘(Zk)

@(h)rk(illdyc) @ (TI/ZX) L
9 (h~! detind; ) B (z1) 0 (Lk) O (Lrlrzk)

k=1 k=1

under shifts of the variables x, u, z, and h by q. Here, L; denotes the tautological line
bundle from (2) and ind;G denotes the index bundle from Definition 1.
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For a function f(x), we write f(x;) for the substitution xj.k) =uy; into f. Then,

Lemma 7
Wixr,u, h,z) = (=)' D2ple;h)

where (—1)! is the sign of the permutation 1.
Combining these facts gives

Theorem 3 Up to a sign, as sections of a line bundle over the elliptic cohomology
scheme of X, the weight function coincides with the elliptic stable envelope:

Wr(x,u, b z) = (—=1)" D2 (D) Stab_ ¢ 7105 (1)

Proof Recall that elliptic cohomology classes are defined as sections of a particular
line bundle over the elliptic cohomology scheme. In [2], the elliptic stable envelope
is defined as the unique elliptic cohomology class satisfying two properties. The first
property is a support condition, which says that Stab_y 71,2y (I) is supported on the
full attracting set of / with respect to the cocharacter —o, see Section 3.3.5 of [2]. A
simple calculation shows that the order < of Definition 2 coincides with the partial
order by attraction with respect to . The second condition is an explicit identification
of the restrictions Stab_ ¢ 7125 (1)|;. As explained in [25] Section 2.13, this condition
requires that

Stab_g 7125 (D1 = O(N;)

Lemma 6 means that VT/I (x,u, h, z) is a section of the right line bundle over the
elliptic cohomology scheme of X. In other words, it is actually an elliptic cohomology
class.

Lemma 1 is precisely the support condition.

After multiplication by (—1)"®~D/2(—1)! Lemma 7 is precisely the condition on
the restriction Stab_g 7172 (1)[;. O

In what follows, we write
Staby ; = Stab_¢ 7125 (1)]s

with the choice of chamber and polarization understood.

4 3d mirror symmetry of vertex functions

Definition 7 We define a new normalization of the elliptic stable envelope by

det TII/ZXK_I(det Nﬁr) k! (b @', g RY)

det N k='(det T)/°XY) ey, & h)

Stab; ; =
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100 Page 20 of 31 H. Dinkins

—1 1/2 1
sab,, < H(OT2X))

(o) o(T,*X)

Our main result is:

Theorem 4

Via' 2y =« | > Stab; ;V;(a.z)
JexT

We refer to this by saying that the elliptic stable envelope is the transition matrix
between the vertex functions of X and the vertex functions of X'.

__ Alternatively, by canceling the repeated transcendental factors in Stab; ; and
Vj(a, z) and using Lemma 10, this is equivalent to

Theorem 5

V!,z(a!,z!) =K Z StabLJVJ(a,z)
JexT

where V(a,z) = ®((g — WN;)Vi(a, z) and

det T)*X det N Staby

Stab[,j =
det T7)* X det N} ©(N)

The formulation of Theorem 4 reflects our preferred normalization of the vertex
functions and is particularly transparent for analyzing the g-difference properties. On
the other hand, Theorem 5 better reflects the pole cancellation properties of the elliptic
stable envelope, see the discussion in the proof of Theorem 4.

Our goal in the remainder of this paper is to prove this theorem. From Propositions 2
and 3, we know that the vertex functions are eigenvectors of the Macdonald operators.
In [19], it is shown that such functions are essentially uniquely determined by their
leading coefficient. In what follows, we will use the known properties of the elliptic
stable envelope to compute the leading term of the right-hand side of Theorem 4. It
will be apparent that it agrees with the leading term of the left-hand side.

4.1 Various normalizations

As a function of the Chern roots of the tautological bundles and of the Kahler param-
eters, let

n—1

(L) (zi)
cwd =550
i=1
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This function transforms as follows:

e(x, Dl o_, o = elx, 2)z
J J

e(xv Z)lz,‘:t]Zi = e(x, Z)‘Ci (1])

From the perspective of g-difference operators in u, the function e(x, z) is equivalent
to

In(gy) In(uy ... uy)
In(g)

ar(u, &, h)exp(—

Definition 8 We define a further normalization of the elliptic stable envelope by
Sy =e(xr,2) 'O(N;) "' Stab; se(x, 2)

Lemma8 Sy ; is g-periodic with respect to shifts of u and §. Furthermore, Sy 1 = 1.

Proof The first claim follows from the known g-quasiperiodicity of the various func-
tions from Lemma 6, Proposition 1, and (11). The second claim follows from Lemma 7.

O
Tracing back the definitions shows that Stab;_; is related to S;_j by
det 7, X~ (det N} X1) =1 (o) (', ', 1Y)
Stab; ; = 2
det Nj k= (det T,/ "X ay(u, &, h)
—1 1/2 1
« <®(T1! X>) ex;.7)  ON]) 1)

S1,J
@(TJI/ZX) e(xy,z) 1 (@(N;T))

Lemma9 If ¢; or u; is shifted by q, then Stab; j is scaled by a factor of h'™" and
(q/W)"~Y, respectively.

Proof This follows from a direct computation with (12). O

Proposition 5 For each I < J, the operator D,(u; q, q/h) acts diagonally on
Stab; 1V (a, 2)

with eigenvalue e, ().
Proof This follows from Lemma 3 and Lemma 9. O

We also need the following lemma.
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Lemma 10

OWNH®(g =T, X) _

172

g — N
O, (X))

Proof Formula (106) in [2] gives

(g —WT'2X)  (detT'2Xx)""/2
er'2xy T o(TXY)

So the left-hand side of the Lemma is equal to

O(N;)
(det T, X)1 /20 (T; X V)

We have

OW) _ w!2(1 = w™He(quw)e(g/w)
PTIXD e o(1/w)g (hw)

_ 41172 p(qw)
= (det N;") I o)

wecharr(N])
= (det NH'?@((q — )N[)

from which the result follows.

4.2 Proof of Theorem 4

If we multiply both sides of Theorem 4 by

det T'/2 x!

I!

and use Lemma 10, we see that Theorem 4 is equivalent to

ap@, g, Y®((g =NV, 2 =« | Y ArsVi(a,2)

JexT

=L S (ot 8B ) Saby oy @, g TN OT)
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We proceed with a few lemmas before proving Theorem 4. For a function f (a) of the
equivariant parameters, we denote by

(}lgb f(a) = f(O¢)

where f(O¢) is as in (9), assuming this limit exists. Since a; = u;/u;+1 and by our
choice of chamber €, this is equivalent to sending each g; to zero.

Lemma 11 IfI < J and I # J, then

1 ~
lim A jVi(a,z) =0
o0 Tt g

Proof Using (12), we rewrite the term inside the limit as

1
P! (a!l(u!’ ;!7 h'))

det TII/ZX e(xy,z) aj(u, &, h) @(Nf)
det Ni e(xy.2) as(. &, 1) o(T)/*X)

S1.uVi(a,z)

det T11/2X e(xr,2) ONHP((g — h)TJl/ZX)

= SruVi(a, z
det N e(xy.2) oT,*X) nivie.2)
Using the identity
®((q —WT,*X)  (detT)*x)"1/2
o(1,*x) o(IyX
we further rewrite this as
det T}°X e(x;,2) O(N;)(det T, x)~1/2
T v Sr.yVi(a,z)
det N,” e(xy,z) (T, X)
Since |g| < 1, we can calculate the limit as @ — 0 by substituting a; = g’ia;

and sending each A; — oo. Writing this substitution as @ — ag”, the g-periodicity
properties of the terms give the following.

e The term S;_; is g-periodic with respect to shifts of a, by Lemma 8.
e As A — 00, the vertex function approaches a limit

Vy(ag*,z) = V;(0¢, 2) (15)

by Proposition 4.
e The substitution a — aq)‘ transforms the term <I>(TJV X)Lt

Ty X)~! p=0(T)X)"!

|a%aq
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uy
h—k ")
uj Ap Ay
( Ayt +A/ 1 fuy, k J (A,k+...+xj.,1+1

2./ )

[ . 4
1<j<k<n ( ujk) Jj
: u
Te<dj A ethy;

uyj )
i
(qu Ajj+...+/xjk,1 <h1 uj; )Mj +o A -1 (uj+..4+uk—|+1)

1_[ uy q 2
. 4 _-J uyj,
1<j<k<n (hu/k)x o k
Jk>Jj Jj e T A =1

The term @(N]L) is transformed as

ONgmsag?

1 )»,k+...+x,j,1 k1k+...+x,j_1
_onh [ T (w
B ! Op+tr - \u
1<j<k<n /4 * i 1
I <I;

(_l)klj"r-»-‘i‘)hlkfl 4 ”1_,' )Llj +...+)le—1
| i —— P

(Ap; 4 tAn—1) u
1<j<k<n \/‘_] / k I
Iy>1;

Combining these two expressions gives

(@(T;X)—l@(zvf)) lamagr = O(TY X)) OWN])

[
uy; )\Jk+..‘+)ujj_|
’ )‘Jk+"'+)‘-’j—1 uy,
I1 Vi
1<j<k<n <qzi> Jj
. Ji
.’k<]] J )Lj + +)Lj _

()
WJy )\.jj+...+)ujk,1

LUy )“f*'““’k—'

(-

[l 7=
. q _J uyj,
I1<j<k=n (hufk)x o k
Jik>Jj Jj e A=
“ )‘Ik+‘~~+)‘1j*1 < MI )Llj+..i+)n1k71
M (-2 [T (-n) (16
uy, u
1<j<k<n I 1<j<k<n I
Iy <lI; Iy >1;

e Substituting @ — ag” transforms e(x;, z)/e(x 7, z) into

e(x7,2)
e(xy,z)

_ e(x1 z) l—lll—[ MiteArn1—=Gg+ A ha 1)

a—ag E(xj Z) -
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and this combines with the g-contribution from

det TII/ZX
T 172
det N,/ detT,’" X
to give
e(x],2) det7)°x e(x7,2) det 7)°x

e(X7.2)\ det N det T,*X | lasagr €12\ det N} det T)* X

n—1 i A A A rg_1— g FAAy_p) n—1
1—[ 1—[ ( Zi ) 1 1=y n=1) ﬁi(x,ﬁﬁ...ﬂ\n,ﬁ(,\,ﬁl+...,\,,,1))
i=1j=1 Vi i=1

(17)
Now, we take the limit as A — oco. The g-Pochammer terms in (16) converge to
=3 1
() oG
[T ot ] = S
qﬁ) ®((g —h)NT)

. uj, . A
I<j<k<n k. 1§]<k§n¢(ﬁu
Jk<Jj ¢ (q u-’j) Jik>J; T

Combining the remaining terms in (16) and (17) gives

Fﬁ ll_[ <Zi))u1‘/.+..‘+)»”1—()»]j+..‘+)»y,1)
q

i=1j=1
)»Ik+...+)»l-—] A A
l_[ ( Mlk> j 1_[ ( - Ulj) 1+t by -1
ur. u
I<j<k<n I 1<j<kzn Tk
Iy <I; I >1;
u )‘Jk+“'+)‘fj—1 u )“J/+“'+)“jk71
(= [T (me)” 19)
uy. u
1<j<k<n Jj 1<j<k<n Ji
Ji<J; Ji>J;

By the definition of / < J in Definition 2, the power on z; in (19) is positive. So putting
together (15), (18), and (19), we see that in the neighborhood given by |z;| < |¢| and
lai| < max(1, |h]),

1 ~
lim < ArgVy(a, Z))

r—o0 \ 1 (a!l(ul’ C!’ ﬁ!))

a=aq

It suffices to consider |z;| < |g| since the expression is meromorphic in z;. This
completes the proof. O
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Lemma 12
i ! A11V1(@,2) = Vi0e. 2)
m a,z) = >
a—0 ! (oz!,(u!,;!,h!)) L ¢ ez
Proof Observe that
1 Ar1Vi(a, 2)
a,z
(e g
1 det T, X ©(N/) Ve
= a,z
/@ g hy detNF e ?x)
det T, > X ©(NHD((q — BT, > X)
— - T Vi(a, z)
det N o1, *x)
By Lemma 10, this is equal to
P((¢ —MN[)HVi(a,z)
Now, we examine the limit as the attracting weights are sent to 0. Since
plqw)
im —— =1
w—0 p(hw)
it follows that
lim ®((¢ — N =1
a—0
So the only contribution for the diagonal term is V; (O¢, z) O

Proof of Theorem 4 From (14), we have

1
P! (0‘!1(“!’ ;!’ h'))

Z A1 Vi(a,2)

JexT
det 7,°x (g —MT,*X)
= Z —+Stab]“] 1/2 VJ (aa Z)
JexT det NI ®(TJ X)

By the pole subtraction property of elliptic stable envelopes, see Theorem 5 in [2], the
expression on the right-hand side of the above equation is holomorphic in a neighbor-

hood of a; = 0. Expanding as a power series in a, we get

Y ArsVi@) =) cix)a’
d

JexT

1
P! (a!I(u!, ;!, h‘))

di>0
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Clearly,

1
co(z) = lim

ArsV)(a,
a—0 k=1 (o) @', 2', D)) Z 1,.yVi(a, z)

JexT

By Lemmas 11 and 12, this limit is

co(z) = Vi(O¢, 2)

So we have

_ A jVi(a,2) =k~ (a! u', !,h!) ¢ (z)a? 20
VI(O“)Z”J( ) AN )?du (20)

di>0
where ¢((z) = 1. By Proposition 5, (20) is an eigenvector of D, (u;q,q/h) with
eigenvalue e, (;'_1) for r € {1, ..., n}. Furthermore, formula (2.23) in [19] gives a
recursive formula for the coefficients of a solution to the joint eigenvalue problem

for the operators D, (u; ¢, q/h). Since c((z) = 1, the form of the recursion evidently
implies that ¢/, (z) € C, (z) for all d, where C, = C(q, h). Equivalently,

(e e ) Y chat e k! (o ¢ 1)) €y aiallall
d
di>0

Proposition 2 implies that

! (0‘1!(”!» ¢ V@', c!)) @1)

is also a solution to the joint eigenvector problem for D, (u; g, g/h) forr € {1, ..., n}.
It is obvious from Theorem 2 that

e (o g V@ £)) € (af @ 1) €y nllal

By Theorem 2.1 in [19], solutions of the joint eigenvector problem for D, (u; ¢, g /)
forr € {1,...,n}inside thering « ~! (ot} (&', ¢', 1)) Cy, 1 (2)[[a]] are uniquely deter-
mined by their leading coefficient in a.

We have already shown that c(z) = 1, and it is obvious from Theorem 2 that (21)
also has leading coefficient 1. Hence, we must have

> AnsVi@ ) =« (ap@l g iV 8h)

v1<0¢ 0 &

Multiypling by V;(O¢, 2), applying «, and using Proposition 4 gives (13), which
finishes the proof. O
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5 3d mirror symmetry of elliptic stable envelopes

We can use Theorem 4 to recover the main result of [23]. Let P be the permutation
matrix that identifies the fixed points of X and X'. Explicitly,

1 ifr=J""!
Pry = )
0 otherwise

Let Stab' be the elliptic stable envelope for X' for the chamber —¢' and polarization
T'/2 X" Itis equivalent to Stab, but with the equivariant and Kihler parameters trivially
swapped

1 !

{—¢ and ur—uw

Then, Theorem 4 gives
= | LSt
V[(aa z) =K ZStabI!’J!VJ!(a ’z)
J!
Writing ‘7(a, ) for the vector of vertex functions of X, and similarly for X ! we see
that
Via,z) = M(a.2)V(a.z) (22)

where

M(a,z)= P~ k™! (Stab!) PStab

Corollary 1 If we write My j for the entries in the matrix M (a, z), then we have
Mg =461y
In other words,
stab~ = P~ (stab') P
Proof From (22), we have an equation

Vi(a,z) = Z M V;(a,z)
JexT

Now, since the entries in the elliptic stable envelopes are meromorphic functions of all
parameters, we deduce that M, ; are meromorphic functions of @ and z. Furthermore,
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the known g-periodicity of the elliptic stable envelope implies that M j is g-periodic
with respect to shifts of @ and z.

From Definition 7, we see that M; ; = 1 forall I € XT. Along with triangularity
of stable envelopes, this gives us

Y M Via,z) =0

J>1
J#I
which is equivalent to
1/2
> My gasEu (g — T, X)V(a.2) =0
J>1
J#I

Let K be the minimal index of the sum with respect to the order <, and divide both
sides by ag (¢, u, h) to get

ay (&, u, h) 2 _
JZH MI,J—aK@’ Y h)d>(<q WT,*X)V(a,z) =0

J#I

Substituting z; = z;¢* for A; € N and using the known g-periodicity give

’ ,h n—1 L Ai
S My, 2Ll )]_[( "K> o((q —WT,*X)V(a.2g") =0 (23)
= ag (& u,h) - 3\ Lils
TEI
Observe that if K < J, then
Lilk
Lily

iseither 1 or an attracting weight. Furthermore, there is some i for which it is attracting.
Thus, assuming that |a;| < 1, we see that

n—1 A
E. i
lim <i> =0
A—>ooi:1 £i|J

If we take the limit A — o0 in (23), only one term survives. Furthermore, since
lg] < 1, it1is clear from Theorem 2 that

lim Vy(a,zg") =1
A—00
So taking the limit as A — oo in (23) gives

My x®((q —WTY*X) =0
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Since the zeros and poles of the latter term are both isolated, this implies that
M I.K = 0

Repeating this argument inductively implies that M; ; = 0 whenever I # J, which
yields the result. O

This Corollary is precisely what is needed to prove the existence of the so-called
duality interface, see [11]. The elliptic stable envelopes of X and X' glue to give an
elliptic cohomology class on the product X x X' which restricts to the elliptic stable
envelopes of each. In the language of [11], Theorem 4 says that the correspondence
given by the duality interface maps the vertex functions of X to the vertex functions
of X',

The proof of Corollary 1 in [23] relies on very special combinatorial properties of
the elliptic weight functions which do not hold in general. In contrast, we expect that
the above proof can be generalized to show that the 3d mirror symmetry of vertex
functions implies the 3d mirror symmetry of elliptic stable envelopes.
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