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Abstract

We consider massive Dirac equations on asymptotically static spacetimes with a
Cauchy surface of bounded geometry. We prove that the associated quantized Dirac
field admits in and out states, which are asymptotic vacuum states when some time
coordinate tends to FFoo. We also show that the in/out states are Hadamard states.
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1 Introduction
1.1 In/out vacuum states

The construction of a distinguished quantum state for a quantized field on a curved
background has been studied extensively in various contexts in Quantum Field Theory.

If the background spacetime has no global symmetries but only asymptotic ones,
one can try to specify a distinguished quantum state by its asymptotic behavior, for
example at early or late times.

An often studied situation arises when the background spacetime (M, g) has a
product structure M = R x X and the metric g becomes asymptotic to static metrics
when ¢ — Fo00. One can then at least heuristically consider asymptotic vacua, the
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so-called in and out states, which look like vacuum states for the asymptotic static
metrics when ¢t — Foo.

Let us mention for example the wave and Klein—-Gordon fields on Minkowski
space, in external electromagnetic potentials [25, 36, 41], or on curved spacetimes
with special asymptotic symmetries, [7-9, 44].

Besides the existence of the in and out states, an important question is to ensure
that they satisfy the Hadamard condition [26].

Nowadays regarded as an indispensable ingredient in the perturbative construction
of interacting fields (see, e.g., the recent reviews [10, 22]), this property accounts
for the correct short-distance behavior of two-point functions. It can be conveniently
formulated as a condition on the wave front set of the state’s two-point functions [34].

The above questions were solved in [14] for massive Klein—-Gordon fields, using a
combination of scattering theory arguments and global pseudodifferential calculus.

In this paper we consider this problem for massive Dirac fields, using similar meth-
ods. Let us now describe in more details the results of this paper.

1.2 Free Dirac fields

To define the in/out vacuum states, we first briefly recall some background on free
Dirac fields, see Sect. 2 for more details.

Let (M, g) an even-dimensional globally hyperbolic spacetime, equipped with a
spin structure. We denote by S(M) the bundle of spinors and by D = I} + m a Dirac
operator on M.

The CAR x-algebra of free Dirac fields, denoted by CAR(D), is the unital x-algebra
generated by symbols

Y, ¥ ), 1, foru e C(M; S(M)),
with relations

@) u — Y*(u) resp. u — Y (u) is C linear resp. anti-linear,
(@) Yy W) = y*u),
(iii) ¢(Du) = ¢*(Du) = 0,
(V) [y @), y W4+ = [ W), y* )+ =0, [Y W), y* )]+ = i(u|Gv)m1,
(1.1)

where [-, -]+ is the anti-commutator, G is the causal propagator for D and (-|-) s is
the canonical hermitian scalar product on spinors. Conditions iii) and iv) express the
field equation and the CAR respectively.

CAR(D) is an example of the abstract CAR x-algebra CAR(), v), see Sect. 2.3
for the pre-Hilbert space

C(M; S(M
(y,v)=( o (M StM) '<~|G~>M>.

DCE(M: S(M))"
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The ’field operators’ v () foru e Cy°(M; S(M)) are traditionally called *space-
time fields’.

Other equivalent pre-Hilbert spaces are also convenient to discuss Dirac fields,
see 2.3.3. One of them is the space Sols.(D) of smooth, space compact solutions of
Du = 0, with the Hilbertian scalar product recalled in (2.14), or equivalently the
space C;°(Z; S(X)) of Cauchy data, equipped with the Hilbertian scalar product vs
recalled in (2.15).

The use of space-time fields is important to formulate the Hadamard condition for
states on CAR(D), see 1.3.4 below.

1.2.1 Quasi-free states

We recall that a quasi-free state w on CAR()/, v) is uniquely determined by its covari-
ances A*, which have hermitian forms on ) satisfying

AE>0, AT +2 = (1.2)
Their relationship with the state w is given by

oW DY) =312 v, oW )Y (1) =F1-A7y1, v, 2 € V.
It is convenient to identify A* with linear maps ¢ on ) by setting
At=woct.
The conditions (1.2) become

ctE>0forv, ct+c¢ =1. (1.3)

Going back to Dirac fields, it follows that after fixing a Cauchy surface X, a pair of
linear maps ¢t : CiP(2; S(2)) — D'(X; S(X)) such that

¢t +c =1, ct > 0 for vy,
defines a unique quasi-free state  on CAR(D).

1.3 Results

Let us now describe more in details the results of this paper. We first describe the class
of spacetimes that we will consider.
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1.3.1 Asymptotically static spacetimes

We will consider a spacetime of even dimension n of the form M = R x ¥, where ¥
is a d-dimensional manifold, equipped with a metric

g = —c2(0)d? + (dx' + b (x)dr)h;j(x)(dx) + b (x)dr),

where x = (1,x) € M, ¢ € C®(M;R) is a strictly positive function, b €
C®(M;TX)and h € C®(M; ®§T*E) is a r-dependent Riemannian metric on X.
We will assume that when t — 00 the metric g converges to static metrics

8out/in = —Cout/in (X)dtz + hout/in (X)dxz-

The convergence of g to gout/in is assumed to be uniform in the space variable x. More
precisely, one assumes that there exists i > 0 such that

3f 0 (h(x) = hour/in(x)) € O((1)7#7H),
dfagb(x) € O((n~1717h), keN,aeN, (1.4)
8{‘33 (c(x) — cou/in(x)) € O((t)y=* k),

in an appropriate uniform sense in x € ¥, using the notion of Riemannian manifolds
of bounded geometry, see hypotheses (H1), (H2) in 3.1.3 for the precise formulation.
We consider a Dirac operator

D=D+m

and assume that m (¢, x) converges to moyut/in (X) when ¢ — 400 in a similar uniform
way, see hypothesis (H3) in 3.1.3 for the precise formulation.

It follows that D converges when t — =00 to asymptotic Dirac operators Doyt jin,
which are associated to the static metrics gout/in-

1.3.2 Vacua for the asymptotic Dirac operators

The vector field 9, is Killing for the static metrics gout/in, Which implies that one can
define the vacuum states w}ys Jin for Dout/in, see Sect. 2.4, using the projections

+vac .
Cou‘{?‘i:n = ]lRi (Hout/in) )

where Hoy/in are selfadjoint operators on LZ(E; S(X)), for the canonical Hilbertian
scalar product on S(X). The operators Hoy/in are the generators of the unitary group
induced by the spinorial Lie derivative L, on solutions of Doyt iny = 0, see Sect. 2.4.

To define the vacuum states iy Jin in an unambiguous way, one needs to assume
that

Ker Hout/in = {0}, (1.5)

@ Springer



Hadamard property of the in and out states for Dirac... Page50f46 63

i.e., the absence of zero modes. If (1.5) is violated, then in physics language one needs
to decide if zero modes are considered as particles or as anti-particles.
In this paper, we strengthen (1.5) by requiring that

0¢ o (Hout/in)

see hypothesis (H4), ie that the asymptotic Dirac operators Doyt /in are massive in the
terminology of 2.4.3.

1.3.3 The in/out vacuum states

Let us now explain the definition of the in/out states for D. We set X3 = {s} x X, fix
the reference time # = 0 and denote by U (¢, 5) : C3°(Zs: S(Z5)) — C3°(Zr; S(Zr))
the Cauchy evolution for the Dirac operator D.

Let us set for £7 > 1:

7 = U0, T)eii,U (T, 0), acting on C3°(To; S(To)).

The maps c% correspond intuitively to the vacuum state at (late or early) time T .

One expects that the limits

o= lim U, T)cE¥* U(T,0 1.6
Cout/in - T—I>I:Itloo , )Cout/in (T,0) (1.6)

exist in an appropriate sense (actually in some operator norm topology).
One can show that cilt Jin Ar€ supplementary projections acting on C§°(Zo; S(Zo)),
which are selfadjoint for the Hilbertian scalar product vy.
Therefore, one can associate to cfm Jin quasi-free states wout/in 0n CAR(D), which
are called the in/out vacuum states for D.

If we go back to space-time fields, we obtain

woul/in(w(u)w*(u)) = (U|A§ut/inu)Ms
wout/in(W* (W)Y (W) = (u|Agy jint)m, u € C3°(M; S(M)),

where
Agsin * C6°(M: S(M)) — C(M: S(M))
are defined by
AL (0. 5) = U, 0)iy (n)ck, U0, 5). (1.7)

and we write A;—Lut Jin A8 operator-valued Schwartz kernels in the time variable, ie we

use the formal identity
Au(t) =/A(t,s)u(s)ds,
R
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to define the ’time kernel’ of some operator A acting on M. In (1.7) n is the future
directed unit normal to X and y are the ’gamma matrices’ (or Clifford multiplications)
obtained from the spin structure on (M, g).

The operators AZ satisfy the analog of (1.1):

out/in

(i) AL, .. = 0for ([)u,

E)i_ut/in =
(i) Aout/in:t+ Aout/ini: iG,
(iii) D o Aom/in = Aout/in oD =0.

1.3.4 Hadamard property of the in /out states

As explained above, the Hadamard condition allows to select among the plethora of
states the physically meaningful ones, which should resemble the Minkowski vacuum,
at least in the vicinity of any point of M.

The microlocal definition of Hadamard states for Dirac fields was first introduced
by Hollands [21], who also proved its equivalence with the older characterization by
the short distance asymptotics of its two-point functions. Hadamard states for Dirac
fields were further studied in [24, 29, 37, 39].

To our knowledge the first paper proving existence of Hadamard states for Dirac
fields in the general case is the recent paper by Islam and Strohmaier [23], although the
construction of Hadamard states by the deformation argument of Fulling, Narcowich
and Wald [11] was quite probably known to experts.

Another construction of Hadamard states on spacetimes of bounded geometry was
given in [17] using global pseudodifferential calculus on a Cauchy surface. The meth-
ods used in the present paper are to a large extend an adaptation of the strategy in [17]
to a scattering situation.

Let us now state the main result of this work, referring the reader to Sect. 3.1 for
hypotheses (H).

Theorem 1.1 Assume hypotheses (Hi), 1 < i < 4. Then

(1) The norm limits (1.6) exist and define by (1.7) pure quasi-free states wout/in called
the infout vacuum states.
(2) wout/in is a Hadamard state, ie

WF(AE ) c Nt x NE

out/in

where N'& are the two connected components of the characteristic set N' =

{(x,&) e T*M \o:&-g7'(x)§ =0} of D.

1.3.5 Relationship with asymptotic fields
The definition of the out/in vacua is often introduced using asymptotic fields. Let us

now explain the relationship between these two methods, using the space of Cauchy
data CgO(Z; S (X)) as our pre-Hilbert space.
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If g satisfies (1.4) for © > 1 (with a similar short-range condition for the conver-
gence of m(z, x) when t — =£00), then it is easy to construct Moller operators

Qout/in = tiigl:noo Uout/in(o» nu(,0),

where U (¢, s) resp. Uoutin (¢, 5) are the Cauchy evolutions for D resp. Dout/in-
Since Qout/in are unitary for the scalar product vs, they induce automorphisms
Tout/in Of CAR(D) defined by

Zout/in (W (1)) = ¥ (Qousin )= Vgunyin (F): € CF(T; S(D)).

The out/in vacuum states can then be equivalently defined by
@out/in = wgﬂg/in © Tout/in- (1.8)

Note that the existence of the Mdller operators Qout/in Tequires the short-range con-
dition . > 1, while the direct construction of wgy/in that we use here requires only
the weaker condition p > 0, as was also the case in [14] for Klein—Gordon fields.

1.4 Outline of the proof

Let us now briefly explain the main ingredients in the proof of Theorem 1.1, which
follows the general strategy in [17]. The first step consists in reducing the metric to
the simpler form

g = —dr? + h(r, x)dx>,

where the time-dependent Riemannian metric A (¢, x)dx> on ¥ converges to Rieman-
nian metrics oyt /in (x)dx2 whent — Fo00. This is done in the usual way, by combining
a conformal transformation and the well-known argument using the flow of the vector
field Vr.

One can use the covariance of Dirac operators and two-point functions under con-
formal transformations, see Sects. 2.2 and 2.3.7, to reduce ourselves to this simple
situation.

In a second step, one uses parallel transport with respect to the vector field 9; to
identify the spinor bundles at different times, and to reduce the Dirac equation Dy = 0
to a time-dependent Schroedinger equation:

oy —iH@) Y =0,
where H(t) = H (¢, x, dx) is a first-order elliptic differential operator on X.
The third step is analogous to [17], where Hadamard states for Dirac fields are

constructed using pseudodifferential calculus, with the difference that in our case we
need to control the behavior of various operators when t — =+oo.

@ Springer



63 Page80f46 C. Gérard, T. Stoskopf

We construct time-dependent projections P* () such that

(1) PE(t) — T+ (Houy/in) € O(t*) when t — %00,
(2) JUO, HPEU,0) € O~ —H)yw—>2,

where W™ is some ideal of smoothing operators on X. (1) implies that to prove the
existence of the limits (1.6), it suffices to consider instead

lim U, H)PT()U(, 0)
t—+o0

which exists by (2) and the Cook argument. This prove the existence of the in /out
states woug/in for D. Integrating (2) from 0 to =00, we also obtain that

+

out/in — P£(0) are smoothing operators on .

C

Itis shown in [17] that P* (0) are projections which generate a Hadamard state, which,

since cit Jin P*(0) are smoothing, proves the Hadamard property of woy Jin-

1.5 Plan of the paper

Let us now discuss the plan of this paper.

In Sect. 2 we recall the quantization of Dirac fields on curved spacetimes. In Sect. 3
we describe the geometric framework of asymptotically static spacetimes and the spin
structures and Dirac operators on such spacetimes.

In Sect. 4 we give a brief overview of Shubin’s pseudodifferential calculus on
manifolds of bounded geometry and of its time-dependent version that we will use in
this paper. Finally, Sect. 5 contains the proof of Theorem 1.1 and the various reduction
procedures that are used.

1.6 Notation
1.6.1 Lorentzian manifolds

We use the mostly + signature convention for Lorentzian metrics. All Lorentzian
manifolds considered in this paper will be orientable and connected.

1.6.2 Bundles

If EZ M is a bundle, we denote by C*°(M; E) resp. Ci°(M; E) the set of smooth
resp. smooth and compactly supported sections of E.

If E X M is a vector bundle, we denote by D'(M; E) resp. £'(M; E) the space of
distributional resp. compactly supported distributional sections of E.
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1.6.3 Matrices

Since we will often use frames of vector bundles, we will denote by M a matrix in
M, (R) or My (C) and by M the associated endomorphism.

1.6.4 Frames and frame indices

We use the letters 0 < a < d for frame indiceson TM or T*M, and 1 < a < d for
frame indices on TX or T*X, if ¥ C M is a space like hypersurface. If g is a metric
on M and (e,)0<a<q 1s alocal frame of T M, we set g, = e,-gep and g“b = e“-g‘leb,
where (e%)0<q<q 1s the dual frame.

We use capital letters 1 < A < N for frame indices of the spinor bundle S(M).

If F is, for example, a local frame of T M, we denote by Ft the frame obtained by
the right action of t € M,,(R) on F.

We use capital letters 1 < A < N for frame indices of the spinor bundle S(M).

1.6.5 Vector spaces

if X is a real or complex vector space, we denote by X” its dual. If X is a complex
vector space, we denote by X'* its anti-dual, ie the space of anti-linear forms on X’
and by X its conjugate, ie X’ equipped with the complex structure —i.

Alinearmapa € L(X, X”’)is abilinear form on X', whose action on pairs of vectors
is denoted by x; -ax,. Similarly a linear map a € L(X, X'™) is a sesquilinear form
on X, whose action is denoted by x| -ax,. We denote by a’, resp. a* the transposed
resp. adjoint of a. The space of symmetric resp. hermitian forms on X’ is denoted by
Lg(X, X) resp. Ly (X, X*).

1.6.6 Maps

Wewrite f : A 5 Bif f : A — Bisabijection. We use the same notation if A, B are
topological spaces resp. smooth manifolds, replacing bijection by homeomorphism,
resp. diffeomorphism.

2 Quantization of Dirac equations on curved spacetimes

In this section we recall well-known facts, see, e.g., [6, 21, 30, 43] about Dirac equa-
tions and Dirac quantum fields on curved spacetimes.

2.1 Dirac equations on curved spacetimes

Let us denote by SOT (1, d) and Spin® (1, d) the restricted Lorentz and Spin groups
(ie the connected component of /d in O(1, d) and Pin(1, d)) and Ad : SpinT (1,d) —
SO™ (1, d) the double sheeted covering.

We recall that a spacetime is an oriented and time oriented Lorentzian manifold.
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2.1.1 Spin structures

Let (M, g) a spacetime of even dimension n = 1 + d and let PSO™ (M, g) the
SO (1, d)-principal bundle of oriented and time oriented orthonormal frames of 7M.

We recall that a spin structure on (M, g) is given by a Spin" (1, d)-principal bundle
PSpin(M, g) with a bundle morphism x : PSpin(M, g) — PSO'(M, g) such that
the following diagram commutes:

Spin'(1,d) — PSpin(M, g)

Ad b4 \ M. 2.1)
y

SO'(1,d) — PSO™(M, g)

We assume that (M, g) has a spin structure PSpin(M, g). Let us recall that a
Lorentzian manifold admits a spin structure if and only if its second Stiefel-Whitney
class wy (T M) is trivial, see [32, 33]. It admits a unique spin structure if in addition
its first Stiefel-Whitney class w1 (M) is trivial, which is equivalent to the fact that M
is orientable, see, e.g., [33]. In our situation, M is orientable hence spin structures on
(M, g) are unique if they exist. If n = 4 and (M, g) is globally hyperbolic, it admits
a (unique) spin structure, see [18, 19].

We denote by Cliff (M, g), S(M) the associated Clifford and spinor bundles.

The map TM — End(S(M)) obtained from the embedding TM — Cliff (M, g)
and the canonical map Cliff (M, g) — End(S(M)) will be denoted by

TM > ur> yu) € End(S(M)), (2.2)

and is often called the Clifford multiplication. The spin connection will be denoted by
VS,

It is well known, see, e.g., [43], [12, Sect. 17.6] that there exists a (unique up to
multiplication by strictly positive constants) non-degenerate Hermitian form g acting
on the fibers of S(M) such that

y*w)B=—Byu), ueTM,
iBy(e) > 0, for all e € T M time-like and future directed,

u-y-BY = Vy-BY + 9 -BVY, Yu € CX(M; TM), y € C®(M; S(M)).
(2.3)

For later use we summarize the properties of V5, y and 8 that we will need. We have:

Vay Y =y @)Vat + v (Vu)¥,
uy-BY = Vv By + - BV,
u,ve C®M;TM),y € C*®(M; S(M)),
24
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where V is the metric connection on (M, g)

2.1.2 Dirac operators

Fixing a smooth section m € C*®°(M; L(S(M))) with m*8 = Bm, we consider a
Dirac operator

D=1D+m, (2.5)

where I is locally expressed (on an open set U C M over which S(M) and T M are
trivialized) as

B =3g"y(e)Vy,
where (e,4)0<a<q 15 a local frame over U.
2.1.3 Selfadjointness
For ¢y, ¥p € C*®°(M; S(M)) one defines the 1-form J (Y1, Yp) € C°(M; T*M) by
J(1, ¥2)-w=vry-By W)Y, u € C(M; TM),
and one deduces from (2.4) that
VI 2) = =Dy By + Y1 BDY2. i € CX(M: S(M)).

Using then Stokes formula, this implies that the Dirac operator D is formally selfadjoint
on CSO (M; S(M)) with respect to the indefinite Hermitian form

Wnlv2)m:= /M V1B dVolg. (2.6)

2.1.4 Characteristic manifold
The principal symbol oy, (D) equals
opr(D)(x, &) = y (g7 (0)8), (x,&) € T*M \o,

whereo = X x {0} is the zero section in T*M.
The characteristic manifold of D is

Char(D):={(x, &) € T*M \o : op:(D)(x, §) not invertible},
equal to

Char(D) = {(x,§) € T*M \o: £-g~' ()& = 0}=N,
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by the Clifford relations. We denote as usual by AV/* the two connected components
of NV, where

Ni::{(x, &) e N :££.v > 0forv € T, M future directed}. 2.7

2.1.5 Retarded/advanced inverses

Let us assume in addition that (M, g) is globally hyperbolic. Then, (see [6] for Dirac
operators in 4 dimensions, or [31] for more general prenormally hyperbolic oper-
ators), D admits unique retarded/advanced inverses Gretagy : Cgo (M; S(M)) —
CP(M; S(M)) such that:

DGret/adv = Gret/advD =1,
supp Gret/advt C Jx(suppu), u € CF°(M; S(M)),

where J1 (K) are the future/past causal shadows of K € M.

Using the fact that D is formally selfadjoint with respect to (-|-) 5 and the uniqueness
of Gret/adv, We obtain that

* —_—
ret/adv — G adv/rets

where the adjoint is computed with respect to (-|-)ps. One defines then the causal
propagator

G:=Gret — Gady
which satisfies
DG =GD =0,
supp Gu C J(suppu), ué€ C8°(M; S(M)), (2.8)

G* = -G,
where J(K) = J_(K) U J4+(K) is the causal shadow of K € M.

2.1.6 The Cauchy problem

Let ¥ C M be a smooth, space-like Cauchy surface and denote by 7 its future directed
unit normal and by S(X) the restriction of the spinor bundle S(M) to ¥ and

ox : C¥(M; S(M)) > ¥ —> Y[z CF(E; S(X))
the restriction to X. The Cauchy problem

{Dw =0,
os¥ = f, [feCrE;S(X),
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is globally well-posed, see, e.g., [31], the solution being denoted by ¢ = Uy f. We
have, see, e.g., [5, Thm. 19.63]:

Usf(x) = —fEG(x, y)y (n(y)) f(y)dly, 2.9

where 4 is the Riemannian metric induced by g on X.
We equip C3°(X; S(X)) with the indefinite Hermitian form

Filf)si= fz 1B f2 dVolj. 2.10)

For g € £'(2; S(X)), we define 0% g € D'(M; S(M)) by

/ Qgg'ﬂudd\/olg:zf g-BosudWwl,, u € C*(%; S(X)),
M >

i.e., 0%, is the adjoint of g5 with respect to the scalar products (:|-)y and (-]-)5. We
can rewrite (2.9) as

Usf = (G vy f, [feCy(X;SX). 2.11)

2.1.7 Cauchy evolution

Let us assume that M is foliated by a family (X;),cr of space-like smooth Cauchy
surfaces, for example the level sets of a Cauchy time function, see Sect. 3.1 for the
definition.

Denoting the restriction of S(M) to X; by S(3;) and g5, by o, one can introduce
the Cauchy evolution

U(t,s) : Co°(Ey; S(25) — C5° (245 S(Ep)), t,s € R
defined by
u(, S)fZQtU):Sff € C(C)X)(EA‘QS(ES))'

2.2 Conformal transformations

We briefly discuss conformal transformations and refer to [17, 2.7.2] or [12, Sect.
17.13] for details.
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Let ¢ € C®(M) with ¢(x) > 0 and § = ¢~2g. Then the spin and spinor bundles
for (M, g) are identical to those for (M, g). One has:

“ly(X), B=cB,

y(X)=c

Yg = Xgl — %E_ly(X)y(Vc) +1c71X de, 2.12)
D=c7 P, '
D:=D +m = " De' for i = em

2.3 Quantization of Dirac equation on curved spacetimes

We now recall the algebraic quantization of Dirac equations, due to Dimock [6].

2.3.1 CAR %-algebras

Let (), v) be a pre-Hilbert space. The CAR x-algebra over (), v), denoted by
CAR(), v), is the unital complex *-algebra generated by elements ¥ (y), ¥*(y),
y € ), with the relations

Y(y1 +Ay2) = ¥ (y1) + A (y2),

V1 +Ay2) =¥ () +AY*(2), vy, y2 €V, 1 €C,

[V (D, Yy )]+ = [¥* (), ¥*(2)]+ =0, (2.13)
(YD), ¥*(2)]+ =Y -vyel, yi, €D,

V) =v*(y), yel,

where [A, B]+ = AB + BA is the anti-commutator.

2.3.2 Quasi-free states

As usual a state on CAR()/, v) is a linear map @ : CAR()/, v) — C which is positive
and normalized, ie

w(A*A) >0, w(l) =1, A € CAR(Y,v).
— astate w is quasi-free if:

oTo v DT v ) =0, ifn £ m,
o[Toy v D [T)o v O)) = Loes, sen(@) [T (W (i Go ),

where §), is the set of permutations of {1, ..., n}.
— a quasi-free state is uniquely determined by its covariances A* € Lp (Y, Y*),
defined by
oW DY (2))=3 12y, 0@ GDYG)=T1A 72, i 2 €V

The following two results are well-known, see, e.g., [5, Sect. 17.2.2].
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Proposition 2.1 Let A* € Ly, (Y, V*). Then the following statements are equivalent :

(1) A* are the covariances of a gauge invariant quasi-free state on CAR(Y, v);
) AT >0and At + 1" = .

Proposition 2.2 A quasi-free state w on CAR(Y, v) is pure if and only if there exist
projections c* e L(Y) such that

+

AME=voc et +e =1

2.3.3 Pre-Hilbert spaces

We now recall several equivalent pre-Hilbert spaces appearing in the quantization of
the Dirac equation.

Let us denote by Sols.(D) the space of smooth, space compact solutions of the
Dirac equation

Dy = 0.

For ¥y, Yo € Solg.(D) we set

%'WM::/E 1, (Y1, Yot dWly, = (os i liy (Mexv2)s, (2.14)

where ¥ is a smooth space-like Cauchy surface.

Using that V#J, (1, ¥2) = 0, the ths in (2.14) is independent on the choice of X.
Moreover, by (2.3) v is a positive definite scalar product on Solg. (D).

Setting:

Fiovs frr=i /E F1-By () f2dVoly, 2.15)

we obtain that
0x : (Solye(D), v) = (C3°(Z; S(X)), vs)

is unitary, with inverse Uy .
It is also well-known, see, e.g., [6], that G : Cj°(M; S(M)) — Sols.(D) is surjec-
tive with kernel DCF®(M; S(M)) and that

G- ( Co°(M; S(M))

myi('|G')M> — (Solg(D), v)

is unitary. Summarizing, the maps

C (M S(M))

(petrrestity s 1C1G ) > (Sole(D), v) 25 (CF(Z; S(E)), vz)  (2.16)

are unitary maps between pre-Hilbert spaces.
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2.3.4 CAR=-algebra for Dirac fields

We denote by CAR(D) the x-algebra CAR(Y, v) for (), v) one of the equivalent
pre-Hilbert spaces in (2.16).

We use the Hermitian form (--) p in (2.6) to pair C3°(M; S(M)) with D' (M; S(M))
and to identify continuous sesquilinear forms on C 80 (M; S(M)) with continuous linear
maps from C°(M; S(M)) to D'(M; S(M)).

We use the Hermitian form (-|-)x in (2.10) in the same way on the Cauchy surface
.

It is natural to require a weak continuity of the spacetime covariances A* of a state
w on CAR(D) defined by:

WA w) =0 W @ P* W), WA~ u):=oW* @y W), u e C(M; S(M)).
Therefore, one considers states on CAR(D) whose spacetime covariances satisfy:
(i) AT : CS°(M; S(M)) — D'(M; S(M)) are linear continuous,

(i) AT > 0 with respect to (-|-) a1,

(iii) AT+ A~ =iG,
(iv) DoA*=A*o D =0.

2.17)

Alternatively, one can define w by its Cauchy surface covariances k;, which satisfy

@) )é 1 C§P(X; 8(X)) — D'(X; S(X)) are linear continuous,
(i) Ay = Ofor (-[)x, (2.18)

(i) AL + A5 = iy (n).

Using (2.11) one can show by the same arguments as for Klein—Gordon fields, see
[16, Prop. 7.5] that

A* = (02G)"45(036), 2.19)
25 = (ehy () A% (ehy (). '
We recall that if E; LN M;,i = 1,2 are two vector bundles with typical fibers V;,
one can define the vector bundle E1 X E» oM 1 X My with typical fiber V| ® V5. If
{Ui,j;}jier; and t; j, r; are coverings and transition maps for E; i M;, then one takes
{Ul,jl X U2,j2}(j1,j2)€11><12 as covering of M| x M> and 1, j1k @, jrky € L(Vi®W)
as transition maps of E1 X E3 5 M| x M>.

By the Schwartz kernel theorem, we can identify A* with distributional sections
inD'(M x M; S(M) X S(M)), still denoted by A™*.

2.3.5 The role of the Cauchy evolution

Recall from 2.1.7 that we denoted by U (¢, s) the Cauchy evolution associated to a
foliation by the Cauchy surfaces (X;);cRr.
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If w is a quasi-free state on CAR(D), then denoting by A% (¢) its Cauchy surface
covariances on ¥; one has obviously

AE@) = Us, )" A (s)U (s, 1), 1,5 € R. (2.20)

2.3.6 Hadamard states

The wavefront set of A € D'(M x M; S(M) X S(M)) is defined in the natural way:
introducing local trivializations of S(M) one can assume that A € D' (M x M ; My (C))
where N = rankS (M) and the wavefront set of a matrix valued distribution is simply
the union of the wavefront sets of its entries.

We will identify T*(M x M) with T*M x T*M.If ' C T*M x T*M then one
sets

I={((x,8), (x',€)) : (x, &), (", =€) e T}.
For example WF(§(x — x")) = A, where A C T*M x T*M is the diagonal.

We recall that N'F are the two connected components of NV, see (2.7).
The following definition of Hadamard states is due to Hollands [21].

Definition 2.3 w is a Hadamard state if
WE(AT) c NE x N&E.

The following proposition, see [17, Prop. 3.8] gives a sufficient condition for the
Cauchy surface covariances )fzt to generate a Hadamard state.

Proposition 2.4 Let

k; =iy (n)c*t
be the Cauchy surface covariances of a quasi-free state w. Assume that ¢* are con-
tinuous from C°(X; Sx) to C*(X; Sx) and from E'(X; Sx) to D'(X; Sx), and that
for some neighborhood U of ¥ in M we have

WE(Us o cTY ¢ WTUF) x T*S, overU x ¥, 2.21)

where F C T*M is a conic set with F "N = (. Then w is a Hadamard state.

2.3.7 Action of conformal transformations

Let us now study the action of the conformal transformations recalled in Sect. 2.2. If
D is the Dirac operator for g, its causal propagator is

n+l

~ n—1 _ntl
G=c2Gc 7.
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If we set

Wi =c i& ¥ € CO(M; S(M)),

W*I//:C 1//. WGC() (M,,S(M)),
Uf =c'T f. f € C(S: S(2)),
then a routine computation gives the following proposition.

Proposition 2.5 The following diagram is commutative, with all arrows unitary:

C(M;S(M . G
(pe=tirsiiny ( iG Im) ——= (Sole(D), v) —— (CF(T; S(T)), vz)

|w Lw I

sy s oy G Ay sy 0% - -
ez arsany (16 i) —— (Sole(D), V) —— (C7(%; S(3)), bs)

(

Let us now consider the action of conformal transformations on quasi-free states.
Let A* be the spacetime covariances of a quasi-free state @ for D. Then

n+l

At = T At (2.22)

are the spacetime covariances of a quasi-free state & for D, and

1 1-n

=WwH hiv' =T ke,

if )\%, resp. i; are the Cauchy surface covariances of w, resp. @.
Clearly w is a Hadamard state iff @ is.

2.4 The vacuum state for Dirac fields on static spacetimes

The basic example of a state for Dirac fields is the vacuum state on static spacetimes.
Let us recall its definition, following [4].

2.4.1 Vacuum state associated to a Killing field

Let (M, g) a globally hyperbolic spacetime with a spin structure. The Lie derivative
of a spinor field is defined as (see [28]):

Lxy = V¥ + 5 (VaX)o = (Vs X))y ", (2.23)
Y e C®(M; S(M)), X € C®°(M; TM). '

If X is a complete Killing vector field, and the mass m in (2.5) satisfies X-dm = 0, then
[D, Lx] =0, see, e.g., [13, Appendix A]. It follows that the flow ¢ generated by Ly
preserves Solg. (D) and one can easily show, using (2.4) and (2.23) that it preserves
the Hilbertian scalar product v.
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It hence defines a unique strongly continuous unitary group (e );cr on the com-
pletion of (Solg. (D), v), whose generator H is, by Nelson’s invariant domain theorem,
the closure of i~ £x on Sols. (D).

If ¥ is a smooth space-like Cauchy surface, we denote by Hy the corresponding
generator on the completion of (C3°(X; S(X)), vx).

The following definition is taken from [4].

Definition 2.6 Assume that
Ker Hy, = {0}. (2.24)

The vacuum state »"*° associated to the complete Killing field X is the quasi-free state
defined by the Cauchy surface covariances:

AEVEC =iy (n)1g+ (Hs).

Unlike the bosonic case, X does not need to be time-like in order to be able to define
the associated vacuum state.

2.4.2 Vacuum state on static spacetimes
We now discuss the vacuum state on static spacetimes. We will assume that M = Rx X2
is equipped with the static metric g = —c2(x)dr? + h(x)dx?, where ¢ € C®(Z; R)
with ¢(x) > 0 and % is a Riemannian metric on X. We set
g= cfzg = —dr® + h(x)dx?,

which is ultra-static. The restriction of S(M) to ¥; is independent on ¢ and denoted
by S(X), see [17, Subsect. 7.1].

We consider a static Dirac operator

D=1D+m,

where m € C°(X, ; R) is independent on t.
The corresponding Dirac operator on (M, g) is

ﬁ:b—i—rﬁ, m=cm.

If (éj)1<j<a is a local orthonormal frame for h and eo = 0J;, we have setting
Yo = y(eo):

D = —yy(3 — ifx)
for
Hy = iy0(7(,)VE, +m)=: Hox + iyorn. (2.25)
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From (2.23), we obtain that L5 = %SO = 9, and hence the generator of the Lie

derivative w.r.t. the Killing vector field 9, equals Hs, on C3o(2; S(%)). We still denote

by Hs its closure for the Hilbertian scalar product Ds;.
Let us now consider the original Dirac operator D. Using (2.12), one checks that

D = —c"'y(e0)(d —iHz), (2.26)

—n n—1

Hy:=c' 2" Hyc'T | (2.27)

where ¢, = ¢ 1¢,. By Proposition 2.5 we know that Hy, with domain cl%n Dom I:Iz
is selfadjoint for the scalar product vy. It equals the generator of the unitary group
associated to L, considered in 2.4.1.

Applying the discussion in 2.3.7, we can define:

Definition 2.7 Assume that Ker Hy, = {0}. Then the vacuum state »** for D is the
quasi-free state with Cauchy surface covariances

AV = iy (eg) Ig+ (Hs).

2.4.3 Massive Dirac operators

Definition 2.8 The static Dirac operator D is called massive if
0 ¢ o(Hx). (2.28)

Itis a standard fact thatif (2.28) holds, then ®"* is a Hadamard state, see, e.g., [38, Thm.
5.1]. Another proof is given in [17, Subsect. 7.1]. If 0 € o (Hyx) but Ker Hy = {0},
then one can encounter infrared problems.

Let us give a simple sufficient condition for (2.28). Using the Clifford relations and
(2.4), we obtain that

HE = His + 7 (h~'dim) +m?.
Since A = 7 (h~'di) is selfadjoint for vy with A2 = dir-h~'ds, we obtain that if

inf m? —dm-h~'dm > 0 (2.29)

Then O ¢ o (H). In terms of ¢, m (2.29) becomes:
igf(ch2 —d(em)-h~td(em)) > 0, (2.30)
Note that (2.30) holds if ¢ = 1 and m(x) = mg # 0.

@ Springer



Hadamard property of the in and out states for Dirac... Page 21 0of46 63

3 Dirac operators on asymptotically static spacetimes
3.1 Asymptotically static spacetimes

We fix an orientable d —dimensional manifold ¥ equipped with a reference Rieman-
nian metric k such that (X, k) is of bounded geometry, and consider M = R, x X,
setting x = (¢, x),n = 1 + d is even.

3.1.1 Bounded geometry

Roughly speaking a Riemannian manifold (X, k) is of bounded geometry if its radius
of injectivity is strictly positive and if the metric and all its derivatives, expressed in
normal coordinates at a point x, satisfy estimates which are uniform with respect to
the point x.

The two basic examples are compact Riemannian manifolds and R? with the flat
metric, but many other non-compact Riemannian manifolds are of bounded geometry,
like for example asymptotically hyperbolic Riemannian manifolds.

After fixing a background Riemannian metric, one can define in a canonical way
various global spaces, like spaces of bounded tensors, Sobolev spaces, bounded dif-
ferential operators.

Roughly speaking an object is bounded, if, when expressed in normal coordinates
at a base point X, the object and all its derivatives satisfy estimates which are uniform
with respect to x.

The main interest for us is that on a Riemannian manifold of bounded geometry
one can define a global pseudodifferential calculus, the Shubin calculus, which shares
several important properties with the pseudodifferential calculus on compact manifolds
or the uniform pseudodifferential calculus on R?.

3.1.2 Lorentzian metric
We equip M with a Lorentzian metric g of the form
g = —c2(0)de? + (dx' + b (x)dr)h;j (x)(dx) + b7 (x)dr), (3.1)

where ¢ € C*°(M;R),c(x) > 0,b € C®(M;TX)and h € C*°(M,; ®§T*Z) is a
t-dependent Riemannian metric on X.

Werecall thatf € C®°(M; R)is called a time function if V1 is a time-like vector field.
Itis called a Cauchy time function if in addition its level sets are Cauchy hypersurfaces.

By [2, Thm. 2.1] we know that (M, g) is globally hyperbolic and ¢ is a Cauchy
time function.
3.1.3 Asymptotically static spacetimes
We consider also two static metrics on M:

Bout/in = —Cout/in (VA1 + hout/in (X)X,
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where Aout/in, T€SP. Cout/in are two Riemannian metrics, resp. smooth functions on X
such that:

houtjin € BTY(Z, k), hyl. € BT3(Z, k), cxoo, con, € BTY(Z, k). (H1)

out/in

Concerning the asymptotic behavior of g when t — £00, we assume that

h(x) = houin(x) € STH(R*E; BTY(X, k),
b(x) € STITH(R; BTY(Z, k)), (H2)
c(x) — cour/in(x) € STH(RE; BTY(Z, k),

for some u > 0, where BT g (X, k) is the Fréchet space of bounded ¢, p-tensors,
see, e.g., [42] or [17, Subsect. 4.1], and the space S8 (R; F) for F a Fréchet space is
defined in Sect. 4.2.
In other words the metric g is asymptotic to the static metrics gout/in Whent — +o00.
For later use we also fix m € C*°(M; R), representing a variable mass and m o, €
C*(Z; R) such that

m(x) — mioo(x) € STHRE; BTY(, k). (H3)

3.1.4 Orthogonal decomposition

We recall now the well-known orthogonal decomposition of g associated to the Cauchy
time function 7. We set

g ldr

= =3, +bay,
T g dr P+ 00

which using (H1), (H2) is a complete vector field on M. Denoting its flow by ¢;, we
have:

#:(0,y) = (1,x(,0,y)), t eR, y € &,
where x(, s, -) is the flow of the time-dependent vector field » on X. We also set
X :RxX>(t,yr (t,x(¢,0,y) e Rx X. (3.2)

The following lemma is proved in [14, Appendix A.4]. Bounded diffeomorphisms on
a manifold of bounded geometry are defined for example in [14, Def. 3.3].

Lemma 3.1 Assume (H1), (H2). Then
Ak A2 2,7 2
g=x"g=—c (t,y)dt” + h(z, y)dy", (3.3)
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for¢ € C*°([R x M), he C®(R; TZO(E)). Moreover, there exist bounded diffeomor-
phisms Xout/in Of (X, k) such that if:

N ek .
hout/m-—xout/inhout/ma

— .
Cout/in-=Xqy¢ /in Cout/in>

then:
houjin € BT(E, k), hoy iy BTH(E, K),
6out/in» 5;ult/in € BTg(E’ k),

and furthermore,

h — howjin € STH(RE, BTY(Z, k),
¢ — Courjin € STH(RE, BTY(Z, k),
xX*m —mis € STHRE, BTY(Z, k).

After applying the isometry x : (M, &) 5, g) in Lemma 3.1, removing the
hats to simplify notation and denoting y again by x, we can assume that

g = —cz(t, x)dt2 + h(t, x)dxz,
with

h — houwyin € STH(RE, BTY(Z, k),
¢ — Coutjin € STH(RE, BTY(Z, k),

m—mic € STHRE, BT((E, k), (3.4)
hout/in € BTY(E, k), oy in BTH(E, K),

Cout/in» C(;ult/in € BTS(E, k).

3.1.5 Conformal transformation
We set

g:=c2g = —di* + h(r, x)dx>
and obtain that

h — howin € STH(RE, BTY(Z, k), with
hout/in = ¢ jinhoutyin € BTY(S,0), hyy i BTH(S, k).

out/in

(3.5)

@ Springer



63 Page 24 of 46 C. Gérard, T. Stoskopf

3.2 Spin structures

Let us assume that (M, g) admits a spin structure PSpin(M, g). We denote by
Cliff (M, g), S(M) the Clifford and spinor bundles over (M, g).

By well-known results on conformal transformations of spin structures, see, e.g.,
[30, Lemma 5.27], [20] [17, 2.7.2] (M, g) also admits a spin structure and the spinor
bundle for (M, g) is equal to S(M).

Before further discussing the spin structure on (M, g) or (M, g), we prove alemma.
We set fl, = fz(t, ).

Lemma 3.2 Let us fix a bounded atlas (V;, ¥)ien for (Z, ho).

Let F; = (e;, j)1<j<a oriented orthonormal frames for flo over V; such that e; ; for
i e N, 1< j <darea bounded family in BT(l)(Vi, k). Let Fi(t) = (e;,j(t)1<j<d
the oriented orthonormal frames for h; over V; obtained by parallel transport with
respect to 0; of F; for the metric g. Then:
(1) e, j(Fo0) = lim,_>ioo e;,j(t) existandthe familye; j(£oo)fori e N1 < j <d

is bounded in BTO(V, k).

2) RE>¢+— e;,j(t) — e; j(£oo) form a bounded family in S~ (R, BTY o(Vi, k).

Proof Let us forget the index i for the moment. Let x%, 1 < o < d be local coordinates
on V obtained from 1y : V — By(0, 1) and let x* = . Denoting by ng the Christoffel
symbols for g in the local coordinates (x*)o<, <4 over U = R x V, we have I'j =
ThH€d;hg,.

Putting back the index i we see from (3.5) thatR € ¢ — F” ,(¢) form a bounded
family in S~ =R, BT? o(Vi)). Denoting e; ;(¢) simply by u(¢) and setting u = u® oy«
over V, we obtain that u(t) solves:

dqu®(t) + T (t)uﬁ(r) =0,
{ (X(O) - el,

From the above estimates on F“ v (t) and standard estimates on solutions of linear
differential equations, we obtam (1) It follows that u(¢) also solves

d,u (1) + Tg(uf (1) = 0,
limy 400 (1) = u®(£00).

Again the same estimates (integrating now from t = £oc instead of from ¢ = 0) prove
(2) and complete the proof of the lemma. m]

3.2.1 Spin structures

Since M is a Cartesian product and from the form of g, further simplifications occur,
see, e.g., [1] or [17, Subsect. 2.6].
Letusset R =R U {—00, +00} and set hm Jout = h:FOO for coherence of notation.
We can use the local frames F;(t) over V; to obtain local trivializations of
PSO(Z, h;) for t € R. The associated transition functions are independent on ¢.
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By the arguments in [17, Subsect. 2.6], we obtain unique spin structures on (X, /;)
fort € R.

The transition functions of PSpin(M, g) are independent on ¢ and induce a spin
structure on (X, ﬁt) whose transition functions are also independent on 7. If S;(X)
denotes the restriction of S(M) to %;, then S;(X) is independent on ¢ and denoted by

S(X).
Conversely the spinﬂstructure on (X, hioo) induces a spin structure on (X, g4c0)
for g100 = —df? 4+ hioo(x)dx? and by conformal invariance a spin structure on

(M, g100)- The associated spinor bundle is again equal to S(M).

3.3 Dirac operators

We consider the Dirac operator locally given by
D:=D+m, =gy (), (3.6)

where (e4)0<q<q 1s some local frame of 7'M and V¥ is the spin connection.

3.3.1 Conformal transformation

By Sect. 2.2 we obtain that

n—1

Dc 2 for D =D +m, m=cm, 3.7

_ntl
2

D=c
with

i — fiou/in € STH(R*, BT((E, k),
”hout/in = Cout/inMout/in, mout/ins ’/;l(:ult/in € BTg(E, k).

(3.8)

3.3.2 Asymptotic Dirac operators

Let
Dout/in = mout/in ~+ Mout/in

the asymptotic Dirac operators obtained from the spin structures PSpin(M, gout/in)-
We will assume

Dout/in are massive ie 0 ¢ o (Hout/in), (H4)
see 2.4.3. A sufficient condition for (H4) is given in (2.30).
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4 Pseudodifferential calculus

In this section we will recall Shubin’s global pseudodifferential calculus on manifolds
of bounded geometry and its time-dependent versions. We refer the reader to [27,
42] for the original exposition and to [16] for a more recent one. We are interested in
pseudodifferential operators acting on sections of spinor bundles, which are considered
in [17].

4.1 Notations

Let (¥, k) a Riemannian manifold of bounded geometry see [3, 35] or [16, Thm. 2.2]
for an equivalent definition. We refer the reader to [17, Subsect. 4.1] for the definitions
below.

We denote by BTg(E, k) the space of bounded (g, p) tensors on X. Let also

E 5 % a vector bundle of bounded geometry.

We denote by S;)’fl(T*E; L(E)) the space of L(E)-valued poly-homogenous sym-
bols of order m on X, see, e.g., [17, Sect. 4.1].

The ideal of smoothing operators is denoted by W™°(X; L(E)), and one sets

W™ (Z; L(E)) = Op(Sph (T*E; L(E))) + W™ (Z; L(E)),

for some quantization map Op obtained from a bounded atlas and bounded partition
of unity of (%, k).

4.2 Time-dependent pseudodifferential operators

We will also consider time-dependent pseudodifferential operators, adapted to the
geometric situation considered in Sect. 3.2.

We first introduce some notation.

Let F a Fréchet space whose topology is defined by the seminorms |- || ,, p € Nand
8 € R. We denote by S?(R; F) the space of smooth functions f : R — F such that
supR(t)k’a ||81k f@®Ilp < ooforall k, p € N. Equipped with the obvious seminorms,
it is itself a Fréchet space.

Note that S%(R; F) = (t)‘SSO(]R; JF) so we can always reduce ourselves to § = 0.

Similarly we denote by Cp°(R; F) the space of smooth functions f : R — F
such that supg ||8[k f®lp < oo forall k, p € N, with the analogous Fréchet space
topology.

We use this notation to define the spaces S°(R; ngl(T*Z; L(E))),
SR, W=°(Z; L(E))) and S*(R; W™ (Z; L(E))).

For example, if (X, k) equals R" equipped with the flat metric, then
SO(R; Sgﬁ(T*R”)) is the space of smooth functions @ : R x T*R"” — C such that
there exist for j € N functions a,,_; : R x T*(R") — C, homogeneous of degree
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m — j in & with
sup (1) "R qg) BN 9k a0 a1, x, £)] < 00, k e N a, B e N,

RxT*Rm\p

and forany N € N

N
sup (1)K (e) TN HHB K00 (0 — 3 a—j (2, 6., 8))]
RxT*Rm\p P20

<00, keNa, g eN.

Similarly S®(R, W~ (R")) is the space of smooth functions a : R — B(L%(R™))
such that

—3+k ”a[k

sup(t) a(t)”B(H*m(R"),Hm(R")) < o0, ky,m eN,
R

where H™ (R") are the usual Sobolev spaces.
For simplicity of notation S®(R; S (T*Z; L(E))) or S (R; ™ (T; L(E))) will
often simply be denoted by S%", wé-m

4.2.1 Principal symbol
If A(t) = Op(a(t)) + R_x(t) € SS(R; W"(X; L(E))), its principal symbol is

ope (A)(1):=[al(t) € 8° R; Sy (T*%; L(E))) /S’ (R; Sy (T*E; L(E))).
opr(A)(2) is independent on the decomposition of A(¢) as Op(a)(¢) + R_(¢) and on

the choice of the good quantization map Op. As usual we choose a representative of
opr(A) (¢) which is homogeneous of order m on the fibers of 7*X%.

4.2.2 Ellipticity

An operator A(t) € SS(R; W™ (X; L(E))) is elliptic if ope(A) (2, x, &) is invertible for
allt € Rand

sup lope(A) ™' (2, x, &)l < 0.
teR,(x,6)eT*X,|&|=1

To define the norm above, one chooses a bounded Hilbert space structure on the fibers
of E, the definition being independent on its choice.

Proposition 4.1 Let A(t) € S¢(R; W (X; L(E))), € € R,m > 0 elliptic. Then the
following holds:

(1) A(t) is closeable on CS"(E; E) with Dom A°Y(r) = H"(Z; L(E)).
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(2) if there exists § > O such that [—8, 81N o (AN (1)) = B fort € R, then A~1 (1) €
STER; ¥™(X; L(E))) and

opr (AT (1) = (apr (AN (1),

Proof the same result is proved in [17, Prop. 5.8], with S?(R; W™) replaced by
CoP(R; W), where Cp°(R; F) is defined at the beginning of Sect. 4.2. Note that
a(t) € SYR;F) iff (1)7°7"3ra(t) € CP(R;F) for all n € N. Using that
3 A1) = —A71(1)3,A(t) A~ (¢) and similar identities for higher derivatives of
A~1(r) combined with the above remark, we obtain the proposition. O

4.3 Functional calculus
4.3.1 Elliptic selfadjoint operators

Let us fix a bounded Hilbertian structure (-|-) g on the fibers of E and define the scalar
product

(ulv) = / @) |v(x))pdVolg, u,v € C(C)’O(E; E).
)]

Let H(r) € S*(R; W™ (%; L(E))) be elliptic, symmetric on C3°(%; E). Using Propo-
sition 4.1, one easily shows that its closure is selfadjoint with domain H™ (X; E). Note
also that its principal symbol o}, (H)(¢, x, &) is selfadjoint for the Hilbertian scalar
product on E,.

4.3.2 Functional calculus

We now extend some results in [17] on functional calculus for selfadjoint pseudodif-
ferential operators to our situation. We first recall some definitions from [17, Subsect.
5.3] about pseudodifferential operators with parameters.

One denotes by S™(%; L(E)) the space of symbols b € C*(R, x T*X; L(E))
such that if b(A) = b(A, ) € C®°(T*X; L(E)) and T;b()) are the push-forwards of
b()) associated to a covering {U;};en of X, we have:

0} 820L bi (b, x, ) € O((E) + (" 17 (A, x.8) e R x T*B(0, 1)

uniformly with respecttoi € N. One denotes by §}"11 (T*X; L(E)) the subspace of such
symbols which are homogeneous w.r.t. (A, &) and by SI’)’;](T*E; L(E)) the subspace
of poly-homogeneous symbols.

One also defines the ideal W~%°(Z; L(E)) as the set of smooth functions b : R €
A+ b(A) € W™°(X; L(E)) such that

1Y bl (), mm(sy € OGN ™), Vom,n,y €N,
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and set
U™ (2; L(E)):=O0p(Sim (T*%; L(E))) + W™ (Z; L(E)).
As usual one defines the time-dependent versions of the above spaces:
S*(R; SB(T*%; L(E)), S*(R; W™™(Z; L(E))), 8 (R; " (; L(E))).

We define the principal symbol of A(t) € S (R; \TJ'"(E; L(E))) asin4.2.1, using the
poly-homogeneity.

Proposition 4.2 Let H(t) € S(R; W (Z; L(E))) elliptic and formally selfadjoint.
Let us still denote by H (1) its closure, which is selfadjoint on H'(X; E) by Proposi-
tion 4.1. Assume that there exists § > 0 such that [—§,38] No (H(t)) =0 fort € I.
Then A — (H(t) +ir)~! belongs to S (R; gl (Z; L(E))) with principal symbol
(ope(H (1)) +i0) 7L
Proof The Cy° version of the proposition is proved in [17, Prop. 5.9]. We use the same
remark as in the proof of Proposition 4.1 to extend it to the S® case. Details are left to
the reader. O
Proposition 4.3 Let H(t) € S°(R; W!(X; L(E))) beelliptic, symmetric on C$°(X; E),
and let us denote still by H (t) its selfadjoint closure. Assume that there exists § > 0
such that [—§8,8] N o (H(t)) =0 fort € R.

Assume in addition that there exist Hy, € W' (Z; L(E)), elliptic symmetric on
Cy°(Z; E) with 0 ¢ o (Hwo) such that

H(t) — Hyo € STH(R; W (Z; L(E))).

Then
(1) the spectral projections 1r+(H (1)) belong to SYR; WO(T; L(E))) and

opr (g (H (1)) = Lg=(op: (H (1))).

Moreover, 1+ (H(t)) — L+ (Hyo) belongs to S™H(R; WO(X; L(E))).
) S(r) = (H2(t) + 1)? belongs to S*(R; W'(T; L(E))) and

opr (S(1)) = lope (H (1))].

Moreover; S(t) — Soo belongs to S™H(R; W (X; L(E))) for Seo = (H2, + 1)3.
Proof By Proposition 4.2 we have

(ix — H(0)™' = Op(a(t, 1)) + R-oo(t, 1), 4.1
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where a(t) € SO(R; S~1(T*S: L(E))) and R_oo(t) € SO(R; W—°(Z; L(E)) satis-
fies:

(O)P1107 9] R—oo(t, Ml p(r—m (), Hm(sy) € O™, Vp,m,n €N,

uniformly for r € R.
The principal symbol of a(z) is (iA — opr (H )L, which means that

Op(a(t, 1)) — Op((ir — opr(H) (1) ™' € SYR; O72(Z; L(E))).  (42)

For a # 0 we have

2 +o0
la]”! = —/ (a+in)"Na—in)~lda, 4.3)
T Jo

hence

-1 2 +oo can—1 v —1
|[H®)|” = ;/0 (H(@t)+ir)” (H(t) —ir)” "dAi. “4.4)
From Proposition 4.2 we obtain that |H(t)|_1 € SO(R; \IJ_l(E; L(E))). We also
deduce from (4.4) using the second resolvent formula that |H O™ — |Hoo|! €
STHR; W~(Z; L(E))). This implies that sgn(H (1)) € SO(R; ¥~°(X; L(E))) and
sgn(H (1)) — sgn(Hoo) € STH(R; WO(Z; L(E))).

Moreover, since the principal symbol of (H (f) +iA) ! equals (opr (H (1)) + ix~L
applying once more (4.3) we obtain that oy, (sgn(H (¢))) equals sgn(op (H (2))).

Writing 1g+(X) = %(1 =4 sgn(A)) this implies (1). To prove (2) we deduce from
(4.3) that

(a + 1)_%

2 [t
—/ @+ +1)~'ds
T Jo
2 [*>® 1
= —f (a+2H~"A02 = D7 2da, 4.5)
T J1
hence
+o0
(H*)+ 172 = %/1 (H@t) + 0" (H@) — i)~ '2(R2 = D7 2dA. (4.6)

1

we obtain that (H2(t) + 1)72 € SOR; ¥~ 1(Z; L(E))). We also deduce from (4.6)
that (H2(1)+1) "2 —(H2,+1)"2 € STH(R; U~!(: L(E))). We write then (H2 (1) +
1)% = (H2 + 1)(H2(t) + 1)_% and obtain (2). O
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5 The in/out vacuum states

In this section we prove Theorem 1.1.

5.1 Reduction of the Dirac operator

In this subsection we consider the Dirac operator D obtained from D by conformal
transformation, see Sects. 2.2 and 3.1.5, 3.3.1. We recall that the spinor bundle for
(M, g) is identical to the one for (M, g) and hence denoted by S(M), and that the
restriction S; (X) of the spinor bundle S(M) to ¥, is independent of ¢, and denoted by
S(Z).

We recall also from Sect. 2.2 that S(M) is equipped with the time positive Hermitian
form B see (2.12) and we denote by B, its restriction to S(). Also we denote by
v Ts,M — L(S;(X)) the restrictions of y defined in (2.12) to S(%,).

We will denote by (x, k) local coordinates on T*X and by (¢, x, , k) local coordi-
nates on T*M.

The first step consists in reducing the Dirac equation Dy = 0 to a time-dependent
Schroedinger equation

oy —iH®)Y =0,

where H(?) is some time-dependent selfadjoint operator. To this end it is necessary
to identify the elements of spinor bundles at different times by parallel transport. We
recall that eg = 9, and (e;)1<;<g are the local frames constructed in Lemma 3.2. We
start by an easy proposition.

Proposition 5.1

(i) 74(e0) — Pooleo) € STHRE; C°(V; L(S(X)))),
(i) 71 (ej(1)) — Proo(ej(£00)) € STHRE; C(V; L(S(T)))),
(iii) B — Bioo € STHRE; CR°(Vi L(S(T), S(£)"))),
(iv) V5 — Vi e STHRE Wl(3; S(D))),
(v) Ve @ ij*{’i"oo) e STHRE; WI(T; S())).
Proof We fix a bounded atlas (V;, ¥;);en of (2, hg) and set U; = R x V;. We fix
a bounded family (F;);en of oriented orthonormal frames for zg over V; and denote
by Fi(t) = (e;,j(t))1<j<a the orthonormal frames obtained by parallel transport as
in Lemma 3.2. Since e¢g = 9;, & = (ei.a)o<a<a are then oriented, time-oriented
orthonormal frames for g over U; = R x V;.

We use the spin frames 5; () = (E; a(t))1<a<n of S(X) associated to the frames
Ei(t) = (eia(t))o<a<a over {t} x V;. From the estimates in Lemma 3.2, we obtain
that B; (00) = lim;_, 400 B; (¢) exist and that

E; a(£o0) € CP(Vi, S(2)),
E; A(t) — Ej a(£00) € STH(RE; C°(V;, S(X))) uniformly w.rt.i € N.
(5.1)
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We recall from 3.2.1 that from the transition functions o;;(£o0) : V;; — SO(d) one
obtains the spin structures PSpin(X; hioo) introduced above. The frames B; (+00)
are the frames associated to the &; (=00) for this spin structure.

Let us now forget the index i and denote by (¥*);<a<y € CV the components of
¥ in the frame B. The dual frames are as usual denoted by (e*)o<q<d, (EA)15A5N SO
for example ¢4 = - E4.

Denoting by y; (1) the matrix of y;(u) in the frame B(¢), we have also

yi) =yqu(t), u(t)=u-e(). (5.2)

where y, € My (C) for 0 < a < d are the usual gamma matrices. Using Lemma 3.2
and (5.1), we obtain that lim,_, Lo 7, (e, (t)) € L(S(X)) exist and that

Vilea(®) — lim yi(ea(r)) € STHR; CR(V; LIS(E)))). (5.3)

If we reintroduce the index i and set V = V;, then the seminorms in (5.3) are uniform
with respect to i € N. Because of (5.2), the limits lim,_, 1 7 (e, (¢)) are equal to
Y+oo(eq(£00)). This proves ii). i) is proved similarly.

Let us now denote by B, the matrix of 3; in the frame B(r). We have

Bi=8B
where B € My (C) is a Hermitian matrix such that
Bya = —v.B. iByo > 0.
This implies as above that lim;_, + ,3, exist and

B — lim f e STHRE CE(Vi L(S(E). S(2)))). (54)

Again because of (5.2) the limits lim;_, 1+ ﬁ, are equal to Bioo, which proves iii).
Finally, see, e.g., [17, 2.5.6] we have:

Vot =09 + o ¥C, (5.5)
where
1 - .
aaf = ea'dfv O'aAC = EA~O‘ch, Oq = Zngy(ec)gbdy(ed)’ ng = veaeb’ec'

Using (3.5) and the properties of (e;(#))1<j<q in Lemma 3.2, we obtain by a routine
computation that

Iy, ) =T (1) =0, T (1), T4, (1) € STITHR; C(V)),

¢, (1) — T¢, (£00) € SH(R*; C°(V)) if a, b, ¢ # 0. (5.6)
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If we reintroduce the index i and set V = V;, then the seminorms in (5.6) are uniform

with respect to i € N. Therefore, the limits lim;_, 1+~ VeS, ) exist and
J

@S

ej(n

Tim VS, ) € STHRE W (S 5(9).

Using (5.5) we obtain also that lim,_, + @esj o= VS0 (e (£00)), which proves v).

The proof of iv) is similar. O

5.1.1 Identification by parallel transport

For f € C*(X;; S(X5)) we denote by 7 (s) f = ¥ the solution of

VSy =0inR x X,
i 5.7
{wzs = f, 7
and set
T,s)f =T6)fls,,
T : C®(R; C®(Z, S(T))) = C®(M; S(M)) 5.8

Y(t) > (TY)(E) = 1|73 hol 3T (£, 0)y (1),

We denote by v the Hilbertian scalar product

fovof=i fz F-Bovoleo) fliol2dx, f € C(T, S(X)).

Using (2.4) we obtain the following lemma, see [17, Lemma 6.1].
Lemma 5.2 One has

(1) T(S, t));l(eO)T(t’ S) = J7s(6’0)y tv s € I»
(2) T(s,0)7:(ej ()T (t,5) = ys(ej(s)), t,s €1,
(3) T@,)*B:T(t,s) =B, t,5 €1l

5.1.2 Reduction of the Dirac operator
Proposition 5.3 Let

D:=T"'DT.
Then
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(1) the map
T : (Solse(D), 7o) = (Solse(D), 7o)

is unitary.
(2) We have

D = —yy(e0)d; + iyo(eo)H (1),

where H(t) € SY(R, W (2, S(X))) has the following properties:

(2i) opr(H(1))(x, k) = —70(e) 7o (h: (x) ™ k).
(2ii) there exist Hyoo € \IJI(E; L(S(X))) elliptic, formally selfadjoint for vy such
that

H(t) — Hioo € STHRE; W(Z; L(S(2)))).

Hico is selfadjoint with domain H'(Z; S(X)) and 0 ¢ 0(Hixo).
(2iii) H(t) is formally selfadjoint for Do and selfadjoint with domain H'(Z; S(X)).

Proof (1)is obvious since 7 (0, 0) = 1. Wehave 7' (e0)T = Jo(eo) by Lemma 5.2
and

0 es oo
T, T 1=v§0—zat|h,||h,| I (5.9)

If we fix over some openset U = Rx V, alocal oriented and time oriented orthonormal
frame (e4)0<q<q as in Lemma 3.2, we have

T7'DT = —(e0)d; + i (ep)H(),
H() = T'HOT + 39, Ih,|1h,| 7", for (5.10)
H (1):=i71(e0) 71 (e D)V, 1y + i (e0)rit,

where in the second line we sum only over 1 < j <d.
Let us now prove the properties of H(#) stated in (2). By Proposition 5.1 we obtain
that

H(t) — Hioo € STHRE; WH(Z; L(S(T)))), (5.11)
for
Houin = 17 (€0) (oo (€ (:00) Vrlo ) + itouin)- (5.12)

Let us now consider the maps 7 (¢, s). We have
S 1 a b
Vo ¥ =0y + ZFObyay Y=oy,

@ Springer



Hadamard property of the in and out states for Dirac... Page350f46 63

since Vg e, = 0. It follows that the matrix of 7 (¢, s) in the bases B(s) and B(t)
equals the identity matrix. Using then (5.1) we obtain that the limits 7 (£o0, 0) =
lim; 400 7(¢,0) € C°(X; L(S(X))) exist and that
T(t,0) — T (£o00,0) € STH(R*; Coo (25 L(S(2)))). (5.13)
Combining (5.11) and (5.13), we obtain that
~ 1 ~ 1 ~ 1 ~ 1
Hout/inzzT(Ov :|:OO)|h0u[/jn|Z |hol™ % Hioolhol* |hout/in|7ZT(:tooy 0) (5.14)
belongs to W (Z; L(S(X))) and
H(t) — Houjin € STH(R®; W (Z; L(S(2)). (5.15)
The principal symbol of H(z) is clearly equal to —fo(eo))?()(ﬁ,(x)’lk), which proves
(21).
Let us now prove the remaining parts of (2ii). From (2.25) we obtain that Hi
is the spatial part of the Dirac operator for the static metric g+oo. Using hypothesis
(H4) (and remembering that we removed the tildes), we obtain that 0 ¢ o (Hio). The

selfadjointness of Hoy/in on H 1(2; S(X)) follows by the usual ellipticity argument.
Finally, we know that if Dy = 0 then

— ~ ~ 1
[T Bt o
)
is independent on ¢; hence, if 1/~/ =71 Y we obtain using
To,T ' =V5 — la A
t eg =y Ol
that
= ~ ~ ~ 1
L Y (t,-)-Boyo(leo) ¥ (¢, -)holZdx

is independent on f. Since oY = iH(t)lZ, this implies that H(z) = H*(¢) on
Cy°(2; S(2)) for vg. The fact that (the closure of) H(¢) is then selfadjoint on
H'(Z; S(¥)) follows from the standard argument, using the ellipticity of H(f). O

5.2 Some preparations

The space C5°(R x X; S(X)) is equipped with the Hilbertian scalar product

Uiy = | ¥ Bovoleo)wdelhg|2dx,
RxX
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while C3°(2; S(X)) is equipped with

foof = /2 7-Bovoleo) flio| 2dx. (5.16)

Adjoints of operators will always be computed with respect to these scalar products.
Our reference Hilbert space is

H=L*(Z; S(X)),

equal to the completion of CSO(E; S(%)) for vy.
The following lemma is the analog of [17, Lemma 6.3].

Lemma 5.4 There exists R_oo € CJ°(R; W™°(X; S(X))) with R_oo(t) = R_oo(t)*
and § > 0 such that

o (H(®) + R—o (1)) N [4, 8] = 0.

Proof we follow the proof in [17, Lemma 6.3]. By Proposition 5.3 (2), we know that
there exists § > 0 such that o (H(¢)) N [—§, §] = @ for |[t| > 1, so the modification
R_ () can be taken compactly supported in 7. O

5.2.1 Unitary group

Let us denote by U(z, s), s,t € [ the unitary evolution generated by H(¢), ie the
solution of

o,U(t, s) = iH(H)U(z, 5),
osU(t, s) = —iU(z, s)H(s),
U(s,s) = 1.

The properties of H(z) imply that U(z, s) is well-defined by a classical result of Kato,
see, e.g., [40].

Lemma 5.5 U(¢, s) are uniformly bounded in B(H™(X; S(X))) fort,s e R, m € R.

Proof Let us set
2 i 2 1
S)=(H(t) + )2, Souin:=(H2y i + D2
By Proposition 4.3 we obtain that

S(1) € SOR; wI(Z; S())),
S(t) — Soutsin € STHRE; WI(Z; S(X))),

5.17)
~_1 1 .. .
and op (S(1))(x, k) = (k-h;  (x)k)2. This implies that
C 18" @ullo < Nlullm < Cull S"Oulo. t € R,
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where we denote by || - ||, the norm in H™ (X; S(X)).
Foru € §™(s)C3°(2; S(X)) we set

f@&) =1UGs, )S" (OU(E, $)S™ ™ (s)ullo.
which is finite since U(z, s) preserves CgO(E; S(X)). We have

Lf (O] < UG, 0)d; S" (0U(z, s)S™" (s)ullo
= ||U(s, )3, S™(1)S™™ (1)U(z, s)U(s, 1) S™ ()U(z, $)S™" (s)ullo
< [IU(s, )3, S™(®)ST™U(t, s) Il prpy £ (£) < Ct=1H f (1),

where we use (5.17) in the last inequality. By Gronwall’s inequality we obtain that
f@) <Cf(s)fort,s € R hence

[S™@U(, $)S™™ (s)ull
= UG, )S"OU@E, s)S™" (ull = Cllull, u € $"()C5(X; S(2)),

which proves the lemma since §” (s)C3°(X; S(X)) is dense in L3(Z; S(2)). m]

5.2.2 Some preparations

We next introduce some classes of maps between pseudodifferential operators. These
classes are similar to the ones considered in [17, Subsect. 6.3], with the behavior for
large times taken into account.

We will use the short hand notation introduced in Sect. 4.2 and denote S° (R; ¢
(Z: L(S(%)))) simply by 8. We set S = ,,cp S

Definition 5.6 Let§ : R — R and p € R. We denote by F_s _,, the set of maps
F : 8%0 5 §%:% gych that

F:8 Wl 5 g 1u-8w.—p Y > 0,
and:
Ri—Rye S" & 171 = F(R)) — F(Ry) € STH8W=¢=r=J ye ~0,jeN.
An element of F_5 _, will be denoted by F_5 . The following proposition is the
analog of [15, Lemma A.1], [17, Prop. 6.6]. It is an abstract formulation of an ubiqui-
tous argument in pseudodifferential calculus, consisting in solving recursive equations

to determine successive terms in the symbolic expansion of a pseudodifferential oper-
ators.

Proposition5.7 Let A € Sl n1 > 0and Fo —p € Fo 2. Then there exists a
solution R € ST~ unique modulo S™"1~>° of the equation:

R= A+ Fy_»(R) mod S~
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Proof Letus denote Fy > simply by F. Weset So = A, S, = A+ F(Sp—1) forn > 1.
We have S| — So = F(A) and S, — Sp—1 = F(Sp—1) — F(Sy—2). Since F € Fp 2
we obtain by induction that S, — S,_; € S7#-~"+tD We take R € S™*"~! such
that R ~ Sy + 280 S, — S,—1 which solves the equation modulo S™#!' = If Ry, R,
are two solutions, then Ry — F, = F(F1) — F(Ry) modulo S™#1"~%°; hence, using
that F' € Fp _» we obtain by induction on n that Ry — Ry € S™""" foralln € N
which proves uniqueness modulo S™H1- 7%, O

We now collect some useful properties of the sets F_5 .

Lemma5.8 (1) IfA € S~%% and F_5_, € F_5 _p, then the maps

AF_5_p: R AF_s5 _,(R),
F s pA:R— F_5_,(R)A

belong to F_s_o _pi for k < p.
(2) If F_s;,—p; € F_s;,—p;» then the map

Fogy,—p F8y,—pp : R=> F_g;,—p(R)F_35,p,(R)
belongs to F_g,_8,—pu,—p,—p,» Where p is the map p +— (.
(3) the map R — RP belongs to F_(p—1)u,—p for p € N*.

(4) the map R — ek belongs to Fp.
(5) onehase® =1+ R+ F_u,—2(R), where F_y, _» € F_y 0.

Proof (1) and (2) are easy. We check that R — R belongs to Fp _; and use then (2)
to obtain (3). To prove (4) we write e® = ano ’3—!R" and obtain that eX e SO0 if
R € S~ We have

1
eft — e :/ e?RI(R; — Rye!'"PR2qp
0

and obtain that e®1 —e®2 € S™#=¢~1=J if R| — Ry € S7*~%~1=J, which completes
the proof of (4). To prove (5) we write

1
eR=1+R +/ (1 —6)R%e’Rdo=:1+ R + F(R)
0
and obtain by (2), (3) and (4) that F € F,, _». O

5.3 Construction of some projections

We now follow the constructions in [17, Subsect. 6.4], adapting the results to our
framework.

Proposition 5.9 There exist time-dependent projections

PE() € SYR; WO(Z; L(S(D))))
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and time-dependent operators
R() € S~ 7H®R; (T L(S())))

such that

() PE@0) = PE@O), PTO)+ P~ (1) = 1;

(2) PE(t) — 1gt (Houin) € STHRE, WO(Z; L(S(X))));

(3) R(t) = R*(t); )

(4) 3 PE(t) +[PE(), iH(1)] € STITH(R; W=°(X; L(S(X)))) for

Fl(t) — eiR(t)H(t)e—iR(l‘) + i—lateiR(t)e—iR(t);
(5)
WFU(-, 0)e RO pE(0)el ROy « (VT U F) x T*Z,
for F={k=0}C T*M.
Proof we follow the proof of [17, Prop.6.8], taking into account the time decay of the
various operators.
Step] In Step 1 we replace H(¢) by H(t) = H(t) + R_oo(t) as in Lemma 5.4.

Let U(z, 5) the unitary group with generator A(t). From Lemma 5.5 and Duhamel’s
formula, we obtain that U(z, s) — U(t s) € C{,’Q(R2 ~(X; L(S(X)))) so we can

replace H(t) by I:|(t). Denoting H(t) again by H(r) we can assume without loss of
generality that [-5, §]No (H(#)) = W fort € R.
By Proposition 4.3 the projections
P (1) = 1g=(H(®))

are well defined, selfadjoint with

PE() € SOR; WO(Z; L(S(D)))),

5.18
PE() — Tas (Hougsin) € S (RE: WO(E; L(S(D)), G189

so properties (1) and (2) are satisfied. We have also
opr(Pi)(t, X, k) = Ip+(op(H)(t, X, k)). (5.19)

Since op (H(2, X, k)) = —fo)?(l;t_ ! (x)k), we obtain using the Clifford relations that:
apr(Pi)(t, X, K)o (H) (7, X, k) = £e(t, X, k)apr(Pi)(t, X, k),
fore(t, x, k) = (k'fzf1 (X)k)%. By symbolic calculus this implies that
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PEOH() = +e(t, x, Dy) PE(1) + RE (1), (5.20)
where RY (1) € SO(R; WO(Z; S(X))).

Step 2. In Step 2 we find R(¢) such that (4) is satisfied. For ease of notation we
denote simply by A a time-dependent pseudodifferential operator A(¢). By Lemma 5.8
we obtain easily that for H(¢) defined in (4) we have:

H=H+[R,iHl + F_u _1(R). (5.21)
We will look for R of the form
R=T(S)=P TSPt + P 5*P~, S e S"7L. (5.22)
Note that if F_5_, € F_ 5, then the map S — F_5 _,(T(S)) belongs also to
F_s,—p (note that the map S — S* belongs to Fo _1).

Since P* are projections, we have

8, PE + [PE,iH]
= Pt(9,P* 4+ [PE,iH)P~ + P (8, P + [P*, iH]) PT.

Since the second term in the rhs above is the adjoint of the first, it suffices to find §
such that

P @, Pt + [Pt AP e ST, (5.23)
Using (5.21), we obtain since [Pi, H] = 0:

P (9, Pt + [Pt iH]) P~
=Pt (Pt + PTHPTS — SPHP™ + F_, _1(S)) P~

We use now (5.20) denoting the scalar operator €(z, x, Dy) + m?> for m > 1 simply
by € and obtain:

PYHPTS —SP"HP~ = €S+ Se + RS — SRy
=2eS+[S,el+ RS — SRy

The maps S +— RS’S, S = SR, belong to Fo 1 by Lemma 5.8, as the map §
[e, ST, since € is scalar.
Therefore, Eq. (5.23) can be rewritten as
Pt +2eS+ Fo_1(S) e ST,
or equivalently as

S+ Qe) 19 PT + —Fy _o2(8) e STITHm, (5.24)
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where Fp, 3 : S — —(26)’1F0,_1(S) belongs to Fo 2. We apply Proposition 5.7
to solve (5.24). We note that —(2¢)~19, Pt € S™17#~1 and we find § € S+~
such that

&Pt 4+2eS4 Fy_1(S) e ST
and hence

Pt 4+ [Pt iH = R_o € S7I7H7,

We have hence proved (4). Finally, (5) is proved exactly as in [17, Prop. 6.8]. O

5.4 The in/out vacua for D

In this subsection we construct the in/out vacua and prove their Hadamard property
for D, D and finally for the original Dirac operator D.

We recall from 2.1.7 that U (¢, s) is the Cauchy evolution for D associated to the
foliation (X;);cr. We denote by L2(Z;; S()) the completion of Cgo(Z,; S(X)) for
the scalar product

Fouf=i[| F-Bymlhlidx.

X

By the facts recalled in 2.3.3 U(z, s) : L*(Zs; S(2)) — L*(Z;: S()) is unitary.
We denote by U(t, s) the analogous Cauchy evolution for D. By (2.12) we have:

Ut s) =c 20, 5)c'T . (5.25)

From the definition (5.12) of H+s we obtain that the asymptotic Dirac operator
Doyt /in associated to the ultra-static metric gout/in €quals

Eout/in = _?out/in(éO)(at - iI"Nlout/in)'

Recalling that Doyt /in are the asymptotic Dirac operators associated to gout/in, We
have as in Sect. 2.4:

Doutjin = _Co_ult/inyioo(EO)(at - iI'Iout/in)7

and

1-n - n—1

Hout/in = Couzt/in HOUt/incouzt/in' (5.26)

We first consider the operator D in 5.1.2.

Proposition 5.10 Assume hypotheses (Hi), 1 <i < 4. Then:
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(1) the norm limits:

+ : .
Poutsin =, 1im U0, 1) g (Houy/in)U(r, 0) exist.
2) P(fut/in are selfadjoint projections for v with P;;n/in + P;ut/in = 1.
(3)

WFU(, 0P, 1) € WEUF) x TS
for F={k=0}CT*M.
Proof Let PE(z), R(¢) be the operators constructed in Proposition 5.9. Setting
PE(1):=e RO pE()elRO Oz, 5):=eROU(L, 5)e RO,
we see that U(z, s) is a strongly continuous unitary group with generator
H() = e R OH(@)e RO 4715,k TIR0),

Since PE(r) — 1g+(Hou/in) and R(r) are O(t™*) in norm, we have P*(r) —
I+ (Hout/in) € O(t™*) and hence

U(0, 1) g (Hout/in)U(#, 0) = U(0, 1) PE(1)U(r, 0) + O (™). (5.27)
Next
U(0, 1) PE()U(r, 0) = e RO, 1)elRO PE(1)e TROU(r, 0)eiRO
= e RO, 1) PE(1)U(z, 0)eRO)
and

3 (0(0, HP=m0G, 0))

- - - - - (5.28)
U@, 1) <8tPi(t) +[P*(@), iH(t)]) U(t, 0) = U0, 1) R_o(1)U(z, 0),

where R_oo(1) € S™I7#~% by Proposition 5.9. Therefore, by (5.27), (5.28) the
limit

P:t

out/in

= lim U(0, )T+ (Hou/in)U(7, 0) exists
t—+o00

and

+o0

Pfut/in = P*(0) i/ U(0, 1) R_oo()U(#, 0)d? = PE(0) + Rioo,
0
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where Ry € W™, using the uniform estimates in Lemma 5.5 . pE . are clearly

out/in
selfadjoint projections for vy with POth /in(0) + Pgut /in(0) = 1.
From Proposition 5.9 (5) and the fact that POut /in —PT(0)isa smoothing operator

we obtain that WEU(-, 0)PE . )/ ¢ (WX U F) x T*X. O

out/in
Next we consider the Dirac operator D.

Proposition 5.11 Assume hypotheses (Hi), 1 <i < 4. Then

(1) the norm limits

Poswjin = im0 (0. 1)L (Hio0)U (1, 0) exist.
2) P out /in 47€ selfadjoint projections for the scalar product vy with P Out /int Potn Jin =
3)
WEU (-, 0) Py i) C€ (N UF) x T*Z.
Proof We obtain easily from (5.8) that
U@, s) = 7.0, t)|ﬁ|g’ |/3|[l7(; s)|h|0 |hls 4T(s 0). (5.29)

This implies that

U(O0, 1) L (Houin)U (2, 0)
=U(0, t>|h|0|h|l 1, 0) 1g= (Hout/in) 7 (0, )|, ’|iz|[ U, 0).

By (5.13) T(0,1) — 7(0, +00) € O(t™) in norm and |h|; — |hlout/in € OU™H),
hence

U(o, t)llRi(Hout/m)U(t 0)
=00, t)lhlolhlout/mT(ﬂ:OO 0) L (Hou/in) T (0, +00) 1]y | |§m/in
U(t,0)+ 0™ = U(0, ) 1= (Houin) U (1, 0) + O H).

1
where in the last line we use (5.14) and the fact that 7 (0, =00) |h| | A out ut/in is unitary

for the scalar products Vout/in and vo.

Therefore, the norm limit in (1) exist and equal the projections POut Jin in Proposi-
tion 5.10. This also implies (2). (3) follows from (5.29) and the analogous statement
in Proposition 5.10. O

Finally, we prove the main result of this paper.

Theorem 5.12 Assume hypotheses (Hi), 1 <i < 4. Then:
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(1) the norm limits

P:l:

out/in

= lim U(0, 1)1 (Hou,in)U (. 0) exist.
t— =400

@ if
+
)‘out/in IV (n)P, out/ln
)\(jfm Jin G7€ the Cauchy surface covariances of a pure Hadamard state for D wout/in

called the out/in vacuum state.

Proof Let us denote by c¢; the restriction of the conformal factor ¢ to ¥;. From (2.12)
we obtain that

U, s)—c%U(t 5)Cs 2 , 1,5 €R,
and hence

U, t)lRi(Hout/in)U(t 0) 1

200, r>c,2 Lzt (Houin)e, UG, 0)cy”
1-n

1—n

= C

—

92 U, t)cout/m]lRi(Hout/m)com/mU(t 0)6‘02 +0@™H)
=Cy U(O t)]lRi(Houl/m)U(t O)CO +0@™H)

N‘

1—n n—1

since Hout/in = couTt/in Hout /incouTt/in' By Proposition 5.11 we obtain that

1o n=1
Poajin =  1im U0, 0)Igs (Hou/in)U (1.0) = ¢g> Pognce” - (5.30)
—l
By Proposition 2.5 we obtain that (¢, )* voco = 1. By Proposition 5.11 P Out Jin

are hence selfadjoint projections for vy with POut Jin + Pourjin = 1. Therefore, A

are the Cauchy surface covariances of pure Hadamard states wqy /m for D.
Finally, (5.30) and Proposition 5.11 (3) imply that WF(U (-, 0) Py, /m)’ c WtU

F)x T*X. Since F NN = @, we obtain by Proposition 2.4 that oy, /in are Hadamard

states. O

out/in
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