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Abstract

We compute the Brown measure of x( + i0;, where oy is a free semicircular Brownian
motion and x is a freely independent self-adjoint element that is not a multiple of the
identity. The Brown measure is supported in the closure of a certain bounded region
€2, in the plane. In €2;, the Brown measure is absolutely continuous with respect to
Lebesgue measure, with a density that is constant in the vertical direction. Our results
refine and rigorize results of Janik, Nowak, Papp, Wambach, and Zahed and of Jarosz
and Nowak in the physics literature. We also show that pushing forward the Brown
measure of xo + io; by a certain map Q; : ©2; — R gives the distribution of x¢ + o;.
We also establish a similar result relating the Brown measure of xo + io; to the Brown
measure of xo + ¢;, where ¢; is the free circular Brownian motion.
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1 Introduction
1.1 Sums of independent random matrices

A fundamental problem in random matrix theory is to understand the eigenvalue
distribution of sums of independent random matrices. When the random matrices
are Hermitian, the subordination method, introduced by Voiculescu [36] and further
developed by Biane [3] and Voiculescu [37], gives a powerful method of analyzing
the problem in the setting of free probability. (See Sect. 5.2 for a brief discussion of
the subordination method.) For related results in the random matrix setting, see, for
example, works of Pastur and Vasilchuk [30] and of Kargin [26].

A natural next step would be to consider non-normal random matrices of the form
X +1iY where X and Y are independent Hermitian random matrices. Although a gen-
eral framework has been developed for analyzing combinations of freely independent
elements in free probability (see works of Belinschi, Mai, and Speicher [6] and Belin-
schi, Sniady, and Speicher [7]), it does not appear to be easy to apply this framework
to get analytic results about the X + iY case.

The X + iY problem has been analyzed at a nonrigorous level in the physics
literature. A highly cited paper of Stephanov [32] uses the case in which X is Bernoulli
and Y is GUE to provide a model of QCD. In the case that Y is GUE, work of
Janik, Nowak, Papp, Wambach, and Zahed [23] identified the domain into which the
eigenvalues should cluster in the large- N limit. Then, work of Jarosz and Nowak [24,
25] analyzed the limiting eigenvalue distribution for general X and Y, with explicit
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computations of examples when Y is GUE and X has various distributions [24,Sect.
6.1].

In this paper, we compute the Brown measure of xo +i0;, where o; is a semicircular
Brownian motion and xg is an arbitrary self-adjoint element freely independent of o;.
This Brown measure is the natural candidate for the limiting eigenvalue distribution
of random matrices of the form X +iY where X and Y are independent and Y is GUE.
We also relate the Brown measure of xo +i0o; to the distribution of xg + o, (without the
factor of i ). Our computation of the Brown measure of x(+i0; refines and rigorizes the
results of [23] and [24, 25], using a different method, while the relationship between
xo +ioy and xg + oy is a new result. See Sect. 1.4 for further discussion of these works
and Sects. 5.4 and 9 for a detailed comparison of results.

Our work extends that of Ho and Zhong [22], which (among other results) computes
the Brown measure of xo+io; inthe case xo = yp+06;, where d; is another semicircular
Brownian motion, freely independent of both yg and o;. In this case, xo + io; has the
form of yg + c¢»;, where ¢; is a free circular Brownian motion.

Our results are based on the PDE method introduced in [12]. This method has
been used in subsequent works by Ho and Zhong [22], Demni and Hamdi [11], and
Hall and Ho [19] and is discussed from the physics point of view by Grela, Nowak,
and Tarnowski in [16]. See also the expository article [18] of the first author for an
introduction to the PDE method. Similar PDEs, in which the regularization parameter
in the construction of the Brown measure becomes a variable in the PDE, have appeared
in the physics literature in the work of Burda, Grela, Nowak, Tarnowski, and Warchot
[9, 10].

Since this article was posted on the arXiv, three papers have appeared that extend
our results have appeared. The paper [20] of Ho examines in detail the case in which
xo is the sum of a self-adjoint element and a freely independent semicircular element,
so that xog + ioy becomes the sum of a self-adjoint element and a freely independent
elliptic element. The paper [21] extends the results of the present paper by allowing
X to be unbounded. Finally, the paper [39] of Zhong analyzes the Brown measure of
xo + g, where g is a twisted elliptic element and xg is freely independent of g but
otherwise arbitrary. In the case that x¢ is self-adjoint and g is an imaginary multiple
of a semicircular element, Zhong’s results reduce to ours.

1.2 Statement of results

Let 0; be a semicircular Brownian motion living in a tracial von Neumann algebra
(A, 7) and let xp be a self-adjoint element of .4 that is freely independent of every
oy, t > 0. (In particular, x¢ is a bounded self-adjoint operator.) Throughout the paper,
we let u be the distribution of xg, that is, the unique compactly supported probability
measure on R such that

/ x"du(x) = t(xp), foralln e N. (1.1)
R

Our goal is then to compute the Brown measure of the element

xXg +io; (1.2)
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in A. (See Sect. 2 for the definition of the Brown measure.) Throughout the paper, we
impose the following standing assumption about w.

Assumption 1.1 The measure p is not a §-measure, that is, not supported at a single
point.

Of course, the case in which p is a §-measure is not hard to analyze—in that case,
xo + ioy has the form a + io;, for some constant a € R, so that the Brown measure is
a semicircular distribution on a vertical segment through a. But this case is different;
in all other cases, the Brown measure is absolutely continuous with respect to the
Lebesgue measure on a two-dimensional region in the plane. Thus, our main results
do not hold as stated in the case that p is a -measure.

The element (1.2) is the large- N limit of the following random matrix model. Let Y ¥
be an N x N random variable distributed according to the Gaussian unitary ensemble.
Let XV be a sequence of self-adjoint random matrices that are independent of Y~ and
whose eigenvalue distributions converge almost surely to the law 1 of xo. (The XV’s
may, for example, be chosen to be deterministic diagonal matrices, which is the case
in all the simulations shown in this paper.) Then, the random matrices

XN +iiyV (1.3)

will converge in x-distribution to xo + io;.

In this paper, we compute the Brown measure of xg + io;. This Brown measure is
the natural candidate for the limiting empirical eigenvalue distribution of the random
matrices in (1.3). Our main results are summarized briefly in the following theorem.

Theorem 1.2 For each t > 0, there exists a continuous function b; : R — [0, 00)
such that the following results hold. Let

Q@ ={a+ibeC] bl <bia)}.

Then, the Brown measure of xo+io; is supported on the closure of Q2; and ; itselfis a
set of full Brown measure. Inside 2;, the Brown measure is absolutely continuous with
a density that is constant in the vertical directions. Specifically, the density w;(a +ib)
is independent of b in 2; and has the form:

da! ]
(@) ——), a+ibe Q.

_ 1
w’(““b)_%( da 2

for a certain function a6.

See Figs. 1 and 2.
We now describe how to compute the functions b, and a, in Theorem 1.2. Recall
that p is the law of xg, as in (1.1). We then fix ¢ > 0 and consider two equations:

1 1
/Rm du(x) = ? (1.4
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Fig. 1 The top of the figure shows the domain €2, for the case u = %871 + %81 and t+ = 1.05, together
with a simulation of the corresponding random matrix model. The bottom of the figure shows the density
(in ;) of the Brown measure as a function of a

0.4 0.5 0.6 0.7 0.8

Fig. 2 The top of the figure shows the domain €2, for the case in which u has density 3x2 on [0, 1] and
t = 1/4, together with a simulation of the corresponding random matrix model. The bottom of the figure
shows the density (in £2;) of the Brown measure as a function of a

X a
/ s dukx) = -, (1.5)
R t

(ap — x)? +v?
where we look for a solution with v > 0 and ag € R. We will show in Sect. 7.2 that

there can be at most one such pair (v, ag) for each a € R. If, for a given a € R, we
can find v > 0 and ap € R solving these equations, we set
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a(’)(a) =ap (1.6)

and
bi(a) = 2v. (1.7)

If, on the other hand, no solution exists, we set b;(a) = 0 and leave a(’)(a) undefined.
(If bs(a) = 0, there are no points of the form a 4 ib in ©2; and so the density of the
Brown measure is undefined.)

The equations (1.4) and (1.5) can be solved explicitly for some simple choices of
W, as shown in Sect. 10. For any reasonable choice of w, the equations can be easily
solved numerically.

We now explain a connection between the Brown measure of xo + io; and two
other models. In addition to the semicircular Brownian motion o;, we consider also a
circular Brownian motion ¢;. This may be constructed as:

¢ =012+ 1012,

where o. and &. are two freely independent semicircular Brownian motions. We now
describe a remarkable direct connection between the Brown measure of xo + io; and
the Brown measure of xo + ¢;, and a similar direct connection between the Brown
measure of xg + io; and the law of xo + o;. We remark that a fascinating indication
of a connection between the behavior of x¢ + o; and the behavior of xg + io; were
given previously in the work of Janik, Nowak, Papp, Wambach, and Zahed, discussed
in Sect. 5.4. Note that since o; has the same law as o;/2 + 6;/2, we can describe the
three random variables in question as:

X0 + 0y = X0 + 012 + 012
X0+ ¢ =x0+ 012+ 062
Xo +io; = xo +i012 + 0072,

where the notation A = B means that A and B have the same *-distribution and
therefore the same Brown measure.

The Brown measure of xo + ¢; was computed by the second author and Zhong in
[22]. They also established that the Brown measure of xq + c; is related to the law of
xo + o;. We then show that the Brown measure of x¢ + io; is related to the Brown
measure of xo 4 ¢;. By combining our this last result with what was shown in [22,Prop.
3.14], we obtain the following result.

Theorem 1.3 The Brown measure of xo + ¢; is supported in the closure of a certain
domain A; identified in [22]. There is a homeomorphism U; of A, onto Q; with the
property that the push-forward of Brown(xo—+c;) under U, is equal to Brown(xo+ioy).
Furthermore, there is a continuous map Q; : 2 — R such that the push-forward of
Brown(xg + io;) under Q; is the law of xo + o:, as computed by Biane.

The maps U; and Q, are described in Sects. 7.2 and 8, respectively. The map U; has
the property that vertical line segments in A, map linearly to vertical line segments in
2;, while the map Q; has the property that vertical line segments in 2; map to single
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-1.0}

15}

v

Fig.3 A visualization of the map Uy : A; — ;. The map takes vertical segments in A, linearly to vertical
: _ 1 2 _
segments in €2;. Shown for 4 = 361 + 361 and 1 = 1.05

s Th 1. 1. L33 ® 00 cﬁs M
v —1.0?
-1.5§

Fig.4 A visualization of the map Q; : Q; — R. The map takes vertical segments in ; to single points in
R. Shown for u = %8,] + %8] andt = 1.05

points in R. (See Figs. 3 and 4.) The map Q; is computed by first applying the inverse
of the map U; and then applying the map denoted as W; in Point 3 of Theorem 1.1 in
[22].
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1.3 Method of proof
Our proofs are based on the PDE method developed in [12] and used also in [22] and
[11]. (See also [18] for a gentle introduction to the method.) For any operator A in a

tracial von Neumann algebra (A, t), the Brown measure of A, denoted Brown(A),
may be computed as follows. (See Sect. 2 for more details.) Let

Sk, &) = t[log((A — )" (A —1) + )]
for ¢ > 0. Then, the limit
s(A) == lim S(A,¢)
e—0t
exists as a subharmonic function. The Brown measure is then defined as:
1
Brown(A) = —As,
4

where the Laplacian is computed in the distributional sense. The general theory then
guarantees that Brown(A) is a probability measure supported on the spectrum of A.
(The closed support of Brown(A) can be a proper subset of the spectrum of A.)

In our case, we take A = xg + ioy, so that S also depends on 7. Thus, we consider
the functions:

S(t, A, &) = tllog((xo +ioy — A)*(xo +ior — X) +€)] (1.8)
and
si(A) = 81_i)r51+ S(t, X, ¢).
Then,

1
Brown(xg 4+ io;) = — As;(A),
4

where the Laplacian is taken with respect to A with 7 fixed.

Our first main result (Theorem 3.1) is that the function S in (1.8) satisfies a first-
order nonlinear PDE of Hamilton—Jacobi type, given in Theorem 3.1. Our goal is then
to solve the PDE for S(z, A, €), evaluate the solution in the limit ¢ — 0, and then
take the Laplacian with respect to A. We use two different approaches to this goal, one
approach outside a certain domain €2, and a different approach inside €2;, where the
Brown measure turns out to be zero outside €2; and nonzero inside €2;. See Sects. 6
and 7.
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1.4 Comparison to previous results

A different approach to the problem was previously developed in the physics literature
by Jarosz and Nowak [24, 25]. Using linearization and subordination functions, they
propose an algorithm for computing the Brown measure of H + i Hp, where H|
and H, are arbitrary freely independent Hermitian elements. (See, specifically, Egs.
(75)—(80) in [25].) Section 6 of [24] presents examples in which one of H| and H; is
semicircular and the other has various distributions.

Although the method of [24, 25] is not rigorous as written, it is possible that the
strategy used there could be made rigorous using the general framework developed
by Belinschi, Mai, and Speicher [6]. (See, specifically, the very general algorithm in
Sect. 4 of [6]. See also [7] for further rigorous developments in this direction.) We
emphasize, however, that it would require considerable effort to get analytic results
for the Hy + i H> case from the general algorithm of [6]. In any case, we show in
Sect. 9 that our results are compatible with those obtained by the algorithm of Jarosz
and Nowak.

In addition to presenting a rigorous argument, we provide information about the
Brown measure of xg + io; that is not found in [24, 25]. First, we highlight the crucial
result that the density of the Brown measure, inside its support, is always constant in the
vertical direction. Although this result certainly follows from the algorithm of Jarosz
and Nowak (and is reflected in the examples in [24,Sect. 6]), it is not explicitly stated
in their work. Second, we give significantly more explicit formulas for the support of
the Brown measure and for its density when x is arbitrary. Third, we obtain (Sect. 8)
a direct relationship between the Brown measure of xo + io; and the distribution of
X0 + oy that is not found in [24] or [25].

Meanwhile, in Sect. 5, we also confirm a separate, nonrigorous argument of Janik,
Nowak, Papp, Wambach, and Zahed predicting the domain on which the Brown mea-
sure is supported.

Finally, as mentioned previously, Sect. 3 of the paper [22] of the second author
and Zhong computed the Brown measure of yg + ¢;, where ¢; is the free circular
Brownian motion (large- N limit of the Ginibre ensemble). Now, ¢; can be constructed
asc; = 0y/2+1i0;/2, where 0. and 6. are two freely independent semicircular Brownian
motions. Thus, the results of the present paper in the case where xq is the sum of a
self-adjoint element yg and a freely independent semicircular element fall under the
results of [22]. But actually, the connection between the present paper and [22] is
deeper than that. For any choice of xq, the region A; in which the Brown measure of
xo + ¢; is supported shows up in the computation of the Brown measure of xo +io;, as
the “domain in the Ap-plane” (Sect. 5.1). And then we show that the Brown measure
of xo + ioy is the pushforward of the Brown measure of xo + ¢, under a certain map
(Sect. 8). Thus, one of the notable aspects of the results of the present paper is the way
they illuminate the deep connections between xo + ¢; and x¢ + io;.
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2 The Brown measure formalism

We present here general results about the Brown measure. For more information, the
reader is referred to the original paper [8] of Brown and to Chapter 11 of the monograph
of Mingo and Speicher [28].

Let (A, ) be a tracial von Neumann algebra, that is, a finite von Neumann
algebra A with a faithful, normal, tracial state 7 : A — C. Thus, 7 is a norm-1 linear
functional with the properties that T (A*A) > 0 for all nonzero elements of .A and that
T(AB) = 1(BA) forall A, B € A. Forany A € A, we define a function S by

Sh, &) =tllog((A—A)*(A—-21)+¢)], LeC, ¢>0.
It is known that

s(A) := lim S(A,¢)
e—0F

exists as a subharmonic function on C. Then, the Brown measure of A is defined in
terms of the distributional Laplacian of s:

1
Brown(A) = 4—As.
4

The motivation for this definition comes from the case in which A is the algebra of
all N x N matrices and 7 is the normalized trace (1/N time ordinary trace). In this
case, if A has eigenvalues A1, ..., Ay (counted with their algebraic multiplicities),
then the function s may be computed as:

N
s(A) = N;log|k—)»j|.

That is to say, s is 2/N time the logarithm of the absolute value of the characteristic
polynomial of A. Since % log |A| is the Green’s function for the Laplacian on the
plane, we find that

N
1
Brown(4) = Z 5.
j=1

Thus, the Brown measure of a matrix is just its empirical eigenvalue distribution.

If a sequence of random matrices A" converges in *-distribution to an element A
in a tracial von Neumann algebra, one generally expects that the empirical eigenvalue
distribution of AV will converge almost surely the Brown measure of A. But such a
result does not always hold and it is a hard technical problem to prove that it does
in specific examples. Works of Girko [14], Bai [1], and Tao and Vu [33] (among
others) on the circular law provide techniques for establish such convergence results,
while a somewhat different approach to such problems was developed by Guionnet,
Krishnapur, and Zeitouni [17].
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3 The differential equation for S

Let o; be a free semicircular Brownian motion and let x( be a Hermitian element freely
independent of each oy, > 0. The main result of this section is the following.

Theorem 3.1 Let
S(t, A, &) = tllog((xg +ioy — A)*(xo+ior —A)+¢€)] AreC, >0

and write A as A = a +ib with a, b € R. Then, the function S satisfies the PDE

as 1 (ras\* as2+ 95\* -
amilG) ) () oY

subject to the initial condition

S0, 1, &) = t[log((xg — A)*(xo — 1) + &)].

We use the notation

X; = Xx0 +ioy

Xt = X — A.
Then, the free SDEs of x; ; and x;j , are

dx; ) =ido;, dx[, =—idoy. (3.2)

The main tool of this section is the free Itd formula. The following theorem is a
simpler form of Theorem 4.1.2 of [5] which states the free [t formula. The form of
the Itd formula used here is similar to what is in Lemma 2.5 and Lemma 4.3 of [27].
For a “functional” form of these free It6 formulas, see Sect. 4.3 of [29].

Theorem 3.2 Let (A;);>0 be a filtration such that o, € A, for all t and o, — o is free
with Ag forall s < t. Also let f;, g be two free Itd processes satisfying the free SDEs

n

df, =Y af do; bf +¢, dt (3.3)
k=1
n

dg; = _a do, by +¢ dr. (3.4)
k=1

for some continuous adapted processes {af, bf, s Zlf, l;f, CrYi—;- Then, fig satisfies
the free SDE
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19 Page120f61 B. C. Hall, C.-W.Ho

n n
d(fig) =Y (af do, bigi+fiaf doy bi)+| cigi + fieo + Y tlbia lafh] | dr.

k=1 jik=1
(3.5)
That is, d(f;g:) can be informally computed using the free It6 product rule:
d(fig:) =dfi g+ frdg +df dg:,

where df; dg; is computed using the rules

dUt 0[ dUt = T[Qt]dt (37)
for any continuous adapted process 6;.

Furthermore, if a process f; satisfies an SDE as in (3.3), then t[ f;] satisfies
dr|fi] = tlc/] dt.

This result can be expressed informally as saying d commutes with T and that

for any continuous adapted process 6;.

The theorem stated above is applicable to our current situation. Let A be the von
Neumann algebra generated by xg, and B; be the von Neumann algebra generated
by {0, : r < t}. Then, we apply Theorem 3.2 with 4, = Ap * 5;, the reduced free
product of Ay and B;.

We shall use the free Itd6 formula to compute a partial differential equation that S
satisfies. Our strategy is to first do a power series expansion of the logarithm and then
apply the free It6 formula to compute the partial derivative of the powers of xt’f 3 X0
with respect to 7. We start by computing the time derivatives of T[(x;"; x;,2)"].

Lemma 3.3 We have

%t[(x:kx,,k)] =1 (3.9)
When n > 2,
9 * n n k(o m—1 S n—m—1
ET[(XZ’W’A) ]= —3 2_:1 Tl O xe )™ T ITlxg 5 (x5 00 ]
-

-1 —m—1
r[x,,;\(x;ikx,,)h)m ]r[x,,;\(x;)hx,,)\)n " ]

g

n
2
1

+
S
(= 3

[ 3 xe )" Tl X)L (3.10)

3
X
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Proof For n = 1, we apply the free Itd formula to get
d(x;;x0) = x5 (idoy) + (=i doy)x,  +doy - doy = ix]; doy — i doy x; 5 + dt

which gives (3.9), after taking trace on both sides.

Now, we assume n > 2. We apply Theorem 3.2 repeatedly to obtain results for
the product of several free Itd processes. When computing d r[(x;f ;. X1,3)"], we obtain
four types of terms, as follows:

(1) Terms involving only one differential, either of xt*’ 5 orof x; ;.
(2) Terms involving two differentials of x; ;.
(3) Terms involving two differentials of xt*’ 5
(4) Terms involving a differential of xtf ,, and a differential of x; ;.

We now compute dt[(x;; x;,2)" ] by moving the d inside the trace and then applying
Theorem 3.2. By (3.8), the terms in Point 1 will not contribute.

We then consider the terms in Point 2. There are exactly n factors of x; in
(x;’j ,Xr,2)" . Since the terms in Point 2 involve exactly two dx;,)’s, there are precisely

(g) terms in Point 2. For the purpose of computing these terms, we label all of the x; ;s

by xt(k/\) fork =1, ..., n. We view choosing two x; ;s as first choosing an xt(';, then
another xt(]k) . We then cyclically permute the factors until dxt(i; is at the beginning.

Using the free stochastic equation (3.2) of x; ,, this term has the form:

)n—m—2 * ]

@) ( * m_x ()"
Tlda; ;o (g 3 X0 0) " 5 dxg (5 X X

—m—2
= —t (x50 0" x5 1T x0T 7x ], 1 dt

where m = j —i — Imod n and we omit the labeling of all x; ;s except xt(ii and xt(&).
If we then sum over all j # i, we obtain

3
|
)

—m—2
- 75[xt*,)L(xikxt,k)m]f[xzk(x;‘ixxt,)»)n " 1dt.
0

m

Since this expression is independent of i, summing over i produces a factor of n in
front. But then we have counted every term exactly twice, since we can choose the i
first and then the j or vice versa. Thus, the sum of all the terms in Point 2 is

n—2
n —m—
2 DR (CHYCHPETRP L LITCAPYEAPE S K 73 (3.11)

m=0

By a similar argument, the sum of all the terms in Point 3 is

n—2
n —m—
3 el (a7 e ) . (3.12)

m=0
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We now compute the terms in Point 4. We can cyclically permute the factors until
dx/, is at the beginning. Thus, each of the terms in Point 4 can be written as:

Tldx, (e ax) )" dxe g () x0)" "
= T[] x0Tl x)" ™ dt, (3.13)
where m = 0, ..., n— 1. Now, there are a total of n? terms in Point 4, but from (3.13),

we can see that there are only n distinct terms, each of which occurs n times, so that
the sum of all terms from Point 4 is

n—1

n YTl )" Tl . (3.14)

m=0

We now obtain (3.10) by adding (3.11), (3.12), and (3.14) and making a change of
index. o

Proposition 3.4 The function S satisfies the equation:

9 _ L, wx e ?
or 2 T hhTLATE

1 ~ _
+§r[x;ﬁk(x,ka,,k+s) P et xn + o) A (3.15)

Proof We first show that (3.15) holds for all &£ > ||X,*,;th,)\||- Let & > ||xt*,)hx,,,\ II. We
write log(x 4 ¢) as loge + log(1 + x/¢) and then expand in powers of x /¢. We then
substitute x = x;f 51,2, and then apply the trace term by term, giving

n—1
S(t, h,€) = loga+z( 1) HIEHERV (3.16)

We now wish to differentiate the right-hand side of (3.16) term by term in ¢. We will
see shortly that when we differentiate inside the sum, the resulting series still converges
fore > ||x;j , X1, |l. Furthermore, since the map ¢ — x; is continuous in the operator
norm topology, ||x;|| is a locally bounded function of #. Hence, the series of derivatives
converges locally uniformly in ¢. This, together with the pointwise convergence of the
original series, will show that term-by-term differentiation is valid.

If we differentiate inside the sum in (3.16), we obtain

D L,
ZTEI[()CZ’A)CM) 1. (3.17)

n=1

By Lemma 3.3, the above power series becomes
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1oonfl

(_1)” * m—1 * n—m—1
=D Tl (50" el (0"

2 eh

n=2m=1
1 n=l (="
" 5 Z Z en t['x;k,)u(x;ikxt,)»)mil]T[x;)t(x:kxt,)»)nfmfl]

n=2m=1

[e¢) n

-1 n—1
+Y > %r[(x,nxt,n"—"*]r[(x;ikxt,mm—l]. (3.18)

n
n=1m=1

Note that the constant term 1 is in the last term in (3.18). The first term in (3.18) may
be rewritten as:

11 & & (=)
55_222 o Tl O ) " el (i xe)" ™

n=0m=0

1 [ (—DF o (—1)
=3 (Z (éi\,{—_i_)lf[xt,)\(x;f}\xt,k)k]) (Z (8,—+?r[xr,x(x;fxxz,x)l]>

=0

1 _
= zr[x,,k(x;kat,x + )12

The second term in (3.18) differs from the first term only by replacing the x; ; by
xt*’ , in the two trace terms, and is therefore computed as:

1 _
TG % + 0) .

A similar computation expresses the last term in (3.18) as:

o " (_l)nfl
Z Z on T[(x;*,)\xt,)u)nim]f[(xt*y)hxz,)\)mil] = 8‘1.'[()6;’}9617)L + 8)71]2,
n=1m=1

This shows that the series in (3.17) converges to the right-hand side of (3.15). It follows

that (3.15) holds for all ¢ > ||x;ka,,,\||.
Thus, for all & > max,<, ||x;"AxS,A||, we have

t
1
S, x€) =S<0,A,e)+/ {ET[Xs,A(x;,\Xs,A-FS)IF
0

1
+§r[x;‘jk(x;ﬁﬂcs,A + o) P+ et[(xf s + g)—l]z} ds. (3.19)

The right-hand side of (3.19) is analytic in ¢ for all ¢ > 0. We now claim that the
left-hand side of (3.19) is also analytic. At each ¢ > 0, we have the operator-valued
power series expansion
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S (— l)n—lhn
log(x/; x; 3 + &+ h) =log(x/; x; 5 + &) + Z T(xz*,xxt,k +e)7"
n=1
for |h| < ||(xt*)kx,,k + &)~ 1. Taking the trace gives
et (_1)n—1hn
S(t. h e +h) = log(xf,xia +e)+ Y G+ )"

n=1

for |h| < || (xt’fxxt,x +¢&)7!||. This shows S(, A, -) is analytic on the positive real line.
Since both sides of (3.19) define an analytic function for ¢ > 0 and they agree for all
large ¢, they are indeed equal for all & > 0. Now, the conclusion of the proposition
follows from differentiating both sides of (3.19) with respect to ¢. O

Lemma 3.5 The partial derivatives of S with respect to € and A are given by the
Jfollowing formulas.

Y -
3 = —Tlx/ 5 (5 %0 0 + 8) L
0S -1
== =[x (5 x00 4+ 8) 7]
0S * -1
Fr TG X +8) ]

Proof By Lemma 1.1 in Brown’s paper [8], the derivative of the trace of a logarithm
is given by

d _df
—tllog(fw)]l =7 |fw)™ —|. (3.20)
du du

The lemma follows from applying this formula. O

Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1 By Lemma 3.4,

as 1

ol . .
57 =5l Gt e) P S el (s + &) T etl ] + )7

Using Lemma 3.5, the above displayed equation can be written as:
s 1 (dS 2+1 352+8 35
ar 2\ 9 2 \9x de )

Now, (3.1) follows from applying the definition of Cauchy—Riemann operators to the
above equation. The initial condition holds because x; = xo when ¢ = 0. m|
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4 The Hamilton-Jacobi analysis
4.1 The Hamilton-Jacobi method

We define a “Hamiltonian” function H : R® — R by replacing the derivatives 85 /da,
dS/0b, and 0S/9¢ on the right-hand side of the PDE in Theorem 3.1 by “momentum”
variables p,, pp, and p., and then reversing the overall sign. Thus, we define

1
H(a,b, €, pa, py. Pe) = —Z(pi — pp) —ep?, (4.1)

where in this case, H happens to be independent of a and b. We then introduce
Hamilton’s equations for the Hamiltonian H, namely

du oH dp, JoH
ki : =——, 4.2)
dt 0 pu dt ou

where u ranges over the set {a, b, ¢}. We will use the notation
Ait) =a(t) +ib(r).
Notation 4.1 We use the notation

pa,Ov Pb,O, PO

for the initial values of ps, pp, and p., respectively.

In the Hamilton—Jacobi analysis, the initial momenta are determined by the initial
positions Ag and &y by means of the following formula:

0 d d
Pa,o = —3S(0, 2o, €0);  ppo = —S5(0,%0,20); po=——5(0, Ao, e0). 4.3)
8a0 31)0 380

Now, the formula for S(0, A, &) in Theorem 3.1 may be written more explicitly as:

S(O,k,s):/log(lx—klz—i-s) dp(x),
R

where p is the law of x, as in (1.1). We thus obtain the following formula for the
initial momenta:

f 2(ap — x) e
0= 1 (x
Pa R (ao—x)2+b(2)+8o

/ 2bg du(x)
0= Hix
Pbo ]R(a()—x)2+b(2)+80
= du(x). 4.4)
po /]lg(ao—x)2+b6+80
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Provided we assume o > 0, the integrals are convergent.

Proposition 4.2 Suppose we have a solution to the Hamiltonian system on a time
interval [0, T such that ¢(t) > 0 for all t € [0, T]. Then, we have

S, A1), () = S0, Lo, g9) + tHy, 4.5)
where

Hy = H(ao, bo, €0, Pa,0, Pb,0> PO)-
We also have 95
E(t,)»(t),é?(t)) = pu(t) (4.6)
forallu € {a, b, ¢}.

Werefer to (4.5) and (4.6) as the first and second Hamilton—Jacobi formulas, respec-
tively.

Proof The reader may consult Sect. 6.1 of [12] for a concise statement and derivation
of the general Hamilton—Jacobi method. (See also the book of Evans [13].) The general
form of the first Hamilton—Jacobi formula, when applied to this case, reads as:

! oH
0,20, 60) = SO 0. 00) —tHo+ [ 30 pug s

uela,b.e} u

In our case, because the Hamiltonian is homogeneous of degree two in the momentum
variables, >, ciqp.e) pug% is equal to 2H. Since H is a constant of motion, the
general formula reduces to (4.5). Meanwhile, (4.6) is an immediate consequence of
the general form of the second Hamilton—Jacobi formula. O

4.2 Solving the ODEs

We now solve the Hamiltonian system (4.2) with Hamiltonian given by (4.1). We start
by noting several helpful constants of motion.

Proposition 4.3 The quantities

H? pas pb1 gpg

are constants of motion, meaning that they are constant along any solution of Hamil-
ton’s equations (4.2).

Proof The Hamiltonian is always a constant of motion in any Hamiltonian system.
The quantities p, and p; are constants of motion because H is independent of a and
b. And finally, ¢ pg2 is a constant of motion because it equals —}T( pg - pf’) —H. O
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We now obtain solutions to (4.2), where at the moment, we allow arbitrary initial
momenta, not necessarily given by (4.3).

Proposition 4.4 Consider the Hamiltonian system (4.2) with Hamiltonian (4.1) and
initial conditions

(a0, bo, €0, Pa,0, Pb,0, PO),
with pg > 0. Then, the solution to the system exists up to time
t« = 1/po.
Up until that time, we have

Pa(t) = pao
1
a(t) =ag — zpa,ol-
Pu(t) = pbo
1
b(t) = by + pr,ol
Po

1 — pot
e(t) = eo (1 — pot)*.

pe(t) =

If g0 > 0, then &(t) remains positive for all t < t,.
Proof We begin by noting that

oH

[562_%—175-

We may solve this separable equation as:

_< ! _L)_,
pe(t)  po)

from which the claimed formula for p, (¢) follows. We then note that

de B oH
dt — dpe
= —2¢ep;
= —2¢ Po .
1-— pot

This equation is also separable and may easily be integrated to give the claimed formula
for e(¢).
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The formulas for p, and p;, simply amount to saying that they are constants of
motion, and the formulas for a and b are then easily obtained. O

We now specialize the initial conditions to the form occurring in the Hamilton—
Jacobi method, that is, where the initial momenta are given by (4.4). We note that the
formulas in (4.4) can be written as:

Db,0 = 2bo po 4.7
and
Pa,0 = 2a0po — 2p1, (4.8)
where
X
1= du(x). 4.9)
P /R(ao_x)2+b(2)+€0

Proposition 4.5 Suppose ag, by, and ¢y are chosen in such a way that py = 1/t, so
that the lifetime t, of the system equals t. Then, we have

lim a(s) =tp;

S—>1"

lim b(s) = 2by
S—>1t

lim e(s) =0,
S—>1—

where pi is as in (4.9).

Proof The result follows easily from the formulas in Proposition 4.4, after using the
relations (4.7) and (4.8) and setting po = 1/¢. O

Definition 4.6 Let t,(Aq, &9) denote the lifetime of the solution, namely

-1
1 du(x)
Po R (a0 —x)~ + by + €0

and let

-1
. du(x)

TOo) = lim t,(hg.e0)=| | —————

(20) SOeré+t (A0, €0) (/R (ao—x)2+b(2))

We note that if by = 0, then the integral in the definition of 7 (ag + ibg) may be
infinite for certain values of ag. Thus, it is possible for T (ag + ibg) to equal 0 when
by = 0.

Proposition 4.7 Let
A(t5 o, €0)
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denote the solution to the system (4.2) with L(0) = Ao and £(0) = &g, and with initial
momenta given by (4.4). Suppose Ao satisfies T (Lo) > t. Then,

1
lim A(t; Ao, €0) = Ao — t/ du(x),
g0—0F RA—X

provided that Ao does not belong the closed support of .
Proof Using Proposition 4.4, we find that

A(t; do, €0) = a(t) +ib(1)

t .
=Xl — E(Pa,o —iPp.0)-

In the limit as &g tends to zero, we have (provided A¢ is not in supp(n) C R)

. 2(ap — x) . 2bg
0—ippo= | ———— du(x) —i / ———— dux).
Pa0 1P ® (a0 — )2 + b2 R (a0 — x)2 + b2

It is then easy to check that

1
—i =2 ———d ,
Pa,0 = iPb0 /Rao—kibo—x m(x)

which gives the claimed formula. O

5 The domains
5.1 The domain in the Ay-plane

We now define the first of two domains we will be interested in. When we apply
the Hamilton—Jacobi method in Sect. 6, we will try to find solutions with &(¢) very
close to zero. Based on the formula for £(¢) in Proposition 4.4, it seems that we can
make ¢(¢) small by making &9 small. The difficulty with this approach, however, is
that if we fix some Ag and let &g tend to zero, the lifetime of the path may be smaller
than ¢. Thus, if the small-g¢ lifetime of the path—as computed by the function 7 in
Definition 4.6—is smaller than 7, the simple approach of letting &¢ tend to zero will
not work. This observation motivates the following definition.

Definition 5.1 Let T be the function defined in Definition 4.6. We then define a domain

Ay ={h € CIT (1) < t}.
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Explicitly, a point A9 = ag + ibg belongs to A; if and only if

du(x) 1
/1.& (ao—x)2~|-b(2) T oD

This domain appeared originally in the work Biane [2], for reasons that we will
explain in Sect. 5.2. The domain A; also plays a crucial role in work of the second
author with Zhong [22]. In Sect. 5.3, we will consider another domain €2,, whose
closure will be the support of the Brown measure of xg + io;. See Fig. 6 for plots of
A; and the corresponding domain €2;.

We give now a more explicit description of the domain A;.

Proposition 5.2 For each t > 0, define a function v, : R — [0, oo) as follows. For
each ag € R, if

1 1

let v¢(ag) be the unique positive number such that

1 1
/]R (ap — x)? + v (ap)? du(x) = t 63

If, on the other hand,

1 1
/R—(ao 2 dp(x) = = (5.4

set v¢(ap) = 0.
Then, the function v; : R — [0, 00) is continuous and the domain A; may be
described as:

Ay ={ao+iby € C| |bol < vi(ao)}, (5.5)

so that
A NR ={ap € R|v;(ag) > 0}. (5.6)
See Fig. 5 for some plots of the function v;. O

Proof We first note that for any fixed ag, the integral

1
/]R 7 dp(x) (5.7

is a strictly decreasing function of v > 0 and that the integral tends to zero as v
tends to infinity. Thus, whenever condition (5.2) holds, it is easy to see that there is a
unique positive number v, (ag) for which (5.3) holds. Continuity of v; is established

in [2,Lemma 2].
Using the monotonicity of the integral in (5.7), it is now easy to see that the char-
acterization of the domain A; in (5.5) is equivalent to the characterization in (5.1).
O
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vi(a) with ¢ = 0.9

vi(a) with ¢ = 1.05

-1 0 1 2

Fig.5 The function v, (a) for the case in which pu = lS,l + %61

5.2 The result of Biane

We now explain how the domain A; arose in the work of Biane [2]. The results of
Biane will be needed to formulate one of our main results (Theorem 8.2).

For any operator A € A, we let G 4 denote the Cauchy transform of A, also known
as the Stieltjes transform or holomorphic Green’s function, defined as:

Gaz) =tl(z—A)'] (5.8)

for all z € C outside the spectrum of A. Then, G 4 is holomorphic on its domain.
If A is self-adjoint, we can recover the distribution of A from its Cauchy transform
by the Stieltjes inversion formula. Even if A is not self-adjoint, G 4 determines the
holomorphic moments of the Brown measure Brown(A) of A, that is, the integrals
of A" with respect to Brown(A). (We emphasize that these holomorphic moments do
not, in general, determine the Brown measure itself.)

Let xq be a self-adjoint element of .4, and let o; € A be a semicircular Brownian
motion freely independent of x¢. Define a function H, by

H;(Ag) = Ao + thO (Ap). 5.9)
The significance of this function is from the following result of Biane [2], which shows

that the Cauchy transform of xo + o; is related to the Cauchy transform of x¢ by the
formula
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Gxoto (Hi(10)) = Gy (R0), (5.10)

for A¢ in an appropriate set, which we will specify shortly. Note that this result is for
the Cauchy transform of the self-adjoint operator xo 4 oy, not for xo 4 ioy;.

We now explain the precise domain (taken to be in the upper half-plane for sim-
plicity) on which the identity (5.10) holds. Let

Ay = {ao +ibol by > vi(ao)}, (5.11)

which is just the set of points in the upper half-plane outside the closure of A,. The
boundary of A; is then the graph of v;:

A = {ap + i vi(ag)lap € R}.

Theorem 5.3 (Biane) First, the function H; is an injective conformal map of A, onto
the upper half-plane. Second, H; maps 0 A; homeomorphically onto the real line. Last,
the identity (5.10) holds for all Ao in A;. Thus, we may write

Groto, (M) = Gy (H7' (M)

for all X in the upper half-plane, where the inverse function Ht_1 is chosen to map into
Ay

See Lemma 4 and Proposition 2 in [2]. In the terminology of Voiculescu [34, 35], we
may say that H,_1 is one of the subordination functions for the sum xo + o;, meaning
that one can compute G 44, from G, by composing with Ht_l. Since xg + oy is self-
adjoint, one can then compute the distribution of xo + o; from its Cauchy transform.
We remark that Biane denotes the map Hfl by F; on p. 710 of [2].

5.3 The domain in the A-plane

Our strategy in applying the Hamilton—Jacobi method will be in two stages. In the
first stage, we attempt to make ¢(¢) close to zero by taking &g close to zero. For this
strategy to work, we must have Ag outside the closure of the domain A; introduced in
Sect. 5.1. We will then solve the system of ODEs (4.2) in the limit as &y approaches
zero, using Proposition 4.7. Let us define a map J; by

J1(ho) = Ao — 1Gxy(Ro), (5.12)
which differs from the function H; in Sect. 5.2 by a change of sign. (See Sect. 5.4 for a
different perspective on how this function arises.) With this notation, Proposition 4.7
says that if 1(0) = Ag and &p approaches zero, then

A1) = Ji (ko)

provided that Ag is outside the closure of A;. Thus, the first stage of our analysis will
allow us to compute the Brown measure at points of the form J; (o) with Ao ¢ A;.
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We will find that the Brown measure is zero in a neighborhood of any such point. A
second stage of the analysis will then be required to compute the Brown measure at
points inside A;.

The discussion the previous paragraph motivates the following definition.

Definition 5.4 For each t > 0, define a domain €2; in C by
Q, = [/ (AD].

That is to say, the complement of €2; is the image under J; of the complement of A;.

See Fig. 6 for plots of the domains A; and ;.

We recall our standing assumption that p is not a §-measure and we remind the
reader that the set A; in (5.11) is the region above the graph of v; so that A, is the set
of points on or above the graph of v;.

Proposition 5.5 The following results hold.

(1) The map J; is well-defined, continuous, and injective on Ay
(2) Define a function a; : R — R by

a;(ap) = Re [Ji(ap + iv(ap))]. (5.13)

Then, at any point ag with vs(ag) > 0, the function a; is differentiable and satisfies

0<— <2.
<dao<

(3) The function a; is continuous and strictly increasing and maps R onto R.
(4) The map J; maps the graph of v, to the graph of a function, which we denote by
b;. The function b, satisfies

by (a;(ap)) = 2v,(ap) (5.14)

forall ag € R.

(5) The map J; takes the region above the graph of v; onto the region above the graph
Ofbt.

(6) The set 2; defined in Definition 5.4 may be computed as:

Q ={a+ibeC| bl <ba)).

Since J;(z) = 2z — H;(z) and H;(ag + iv;(ag)) is real, we see that a;(ag) =
2ag — Hy(ag + ivs(ap)). Lemma 5 of [2] and Theorem 3.14 of [22] show that 0 <
H)(ap + ivi(ap) < 2, which means 0 < a;(ag) < 2. Thus, Point (2) improves the
result to 0 < a;(ap) < 2.

The proof requires u to have more than one point in its support in order to prove
ay(ap) # 0. When p = 8o, it can be computed that J;(z) = z — % and ag + iv;(ap)
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Qt with 7= 0.9
1.
At with| = 0.9
m o.s»m 05k
= 1 2 i ey 0 1.
05} ~05]
—1.L
15}

A, withf = 1.05

1 \J 2 1| —os 0.5 1

Fig.6 The regions A; and 2; for u = %871 + %81

is the upper semicircle of radius /7. Therefore, Re [J;(ag + iv;(ap))] = 0 for all
ap € Ay NR, and its derivative is constantly O on A; N R.
The proof is similar to the proof in [2] of similar results about the map H;.

Proof antinuity of J, on A, follows from [2,Lemma 3], which shows continuity of
Gy, on A;. To show injecti\ity of J;, suppose, toward a contradiction, that J;(z1) =
Ji(z2), for some z1 # z2 in A;. Then, using the definition (5.12) of J;, we have

1(Gu(z2) — Gu(z1)) =22 — 21.
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This shows

71 — 22
- = d — — 71
’/Rm—x)(zz—x) wlE) =z -2

Since we are assuming that z; and z; are distinct, we can divide by z; — z» to obtain

/ w1 (5.15)
R

(z1 —x)(z2—x)  t

Since z1, z2 € A;, we have T'(z;) < 1/t and T (z2) < 1/t. Thus, by the Cauchy—
Schwarz inequality,

/ dp(x)

R (21 —x)(z2 — x)
By (5.15), we have equality in the above Cauchy—Schwarz inequality. Therefore, there
exists an o € C such that the relation

25 dp(x) / dutr) _ 1

R lz1 — x|?

R lz2 — x| ~ %

1
_ - % (5.16)
72— X 1 — X

or, equivalently,
(¢ — Dx =azr — 21 (5.17)

holds for p-almost every x. Since p is assumed not to be a §-measure, we must have
a = 1, or else x would equal the constant value (@zy — z1)/(e — 1) for p-almost
every x. With @« = 1, we find that z; = Z,. But now if we substitute z; = z; into

(5.15), we obtain
/ du(x) . 1
Rlzi—x> 1

which is impossible. This shows z; and z» cannot be distinct and Point (1) is estab-
lished.
For Point (2), fix ag with v;(ag) > 0. We compute that

) _ du(x)
G (h0) = /R (ho — x)2

so that

du(x)
G’ (ag + ivi(ap))| < / = -.
Guafan+iutaod] = | o o ~ 7
We claim that this inequality must be strict. Otherwise, we would have equality in the
“putting the absolute value inside the integral” inequality. This would mean, by the
proof of Theorem 1.33 of [31], that

(5.18)
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L
(Ao — x)?

would have the same phase for p-almost every x. But since Ag is in the upper half
plane, the phase of Ao — x increases from O to 7 as x increases from —oo to co. Thus,
the phase of 1/(1g — x)? decreases from 27 to 0 as x increases from —oo to 0.
Therefore, 1/(g — x)? cannot have the same phase p-almost every x unless i is a
d-measure.

Now,

d 1 . .dvs(ap)
EG}CO(GO +ivs(ap)) = G;O(ao +iv(ag)) (1 +i C;aoo ) '

Since (5.18) is a strict inequality,

d
— Gy (ap + ive(ao))

2 dv,(ag) \*
<% (1 + (d—ao) . (5.19)

day
Since
_ o du(x) _ v; (ap)
Im [Gy(ap +iv,(ap))] = Uz(ao)/R (a0 —x)2 + v @)? r
we have
d > 1d
<d_aoIm [Gxo(ao—i-ivz(ao))]) =n v;(oao)

and (5.19) becomes

d 2
(%Re [Gx,(ao + ivt(ao))]) < ol

This shows, using the definition a,(ag) = Re [J;(ap + iv;(ao))],
/ d .
a,(ap) =1— taRe [Gx,(ao + ivi(ap))] € (0,2),

as claimed.

We now turn to Point (3). To show that the function a;(agp) is strictly increasing
with ag, we use two observations. First, by Point (2), a; is increasing at any point ag
where v;(ag) > 0. Second, when v, (ag) = 0, we have

1
as(ag) = ag — t/ du(x). (5.20)
RA) — X
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We claim that the right-hand side of (5.20) is an increasing function of ag. Suppose
that ag < a1 and vs(ag) = v;(a;) = 0. We compute

1
as(a1) — a;(ap) = (a1 — ao) <l + t/ . — du(x)) ) (5.21)
(a1 — x)(ap — x)

By Cauchy—Schwarz inequality and (5.4),

1
—d
‘/ (@ = D)ao —x) H

the Cauchy—Schwarz inequality is indeed strict by the reasoning leading to (5.16) and
(5.17). This proves that the right-hand side of (5.21) is positive and we have established
our claim.

Consider any two points ag and a; with ay < a;; we wish to show that a;(ap) <
as(ay).

We consider four cases, corresponding to whether v;(ag) and v;(a;) are zero or
positive. If v;(ag) and v;(ap) are both zero, we use (5.20) and immediately conclude
that a;(ag) < as(ay). If vi(ag) = 0 but v;(a;) > 0, then let @ be the infimum of
the interval I around a; on which v; is positive, so that v,(@) = 0 and gy < «.
Then, a;(ao) < a;(«) by (5.20) and a,(«) < a,(a;) by the positivity of a; on /. The
remaining cases are similar; the case where both v;(ag) and v;(aj) are positive can
be subdivided into two cases depending on whether or not ag and a; are in the same
interval of positivity of v;.

Finally, we show that @; maps R onto R. Since xq is assumed to be bounded, the
law p of xg is compactly supported. It then follows easily from the condition (5.4)
for v, to be zero that v;(ap) = 0 whenever |ag| is large enough. Thus, for |ag| large,
the formula (5.20) applies, and we can easily see that lim,,—, s a;(ap) = —o0 and
limgy—s 400 @ (ag) = +00.

For Point (4), it follows easily from Point (3) and the definition (5.13) of a; that J;
maps the graph of v; to the graph of a function. When then note that (5.14) holds when
vy (ag) = 0—both sides are zero. To establish (5.14) when v,;(ag) > 0, we compute
that

P [ du) dpu(x) 1

< =
—J (@ —-x?*) (ap—x)* ~ 12

1
v (ag) — tIm —— dux
/(@) ey W

1
= wlao) tvt(dO)/R (ap — x)? + vi(ap)? dia(x)

= 2v,(ap),

Im [J;(ap + ivs(ap))]

by the defining property (5.3) of v;.

For Point (5), we note that the graph of v, together with the point at infinity, forms a
Jordan curve in the Riemann sphere, with the region above the graph as the interior of
the disk—and similarly with v, replaced by b;. Since J; (Ao) tends to infinity as A tends
to infinity, J; defines a continuous map of the closed disk bounded by graph(v;) U {oo}
to the closed disk bounded by graph(b;) U {oo}, and this map is a homeomorphism on
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the boundary. By an elementary topological argument, J; must map the closed disk
onto the closed disk.

Finally, for Point (6), we use the description of A; in Proposition 5.2 as the region
bounded by the graphs of v; and —v,. The complement of A; thus consists of the
region on or above the graph of v, or on or below the graph of —v,. By Point (5) and
the fact that J; commutes the complex conjugation, J; will map the complement of
A; to the region on or above the graph of b, or on or below the graph of —b;. Thus,
from Definition 5.4, ©2; will be the region bounded by the graphs of b; and —b;. O

5.4 The method of Janik, Nowak, Papp, Wambach, and Zahed

We now discuss the work of Janik, Nowak, Papp, Wambach, and Zahed [23] which
gives a nonrigorous but illuminating method of computing the support of the Brown
measure of xo + io;. (See especially Section V of [23].) This method does not say
anything about the Brown measure besides what its support should be. Furthermore,
it is independent of the method used by Jarosz and Nowak in [24, 25] and discussed
in Sect. 9.

Recall the definition of the Cauchy transform of an operator A in (5.8). We note
that if A is outside the spectrum of A, then we may safely put ¢ = 0 in the function

Sa(r, &) == t[log((A — V)" (A —2) +¢)].

Using the formula (3.20) for the derivative of the trace of the logarithm, we can easily
compute that

d
55540, 0) =7[( — AN =Ga).

But since G 4 (1) depends holomorphically on A, we find that
Ay Sa(A O)—48 8S (2, 0)
AOA ’ - a)—\’ a)\' A ’

=4 9 Ga(h)

!

=0,
so that the Brown measure is zero. This argument shows that the Brown measure is
zero outside the spectrum of A.

Now, in the case A = xo + io;, the authors of [23] attempt to determine the
maximum set on which the function

0
— S8, A, 0
o ( )

remains holomorphic. We start with Biane’s subordination function identity (5.10),
which we rewrite as follows. Let o be a fixed semicircular element, so that the law of
oy is the same as that of «/7o. Then set u = /7, so that (5.10) reads as:
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(A + 4Gy () — (¥ +u0)} 1= Gy V).
We then formally analytically continue to u = i+/7, giving
Tl{h = 1Gxy (V) = (xo +iv/10)} T = Gy ().
Thus,
Gxoto, (A +1Gxy(A) = Gry(X) = Gxptio, (A — 1G ().
In terms of the maps H; and J; defined in (5.9) and (5.12), respectively, we then have

Grotio (J1 (M) = Gxyto, (Hi (1))

or
Gotio (Ji(H (1)) = Gryyo, (V). (5.22)

We also note that from the definitions (5.9) and (5.12), we have J,(A) = 21 — H; (1),
so that
Ji(H N (2) =2H " (2) — . (5.23)

Then, since the right-hand side of (5.22) is holomorphic on the whole upper half-
plane, the authors of [23] argue that the identity (5.22) actually holds on the whole
upper half-plane. If that claim actually holds, we will have the identity

Grotio (2) = Gryro, (Hi (J71(2))) (5.24)

for all z in the range of J; o H[l, namely for all z (in the upper half-plane) outside
the closure of €2;. An exactly parallel argument then applies in the lower half-plane.
The authors thus wish to conclude that Gy,+q, is defined and holomorphic on the
complement of Q,, which would show that the Brown measure of xo + io; is zero
there.

We emphasize that the argument for (5.22) is rigorous for all sufficiently large
X, simply because the quantity 7[(A — AN depends holomorphically on both the
complex number A and the operator A. But just because the right-hand side of the
identity extends holomorphically to the upper half-plane does not by itself mean that
the identity continues to hold on the whole upper half-plane. Thus, the argument in
[23] is not entirely rigorous. Nevertheless, it certainly gives a natural explanation of
how the domain €2; arises.

The identities (5.22) and (5.24) already indicate a close relationship between the
operators xg +io; and xp + o;. In Sect. 8, we will find an even closer relationship: The
push-forward of the Brown measure of xo + io; under a certain map Q; : Q - R
is precisely the law of xg 4+ ;. The map Q; is constructed as follows: It is the unique
map of Q, to R that agrees with H; o Jfl on d<2; and maps vertical segments in Q;
to points in R.
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6 Outside the domain

In this section, we show that the Brown measure of x( + io; is zero in the complement
of the closure of the domain €2; in Definition 5.4. We outline our strategy in Sect. 6.1
and then give a rigorous argument in Sect. 6.2.

6.1 Outline
Our goal is to compute the Laplacian with respect to A of the function

s;(A) = lim S(, A, ¢€).
e—>07F

We use the Hamilton—Jacobi method of Proposition 4.2, which gives us a formula for
S(t, A(t), e(2)). Since (Proposition 4.4) e(t) = eo(1 — pot)z, we can attempt to make
(1) approach 0 by letting &9 approach zero. This strategy, however, can only succeed
if the lifetime of the path remains at least ¢ in the limit as &9 — 0. Thus, we must take
Ao for which T'(Lg) > ¢, where T is as in Definition 4.6. We therefore consider ¢ in
At, where A; is as in Definition 5.1.

If we formally put ¢g = 0, then &(¢) = 0, and, by Proposition 4.7, we have

A1) = Ji (o). (6.1)
Now, by Proposition 5.5, J; maps A{ injectively onto Q¢. Thus, for any A € ﬁf, we

may choose Ag = Jt_1 (X). Then, if we formally apply the Hamilton—Jacobi formula
(4.5) with g9 = 0, we get

S(t,2,0) = fR log(1J,7' () — x|?) du(x) — i(pﬁ,o — Pho):

where, with &g = 0, the initial momenta in (4.4) may be computed as:

pa,o=2fR%du(x)=2Re/HM l_x aux)
Pho =2 /R (ao_i’TbOdu(x) ~2Im / .
Thus,
S(t,1,0) = fR log(1J,7" (1) = x[*) dpu(x) — 1Re [G o (J, ' (0))], (6.2)
where

Gy =1((h—x0)"") = / P dM(x)
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The right-hand side of (6.2) is the composition of a harmonic function and a holo-
morphic function and is therefore harmonic. We thus wish to conclude that Brown
measure of xo + io; is zero outside ;.

The difficulty with the preceding argument is that the function S(¢, A, ¢) is only
known ahead of time to be defined for ¢ > 0. Thus, the PDE in Theorem 3.1 is only
known to hold when ¢ > 0 and the Hamilton—Jacobi formula is only valid when &(¢)
remains positive. We are therefore not allowed to set &g = 0 in the Hamilton—Jacobi
formula (4.5). Now, if X is outside the spectrum of xo + io;, then we can see that
S(t, A, ) continues to make sense for ¢ = 0 and even for ¢ slightly negative, and the
PDE and Hamilton—Jacobi formula presumably apply. But of course we do not know
that every point in Q; is outside the spectrum of xo + io;; if we did, an elementary
property of the Brown measure would already tell us that the Brown measure is zero
there.

If, instead, we let ey approach zero from above, we find that

1in(1)+ S(t, 1(1), e(@)= | log(|J, 1 (A) — x|?) die(x) — tRe [Gy (J, 1 (1))%]. (6.3)
R

£0—>

Now, as g — 07, we can see that A(t) approaches A and &(¢) approaches 0. But
there is still a difficulty, because the function s; (1) is defined as the limit of S(z, A, ¢)
as ¢ tends to zero with XA fixed. But on the left-hand side of (6.3), A = A(¢) is not
fixed, because it depends on &g. To overcome this difficulty, we will use the inverse
function theorem to show that, for each ¢+ > 0, the function S has an extension to a
neighborhood of (¢, A, 0) that is continuous in the A- and e-variables. Thus, the limit
of S along any path approaching (¢, A, 0) is the same as the limit with A fixed and ¢
tending to zero.

6.2 Rigorous treatment

In this section, we establish the following rigorous version of (_6.2), which shows that
the support of the Brown measure of xo + io; is contained in €2;. Recall that s; (L) is
the limit of S(¢, A, €) as ¢ approaches zero from above with A fixed.

Theorem 6.1 If X is not in §z, we have
si(h) = /R log(17;7 (1) — x1%) di(x) — 1Re [Gy (J; 1 (1))?] (6.4)

and As; (L) = 0.

The theorem will follow from the argument in Sect. 6.1, once the following regu-
larity result is established.

Proposition 6.2 Fix a time t > 0 and a point \* € ﬁf Then, the function (A, €) +—
S(t, A, €) extends to a real analytic function defined in a neighborhood of (\*, 0)
inside C x R.

We will need the following preparatory result.
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Lemma 6.3 If Lo is not in A;, there is a neighborhood of Lo in K,C that does not
intersect supp(i).

The result of this lemma does not hold if we replace Ktc by Af. As a counter-
example, if © = 3x2dx on [0, 1], then using the criterion (5.6) for A; N R, we find
that 0 € A¢ for small enough ¢, but O € supp(u).

Proof 1t is clear that the statement of this lemma holds unless Ag € R since xq is
self-adjoint.

Consider, then, a point A¢ € Kf NR. Choose an interval (o, ) around A contained
in Kf N R. We claim that u((«, 8)) must be zero. To see, note that since the points in
(at, B) are outside A, we have (Definition 5.1)

/;d ()<1
R (ap — x)? =7

for all ap € (o, B). If we integrate the above integral with respect to the Lebesgue
measure in agp, we have

p 1
/(; /I‘Q(ao——x)zd'u(X) dﬂlo < OQ.

We may then reverse the order of integration and restrict the integral with respect to
uto (o, B) to get

B B 1
f / ———— dapdu(x) < oo. (6.5)
a Ja (ap—x)
But
|
[ e
o« (a0 —x)
for all x € (@, B). Thus, the only way (6.5) can hold is if u((e, B) = 0. O

We now work toward the proof of Proposition 6.2. In light of the formulas for the
solution path in Proposition 4.4 , we consider the map V; given by V;(ao, bo, €9) =
(ar, by, &), where

t
a,(ao, bo, &0) = ag — 3Pa0

t
bi(ao, bo, €0) = bo + 3Pp.0

&1 (a0, bo, €0) = eo(1 — pot)*.

This map is initially defined for &9 > 0, which guarantees that the integrals (4.4)
defining p,.0 and pp o are convergent, even if by = 0. But if A¢ is in Kf, Lemma 6.3
guarantees that A is outside the closed support of 1, so that the integrals are convergent
when ¢y = 0 and even when ¢y is slightly negative. Thus, for any Ay € K;, we can
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extend V; to a neighborhood of (Ap, 0) using the same formula. We note that when
gy = 0, we have

a(ao, bo, 0) + ibi(ao, bo, 0) = Ji(ao + ibo), (6.6)
as in (6.1).
Lemma 6.4 If Lq is not in A;, the Jacobian matrix of Vi at (Mg, 0) is invertible.
Proof If we vary ag or by with &g held equal to 0, then & remains equal to zero, so that

ey &
—(%0,0) = — (10, 0) = 0.
8ao(0 ) abo(o )

Meanwhile, from the formula for &;, we obtain

88[ 2
3o 20, 0) = (1 —1po)”.
€0

Thus, using (6.6), we find that the Jacobian matrix of V at (ag, bg, 0) has the form:

K *
0 (1 —1tpo)* )"

where K is the 2 x 2 Jacobian matrix of the map J;.

Since Ag € A,C, we hivce T(x) =1/po > 1/t, sothat 1 —tpg > 0. Furthermore,
since J; is injective on A,, its complex derivative must be nonzero at Ao, so that K
is invertible. We can then see that the Jacobian matrix of V; at (¢, Ag, 0) has nonzero
determinant. O

We are now ready for the proof of our regularity result.

Proof of Proposition 6.2 Define a function HJ by the right-hand side of the first
Hamilton—Jacobi formula (4.5), namely

1
H(ao, bo, €9, 1) = S(0, ko, £0) — [Z(”Z»O — Pho) — 8017(2)} . (6T

Now take A* € €, and let Ay = J7H (), so that Aj € A;. By Lemma 6.4 and the
inverse function theorem, V; has an analytic inverse in a neighborhood U of (1%, 0).
By shrinking U if necessary, we can assume that the Ao-component of V1 (%, ¢) lies
in K;‘ for all (A, ¢) in U. We now claim that for each fixed ¢t > 0, the map

(h, &) > HIo V' (1, e) (6.8)
gives the desired analytic extension of S(z, -, -) to a neighborhood of (1*, 0).

We first note that HJ o Vfl is smooth, where we use Lemma 6.3 to guarantee that
the momenta in the definition of HJ are well defined. We then argue that for all (1, ¢)

@ Springer



19 Page360f61 B. C. Hall, C-W. Ho

in U with ¢ > 0, the value of HJ o V,_I(A, ¢) agrees with S(¢, 1, €). To see this,
note first that if (A, &) € U has ¢ > 0, then the gy-component of Vfl()», &) must be
positive, as is clear from the formula for ¢;(ao, bo, €o). Since, also, the Ag-component
of V,_I(A, g) is in K?, the small-gg lifetime of the path is at least ¢, so that when
go > 0, the lifetime is greater than ¢. Thus, for (A, ¢) in U with ¢ > 0, the first
Hamilton—Jacobi formula (4.5) tells us that, indeed, S(z, A, &) = HJ (V,_I(A, g)). 0O

We now come to the proof of our main result.

Proof of Theorem 6.1 Once we know that (6.8) gives an analytic extension of S(¢, -, -),
we conclude that the function s; defined as:

s;(A) = lim S(¢, A, €)
e—0

can be computed as:
s:(\) =HIo V1 (1, 0). (6.9)

The point of this observation is that because HJ o Vfl is analytic (in particular,
continuous), we can compute s;(A) by taking the limit of HJ o Vfl (8, ) along any
path ending at (X, 0), rather than having to fix A and let ¢ tend to zero.

Fix a point A in ﬁf and let Ag = Jt_l (1), so that T'(Ag) > ¢. Then, for any &9 > 0,
the lifetime of the path with initial conditions (Aq, 9) will be greater than ¢ and the
first Hamilton—Jacobi formula (4.5) tells us that

_ _ l 2 2 _ 2
S(t, A1), e(1)) = S(0, 1o, £0) t4(pa,o Pbo) —€0pg | -

As g9 — 0, we find that A(r) — J;(Ao) = A and €(¢) — 0. Thus, by (6.9) and the
continuity of HJ o Vfl, we have

. 1
si(%) = S(0, 29, 0) — ¢ lim [—(pﬁ,o — Pho) — 8017(%} :
g—0| 4

which gives the claimed expression (6.4).

Now, if A is outside of €;, then J,_1 (1) is outside of A;, which means (Lemma 6.3)
that J,_l () is outside the support of the measure . It is then easy to see that s; is a
composition of a harmonic function and a holomorphic function, which is harmonic.

(]

7 Inside the domain
7.1 Outline
In Sect. 6, we computed the Brown measure in the complement of €, and found that it

is zero there. Our strategy was to apply the Hamilton—Jacobi formulas with Aq in the
complement of A; and ¢y chosen to be very small, so that A(¢) is in the complement
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of Q; and &(t) is also very small. If, on the other hand, we take Ag inside A, then (by
definition) T (Ag) < ¢, meaning that the small-gg lifetime of the path is less than 7.
Thus, for Ay € A; and &g small, the Hamilton—Jacobi formulas are not applicable at
time 7.

In this section, then, we will use a different strategy. We recall from Proposition 4.4
that () = €o(1 — pot)2. Thus, an alternative way to make &(¢) small is to take &g > 0
and arrange for pg to be close to 1/¢. Thus, for each point X in €2;, we will try to find
ro € As and g9 > 0 so that pg = 1/t and A(¢) = A. (If po = 1/¢, then the solution
to the system of ODEs blows up at time ¢, so that technically we are not allowed to
apply the Hamilton—Jacobi formulas at time 7. But we will gloss over this point for
now and return to it in Sect. 7.1.3.)

Once we have understood how to choose Ag and gg as functions of A € ;, we
will then apply the Hamilton—Jacobi method to compute the Brown measure inside
;. Specifically, we will use the second Hamilton—Jacobi formula (4.6) to compute
the first derivatives of S(z, A, 0) with respect to a and b. We then compute the second
derivatives to get the density of the Brown measure.

7.1.1 Mapping onto Q;
We first describe how to choose Ag and &g > 0 as functions of A € €2; sothat A() = A
and e(r) = 0. Ifap +ibg € Ay, then |by| < vs(ap). Then, from the defining property
(5.3) of the function v;, we see that if we take
_ ot ._ 2 2
g0 = gg(ao) := vi(ao)” — by, (7.1)

then g is positive and plugging this value of ¢q into the formula (4.4) for pg gives

1 1
= d = —
po /R (ap — x)? + vi(ap)? #(x) t’

as desired.
It remains to see how to choose Ag so that (with gy given by (7.1)) we will have
A(t) = . Since pg = 1/t, Proposition 4.5 applies:

1
o0 =1 | oo 72
b(t) = 2by. (7.3)

If we want A(¢) to equal A = a + ib, then (7.3) immediately tells us that we should
choose by = b/2. We will show in Sect. 7.2 that (7.2) can be solved for ag as a function
of a and t; we use the notation a(’)(a) for the solution.

Summary 7.1 Forall . = a+ib € ;, the following procedure shows how to choose
Ao = ag +iby € A; and gy > 0 so that, with these initial conditions, we will have
A(t) = A and e(t) = 0. First, we use the condition
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1 1
dp(x) = -
/R (ap — x)% + vr(ap)? #(0) t

to determine v; as a function of ag. Second, use the condition

/ a dux) =2
R (ap — x)% + v;(ap)? =7

to determine ag as a function afy of a. Then, we take

by = b/2

g0 = vt(af)(a))2 — b3,

7.1.2 Computing the Brown measure

Using the choices for Ao and &g in Summary 7.1, we then apply the second Hamilton—
Jacobi formula (4.6). Since () = X and &(z) = 0 and p,, is a constant of motion,

aS(t A, 0) = pp(t) =

b s Moy = DPb = Pb,0-

But since, by (4.7), pp,0 = 2bopo, we obtain
N b
—(,1,0)=2b = -,
8b( ) 0p0 = 7

since we are assuming that pg = 1/¢.
Similarly,

0S
— (@, 2,0) = p,(t)
da

= Pa,0

= 2aopo — 2p1.
2aj(a) 2a

-y T

where we have used (7.2) and the formula (4.8) for p, 0.

Conclusion 7.2 The preceding argument suggests that for A = a+ib € 2;, we should
have

05 _ 2t @) - a)
— = —apla) —a
da 0
ast_b

bt
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If this is correct, then the density of the Brown measure in 2; is readily computed as:

1 /328 9%s 1 [dad} 1
LIS 85 0 = o (e 1Y,
47 \ 9a2  9b? 2t da 2

as claimed in Theorem 1.2. In particular, the density of the Brown measure in Ay would
be independent of b = Im A.

7.1.3 Technical issues

The preceding argument is not rigorous, since the Hamilton—Jacobi formulas are only
known to hold as long as &(s) remains positive for all 0 < s < ¢. That is to say, if
e(t) = 0, then we are not allowed to use the formulas at time . We can try to work
around this point by letting &g approach the value sg(ko) = v (ao)2 — b(z) in (7.1)
from above. Then, we have a situation similar to the one in (6.3), namely

. S 2,

lim  —(, A@0), e(t)) = —(ag(a) —a) (7.4)
go—>eh(ro)+ 0a t

. S b

lim  — (&, A1), e(t) = -, (7.5)
co—eh (o)t Ob !

where

lim A(r) = A, lim e(t) =0.

g0—&f (ko) g0—&f (ko)
But the Brown measure is computed by first evaluating the limit

s;(A) == lim S, A, ¢),
e—0t

where the limit is taken as ¢ — 0 with X fixed, and then taking the distributional
Laplacian with respect to A. Since A(¢) is not fixed in (7.4) and (7.5), it is not clear that
these limits are actually computing ds;/da and ds;/9b. The main technical challenge
of this section is, therefore, to establish enough regularity of S near (¢, A, €) to verify
that ds,/da and ds,/9db are actually given by the right-hand sides of (7.4) and (7.5).

7.2 Surjectivity

In this section, we show that the procedure in Summary 7.1 actually gives a continuous
map of A; onto ;. Given any A9 € A;, choose g9 = eé(ko) as in (7.1), so that

lim e(s) = 0.

s—>1
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Then define
Ui (ho) = £1_)n} A(s).
By Proposition 4.5, we have
U:(ag + ibg) = as(ap) + 2ibg

where

1
ar(ao) =1 /R T e e (7.6)

Since we assume Ao € A, we have v;(ag) > 0 and we therefore have an alternative
formula:

a;(ap) = Re [Ji(ap + iv,(ap))]. (7.7

It is a straightforward computation to check that the right-hand sides of (7.6) and (7.7)
agree, using that the identity (5.3) holds when v;(ap) > 0.

The main result in this section is stated in the following theorem. We remind the
reader of the definition (5.12) of the map J;.

Theorem 7.3 The following results hold.

(1) The map U, extends continuously to A,. This extension is the unique continuous
map of A, into Q; that (a) agrees with J; on dA; and (b) maps each vertical
segment in A, linearly to a vertical segment in Q;.

(2) The map U, is a homeomorphism from A; onto ;.

Most of what we need to prove the theorem is already in Proposition 5.5.

Proof Proposition 5.5 showed that the right-hand side of (7.7) is continuous for all
ap € R. Using this formula for a;, we see that U; actually extends continuously to the
whole complex plane. It is then a simple computation to check that

Im J;(ag £ ivs(ag)) = £2v:(ag).

This formula, together with (7.7), shows that U; agrees with J; for all points in 9 A;
having nonzero imaginary parts. Then points in d A; on the real axis are limits of points
in d A; with nonzero imaginary parts. Thus, U, indeed agrees with J; on dA,. Also U;
is linear on each vertical segment. Since A, is bounded by the graphs of v, and —v;,
it is easy to see that U; is the unique map with these two properties.

By Proposition 5.5, €2; is bounded by the graphs b; and —b;, where the graph of
b; is the image of the graph of v; under J;. From this result, it follows easily that U;
is a homeomorphism. O

We conclude this section by giving bounds on the real parts of points in €2;, in terms
of the law u of xg.
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Proposition 7.4 Let
M = sup supp(n), m = inf supp(u).
Then
m < inf(2, NR) and sup(2; NR) < M.

In particular, every point A in Q; hasm < Rei < M.

Proof Let ag = sup(A; N R). Then, v;(ag) = 0, which means (Proposition 5.2) that

du) 1
R (Ao —x)> ~ ¢
Then
d
Sup(y NR) = ay @) =1 | 2
R (ao — x)

Because of our standing assumption that u is not a 6-measure, this inequality is strict.
The inequality for inf(£2; N R) can be proved similarly. O

7.3 Regularity
Define a function S by
S(t, 1, 2) = S(t, 1, 2%)

forz > 0.

Proposition 7.5 Fix a time t > 0 and a point \* € Q. Then, the function (A, z)
S(t, X, z) extends to a real analytic function defined in a neighborhood of (\*,0)
inside C x R.

Once the proposition is established, the function s; (1) := lim,_, o+ S(¢, A, €) canbe
computed as s;(A) = S‘(t, X, 0). Since S‘(t, X, z) is smooth in A and z, we can compute
s; (or any of its derivatives) at A* by evaluating S(t, A, z) (or any of its derivatives)
along any path where . — A* and z — 0. Thus, Proposition 7.5 will allow us to make
rigorous the argument leading to 7.2. Specifically, we will be able to conclude that the
left-hand sides of (7.4) and (7.5) are actually equal to ds;/da and ds;/db, respectively.

Remark 7.6 The function S itself does not have a smooth extension of the same sort
that S does. Indeed, since /¢ p; is a constant of motion, the second Hamilton—-Jacobi
formula (4.6) tells us that 35/de must blow up like 1/,/¢ as we approach (¢, 1*, 0)
along a solution of the system (4.2). The same reasoning tells us that the extended S
does not satisfy S’(t, A, z) = S(t, A, zz) for z < 0. Indeed, since /¢ p; is a constant of
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motion, %(r, A2) = 2\/5%(& A, zz) has a nonzero limit as z — 0. Thus, S cannot
have a smooth extension that is even in z.

To prove Proposition 7.5, we will use a strategy similar to the one in Section 6.2.
For each t > 0, we define a map

Wl‘(aOa b07 50) = (at7 bl" Zl‘)

by
a; = a(t, ag, by, €9)

bt = b(ta aop, bOa 80)
2 = /e(t, a0, bo, £0)

where a, b, ¢ are defined as in Proposition 4.4. The last component z, can be expressed
explicitly as:

2 = /g0 (1 —1po) .
The map W, is initially defined only for
g0 > €5 (1o) := v (ap)* — b}.

This condition guarantees that po < 1/z, so that the lifetime of the path is greater
than 7. But for each r > 0 and Ao € A;, we can extend W, to a neighborhood of
(a0, bo, £{(10)), simply by using the same formulas. We note that if &9 > &{,(A0), then
po < 1/t sothatz; > 0; and if &9 < &f(Ao) then pg > 1/1 so that z; < 0.

Lemma?7.7 For all t > 0 and Ay = aog + iby € A;, the Jacobian of W; at

(a0, bo, €((10)) is invertible, where £, (Lo) = v; (ap)? — bg.

Proof We introduce the notations

g :/ du(x)

0= Jk (@0 — x)2 + vi(a0)?)?
f (a0 — x) dpu(x)

q1 =
R

((ap — x)* + vy (ap)?)?

_ f (ag — x)* dpu(x)
q2 =
R

((ap — x)* + ve(ap)?)?”

Note that go > 0 and g > 0. When g9 = e(’) (o), we can write pg in terms of gg and
q> as:
Po = g2 + vi(a0)*qo. (7.8)
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We now compute the Jacobian matrix of W; at the point (A¢, 86 (A0)), with Ao € A,.
Using the formulas (4.4) for p, 0 and pp ¢, we can compute that

9pa0 9pa, 9pa
fao‘) = 2(—q2 + vi(a0)?qo) szoO = —4boq1 57750 = —2q
d 9 ) .

The Jacobian of W; at (ag, bo, 86()»())) then has the following form:

t(+ + g2 — v (a0)*q0) 2tboq1 1q1
DW, = —2tboq1 l(% + po — 2b3q0) 1 —tboqo
2t /€0q1 2t \/eoboqo 27%’ +1./€090

Since g9 = &{,(A), we have 1/t = po, and by (7.8), the (I, 1)-entry can be simplified
to 2¢g>. The Jacobian matrix D W, then simplifies to

92 bogi %611
DW,; =2t [ —bog1 (g2 + (vi(a0)* — b3)q0) —3boqo
JEoq1 Veoboqo NGO

We compute the determinant of DW; by first adding —2b¢ times the third column

to the second column and then using a cofactor expansion along the second column.
The result is

det DW, = 41> /z0(q2 + v:(a0)*q0)(q2q0 — q7)

Now, by the Cauchy—Schwarz inequality,

q092 —6112 >0

and it cannot be an equality unless u is a §-measure. Therefore, we conclude that
det DW; is positive, establishing the proposition. O

Proof of Proposition 7.5 The proof is extremely similar to the proof of Proposition 6.2;
the desired extension is given by the map

(h, 2) > HIW, (0, 2)),

where HJ is the Hamilton—Jacobi function in (6.7). Take z > 0 and let (ug, dg) =
Wt_1 (A, 2). Then, we must have §y > 86(,u0) orelse z; (Lo, §o) = z would be negative.
Thus, the lifetime of the path will be greater than ¢ and the Hamilton—Jacobi formula
will apply. Thus, the Hamilton—Jacobi formula (4.5) shows that HJ (W,_1 (A, z)) agrees
with S(z, &, z) for z > 0. O
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7.4 Computing the Brown measure

Using Proposition 7.5, we can show that the left-hand sides of (7.4) and (7.5) are
actually equal to ds;/da and ds;/db.

Corollary 7.8 For any .. = a + ib in Q;, we have

3Sl 2( l() ) asl b
— = —(ap(a) —a), — =-—,
da t © bt

so that

2 [dal 1
s =2 (40_1)

Proof Fix t > 0 and A* € ;. By Proposition 7.5, the function

s;(A) := lim S(t, A, ¢)
e—07F

may be computed, for A in a neighborhood of 1*, as
s; (V) = S(, A, 0).

Since S is smooth, we can evaluate S or any of its derivatives at (¢, 1, 0) by taking
limits along any path we choose with ¢ fixed. Thus, the left-hand sides of (7.4) and
(7.5) are actually equal to ds;/da and ds;/db. The formula for As; then follows by
taking second derivatives with respect to a and to b and simplifying. O

We now establish our main result, a formula for the Brown measure of xg + io;.

Theorem 7.9 The open set 2, is a set of full measure for the Brown measure of xo+ioy.

Inside 2;, the Brown measure is absolutely continuous with a strictly positive density

w; given by

1 da(’) (@) 1 .

wiA)=—\|———=|, A=a+ib. (7.9)
da 2

Since wy()) is independent of b, we see that w; is constant along the vertical segments

inside .

Proof Corollary 7.8 shows that in €2, the Brown measure of xqg + io; has a density
given by (7.9). It then follows from Point (2) of Proposition 5.5 that

daj(a) . 1

da 2’

showing that w; is positive in €2,. It remains to show that €2, is a set of full Brown
measure. Since the Brown measure is zero outside £2;, we see that ; will have full
measure provided that the boundary of €2; has measure zero. While it may be possible
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Re[A]
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Fig. 7 A random matrix approximation to the Brown measure of xo + io; when x( is semicircular (left)
and the distribution of the real parts of the eigenvalues (right)

to prove this directly using the strategy in Sect. 7.4 of [12], we instead use the approach
used in [22].

In Theorem 8.2, we will consider a probability measure p; on A,;. We will then show
that the push-forward of p; under the map U; : A; — 2; agrees with Brown(xo+ioy)
on €2;. Since the preimage of Q; under U; is A; and p;(A;) = 1, we see that the
Brown(xg + io;) assigns full measure to €2;. O

8 Two results about push-forwards of the Brown measure

In this section, we show how Brown(xg + io;) is related to two other measure by
means of pushing forward under appropriate maps. To motivate one of our results,
let us consider the case that xg = 0y, a semicircular element of variance s freely
independent of o;. It is known (see [4,Example 5.3] and Sect. 10.1) that in this case,
the Brown measure of 65 + io; is uniformly distributed on an ellipse. It follows that
the distribution of Re A with respect to Brown (o 4 io;) is semicircular—which is the
same (up to scaling by a constant) as the distribution of 65 + o;. (See Fig. 7.)

Point 2 of Theorem 8.2 generalizes the preceding result to the case of arbitrary xg,
in which the map A > const.Re X is replaced by a certain map Q, : @; — R. When
the distribution of x¢ is semicircular, Q;(A) is a multiple of the real part of A, as in
(8.1).

Recall that ¢; denotes the circular Brownian motion. We will make use of the map
U, : A, — 2, described in Sect. 7.2, and another map Q; : Q, — R which we now
define. Recall from Sects. 5.2 and 5.3 that the inverse of the map J; takes 0€2; to d A,
and that the map H; takes d A; to R, so that H; o Jfl takes 0€2; to R.

Definition 8.1 Let O, : Q, — R be the unique map that agrees with H; o Jf] on 0$2;
and maps vertical segments in €2; to points in R.
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The map Q; is visualized in Fig. 4. In the case that x¢ is semicircular with variance
s, one can easily use the computations in Sect. 10.1 to show that

Oa+ib) =114 8.1

In general, we may compute Q; more explicitly as follows. We first map a + ib to
the point a + ib;(a) on d2;. Next, we compute

J7Na +ibi(a)) = af(a) +iv,(ah(a)).

Next, we use the identity H(Jl_1 (z)) = 2],_1 (z) — z in (5.23). Finally, we recall that
H; o Jt_1 is real-valued on 0€2;. Thus,

Qi(a +ib) =Re (2J; '[a + ib;(@)] — (a + ib; (@)}
= Za(t)(a) —a.
Theorem 8.2 The following results hold.

(1) The push-forward of the Brown measure of xo+c; under the map U, in Theorem 7.3
is the Brown measure of xo + ioy.

(2) The push-forward of the Brown measure of xo + io; under the map Q; is the law
of xo + oy.

Proof By Theorem 3.9 in [22], the Brown measure p; of xo 4+ ¢; can be written as:

x dp(x)
dp; = dagdb
& m( 2dao/<ao—x>2+vt<ao>2> o

1 1d
= (1= 22 daydbo
wt 2 dag

for ay + iby € A;. Now, under the map U;, we have a = a;(ag) and b = 2bg. Thus,

1 1da; da(’) db
doy=—|(1—=-— ) —da —
Tt 2dag) da 2

1 dao 1
=—|——=)dadb
2nt \ da

for a 4+ ib € ;. This last expression in the formula for the restriction of the Brown
measure to $2;.

Since p; is a probability measure on A, we find that the Brown measure of xo +io;
assigns mass 1 to €2;, as noted in the proof of Theorem 7.9. Thus, there is no mass
of Brown(xo + io;) anywhere else and the pushforward of p, under U, is precisely
Brown(xg + ioy).

To prove Point 2, we consider the unique map ¥, : A, — R that agrees with H; on
dA; and is constant along vertical segments in A;. Then, Q; = WV, o Uf]. (Both Q;
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and H; o U,_1 agree with W; o Jt_1 on €2, and are constant along vertical segments
inside ©;.) By Point 1, the push-forward of the Brown measure of xg 4+ io; under U[l
is the Brown measure p; of xo + ¢;. By Theorem 3.13 of [22], the push-forward of the
Brown measure p; by W; of xo + ¢; is the law of xo 4 o; and Point 2 follows. O

9 The method of Jarosz and Nowak
9.1 The formula for the Brown measure

We now describe a different approach to computing the Brown measure of xo + ioy,
developed by Jarosz and Nowak in the physics literature [24, 25]. As discussed in the
introduction, the method is not rigorous as written, but could conceivably be made
rigorous using the general framework developed by Belinschi, Mai, and Speicher in
[6]. (See also related results in [7].) We emphasize, however, that (so far as we know)
no explicit computation of the case of xo + io; has been made using the framework
in [6].

Jarosz and Nowak work with an operator of the form H; + i H>, where H; and
H, are arbitrary freely independent elements. Then on p. 10118 of [25], they present
an algorithm by which the “nonholomorphic Green’s function” of H; + i Hy may
be computed. In the notation of this paper, the nonholomorphic Green’s function is
the function ds;/dA, so that the Brown measure may be computed by taking the
A-derivative:

1 9 9s; 1
wanon - am )

Examples are presented in Sect. 6.1 of [24] in which H> is semicircular and H> has
various different distributions. We now work out their algorithm in detail in the case
that Hy; = xo is an arbitrary self-adjoint element and H> = o;.

We refer to [24, 25] for the framework used in the algorithm, involving “quaternionic
Green’s functions.” We present only the final algorithm for computation, described
in Egs. (75)—(79) of [25], and we specialize to the case H] = xo and Hy = o;. The
algorithm, adapted to our notation, is as follows. We fix a complex number A = a +ib.
Then, we introduce three unknown quantities, complex numbers g and g’ and a real
number m. These are supposed to satisfy three equations:

By (2) =a+§ ©.1)
1 —

Bo(g)=b+ —" 9.2)

lgl=g'|. 9.3)

where By, and B,, are the “Blue’s functions,” that is, the inverse functions of the
Cauchy transforms of xg and o;, respectively. We are supposed to solve these equations
for g and g’ as functions of a and b. Once this is done, we have
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Bst . ,
a(a,b):Reg—tReg. 9.4)

Since 9/0A = (3/da — i 9/3b)/2, (9.4) may be written equivalently as:

Bst
—(a,b) =2Reg; 9.5)
da
3st
—— =2Re¢’. 9.6
b eg (9.6)

That is to say, the real parts of g and g’ determine the derivatives of s; with respect to
a and b, respectively.

Proposition 9.1 The Jarosz—Nowak method when applied to xo +ioy gives the follow-
ing result. We try to solve the equation

8= Gxo(a + tg)

for g as a function of a and t, with the solution denoted g;(a). Then, inside the support
of the Brown measure, its density p; is a function of a and t only, namely

_ (! ZdR 9.7
pt(“)—@(;-l‘ Ja egt(a))~ 9.7

Proof Itis known that the Blue’s function of oy is given by By, (g') = 1/¢'+tg’. (This
statement is equivalent to saying that the R-transform of oy is given by R(z) = tz, as
in [38,Example 3.4.4].) Plugging this expression into (9.2) and simplifying, we obtain
a quadratic equation:

1(g)? —bg +m =0,

whose roots are

. b+ VD—dmt
§=——" 9.8)

Assuming (as Jarosz and Nowak implicitly do) that these roots are complex, we find
that

, b
Re(g) =7

Thus, without even using (9.1) or (9.3), we find by (9.6) that

9.9)

BS, b
ab ¢

’

which agrees with what we found in Corollary 7.8.
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Meanwhile, assuming still that the roots in (9.8) are complex, we find that

1
¢ = g — (b + 4mt — b?)
om
ot
Then (9.3) says that |g|* = |g’ | = m/t, so that m = t |g|” . Thus, after replacing m

by ¢ |g|%, (9.1) becomes

on(g) =a+1g.

Since B, is the inverse function to G,,, this equation may be rewritten as:
8= Gxla+1g). (9.10)

We hope that this equation will implicitly determine the complex number g as a
function of a (and t). We therefore write g as g;(a).
We then substitute the expression for g in (9.5), giving

as,
— = 2Re g;(a).
da

The density p; of the Brown measure is then computed as:

@b 1 (9%, N 92s;
a, = — | — —_—
pr 4r \on2 " 9a2

! 1+2dR (@)
T in da c&ila

as claimed. O

Proposition 9.2 In the Jarosz—Nowak method, the quantity Re g;(a) may be computed
as:

1
Re g(a) = ;(aé(a) —a),
where the function aly is as in Summary 7.1. Thus, the formula (9.7) for the Brown

measure in the Jarosz—Nowak method agrees with what we found in Theorem 7.9.

Proof The imaginary part of the equation (9.10) for g says that

I / _dpx)
mg = Im
a+tg—x

du(x)
=tlmg T3 7
R (a+tReg —x)*+t*(Img)
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Thus, at least when Im g # 0, we get

/ du(x) _! 9.11)
(a+tReg—x)2+12(Img)2 ¢’ '

We may now apply the equation (5.3) that defines the function v; with a replaced by
a + tRe g, giving
tImg = £v,(a + tRe g). 9.12)

We now look at the real part of (9.10):

d
Reg:Re/‘&
rRa+tg—x
1
= tR d
@+ eg)/R(a—l—tReg—x)2~|—t2(Img)2 w)

X
- ~/]R (a+tReg —x)2 +t2(Im g)2 du(x).

Using (9.11) and (9.12) this equation simplifies to

X
=1 d . 9.13
a /R (a +tReg —x)2 + v;(a +tReg)? wx) ©-13)

Now, if we let
ap=a+tReg, (9.14)

then (9.13) is just the equation for a in terms of ¢ that we found in our Hamilton—
Jacobi analysis (Proposition 4.5 ). Thus,

1
Reg = ;(Clo —a),
as claimed. O

9.2 The support of the Brown measure

We now examine the condition for the boundary of the support of the Brown measure,
as given in Eq. (80) of [25]:

(Reg)” + (Reg))? = |gI*. (9.15)

Proposition 9.3 The condition for a point a + ib to be on the boundary in the Jarosz—
Nowak method is that

b= 2v,(a6(a)).

Such points are precisely the boundary points of our domain ;.
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Proof We cancel (Re g)? from both sides of (9.15), leaving us with
(Reg')> = (Img)*.

Now, we have found in (9.9) that Re g’ = b/(2¢) and in (9.12) that Im g = +v,(a +
tRe g)/t. Butin (9.14), we have identified a 4+ tRe g with a(’) (a). Thus, the condition
(9.15) for the boundary reads

b, ul@y@)

2t t

)

or b = 2v;(af(a)), which is the condition for the boundary of Q; (Point (4) of
Proposition 5.5). O

10 Examples

In this section, we compute three examples, in which the law of xg is semicircular,
Bernoulli, or uniform. Additional examples, computed by a different method, were
previously worked out by Jarosz and Nowak in [24,Sect. 6.1].

We also mention that we can take x( to have the form xo = yo + 5, where &5 is
another semicircular Brownian motion and yg, &, and o; are all freely independent.
Thus, our results allow one to determine the Brown measure for the sum of the elliptic
element 65 + io; and the freely independent self-adjoint element yg. The details of
this analysis will appear elsewhere.

10.1 The elliptic law

In our first example, the law w of x¢ is a semicircular distribution with variance s.
Then, xo + io; has the form of an elliptic element 6, + io;, where 6. and o. are
two freely independent semicircular Brownian motions. The associated “elliptical
law,” in various forms, has been studied extensively going back to the work of Girko
[15]. The elliptical case was worked out by Jarosz and Nowak in [25,Sect. 3.6]. The
Brown measure of &5 + io; was also computed by Biane and Lehner [4,Example
5.3] by a different method. We include this example as a simple demonstration of the
effectiveness of our method.

Theorem 10.1 The Brown measure of 65 +ioy is supported in the closure of the ellipse
centered at the origin with semi-axes 2s//s +t and 2t //s + t. The density of the

Brown measure is constant
1 1 n 1
4 \'s t

We apply our result in this paper with xo = &;. In the next proposition we compute
Ay

in the domain.
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Proposition 10.2 We can parametrize the upper boundary curve of A; by

H 42
(25 +1)q z(’; - 4;)5 04T oS T2 s Tl (10.0)

ap+iv(ap) =

. . .. . . 25+t 1
therefore, A; is the ellipse centered at the origin with semi-axes N and vt

Proof Recall that A, denotes the region in the upper half plane above the graph of v,
so that A, is the region on or above the griph of v;. Recall also that Biane [2] has
shown that the function H, in (5.9) maps A; injectively onto the closed upper half
plane.

In the case at hand, the Cauchy transform of 6, is G4, (z) = (Z — 72— 4s> /(25).

We can then compute the function H; in (5.9) as:

z—z*—4s _
Ht(Z):Z+tGUs(Z):Z+t T , Z €A

The inverse map Hfl is then easily computed as:

2s + )z +1t/72 —4(s +1)

-1 .
B @) = 2(s + 1)

, Imz>0. (10.2)

The part of the graph of v, where v; > 0 comes from the values of Hl_l on the real
axis having nonzero imaginary part, that is, for real numbers g with |g| < 24/s + ¢.
Plugging these numbers into (10.2) gives the claimed form (10.1). O

Proposition 10.3 The boundary curve of 2; can be parametrized by

j1\/4 t) —q?
Sq 1 s+D—q , g €245 +1,24/5 +1].

a—+ibs(a) = "

2s 2t
o and et

Consequently, 2, is an ellipse centered at the origin with semi-axes

Proof By Proposition 10.2, the upper boundary of A; can be parametrized by the curve
in (10.1). By Definition 5.4, we find the boundary curve of 2; by applying the map J;
in (5.12), which satisfies J;(z) = 2z — H;(z). Thus,

a+ibs(a) = Ji(ap +iv,(ap))

_sqtitAs +1) —q?

- s+t

. . .. . . 2 2t
which traces an ellipse centered at the origin with semi-axes ;5 and Nk O
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Proof of Theorem 10.1 The domain €2; is computed in Proposition 10.3. By Proposi-
tion 10.3,

_ %4

B s+t
at (@) = (2s +1)q _ (2s+t)a‘
0 2(s 4+ 1) 2s

It follows that the density of the Brown measure is
1 (dala) 1 1l (24
2nt\ da  2) 2wt \ 25 2

_1 1+1
T dn \s  t)’

as claimed. O

10.2 Bernoulli case

In our second example, the law i of xq is Bernoulli distributed, with mass « at 1 and

mass f =1 —aat—1,for0 < o < 1. The case « = 1/2 was previously analyzed in

the paper of Stephanov [32] and also in Sect. V of [24] by different methods.
Denote by Q(a) the quartic polynomial

—4a*+4t(a—B)a® — (12 +41 —8)a’ +2t (1 —2) (a— B)a— (e — B)* 1> +4t —4. (10.3)

Then, the domain €2; and the density of the Brown measure in this example are com-
puted in the following proposition.

Proposition 10.4 Any A € € satisfies |[Re | < 1. The domain 2; is given by

Q,:{a—i—ibe(c b <

QO(a) }
(1 —a2)2

so that
QNR ={a € R|Q(a) > 0}.

The density of the Brown measure in this Bernoulli case is given by

A)_L<l p o )
w = T T e Y
See Fig. 8.
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L \ . )

-1 -0.5 0.5 1

Fig. 8 The domain 2; in the Bernoulli case with a simulation of the eigenvalues (top), plotted with the
density of the Brown measure (in €2;) as a function of a (bottom). Shown fore =2/3 andt = 1

Proof Recall the functions a(’) (a) and b (a) defined by the four equations (1.4)—(1.7).
We now compute these functions for the Bernoulli case. The equations (1.4) and (1.5)
take the following form in the Bernoulli case:

o B 1
@w—12+02 @wrll+t 1
o B _a
(@—D2+v2  (ag+ 12+0v2 ¢

We then introduce the new variables

A= (ag — 1) + v?
B = (ap+ 1)* +v*

so that
a B 1
ATBE T
@ B _a
A B 1t
Then, we can solve for A and B as:
2at 2Bt
A= g 2P
1+a 1—a
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We can recover ag and v? as

1 ta+pB—«
= B-A)=-——" —
a =5 ) =52
and
A+ B

v? = _; —a(%—l
_at(l—a)+ pr(1+a) ta+p—a\? |
- 1—a? 2 1—a2
0@
41 —a?)?

where Q is defined in (10.3). Recalling that b, (a) = 2v, we find that

ta+p—«

a(’)(a) = R (10.4)
and 0@
bi(a)* = ﬁ (10.5)

Equation (10.5) gives the claimed form of the domain €2;. The density of the Brown
measure is then computed from (10.4) using the formula in Theorem 7.9. O

10.3 Uniform case

In our third and final example, w is uniformly distributed on [—1, 1]. The case in which
1 is uniformly distributed on any interval can be reduced to this case as follows. First,
by shifting xog by a constant, we can assume that the interval has the form [—A, A].
Once this is the case, we write

xo +ior = A(xo/A+ios/A),

where the law of xg/A is uniform on [—1, 1] and o, /A has the same *-distribution as
01/A2- Thus, to compute the Brown measure in this case, we use the formulas below

with 7 replaced by 7/A? and then scale the entire Brown measure by a factor of A.

When p is uniform on [—1, 1]—in particular, symmetric about 0—the Brown mea-
sure is symmetric about the imaginary axis. The key is again solving the equations
(1.4) and (1.5) that define the functions a(’)(a) and b;(a).

Proposition 10.5 Let vmax be the smallest positive real number v such that

1 v
— =tan (—)
v t
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Also let Ajy(v) be given by

2
Ap(v) = \/2vcot <7U> +1 -2

for |v| < Vmax. (When v = 0, we understand the above formula as A(’)(O) =Jt+1)
Then, the following results hold.

(1) The domain 2; has only one connected component, and is given by
Q ={£A:(b/2) +iy| |yl <b, [b] <2v0max} (10.6)

where

Aiw) = Ah(v) + = log ( 1 4450)
= v — 10 — .
A= AT R U AL + D2+ 02
That is, 0S2; consists of the two curves

+A,(b/2) +ib, bl < 2vmax.

In particular, the function b; defined in (5.14) is unimodal with a peak at 0.

(2) The domain 2; satisfies
t JE+ 141
la| <«/t+1——10g<L)}.

QNR=1aeR
! { 2 Jiti—1

(3) The density of the Brown measure in $2; is (as always) a function of a and t only,
and the graph of this function is traced out by the curve

(A (v), W;(v), |v] < Umax, (10.7)

where

12+ 4(t + 2)v? — 1(r + 4v?) cos (4v/t) — 4tvsin (dv/1)

W, =
1) 4t (—1% 4 8v2 + 1% cos (4v/1))

To the extent that we can compute the height b, of $2; as a function of a, we can
then compute the density of the Brown measure as a function of a by replacing v
by bs(a)/2 in the above expression. That is, the density w; (L) is given by

wi(A) = Wi (b (a)/2). (10.8)
See Fig. 9.

Before we prove Proposition 10.5, we need some computations about v; and A;
from the following proposition.
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04}

-0.5 0.5

Fig. 9 The domain ; in the uniform case with a simulation of the eigenvalues (top), plotted with the
density of the Brown measure (in €2;) as a function of a (bottom). Shown for ¢ = 0.1

Proposition 10.6 The following results about v; and A; hold.

(1) The function v; is unimodal, with a peak at ag = 0. The maximum vmax = v¢(0)
is the smallest positive real number v such that
nt

1 v
U ().
v t
In particular, v,(0) < 7.
(2) The domain A; has only one connected component. Its boundary can be described
by the two curves
:IZAE)(U) +iv, [v] < Umax

where

2
Ab() = |2vcot (%’) F1— 2 (10.9)

(3) The domain A; satisfies
A NR = (=t + 1,4/t +1). (10.10)

Proof In the uniform case, (1.4) takes the form:

dp(x) arctan (17%) + arctan (H%) 1
f = S (10.11)
R (ap —x)* +v 2v t
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Using the addition law of inverse tangent,

tan(A) + arctan(B) t A+ B
arctan arctan(B) = arctan ,
1—-AB

we can easily solve for a(% as a function of v:
2v
a3 = 2v cot <7> +1 -2 (10.12)

Restricted to ag > 0, (10.12) defines ag = Af) as a function of v as in (10.9).

The function v;(ap) cannot be represented as an elementary function of ap; we,
however, have proved in the preceding paragraph that v, restricted to ap > 0in A; has
an inverse A{). The function v; then must be strictly decreasing from 0 to sup(A; NR);
by symmetry, it is strictly increasing from inf (A; NR) to 0. In particular, v; is unimodal
with global maximum atagp = 0. Puttingap = 0in (10.11), the maximum vyax = v;(0)
is the smallest positive real number v such that

1 v

L (Y).

v t
Tt

Thus, v;(0) = vmax < %5 This proves Point 1.

Since v; is unimodal, the domain A, has only one connected component. By Def-
inition 5.1, A; is symmetric about the real axis. In our case, A; is also symmetric
about the imaginary axis and the right-hand side of (10.9) defines an even function of
v. Thus, the boundary of A; can be described by the curves

A = (FAGW), V)] [v] < Vmax),

which is Point 2. Since ag(v)? — ¢ + 1 as v — 0, (10.10) holds, which proves Point
3. O

Proof of Proposition 10.5 In the uniform case, the equation (1.5) takes the form:

X
“Zﬁémwwﬂ+m%ﬂwm

I 1 o (1 4(10 >
= d — — .
0T T @+ D2+ vi(an)?

For a > 01in 2;, we can express a as a function a = A, (v) of v = v,(ap) using (10.9)

as
AW >
(Aj(v) + D2 +v?

t
A(v) = Aj(v) + 1 log (1 (10.13)
for 0 < v < vpax.
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Using the definition of b; in (5.14), b;(a) = 2v, (a(’) (a)) = 2v. Thus, b, is unimodal
on ; NR with a peak at 0. The domain €2; has only one connected component whose
boundary can be described by the two curves

+A;(b/2) +ib, |b| < 2Umax.

Thus, (10.6) follows. This proves Point 1.
Using (10.10), we can compute the limit as v — 0 in (10.13), from which the
claimed from of €2, N R follows, establishing Point 2.
Now, since both ag and a are functions of v when ag and a are nonnegative, we can
compute
dag(a)  dAy(v)/dv
da — dA,(v)/dv’

This result also holds for negative a because A; and 2; are symmetric about the imag-
inary axis. The density of the Brown measure is then computed using Theorem 7.9.
Using (10.14), the density can be expressed in terms of v as:

(10.14)

)

l<da6(a) 1) 12 +4(1 +2)v* — 1t +4v?) cos (£) — 4rvsin ()
da 2)

2t T2 drt (=12 + 8v2 + 12 cos (1))
establishing (10.7). Since b;(a) = 2v, we obtain (10.8), completing the proof. O
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