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Abstract
Exact Hausdorff dimensions are computed for singular continuous components of the
spectral measures of a class of Schrodinger operators in bounded intervals.
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1 Main results

We are interested in Hausdorff dimensional properties of spectral measures of
Schrddinger operators

d%u
(Hu)(x) = —@(X) + V(x)u(x) (L.1)

acting in L2(Ip,), where I, = [0,b],0 < b < o0, is a bounded interval of R; our
potentials V (x) are signed combs of delta distributions carefully spaced in I, and
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accumulating only at b. The boundary condition at 0 is
u(0) cos(g) + u'(0) sin(p) =0, (1.2)

with ¢ € [0, 27) fixed.

Pearson [14] has presented a family of such Schrodinger operators —d?/dx? +
Vo(x), on the bounded interval I, which has purely absolutely continuous spectrum
in a certain range of energies. (The potential V(x) is a selected comb of delta dis-
tributions, and its construction is recalled in “Appendix A.”) Borrowing ideas from
[12,15], we will perturb such potential Vj(x) to obtain a model (1.1) with a singular
continuous spectral component in this interval (see also Example 14.6.; in [16]).

The main contribution of this work is to compute the Hausdortf dimensions of their
spectral measures. It is usually hard to present examples of potentials for which one
can say something about fractal properties of spectral measures. To the best of our
knowledge, these are the first examples, in bounded intervals, of singular continuous
Schrodinger operators with computable dimensions.

We need some preparation in order to state our main results.

1.1 Hausdorff dimension of measures

If u is a positive and finite Borel measure on R, its lower local dimension at x €
support(u) is given by

Inpu((x —e€, x +€))
Ine ’

dl: (x) = liI:lJ})nf

The general idea is to estimate the scaling property u((x — €, x + €)) ~ €™ for
small € > 0.

Let dimy(S) denote the Hausdorff dimension of the set S C Rand 0 < « < 1; the
upper Hausdorff dimension of u is defined as

dimﬁ(u) = inf{dimg(S); u(R\ §) =0, S a Borel subset of R},
and its lower Hausdorff dimension as
dimy (1) = sup{a; u(S) =0 if dimy(S) < o, § a Borel subset of R}.

If A C R is a Borel set, we shall also consider the dimensions of the restriction of u
to such set, that is, (.4 (-):=pn(A N -).

It turns out that [5,13]

dimg(u) = u — ess.inf d;, dimﬂ(u) = [t — esSs.sup d; . (1.3)

Hence, the information of the lower local dimensions of u gives the values of its
Hausdorff dimensions.
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1.2 The potential

Let the potential Vj(x) be a comb of delta distributions at suitable points a, € (0, b), as
constructed in [14—16], for which the Schrodinger operator (1.1) has purely absolutely
continuous spectrum on an interval J C R. We consider the potential

Vo(x) = Vo) + ) gws(x —by). 0<x <b, (1.4)

n=1

with b, = Z'}-:l 8aj and b = lim, .o b, = Z?‘;l 8a; < oo; the potential V (x) is
a perturbation of Vj(x) by a § comb located at the points of the sequence (b;,).

We assume that (g;) is a sequence of independent (real) random variables defined
in a probability space with (probability) measure v(w), and let [E denote the expecta-
tion with respect to v. For each realization w, denote the corresponding Schrodinger
operator (with boundary condition (1.2)) by

2

Ho="g2

+V,(x), 0<x<b, (1.5)

and its spectral measure by p,,. We will also assume that there is A > 0 such that

@) E((g;,")z) = 22n"! and, for a positive constant Cy, E((gff)“) < Cy*nZ
(i) E(gy) =0; 1
(iii) for some € > 0, there is a positive constant C so that sup,, |g¥| < Cin~37¢;
(iv) g2 is independent of (g;f’);?;}.

Note that the hypothesis that the fourth moment scales like the square of the second
moment is true for random variables following the normal distribution.

1.3 Main results

For 0 < A < 2, denote

J_J()\)__<6—3«/4—)»2 6+3¢4—A2)\{3(z—ﬁ) 6 32+ +2)
- - 5 ’ 5 5 5 5 ’

and observe that J(1) C (0, 12/5) forall 0 < A < 2.

Proposition 1.1 Fix A € (0, 2). Then, for v-a.e. o, J(X) is a subset of the spectrum
of H,, and the restricted operator H,, P (J (1)) is purely singular continuous (where
PHo s the spectral projection of Hy).

To some extent, this proposition is similar to some of the results discussed in

Pearson [14-16], but here we have to deal with the role of random potentials, as
considered in [12].
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Theorem 1.2 Fix A € (0, 2). Then, for v-a.e. w and each E € J()), the spectral
measure p,, has lower local dimension

922

- . 1.6
60E — 25E2 (1.6)

dy (E) = o = a(E, A):=1

Corollary 1.3 Let v, A, J, H,, and p,, be as above. Then, for v-a.e. w,

(i) dimp; (e s) = 0 and dimf (pe: ) = 1 — )‘TZ,
(i) given an interval [m, M] C (0,1 — 2?/4), m < M, there is a subset Jy y C

J so that, for the spectral measure pZ”M ‘=Pw: 1, y Of the restricted operator
H"M:=H, PH (], m), one has

dimy (o2™) =m and dim;{ (oY) = M.

In Sect. 2, we present the proofs of Proposition 1.1, Theorem 1.2 and Corol-
lary 1.3, which make use of nontrivial technical estimates (in particular Theorem 2.1
on «(E, A)-subordinate solutions) of the asymptotic behavior of solutions to the
eigenvalue equation for H,. Section 3 provides results about Hausdorff subordi-
nacy in bounded intervals. In Sect. 4, some of the techniques mentioned above are
discussed, in order to prove Theorem 2.1 in Sect. 5. For the reader’s convenience,
some details regarding the construction of the unperturbed potential Vj are recalled in
“Appendix A.”

2 Proofs of the main results

Proposition 1.1 As discussed in Sect. 5.1, if ZZOZI (g,‘f)2 = 00, then J()) is contained
in the spectrum of H,, and this operator is purely singular continuous there. Hence,
the proof here amounts to show that v-a.e. @ one has Y o2 | (g2)? = oc.

Let X o, = Zﬁzl(gz)ﬁ and, given N > 0, set
o0
Uy = {a); Y (6 < N} .
n=1

Then, v(Uy) < v(Xk,» < N) for every k. Pick ko such that E(Xy ) > N/2, for
every k > k.
From the classical Bienaymé—Chebyshev inequality, for every ¢ > 0,

var(Xg, )

V(0 Xkw = EXio)| > 1)) < =5,

where var(-) denotes the variance. By the independence of g;7,
k
var(Xp ) = Y _ var((gf)?) < Ca,
n=1
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since E((g)*) < Caa*n—2.
Therefore, for each k,

v({w; E(Xke) — Xko > 1) S v({w; [E(Xke) — Xkl >t} < %

which implies that v(w; X; , < N) < % for k > ko. Since N is arbitrary, the result

follows. O

For a solution u to the eigenvalue equation
(Hyu)(x) = Eu(x) 2.1

and 0 < L < b, denote
1/2

L
||”||L:(/0 Iu(r)lzdr) . 2.2

For a finite Borel measure  on R and 0 < y < 1, consider the upper y-derivative
of u at x € R, given by

=V pu((x — €, x +€))
Duy =lmsup =00

The proof of Theorem 1.2 is based on the following theorem, whose proof is presented
in Sect. 5, and it is an important technical part of this paper. Since for v-a.e. w the
operator H, has no eigenvalue in J, for all nonzero solutions u to the eigenvalue
Eq. (2.1) with E € J, one has ||u|| — ocoas L — b.

Theorem 2.1 Let 0 < A < 2, and a(E, A) be as on the right-hand side of (1.6). Then,
for v-a.e. w and each E € J(\), there exists a solution ui- to (2.1) so that, for all
other solutions u g, linearly independent with u%,

S 1 I 03
— B .
L=b Yl ¢/ 37

holds for some appropriate value of A € (0, 00).

The proof of Theorem 2.1 makes use of adaptations to the bounded interval setting
of sparse potentials in unbounded intervals [12]. In a bounded interval, one does not
have room for sparse potentials, which here will be replaced by signed delta comb
potentials, with diverging intensities as one approaches the interval endpoint b.

Theorem 1.2 First note that y — y/(2 — y) is a monotonically increasing function of
y €[0,1].For E € J and @’ < «, by (2.3) one has

S
S U P
//(2_0[/) - ’

o
=0 ugly
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and so, by the Hausdorff subordinacy theory (see Sect. 3 and [9]), it follows that
520) (E) = 0. Hence, given § > 0, for all ¢ > 0 small enough,
Po((E — €, E +€))
<

; § =
60{

In p,((E —€,E+¢€)) Iné ,
> —
Ine Ine

’

andsod, (E) > o’; since this holds for all o’ < o, one has d, (E) > a.
On the other hand, if @ < ', by (2.3) one has

S
e el
L—b o /Q=a)) T
lugl

’

and so, again by the Hausdorff subordinacy theory, it follows that BZ(U(E ) = oo.
Hence, given N > 0, there is a subsequence €; | 0 with

poE—€j B+ | Ipo((E—€j E+e)) InN o

0(/

€ Ine; Ine;
and so d, (E) < o'; since this holds for all @ < o/, one has d, (E) < a.By

combining both inequalities, d, (E) = «.

Corollary 1.3 (i) By (1.3) and Theorem 1.2, and since «(E, ) is a continuous func-
tion of the variable E € J, it is enough to note that infgec; 0(E,X) = 0 and
maxgey o(E, A) = 1 —A2/4.

(ii) It is enough to use the inverse function a to pick Ju.m = a”! -, h) ([m, MIN

J(0).

3 Hausdorff subordinacy in bounded intervals

We provide in this section the necessary results about Hausdorff subordinacy for
operators (1.1) acting in L2(1,). We depart from known results on subordinacy for
Schrodinger operators with action (1.1) in the cases of unbounded intervals I = R or
I = [0, 00) [2,3,9—-12]. The Hausdorff subordinacy results are generalizations of the
subordinacy theory of Gilbert and Pearson [6,8].

The subordinacy theory for operators (1.1) in bounded intervals was discussed in
[6,7,16]. Now we dwell on the adaptation of such results to Hausdorff subordinacy.
We begin by discussing the spectral properties of operators

2

d
H=—15+ V), 3.1)

acting in L2(I,), that are regular at the point 0 and limit point at b (see [16] for such
standard concepts). A self-adjoint operator H can be obtained from H in a suitable
domain, satisfying the boundary condition (1.2) at point 0, with fixed ¢ € [0, 7).
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By varying the boundary conditions, we obtain a family of self-adjoint operators H
resulting from H.

The spectral function p(E) of H generates a Borel-Stieltjes measure p which is
the spectral measure associated with the operator H, which, by its turn, is related to
the Weyl-Titchmarsh m-function through

Ey+§5
0(E2) — p(Ey) = lim lim —/ Im(m(E +ie))dE,
8=>0e—>01 JE 45

and the inverse relation

o0 1
@) = [ o) +eonte)

The m-function m(z) satisfies
i(x, 2)=uz(x, 2) + m(@ui(x, z) € L*(Ip). 3.2)

for all z € C\R, with u(x, z) and us(x, z) solutions to Hu = zu satisfying the
orthogonal initial conditions
u1(0,z) = —sing uy(0,z) =cos¢ (3.3)
u}(0,2) =cosg uy(0,z) =sing ‘

We denote by u; g and up g the solutions to the Eq. (2.1) in I, satisfying the
initial conditions (3.3) for ¢ € [0, 277) fixed. Since at least one of these solutions has
unbounded norm, let L(¢) € (0, b) be the length defined by the equality (see (2.2))

1
lui el lluz.EllLe = % (3.4)
Following the lines of Jitomirskaya and Last [9], and taking into account the param-
eter variation formula, i.e., equation (7.2.8) in [16], one can prove the following
inequalities:

Proposition 3.1 Assume that the differential operator H in (3.1) is regular at 0 and
limit point at b. Let H be the self-adjoint operator defined by H satisfying the boundary
conditions (1.2). Given E € R and ¢ > 0, then

5—424 - ||M1,E||L(a) _ 54+ /24

Im(E +ie)|  NuzellLe  Im(E +ie)|

(3.5)

Relation (3.5) allows for a generalization of Hausdorff subordinacy results [1,9-11]
to obtain dimensional properties of the spectral measure of H in bounded intervals.
The next result follows directly by Proposition 3.1 and relation (3.4).
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Corollary 3.2 Let H be as in Proposition 3.1, E € R, ¢ > 0 and a fixed « € (0, 1].
Then,

u
lim sups(l_K)|m(E +ig)] = 00 <= liminf —” l’f/llzL_K) =
e—>0 L=b ||u2E||L

Givenk € (0, 1], asolution u (for fixed E) to (2.1) is called k-Hausdorff subordinate
at b if

. llullz
lim inf W =
L=b o)y

for any solution v to (2.1) linearly independent with u. The (original) subordinate
notion [6,8] is recovered by taking x = 1.
Inspired by known results presented in Chapter 7 of [16], we have

Theorem 3.3 Let p be the spectral measure associated with the operator H, as in
Proposition 3.1, with boundary condition (1.2) at point 0 with ¢ € [0, 2m) fixed.
Pick k € (0, 1] and let T be a subset of the spectrum of H with p(Z) > 0.

(1) Suppose that for all E € L, the solution ug to (2.1) is k -Hausdor{f subordinate at
the point b. Then, 5’; (E) = ooforall E € I, in particular the restriction p(ZN-)
is k-Hausdorff singular.

(i1) Suppose that for all E € Z, there is no solution to (2.1) that is «-Hausdorff
subordinate at b. Then, EZ(E ) < oo forall E € I, in particular the restriction
p(Z N ) is k-Hausdorff continuous.

Proof By general results on Hausdorff measures and corresponding decompositions

with respect to the behavior of k-derivative BZ (see [4,5,13,17]), this theorem is a

simple consequence of Corollary 3.2 and the definition of «x-subordinate solution.
More precisely, we have

BZ(E) =00 <= limsupe'" " |m(E +ie)| = co. (3.6)

e—0

(i) Ifforall E,insome subsetZ, the solution u g to Eq. (2.1) is k -Hausdorff subordinate
at the point b, then, by Corollary 3.2, we have that

lim sup8(17K>|m(E +ie)| =00.
e—0

Consequently, by Eq. (3.6) we have 5Z(E) = o0, for all E € Z. Thus, the
restriction p(Z N -) is k-Hausdorff singular.

(ii) If for all E, in some subset Z, there is no solution to Eq. (2.1) that is k-Hausdorff
subordinate at b, then by Corollary 3.2,

liminf e~ |m(E +ie)| < oo.
e—0
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Similarly, by Eq. (3.6), we have 5’;(E ) < oo, for all E € Z. Then, the restriction
p(Z N ) is k-Hausdorff continuous.

4 Asymptotic behavior of solutions

In this section, we use some notations presented in “Appendix A.” Pick a decreasing
sequence (ay) of positive numbers and set b, = Z'}:l 8a so that

o0
b:nli)ngobn :Z8an < 00,
n=1

and consider the matrices in Egs. (A.2) and (A.6), respectively,

172 1/2

_ 1—%E+0(an ) 1+0@,") _(1_§E 1)
M”’"‘l(E)_( S3E+ 0@ 140 | ME= g )

To simplify the notation, we will study the behavior of the solutions to the eigenvalue
equation

—u"(x) + Vx)ulx) = Eu(x), 4.1

with potential V (x) of the form (1.4), and will use Priifer variables R and 6 to analyze
the behaviors of its solutions. First write

<uE(bn)

M/E(bn)) = pnf+ +Clnf—» (4’2)

with eigenvectors

1 1
fr= (l_e—iqb) and f. = (l_ei¢)

of the matrix M (E), associated with eigenvalues e*'?, respectively. Define R, > 0
and 6, € R by

Pn = iRnem" and ¢, = —iRne_ie",
satisfying the initial conditions
—2R(sinfy = cos ¢, —2Rpsinfy + 2Ry sin(6p — @) = sing , (4.3)
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where 6 is chosen in [0, 27). By relation (A.7), we can write, for each b, > 0,

bn d d
\ [up(x)]*dx = g (bn) e (bn) = g (bn) 7= (bn)-
By (4.2),
ug(by) = —2Ry sin6,, M/E(bn) = 2Ry[—sin 6, + sin(®, — @)],

and so
2 bn 2 2 a9}1 .
||“E||b,, :/0 [up(x)]°dx = 4R, E sin ¢ “4.4)

We use transfer matrices to analyze the behavior of R, and giki' for large values of n.
We have, by the construction of the potential V (x) and (4.2), that

ugp)y _ (10 ug(bp_1)
(u’E(bn)) = (gn 1) Mn.n—-1(E) (u%(bnq))

. 10 ug(by—1)
_ (gn 1) (M(E) + O(an) <ug(bn_1)>

= ( ! ?) (Pu—1€" f+ + qn_17"? f-) + O(an)

8n
_(10 Pn—lei¢ +Qn—1€7i¢
B (gn 1) (pn_le""’a i) gy em0(1 - oi) ) T O
Pn—lei(p ‘|'Qn—1‘€7i<zs )
= . i) . s + O(ay),
(gn(pn—lel¢ +qn—1€ ld)) + Pn—1(€'¢ —D+qgn-1(e io 1)) (an)

and again by (4.2),

ugbn) _ pu -+ an
(u/E(bn)) - (pn(l - eii(p) + g, (1 — ei¢)> . (4.5)

Thus, we conclude that

P+ Gn = pn-1€'? + guor1e7'? + 0(@n) pa(1 — e7'?) + g, (1 — ')
= 80 (Pn-1? + gu1e7'?) + pu_1(€"® — 1) + guo1(e7? — 1) + O(an).

We need recurrence relations for p, and g,. Multiplying the above first equation
by (I — ¢/?) and subtracting the second one,

(=€ +e7) = p,_1e/(1 — ) + guo1e7 (1 — ¢?) — gu(pur€'® + gu_1e7'%)
— pne1(€? — 1) — guo1(e7'? = 1) + O(ay)
= pu_1(l — &) — g, (pu_1€'® + gu_1e7?) + O(ay).
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Therefore,
i ign igne —i¢
Pn = Pn—1€ 1 - 2sing - 2sing gn-1+ O(ay) , (4.6)
i i
s igne'
qn = 4n—1€ i@ (1 + 251n¢> + r; ¢pn71 + O(ay) . 4.7

Relation (4.7) can be obtained with a calculation simila}r to the one done to obtain p,
in terms of (pu—1, gn—1), i.e., multiplying by (I — e~/?), or equivalently using that
qn = P: .

From p,q, = R,%, we have

Ry g2 8n 80 CO82(0n—1 + ¢)
=1 1 2(6, O .
R?_, + 2sin’p  sing Sin2(6-1 + @) + 2sin¢ +0an)
4.8)

To simplify the notation, we denote én = 6,_1 + ¢ and Eq. (4.8) can be rewritten as

R? gn g
erl 1 =1- ng sin(26, )+ 2 sin®(6,) + O (ay). (4.9)

On the other hand, multiplying (4.6) by itself, we obtain

2 = st [0 — (% — 70 12) = 20, (P + 1) + O(@n))].
n
with n, = 2sm 3 We can also write relation (4.9) as
R,ZEI = 14722 — 0 — 720y iy, (740 — 20y 4 O(ay).
Thus,

621'9” B 621'5” + nyZL(eZié” _ e—2i9~n + 2) _ i?’)n(€2i§" + 1) + O(Cln)
1+ 77;%(2 _ 621'9,, _ e—2i9,,) + inn(e_Zie’l _ 621'9,,) + O(a,,)

(4.10)

Proposition 4.1 There is a parameter C > 0, depending on ¢ € (0, ), such that

withcos¢p =1 — %E.
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i O ider 9% WO 5 30
Proof To prove this bound on 37, it suffices to con51der prs , because T# = s 394

Since lim g, = 0 and remembering that n, = 2““ 3> We can write (4.10) as

Jio £2i0n
A = 4 1(6,, $),
1+ 2(6n, ¢) O 9)
with
20 ¢) = 022 — 20 — 20y i (720 — 20y 4 O(ay)
and
200200 _ p=2i00 1 2y _in (%0 L 1)1+ O
{6y, ) = (e +2) —in (e 4+ 1) 4+ O(ay)

1+r;,21(2—e n—e 2"9")+Lr; (e” ’n—eZlen)+O(an)

which are continuously differentiable functions and converge uniformly to zero as
n — o0; hence, we obtain the estimate

80,, 00,1
<C 1 , 4.11
with the sequences C,, — 1 and ¢, — 0.
Assume inductively that 80” = O(n — 1), that is, there is a constant D such that
36,1
<Dm-—-1),
¢

and observe that the induction base case follows from the initial conditions (4.3). Then,
by relation (4.11),

9l < (DeC +( D +
_ n n n
ap | — n

%‘2’ = O (n). Therefore,

Since C,, — 1 and g,
there is a C > 0, depending on ¢ € (0, ), so that

This completes the proof of the proposition. O

Note that, by Eq. (4.4), thereis a0 < C < oo so that

luel? 1 b
im b= fim — | [up(x)]?dx =C lim R2. (4.12)
0 n—0o0o

n—o00 n n—-oon
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We conclude that it is possible to obtain information about the asymptotic behavior
of the solutions u g by studying the behavior of the sequence (R,), as n — 0. In the
next section, we analyze the sequence (R;) for selected (g;), concluding the proof of
Theorem 2.1.

5 Proof of Theorem 2.1

We note that the estimates for the Priifer variables in (4.9) coincide, up to terms
of O(ay), with the estimates in [12] (Equation (2.12.c)) for discrete Schrodinger
operators. Since the sequence (a,) tends to zero, these terms are not expected to
interfere with the asymptotic behavior of the sequence (R,). We will justify this
expectation in the following.

We specialize to the potential V,,(x) of the form (1.4) with independent random
variables g, = g defined in a probability space, with (probability) measure v(w),
and satisfying the conditions (i)-(iv) in Sect. 1.2.

Proposition 5.1 Suppose that the sequence (gy) satisfy (i)-(iv) in Sect. 1.2. Fix ¢ €

0, 7), with ¢ # %, %, 3f Then, for v-a.e. w, the variables R,, associated with a

solution to the eigenvalue Eq. (4.1), satisfy

. In R, A2
lim = . (GH))

— in2
n—00 (Z?:] %) 8sin” ¢

Proof Fix E and an initial condition 6y associated with a solution to (4.1); by (4.9),

2 ~
(g ) 5o sin(4,) +yn>,

1
R, IR, = 11— 5" sined, )+
2 sin ¢

with (y,) a sequence so that |y,| < Cay,, for a C > 0 independent of n. Since

& (g )?

no s1n(20n) + ¢ sin (9,,) + yn| — O,

sup
sin

w

as n — 00, we may use the expansion

2
X 3
1n(1+x)=x—?+0(x)
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65 Page 140of 21 V.R. Bazao et al.

to get

(g )2 o =
¢ sin“(6,) + yn)

— gn
In (1 e sin(26, )+

__ & (g,q)2

(3 )2
2sin” ¢

+0 (g0 +an).

+ y — sin®(26,)

Now, by using the trigonometric relation

sin® 6 lsin2(20) : 1005(29) L] 1cos(49)
2 2 2 202 2

bl (20) + ! (40)
— — — COS — COS
2 4 ’

~

we obtain that

1 < E((g®)?)
InR :—E —=0" =+ C1+ Cy + C3 + Cy,
n 8'1:1 sin? ¢ 1 2 3 4

with corrections

= _m Z? lg;f) sin(2§/)

G = m > [((g] )?) — E((g‘f’)z)] [sin2(é-) _ %sinz(zéj)]
C3 = m > 1(E(gj”)2) [2 cos(20;) — cos(49 )]
Cy=37_,0 ((g;‘.’)3 + a,) .

Hence, the result follows if we prove that for each ¢ = 1, 2, 3,4 and a.e. w,

c
lim 1@l _

" (Za3)

For g = 1, 2, 3, the above limit follows exactly as in Theorem 8.2 in [12], since we

have analogous expressions for C, Cy, C3; here it is necessary that ¢ # %, % 37”.
For g = 4, the result follows from hypothesis (iii) and the construction of the

sequence (ap), since Z —18a, =b < o0. O
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Proposition 5.2 Let (g7) be as in Proposition 5.1. Fix¢ € (0, ), with¢ # 7, 5, .

Then, for v-a.e. o, there is a solution ug, to (4.1) so that R0w) satisfies

1 R(Qw) 22
lm % —__ % (5.2)
n—oo Inn 8 sin? ¢

Proof Let 8 = ﬁ Let R,gl) and R,SZ) be the radial Priifer variables associated with

2
n” ¢
0,&1) and 6,52), respectively. By Proposition 5.1, for a.e. w and k = 1, 2,

In R®
=B. (5.3)

lim
n—oo Inn

By relation (4.5), we have that

ug(by,) = —2R, sin(6,),
u%(b,,) = —2R,[sin(¢) cos(f,) + (1 — cos ¢) sin(6,)].

Then, for any two linearly independent solutions u g and u> g to Eq. (4.1), associated
with R® and 6% k = 1,2, respectively, we have

W[ul,E» u2,E](bn) = ul,E(bn)u/z,E(bn) - u/l,E(bn)MZ,E(bn)
= 4R\VRP sin ¢ (sin(e,?)) cos(0?) — sin(6?) cos(@,ﬁz))))

= 4RV R sin ¢ sin(6" — 6.
Since the Wronskian is constant, one gets
RIVRP sin g sin(@) — @) = C,.
So, by (5.3),

o In|sin 6" — 6|

n—00 Inn

Therefore, to conclude this proof it is enough to follow the same steps of the proof of

Lemma 8.8 in [12] (from equation (8.20) onwards). O
Our Propositions 5.1 and 5.2 are versions, in our setting, of Theorem 8.2 and
. . 3
Lemma 8.8 in [12], respectively. These theorems are for ¢ # %, %, TH'
Recalling that in the model discussed here we have cos¢ = 1 — %E , it follows that

E € (0, 12) with

32-V2) 6 32+V2)

E k 9
7 5 5 5
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By Proposition 5.2 and relation (4.4), it follows that for v-a.e. w there is a solution uls,;

to Eq. (4.1) so that (the superscript S is for “subordinate”; see Sect. 5.1)

Sy, < nPnl/?, (5.4)

with r1(n) =< ro(n) denoting the relation lim,,_, o L‘:—g = C, for some 0 < C < oo.

Note that if 8 < 1/2, then lim,,_, o ||uf5||bn = 00, and consequently, u% ¢ L2(Ip).
Similarly, by Proposition 5.1 and relation (4.4), it follows that for every solution u g
to Eq. (4.1), with u g linearly independent with ui- we have

luglp, < nPn'/? (5.5)

Lemma 5.3 Suppose |[ullp, =< nft1/2, If L is a sequence in (0, b) with L; 1 b,
Jfor large j pick the (unique) subsequence (by;) so that by; < L; < by;+1. Then,
p+1/2

lullz, = n’

Proof Since ||ul|z is a monotone function of L, one has

el < llulle; < llly, .,

and so
In lullp, In [|ul|z, B Influllp, ., y In(n; + 1)
lnnxj‘_Hl/z - lnn'?ﬂ/z In(n; + 1)A+1/2 Inn;
and since In(n; + 1)/Inn; | 1 as j — oo, the result follows. a

Theorem 2.1 Fix 0 < A < 2 and consider the Schrodinger operator generated by a
potential of the form (1.4) satisfying (i)-(iv). Let E € J(A), with J(}) as in Sect. 1.3.
Fromcos¢p =1 — %E, for ¢ € (0, ), we have

5 5 60E — 25E2
sin“¢p =1—cos™(¢p) = ————,
36
and since 8 = 85?;2 5> one finds
g 28
~ 120E — 50E2%°

Thus, 8 < % if and only if A < 2 and E € J. We have, by (5.4) and (5.5), that
||u‘;: 5, =< n%_ﬁ, and for u g linearly independent with uf: one has ||ug|lp, < n%*'ﬂ.
Noting that (% — ,B) —a (% + ,3) =0ifandonlyifa = % consequently

luSls,

o0 flug|§
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for some 0 < A < oco. Hence, we conclude, by Lemma 5.3 that for 0 < L < b,

tim el (5.6)
= .
T
with @ = 5%, and any solution u . to (4.1), linearly independent with u%. O

5.1 Singular continuous spectra

The fact that the Schrddinger operator, with a potential of the form (1.4) and ) g,% =
00, has singular continuous spectrum in (0, 12/5), follows by Proposition 3 of [15]
(since there are similarities in the calculations in our Sect. 4 with those in ([15], pages
32-35)). However, [15] does not provide information on Hausdorff dimensions.

Another way to verify that the operator (1.5), with 0 < A < 2 and a potential of the
form (1.4) satisfying (i)-(iv), has singular continuous spectrum in J (A) for v-a.s. w,
is by noting that for 0 < 8 < 1/2, then by relations (5.4)—(5.5) and Lemma 5.3, one
has

luglle

L= b |lugllL

for any solution ug to (4.1) linearly independent with u% Thus, for all £ € J, it
follows that u% is subordinate at b (i.e., with k = 1 in Sect. 3), and by (5.4), one has
u% ¢ LZ[O, b] and E is not an eigenvalue; hence, by Theorem 7.3 in [16], the operator
has a purely singular continuous spectrum in this set.
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Appendix A. The potential Vj
We recall the example from [14] of a family Schrédinger operators H = —d?/dx? +

Vo(x), in the bounded interval I, which has purely absolutely continuous spectrum
in certain interval of energies. For 0 < a < 1, let V,(x) be given by

Va(x) = y18(x —a) + y28(x — 2a) + y28(x — 3a) + y18(x — 4a)
+y20(x — 5a) + y18(x — 6a) + y16(x — 7a) + y26(x — 8a), (A.1)
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-3

with y; = yi(a) = (a —a M,y =@ =@ —a);s represents the

Dirac § distribution.
Pick f(x) a solution to the eigenvalue equation

(@) + Vo) f(x) = Ef(x),  (E > 0).

Since f'(x) is discontinuous at each §-singularity x = Ka, with K = 1,...,8, we
adopt the convention that f’(Ka) is continuous from the right, that is,

f(Ka)= Tlim f').

One then associates transfer matrices to such eigenvalue equation as

f@y\ _ o fO fQa)y\ _ o fl@
<f’(a)>_M“ (f’(0)> and <f’(2a)>_M“ (f’(a))’

with
yO_ (10 cos(E'2a)  E1/2sin(E'?a)
a “\y; 1)\ —EV2sin(E'2q) cos(E2a)
_ cos(EV2a) E~12sin(EY2q)
~ \yicos(EV2a) — EV2sin(EV2a) yy E~V/?sin(E'2a) + cos(EY?a) )’
yo_ (10 cos(E'/2a)  E1/?sin(E'%a)
a “\y, 1)\ —EY2sin(EY2q) cos(E'%a)
B cos(EY2a) E~12sin(EY2q)
“ \yscos(E'2a) — EV2sin(E'%2a) y, E~12sin(E'%a) + cos(E'?a) ) *

Since we are interested in obtaining estimates of the behavior of these matrices as
a — 0, by using series expansions of sine and cosine functions, one finds

M — 1+ 0(@a? a+ 0@

a - a_3/2—a_1—%Eal/2+0(a) a_1/2—%Ea3/2+0(a2) s
M — 1- %Ea2 + 0(@’?) a+ 0@

@« “\a2—a' —LEa+ 0@ a2 - L1Ed® 4+ 0w¥?))

The multiplication Méz) M,gl) gives the transfer matrix from position 0 to 2a. Sim-
ilarly, the transfer matrix from O to 8a is

1-2E+0@@® 1+ 0@?
MA(E) = MPD M2 1@ prD @ 2M(1)=( 3
W (E) a ( a ) a a ( a ) a —%E—}—O(al/z) 14 O0(a)

(A2)
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that is,

f@®a)\ _ 1)
(f/(Sa) =M po))
We are now in position to describe the potential Vy(x) in [0, b], defined in [14], so
that the operator H = —d?/dx? + Vy(x) has purely absolutely continuous spectrum

in the interval (0, 12/5). Let (b,,) be an increasing sequence in [0, b) to be specified;
in each sub-interval [b,, b,+1), the potential Vj(x) is defined from V,, (x) as

Vo(x) = Vi, (x) + Vi (x — 8ay) + Vgy (x — 8(a1 + a2))
+Vu (x =8(a1 +ax+a3))+..., (A.3)

with (a,) a decreasing sequence of positive numbers, b,, = Z?:l 8a; so that

o
b:nli)néob,, :ZSan < 0.
n=1

Remark A.1 In the limit as x — b, the amplitude of oscillations of Vj(x) tends to
infinity, while the period of oscillation tends to zero; thus, Vj(x) is unbounded from
both above and below near x = b.

Let v (x) be a solution to the equation

—YE ) + Vo) (x) = EYE(x), (A4)
and consider the transfer matrices M, (E) and M, ,(E)
VEMbn) ) _ VE(0)
(wg(bn)) = Mn(E) (wgw)) ’

WE (bn) _ wE (bm)
(wgaan)) = M n(E) (wgwm) | (A

By (A.5) and the expression of V(x), we have
Mn,n—i—l (E) = Man (E),
with M, (E) as in (A.2) for a = aj,. Since lim,, .« a, = 0, it follows that

lim [|My,11(E) — M(E)| =0,
n—00

with

1-2E1
M(E) = < _%3E 1). (A.6)
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Itis proven in [14] that the above convergence is uniform for the values of E in each
closed subinterval of (0, 12/5). The choice of E € (0, 12/5) is important, because
within this interval M (E) is elliptic with distinct complex eigenvalues e™?, with
cosp =1—-5E/6.

By Lemma 3 in [14], we have

bn , d d ,
el =f0 [V (0)]Pdx = Vi bn) T VEBn) = Ve (bn) Vg Bn). (AT)

Hence, ||Y£ ||, can be analyzed through the behavior of ¢ and v’ at b,, which can
be estimated by powers of the matrix M (E). Such arguments were employed in the
proof of Lemma 3 in [14], resulting in

el 1 [
0 < tim WEW _ —/ [Ve () 2dx < oco. (A.8)
0

n— 00 n n—oon

By using the relations recalled in this appendix, in [14,16] it is proven that
—d?/dx? + Vp(x), with the boundary conditions (1.2), has purely absolutely con-
tinuous spectrum in the interval (0, 12/5).

Remark A.2 By relation (A.8), any solutions g in the interval of energy (0, 12/5)
behave asymptotically as n'/?. The developments in Sect. 4 were pursued with this
given.
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