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1 Introduction

The Seiberg—Witten theory [2,3] provides an illuminating geometrical description of
the Coulomb branch of the moduli space of vacua My, of the four-dimensional
N = 2 gauge theory: the space My, is the base of a certain algebraic integrable
system associated to the 4d N = 2 gauge theory [4-7]. The abelian varieties appearing
in the fibers of the algebraic integrable system can be realized as Jacobian (Prym)
varieties of certain spectral algebraic curve called Seiberg—Witten curve.

A typical example of an integrable system associated to N' = 2 gauge theory is the
affine n-particle Toda model associated to the pure vector A" = 2 U (n) gauge multiplet.
Another example is the classical limit of SU (2) rational r-matrix spin chain, which is
associated to U (n) theory with Ny = 2n fundamental matter hypermultiplets [8].

For N/ = 2 gauge theory with the gauge group x;U (n;), and with matter hyper-
multiplets in the fundamental and bifundamental representations, encoded by a quiver
graph I', the corresponding integrable system is the integrable system of monopoles on
R? x S' with gauge group G, whose Dynkin diagram is given by the graph I" [9,10].
Quantization of this integrable system is described by means of the Yangian algebra
Y (gr), which is also underlying symmetry algebra of rational r-matrix gr spin chain.

Similarly, the correspondence holds for 5d I'-quiver gauge theory compactified on
S1, or 6d I'-quiver gauge theory compactified on 72: the respective integrable system
is the integrable system of Gr-monopoles on R x T2 (integrable gr-spin chains
with trigonometric r-matrix) or G r-monopoles on T3 (integrable gr-spin chains with
elliptic r-matrix).

The quantization of the algebraic integrable system with Planck parameter % cor-
responds to the equivariant deformation R?l ., of the space-time of the gauge theory
[11,12] in the limit (e, €2) = (i, 0), and the supersymmetric vacua of the gauge
theory on R%,o are identified with the spectrum of quantum integrable system [13, 14].

After quantization the classical spectral curve (Seiberg—Witten curve) is promoted
to the Baxter’s TQ-relation (for linear chain quivers), or, more generally, to the equation
that states that the g-character [15] evaluated on a certain element of quantum affine
algebra is a polynomial function of the spectral parameter [16]. The polynomiality
conjecture of [15] has been proven in [17].

The polynomial equation still holds for generic equivariant parameters (€1, €3) if
the g-character is replaced by a certain algebraic object. This object is called q;¢2-
character in [18], and in [1] this object was shown to be a generating current of
Wy,,4-(gr) algebra of [19], a generalization of ¢-Virasoro algebra of [20,21]. (See
also [22] for realization of gg-character as a defect partition function).
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Quiver elliptic W-algebras 1385

The gauge theory construction naturally involves bifundamental mass parameter
e assigned to each quiver edge e € I'1. The cohomology class [u] € HY(,C*¥) is
a non-trivial parameter of the algebra (not considered in [19]).

The construction of the algebra Wy, 4, (sl,41) associated to quiver gauge theory
with 7 nodes explains the 5d version [23] of the AGT relation [24] for linear s/, 1-
type quivers, with U (n)" gauge group, when combined with r <> n duality [25] of
topological string partition function computed by topological vertex [26-29]. (See also
manifestation of the above duality as a spectral duality of integrable systems [30].)

In this paper, we generalize our construction [1] to the case of elliptic W-algebra
using a six-dimensional quiver gauge theory compactified on a two-torus T2, Equiva-
lently, under the T-duality for an affine ADE quiver I', this gauge theory is realized on
a stack of fractional D3 branes in IIB string theory on R* x T2 x R*/I". Here R*/T is
the ADE singularity where I' € SU(2) is McKay associated discrete subgroup, and
T2 is the dual torus to T2; see [10] for more details. The complex integrable system
remembers only the complex structure of the torus 72. We denote by p = ¢>'7 the
multiplicative modulus of the underlying elliptic curve, so that as a complex vari-
ety the compactification torus T2 is isomorphic to C*/pZ or to C/(Z + Zt). The
multiplicative spectral parameter x € C*/pZ is periodic

X >~ px (1.1)

Our construction is similar to the case of the 5d gauge theory compactified on a
circle S' [1], and thus is applicable to generic quiver in principle. However, because
of the modular anomalies, we find satisfactory physical interpretation only for ‘con-
formal’ quivers, those are the quivers for which the corresponding 4d A = 2 theory
is conformal.

Recently, the elliptic deformation of W-algebra for A-type quivers has been also
discussed in the context of topological string and supersymmetric gauge theory in [31,
32] and in [33-36]. See also [37-40] for elliptic generalizations. Our construction
generalizes these results to generic quiver.

2 Elliptic quiver gauge theory
2.1 Quiver

We use the notations of [1].

Let I' be a quiver with the set of nodes Iy and the set of edges I'1. The nodes are
typically labeled by i, j € I'g. For an edge e we denote its source node by s(e) and its
target node by #(e) or write e : i — j.

A quiver I defines [I'g| x |I'o| matrix (c;;)

cij =28;j —#e:i— j)—#He:j—1i), 2.1
called the quiver Cartan matrix, which is symmetric. If there are no loops, all the

diagonal elements are equal to 2, and such a matrix defines Kac—-Moody algebra g(I")
with Dynkin diagram I'.
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1386 T. Kimura, V. Pestun

2.2 Elliptic index
The six-dimensional Nekrasov’s partition function is defined by the elliptic index of the
instanton moduli space. Let T be the modulus of the torus on which a six-dimensional

theory is compactified, and put p = e>™. The elliptic index functor I, converts
additive Chern character class to the multiplicative elliptic class

Ip [Zx,} =[lee " p 2.2)

where the short Jacobi theta function is

0(x; p) = (x; Ploo(px~ "5 ploc = exp —mz#o m(lepm) . (2.3)

We assume p < 1 inthis paper. Notice that our conventions are different from Ref. [16],
which uses another version of theta function

01(x; p) = tpé(p; p)oox_%Q(x; D). 2.4)

The index functor behaves under the reflection as follows,

1 (DX (detX) I, [X] (6-version)
I [X"] = {(—l)rkX]Ip X] (6 -version) (2.5)
because of
0(x; p) = (—x)0(x"; p). (2.6)

In the 5d limit the two versions correspond to the Dolbeault vs Dirac conventions. In
this paper we will use the Dolbeault convention.! In the limit p — 0, the 6d index is
reduced to the 5d index

lim0(x s p)=1-x"". 2.7)
p—0

For conformal quivers the two versions are equivalent.

To construct W-algebras from quiver gauge theory, we need to incorporate the
higher time variables [47], so that the gauge theory partition function becomes a
generating function of the observables. The fixed points are labeled by partitions
(M k)aell...n;1, ke[l...00]- We introduce a set of variables

1 The Dirac convention is also often used in the literature, for example, [16,41-44], while Refs. [31,32,
45,46] use the Dolbeault.
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Quiver elliptic W-algebras 1387

}"l o,
X = {xi,a,k}ae[l...n,-],kE[l...oo] s Xi,a,k = Vi, OtQi{ IQZ g s X = I_l X;
ielp
(2.8)
where n; € Zx is the rank of gauge group U (n;) assigned to the node i € I'p, and
(Vi,a)ieTy, aerl...n;] are the exponentiated Coulomb moduli parameters. Leti : X — Iy

be the node label such that i(x) = i for x € X;. The time variables give rise to the
potential term in the partition function

exp (Z 1Y i"”) 2.9)

where Yl[m] are fundamental observables of the quiver gauge theory [10,16]

1_
Y = ql LS (2.10)
xeX;

with the notation Yl[fm] = (Yl[m])v. Notice that we need to introduce twice as many

time higher time variables compared to the 5d case [1], which is reflected by the extra
plus/minus label. This is the specifics of the elliptic algebras [45,48].

2.3 Partition function

The extended partition function Zt(#) can be computed using the localization formula
for the T-fixed points in the moduli space 91, characterized by a set of partitions A [12]:

1 —g™ [m] x"
Z1(t) = Z €xp (_ Z Z pm)(ll_ a™) (CIXL)J(XRJ xg)

m(l —
XemT (xL,xR)EAZX m#0 (

L—q" l—gq" ) _
X exp (Z (log qi(x) logq2 : + Z ( —pm ficey.m x4+ 1 pom tl(x) mx m

xeX
2.11)

where g; is the coupling constant for the node i € I'g, and X; o x = vi,aq{“] e X
denotes the ground configuration corresponding to the empty partition . = . The
factor log,, (x /fé) counts the number of boxes in the partition L. The ‘positive’ part
of the Cartan matrix is defined to be

o =8 — > ! (2.12)

eii—j

where the multiplicative bifundamental mass parameters p, € C* are assigned to

[m]
edges e € I'1, and (c:]r) is obtained by replacing . with ', which is the m-th
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1388 T. Kimura, V. Pestun

Adams operation. In particular, the vector and bifundamental hypermultiplet contri-
butions are given by

X -1 X
ze= [l r(e5:0r) T(e5ier). (2.13)
X X
(x,x)eX; xX;
1 X _ X -1
Z?;fi_>j= 1_[ F(Melq;;qz,p)l"@e]qz;;qz,p), (2.14)
(x,x")eX; x X;

where the elliptic gamma function is defined

xm
Foip.g)=exp( ) o |- (2.15)
Sm(1—pm)(1—g™)

Fundamental matter can be realized by a shift of higher time variables. To add a
fundamental factor with mass parameter ;1 € C* to the node i € I'g one should shift

Fm +m
B Dy g4

. . . 2.16
o Y m( = g1 - gy™) 210

As mentioned in Sect. 3.5, this shift of z-variables is equivalent to inserting a vertex
operator. See also [31,49].

In contrast to 4d and 5d theories, the matter content of 6d theory is restricted due to
the gauge anomaly, which is directly related to the modularity of elliptic theory. The
theory is anomaly free if for all nodes i € T’y

cijn; =nf+ﬁf (2.17)

where ¢;; is the Cartan matrix associated with the quiver diagram I" (2.1), and nlf and
ﬁf are the numbers of fundamental and antifundamental multiplets for the node i. The
phase space of the algebraic integrable system associated to the Coulomb branch of the
6d theory compactified on 72 is the moduli space of Gr-monopoles with singularities
on T2 x S'. The Dirac singularities are associated to the fundamental mass multiplets,
and the total monopole charge is associated to the rank of the gauge group. On a
compact space T2 x S', because of the vanishing theorem, the total monopole charge
is necessarily balanced by the charge of Dirac singularities, and this leads to the balance
Eq. (2.17).

We introduce an order > on the set of eigenvalues &', which is essentially the
radial order in CFT. Then the sum over (x7, xg) € A2X in the partition function is
decomposed into the sum over the pairs (x;, > xg) and (x; < xg), and the diagonal
terms (x;, = xp). Since the diagonal part gives factors independent of the coupling
constant, the Coulomb moduli, and so on, we will omit it. Then, using the reflection
relation (2.5), the partition function is presented as a sum over the pairs (xz > xg)

@ Springer



Quiver elliptic W-algebras 1389

0 xg
— +
Zin= ) ew|= )] <<ci(xL>,i(xR)) plog

XemT (xL>xR)
1—q7 ) ¥R
+ Z —m (Ci(xL)»i(XR)) “m
m;éOm(] _pm)(l _QQ ) xL
X
X exp Z (10g dicx) logy, T
xeX
o —
1—qi" L—g™ o _
+ Z (1 — o licom X T 1=y lico.m ™~ " (2.18)
m=1 p P
where 8 = —e; /e, and the mass-deformed Cartan matrix is [1]

U - - _ o~/ +\Vv
cij = ¢ tciy ¢y =q (¢

cij=0+q N — > u' = > g, (2.19)

eii—j e j—i
obeying the transpose relation

cii=q"'c. (2.20)

The Cartan matrix (2.1) is reproduced in the limitg — 1, u, — 1.

3 Operator formalism
3.1 Z-state

The gauge theory partition function Z1(¢) (2.18) can be interpreted as a state in

the Fock space for the infinite-dimensional Heisenberg algebra H generated by
)

(ti’m , az%)iero’mezw' The Fock space is generated from the vacuum state |1) by

the action of the operators ti(il). The vacuum state |1) is annihilated by the operators
3

a”

The Z-state is presented as an ordered product of vertex operators Si(x),x acting on

the vacuum

1zt =Y ] SiwsD), 3.0

XemT xeX
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1390 T. Kimura, V. Pestun

where

. Ki _ _
Six =:exp | siologx + 50+ El (logg2 x —log,, x) + Z (Si(,;)x my Si(,n1)x+m)
m##0

(3.2)

The «; factor, which plays a similar role to the Chern—Simons term, is needed to obtain
the agreement between the gauge theory definition and the operator formalism. As
mentioned in Sect. 2.2, we need two sets of time variables for elliptic theory, denoted

by (ti(;rn)),-Ero,mez>0 and (ti(:n))iel“o,mezw- Then we introduce free field modes

1—q" 1 9
g m20 274 @) (&) m20 BES
i-m T 7 pEmlim e SO0 Sy = —gFmy I &
I=p m(l —q3™") 3t
(3.3)

The commutation relations are

+
[s5+ si] =F o ;;mlem— it B, G
For the zero mode s; o we set by definition sl%) = ;0 and
[5i0. i | = =Bomocly. (3.5)
In the 5d limit p — 0, the modes si(’;l) become trivial because
: P 0 (poo), (3.6)

_l—p_’"zl—pm

The Z-state (3.1) coincides with the gauge theory definition of the partition function
(2.18) evaluated with the coupling constant

[log,, | ) _\[0]
log,, qi = B +tio+n; (c;) 27 log,, ((_1)m vj) (le_) (3.7)

where
o llog,, ]
v = H Via (C,;) =4 log,, g ' - Z log,, <61_1Me>, (3.8)
a=1 e j—i
and the coefficients at all the nodes i € I'g satisfy
_\ o]
k=n(c;) - (3.9)
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Quiver elliptic W-algebras 1391

3.2 Screening charge

The sum over the set of fixed points " in the partition function (3.1) can be replaced
by the sum over 7% (see [1]):

Zr)= ) HS.WH (3.10)

XeZX0 xeX

Define ‘the screening charge operator’ to be:

S xZZSi,qu (3.11)

keZ

Then the state |ZT) is obtained by the action of the ordered product of S; on the
vacuum state

1Z1) = [] Siw.s I (3.12)

)%EXQ

The vacuum |1) of the Heisenberg algebra H is represented by a constant function
of the time variables t( ). and is annihilated by all the ‘positive’ oscillators s( ) for
m > 0. Thedual (1| to the vacuum state 1s the linear form on the Fock space represented
by the evaluation of the functions of t ) at tl(i? = 0.

Thus the non-¢-extended partition functlon can be presented as the correlator of the

screening charges [1] (and see also [49-51])

Zr(t =0) = (1|Z7) = 1|1"[S.<x)x|1 (3.13)

XEXO

3.3 Trace formula

Thinking in terms of the ¢-CFT on the torus, the correlator for 6d theory (3.13) can be
written in the trace form in terms of the operators of the 5d theory (up to a normalization
factor, which can be absorbed by redefinition of the gauge coupling constant)

>~

Zrt=0)=Tr | p" [T S | - (3.14)

pes Xo
Here the trace is taken over the Fock space of H with respect to the 5d time variables

{tim}iery,iez-> and the screening charge is also defined with the oscillators used in
5d theory [1]. The energy operator Ly is
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1392 T. Kimura, V. Pestun

oo
Lo= Y 3 i (3.15)
L,

iel'ym=1 n

The trace formula (3.14) can be obtained as follows.
Recall that the screening current correlator which gives the 5d gauge theory partition
function is [1]

SSdSSd _ = 1 l_qin [m]x/m 3.16
xSy | =exp —Z——_mcﬁ x_’” . (3.16)

m:lml_q2

Here we omit the zero modes for brevity. There are two options to deform the 5d index
computed by (2.7) to the elliptic 6d index computed by (2.2).

The first option is to modify the oscillator algebra in such a way that the normal
ordering produces the elliptic correlation function, as defined in Sect. 3.1,

(se459) = ew | - Sl (3.17)
LX7],x m;éo m(l _ pm)(l _ qEM) J xm . .

The second option is to keep the free field oscillator commutation relations of the
5d theory of the correlator, but change the definition of the correlation function to the
trace as follows

5d ¢5d Lo ¢5d ¢5d
<Si’ij"x/>t0ruS =Tr I:p OS[’ij’x/iI . (3'18)
The proof of the equivalence
(ses0e.) = [prosiasis ], (3.19)

is in ‘Appendix A’. Then the trace formula (3.14) follows.

The physical meaning is as follows. For the 5d gauge theory we use the cylindrical
space-time for the g-Toda to compute the partition function, as shown in the top
panel of Fig. 1. For the 6d gauge theory we use the toric space-time for the g-Toda
obtained by the identification (1.1), illustrated in the LHS of Fig. 1 (bottom). This
corresponds to (3.13), and is actually equivalent to taking the trace with the operator
pro inserted. This trace version (3.14) also agrees with the spectral duality for elliptic
theory [31,32,34] because the dual theory is N = 2* theory (or cyclic quiver theory),
whose partition function is given by the torus conformal block via the g-version of
the AGT relation [24].

3.3.1 Connection to elliptic quantum group

It has been known that the g-deformation of W-algebra has a close connection with the
elliptic quantum algebra U, ,(g): The screening current of Wy, 4, (g) obeys essentially
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Quiver elliptic W-algebras 1393

-
5d
(1] x 11 5% x 1) 1] x | 34
TEXy
p’ll €T pr
= Tr|ph x
N ~ _/
-
1l x 11 5% x [1) = (3.14)
TEX)y

Fig. 1 Conformal blocks as the partition function of 5d (top) and 6d theory (bottom). The 6d block has
two equivalent expressions

the same relation to the elliptic currents e;(z) and f; (z) of Uy, p@ [52]. See [53] for
the relations for generic g. We see from (3.16) that the 5d screening currents yields

5d o5d _ o5d @5d L 1=qf" gy (x\"
SiaSjar = SjSix X exp | — E mi—g" i \ % (3.20)
m#0 2

where we omitted the zero mode factors for simplicity. One can rewrite the OPE
factor using the theta function (2.3). Swapping q; <> g» corresponds to swapping the
currents e; (z) <> fi(2).

From (3.17), on the other hand, we obtain exactly the same relation for the 6d
screening currents

6d g6d 6d 6d L 1=g" oy (X"
Si,XSj,x’ = Sj,x/Si,x Xexp| — Z n—/lmcﬁ ; (321)
m#0 2

This coincidence implies that both the g-deformation Wy, 4, (g) and the elliptic defor-
mation Wy, 4, »(g) belong to the same realization of the elliptic quantum algebra

Uq,p(@.

3.4 Y-operator

To construct W-algebras we introduce Y-operators, corresponding to the doubled
potential term (2.9)
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1394 T. Kimura, V. Pestun

...i - O
Yix = af rexp | yio = (&) jlog + 3 (v 455 | 1
m#0
(3.22)

0]
jery € 51 , and ¢;; is the inverse of

where g; is the Weyl vector defined by p; = >
mass-deformed Cartan matrix ¢;;. The affine case with det(cl[?]) = 0 will be discussed

in Sec. 4.5. In the following, we set x; = 0 for Vi e Iy for simplicity.

The oscillators y( )

are defined in terms of t ) and ; )
!

nLm

1—g&m 1
yo, e L )( — ") (G I (3.23)
. 1— ji I
(+) m>0 1 a
= e ——, (3.24)
i,m m afi(;tn)
Yi0 = —tj08:) log ga. (3.25)
They satisfy the commutation relation:
L —gi™—g™ .
+ +
P i) = w12 T G (3.26)
In terms of the free field sl > We have
(&) m#£0 ~[Em] (&) _ =10]
Vim (1 —qg™c Cii Simo Yio = logq2 Cji 5j.0 (3.27)
hence the [y, s] commutation relations are
@ @] llma o [5i0. vjo] = —8; 10 (3.28)
im o Sjim | = :Fm [ — ptm m+m’,00i] » Si,0, Yj,0] = —0ij 10241 . .
This leads to the normal ordered product (with the ordering |x| > |x|)
0(x'/x; p) .
YixSix = @i/ p) YixSiw i YixSjx=:YixSj: for i#j.
(3.29)

The expectation value of the Y-function has infinitely many poles at x = x’g; p" for
Vn € Z for each configuration X € 9" that labels the insertion of the screening
currents:

- 0(x'/x; p) -
(1 Yix [] S =4 | T] RASPESE 2N WY [ S 1. (3:30)

O(q1x’/x;
x'eX x'eX; (qix'/x; p) xXeX
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Quiver elliptic W-algebras 1395

On the other hand, for |x| < |x’|, we have

_1 0(x/x"sp)

S v Yiy = — Y S (3.31)
ix' Vix 91 O(ql_lx/x/; ) i,x90,x

Therefore the commutator gives

0(x'/x; p) 1 O(x/x';p)
[Yi,x , Si,x’] = . — 4 ! 1 : Yi,xSi,x/ :
0(q1x'/x; p) 0(q, x/x'; p)

_0(g; 5 p)

7 )2 8(q1x'/x) : YixSix o . (3.32)
» Ploo

The last expression is due to the identity [45]

O(az; p)  O(a; p) 7"
- . 3.33
0z:p) (PP é I —ap" (339

which is obtained by using Ramanujan’s summation formula with the delta function
defined

S(x) = Zx” ) (3.34)

nez

This means that, in the limit g; — 1, the Y-operator commutes with the screening
current, and it reproduces a commutative algebra [16].

3.5 V-operator

We can incorporate the (anti)fundamental matter contribution in the operator formal-
ism by considering another vertex operator,

Vix =:exp Z (v(+)x_m + v(f)x””) s (3.35)

i,m i,m
m#0

To reproduce the ¢-variable shift (2.16), the oscillators are taken to be

@ m=0__ 1 g eymzo 1 ! 0
T T e e S T g (-
(3.36)
and the commutation relation
) <i>] _ 1
v. s |l =% 1) 1 00ii - 3.37
[ i,m j.m m(l - pim)(l — q;:m) m+m’,00ij ( )
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1396 T. Kimura, V. Pestun

We remark

) 1 ()
= N 3.38
vl,m (1 _ qfl:m) (1 _ qél:m) i,m ( )

The product of V and S operators behaves

/

X
V,"xsi’x/ =T (;, D, qg) . V,-nyiyx/ . (339)

x 1
SivViy =T (x— P, qz) VSt (3.40)

which corresponds to the fundamental and antifundamental matter factors, respec-
tively, while the OPE of V and V does not yield dynamical contribution. The ¢-extended
partition function with the (anti)fundamental matter factors is given by

1Zr) = [] Viow | | T] Sicos | { T] Vi | 1D (3.41)

xeXy xeXp xeX;

......

(anti)fundamental mass parameters. This mass parameter characterizes the pole on
the elliptic curve at x = u; ¢, which is added by the vertex operator Vj(,) , with
x € Xfand )Ef.

We again remark that, for the modular invariance of the non-extended partition
function (1|Z), which is a conformal block of W (I")-algebra, we have to take into
account the conformal condition (2.17), although the Z-state (3.41) is not necessarily
modular invariant by itself.

4 Elliptic W-algebra

To construct quiver elliptic W-algebras we build holomorphic gg-character currents [1,
18] (see also [54,55]).

4.1 Ay quiver

For the simplest quiver I' = A1, the gg-character is

Tie=Yix+Y 0, 4.1)

X

Let us show that 77 , commutes with the screening charge S ,/, which assures the
regularity of the gg-character.
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Here are the possible terms appearing in the commutation relation between the
qq-character and the screening current,

0(x'/x; p)
Y S o= Ly s 4.2
1,x91,x e(qlx//x;p) 1,xO1,x ( )
1 0(x/x's p)
SiaYig =g LD gy 4.3)

0(qy ' x/x"s p)
_ 0(qqix"/x;p)

Yl lx Lx" = I [y :Yl 1*lx
4 0(qgx"/x; p) X
_0(q gy 'x/x" p)

T Mo T X p)

Sixr s (4.4)

Slsx//Y;,;—l ZSLX//Y;;_I T 4.5)

X

As shown in (3.29), the first two terms possibly have infinitely many poles at x =
x'q1p" for n € Z, while the last two terms involve poles at x = x”¢gp". These poles
are actually canceled with each other because the screening charge is defined as a sum
over the screening current under the go-shift: there is a term S| ,» with x” = gpx” for
every S . Using the relation

ql_l YiaY g i =108 st (4.6)

xl—l

we can show that the residue of the first term (4.2) at x = x’g; p" coincides with that
of the fourth term (4.5) at x = x"gp" for Vn € Z with x’ = x"q»,

Res [Y s ] —  Res [s YT ] 47
g ph 1,x91,x ol 1,xq; 1 1,xg~! ( )
Similarly we have a coincidence of (4.3) and (4.4),
Res [S Y ] = Res [Y ! WS- ] 4.8
Tl p 1,x' T1x g lxq 1,0 1 ( )

This shows that the regularity of the gg-character for elliptic A theory
T« |Z7) =0, 4.9)

which is equivalent to the commutativity of the holomorphic current with the screening
charge,

[Tl,x, Sl,x/] —0. (4.10)

The commutant of the screening charge is a well-defined conserved current, which
provides time-independent modes

Tio=» Timx " 4.11)

mez
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The modes of this conserved current define the elliptic algebra Wy, 4, »(A1) as the
subalgebra of the Heisenberg algebra H (the A case was discussed in [31,32]).

4.2 Higher weight current and collision

We can compute the higher weight current TZ;V] using the free field representation of
the vertex operator. For A quiver, the degree two current plays an important role in
the definition of the elliptic algebra Wy, 4, »(A1). The product is given by

Tl,wlel,wzx = (Yl,wlx + Y_l _|> (Yl,wzx + Y_1 _|>

1,wixq 1,woxq

= f(w2/wl)_1( : Yl,wlel,ng :

1

_ —1
L,waxg™

+ S(wi/w2) : YiwY LS (wa/wr) f Y Y

LLwixg™! :
RV —1 )
+ Yl,wlxqlel,wzxq*I . ) (412)
where the scalar factor
1—qg™ (1 —qgm
f(w) =exp Z (A —a)d —a3) @.13)

S m = p)(1+g™)

which appears in the algebraic relation of the elliptic Virasoro algebra Wy, 4, ,(A1)
[32], and the permutation factor

S(w) = 0(qiw; p)f(qow; p)
~ Ow; p)fqusp)

(4.14)

Notice the relation

fw) flqgw) = 8(w). (4.15)

We obtain the commutation relation for the elliptic Virasoro generators, defined as the
modes of the holomorphic current, from the product expression

f(w2/w1)Tl,w|le,w2x - f(wl/w2)Tl,w2le,w|x

0(q1; p)O(qo;
_ O pz) (g2: p) <8(qﬂ)_5<qﬂ>> _ 4.16)
(P: P)50(q: p) w wi
The degree n current with the weight (wy, ..., wy) is computed in a similar way

T][,v;] —- Yl,wlel,wzx .. 'Yl,w,, I I

> II s (5—) Y ]_[Yljjﬂ_xq_1 cL (4.17)
J j

IUJ={1..n}iel,jel iel =
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Algebraically, this expression is exactly the same as in the W, 4, (A1)-algebra [1,18],
except that the factor S(w) is replaced by the elliptic index version.

In addition, we can consider the collision limit of the currents which produces
derivative terms. For example, the product of the currents Yq Yy ,y in the limit
w — 1 gives

S (w) :Yl,wal_’lq,l T+ 8 (w_l> : Yl,xY;qu,l :

0(q1: p)0(q2; p)

—1 -
vl Yl,xYl,)lctfl <c(q1, 92 P) = (P; P30 (q: p)
s 00 ’

x0y log (Yl,xYqu—l)) .
(4.18)

The coefficient is given by
g1, 2. p) = lim (S(w) + 8w ™) , (4.19)

which is finite, although the factor S(w) itself has a pole at w = 1.

4.3 Generic quiver

Now we have an algorithm to compute the gg-character for generic quiver. The fun-
damental gg-character corresponding to the node i € T'g starts with Y; ,, and the
following terms are generated by the iWeyl reflection [1,10,16, 18]:

Te =Yiu Y0 T Yoot TT Yiggin i+ (4.20)

i,xq
ei—j e j—i

If there is a product of the same Y-operators in a term, we apply the permutation

factor (4.14). We can prove the regularity of this current, and the commutativity with
the screening charge in exactly the same way as in [1],

I:Ti,x : S,-,xf] ~0. 421)

Similarly, the holomorphic current 7; , generates well-defined modes, which define
the elliptic algebra Wy, 4, ().

4.4 A, quiver

We consider an example of a linear quiver A,, which leads to the elliptic algebra
Wyi.40.p(Ar). The iWeyl reflection computes the gg-character for each node i € Iy,

i

Tt o = > [TA g (4.22)

I<ji<-<ji<r+1 k=1
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where

Aix=Y, o Y (4.23)

Iy X i—l’Ml_;i,Iqilx
with Yo x = Y,+1.x = 1 and the mass product defined

i—1

Ml=i = U1 2U253 - i = 1_[ Mjsjsl - (4.24)
j=1
Remark that
r+1
A =1. (4.25)
i=1

This is the mass-deformed quantum Miura transformation of A, theory. For example,
the first character, corresponding to the fundamental representation, is given by

r+1
T],x = Z Ai,x
i=1
— . -1 . .yl .
=Yix+: Yz’ugzxYWlx TR lequ_,x T (4.26)

4.5 Xo quiver

So far we have assumed that there is no self-connecting edge (a loop) in a quiver. Let
us now study an example having a single node with a self-connecting edge, called Ao
quiver (corresponding to 4d A/ = 2* gauge theory), whose Cartan matrix is (0) and
its mass-deformation is given by [1]

c=1 +q_1 —u = ;Lq_l . (4.27)

where © € C* is the multiplicative adjoint mass. Then the commutation relation for
the free field yi(fn) (3.26) becomes

1 (1 — g™ — g™
() (£) 1 2
I:yl,m ’ yl,m’] =+

) 0. 4.28
m (1 — pim)(l _ ,U«im)(l _ M:quim) m-+m’,0 ( )

The generating current is obtained from the iWeyl reflection
Yir+a8u™ Y Y e Y g s (4.29)

1,xq~!
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which provides a closed formula

Tio=y a"Z°Gq. 0,0 [] Yigro [ Yisse: 430
A

S€ILA SEI_A

where 04 A and d_A are the outer and inner boundary of the partition A, and we define
i) =@ ' g (4.31)

The factor Z f %(q1, g2, v, 1) is the elliptic Nekrasov function for Ao quiver (N = 2*
theory) with U (1) gauge node, evaluated at the partition A with the ‘dual’ variables [1,
16]

Gil=nlg, @p=p, p=q, V=g, (4.32)

so that (4.31) leads to the dual of x-variable X (k, Ay +1) = X € X where (k, +1) e
4.

The current (4.30) is an infinite sum over partitions. Notice that for degenerate
Cartan matrix it is not possible to absorb the zero mode coupling constant q to the
definition of the Y, and q appears explicitly in the expression for 7T} . For |q| < 1 the
infinite sum over the partitions converges by the same argument as the convergence of
the generating function for the number of partitions Y 3, nxq* = ]—[Zozl (1—g”)~ L
We define the affine elliptic algebra Wy, 4, p(Ao) as generated by the modes Tl,n of
current 7 , = Z;'IOZ_OO fl,,,x_”. For a current Tl[’v)v{] of higher weight w; the sum is
labeled by w-colored partitions [1, 18].
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Appendix A: Proof of trace formula (3.19)

In this Appendix we prove the equivalence (3.19) using the coherent state basis.

A.1 Coherent state basis

The argument in this part is essentially parallel to the textbook [56].
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For oscillator algebra generated by (¢, 9;) with [d;, ] = 1 we consider the coherent
state basis in the Fock space

tn n
0), =(0 :
«/n_!|> (n] (Im

The normalization is

) =e"10), (=07 (AD)

In) =

(nlm) = Sum,  (zlw) =", (A.2)
The states in (A.1) are eigenstates of the filling number operator ¢d |n) = n |n) and
the annihilation/creation operators 9|z) = z|z), (z|t = (z|z*. Notice that the operator
a'? acts on the states |z) and (z| as,

a'z) = laz), (zla"* = (a*z]. (A.3)

The identity operator can be expressed in terms of the coherent state basis:

1= lfalzz l2)e 1 (| (A.4)
T

where
(n|]l|m) = (Sn,m s (AS)

so that the trace of an operator is

1
TTO = ;/dzze_lz‘z(lelz). (A.6)
Then we find [57]
, . 1 b
Tr [azaebaea] _ exp abc (A7)
1—a 1—a
because
l/dzz ef‘zlz(zlalafeb’eca’lz) = l/dzz e~ (=P +abz*+ez (A.8)
b4 b3

A.2 Torus correlation function

Let us compute the torus correlation function (3.18). The product of the 5d screening
currents is given by

i,xYjx —m " ji i,x~j,x'

o0
gsdgsd oo 1 1 —qf C[m]ﬂ . g5d g5d . (A.9)
> S2 =exp m—l—q2 prl R .

m=1
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Then we compute the trace part

Tr [ . g3 g5d :]

ix¥jx
o0 o0
:Tr|: 1_[ Hp"tt’"d“" exp Z(l—q?)(xnfi,n +X/ntj,n)
i’ely n=1 n=1
> 1
[n] /—n [n]
X ex - el 0 +x e, )
P ;; n(l—Qz_n)< ki Sl o :|
- 1—qf Pt X" 1—q" 1 [—n) X"
= €Xp Z —¢ " 1—p 2Cji ot 1—g®) 1 — —nCji m
=\ n-g" x n(l—gqgy) 1 —p x
X const (A.10)

where we have used the formulas (A.7) and (2.20), and the constant term does not
contain x nor x’. Thus we obtain the torus correlator

Tr [ Lo g5d ¢5d ]:exp —Z l—qf Cwﬂ . (A.11)
iL,x"jx ()n(l _qun)(l _pn) JU xn

This is equivalent to (3.17), and proves the relation (3.19).
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