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Abstract BRST complexes are differential graded Poisson algebras. They are asso-
ciated with a coisotropic ideal J of a Poisson algebra P and provide a description
of the Poisson algebra (P/J)” as their cohomology in degree zero. Using the notion
of stable equivalence introduced in Felder and Kazhdan (Contemporary Mathemat-
ics 610, Perspectives in representation theory, 2014), we prove that any two BRST
complexes associated with the same coisotropic ideal are quasi-isomorphic in the case
P = R[V] where V is a finite-dimensional symplectic vector space and the bracket on
P is induced by the symplectic structure on V. As a corollary, the cohomology of the
BRST complexes is canonically associated with the coisotropic ideal J in the symplec-
tic case. We do not require any regularity assumptions on the constraints generating the
ideal J. We finally quantize the BRST complex rigorously in the presence of infinitely
many ghost variables and discuss the uniqueness of the quantization procedure.
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1 Introduction

In the quantization of gauge systems, the so-called BRST complex plays a prominent
role [12]. In the Hamiltonian formalism, the theory is called BFV theory and goes
back to Batalin, Fradkin, Fradkina and Vilkovisky [1,2,10,11].
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In the Hamiltonian formulation of gauge theory, the presence of gauge freedom
yields constraints in the phase space M of the system. The gauge group still acts on
the resulting constraint surface My C M. The physical observables are the functions
on the quotient M of the constraint surface My by this action. One wishes to quantize
those observables. In the BRST method, one introduces variables of non-zero degree
to the Poisson algebra P of functions on the original phase space. One then constructs
the so-called BRST differential on the resulting complex and recovers the functions
on the subquotient M as the cohomology of that complex in degree zero. One may
then attempt to quantize the system by quantizing the BRST complex instead of the
algebra of functions on M.

The quantization procedure involves the construction of gauge invariant observables
from the cohomology of the BRST complex [3,19]. Kostant and Sternberg gave a
mathematically rigorous description of the theory [14] in the case where the constraints
arise from a Hamiltonian group action on phase space. They make certain assumptions
that allow the BRST complex to be constructed as a double complex combining a
Koszul resolution of the vanishing ideal J of the constraint surface My C M with
the Lie algebra cohomology of the gauge group. In more general cases, the Koszul
complex does not yield a resolution and one has to use a much bigger Tate resolution.

More recently, Felder and Kazhdan formalized the corresponding construction in
the Lagrangian formulation of the theory [8]. They consider general Tate resolutions.
The aim of this note is to perform a similar formalization in the Hamiltonian setting.
We consider Poisson algebras P as a starting point, which arise in the Hamiltonian
viewpoint as the functions on phase space. We define the notion of a BFV model for
a coisotropic ideal J C P. In the Hamiltonian theory, J is given as the vanishing
ideal of the constraint surface My C M. We use techniques from [8, 17] to prove the
existence of the BFV models and show that they model the Poisson algebra (P/J)’
cohomologically. This latter Poisson algebra is a physically interesting one, since, in
the case where P are the functions on phase space and J is the vanishing ideal of the
constraint surface, it corresponds to the function on the subquotient M, which are the
physical observables of the system. The statements about the existence of what we call
BFV models and their cohomology are known [12]. However, a rigorous treatment
of the question of uniqueness is missing. Under certain local regularity assumptions
on the constraint functions, which for instance imply that the constraint surface My is
smooth, a construction for a uniqueness proof for the BRST cohomology was given in
[9]. Stasheff considers the problem from the perspective of homological perturbation
theory [17] and gives further special cases under which such uniqueness theorems
hold. For instance, he considers the case where a proper subset of the constraints
satisfy a regularity condition. Using the notion of stable equivalence from [8], we
show that, for a symplectic polynomial algebra P = R[V] with bracket induced
from the symplectic structure on a finite-dimensional vector space V, any two BRST
complexes for the same coisotropic ideal J C P are quasi-isomorphic. Hence, we
rigorously prove the uniqueness of the BRST cohomology for such P. In contrast to
previous treatments of the problem, the assumption on P does not force the constraint
surface to be smooth. Moreover, we do not assume a subset of the constraints to be
regular. Our Tate resolutions are allowed to contain infinitely many generators.
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The BRST complex of homological Poisson reduction 225

Finally, we quantize the BRST complex. Under a cohomological assumption, we
construct a quantum BRST charge and discuss its uniqueness. The obstruction to quan-
tize lies in the second degree of the classical BRST cohomology, while the ambiguity
lies in the first degree. We do this analysis in a rigorous fashion. To the best of our
knowledge, such a rigorous treatment in our setting for general Tate resolutions is new.

In the smooth setting, Schitz has dealt with the problem in [16]. See also [5] for the
case of a Hamiltonian group action with regular moment map. In [4, 13], this regularity
assumption is replaced by the weaker assumption that the components of the moment
map generate the vanishing ideal J and that the Koszul complex is acyclic. The authors
construct a BRST complex and quantize it. In [13], the assumptions are weakened to
allow Tate resolutions with finitetly many generators.

2 BFV models

We work over K = R, but any field of characteristic zero will be sufficient. Let P be
a unital, Noetherian Poisson algebra. Let J C P be a multiplicative ideal satisfying
{J,J} C J. Such ideals are called coisotropic. Then the Poisson structure on P
induces one on (P/J)’. The purpose of the BRST complex is to model this Poisson
algebra cohomologically.

Let M be a negatively graded real vector space with finite-dimensional homoge-
neous components M- . Denote its component-wise dual by M* = EB./>O(M_-" )*.
Define a Poisson bracket on Sym(M @ M™) via the natural pairing between M and
M*. For details of the construction, we refer to Appendix A.

Form the tensor product Xg = P ® Sym(M & M) of the two Poisson algebras
defined above. Let 77 X denote the ideal generated by all elements in X of degree at
least p. Using the filtration defined by the F? X, complete the space X to a graded
commutative algebra X with homogeneous components

. x]
X/ =lim ——%
P FP XoNX{

Extend the bracket on X to X, thus turning X into a graded Poisson algebra. Again,
we refer to Appendix A for details. Denote the bracket on X by {—, —}.
Set I C X to be the homogeneous ideal with homogeneous components

1 J
= tim 2200 X0 ).
<P Fril Xon X}
The powers of ideals are denoted with exponents in parentheses, e.g. 1% refers to the
k-th power of the ideal /.

An element R € X of odd degree which solves {R, R} = 0 defines a differential
dr = {R, —} on X by the Jacobi identity. If R € X 1 the differential dp induces a
differential on X /I since it preserves /.

@ Springer



226 M. Miiller-Lennert

Definition 1 A BFV model for P and J is a pair (X, R) where (X, {—, —}) is a graded
Poisson algebra constructed as above and R € X! is such that the following conditions
hold:

(1) {R,R}=0.
(2) H/(X/I,dg) =0for j #0.
(3) HY(X/I,dg) = P/J.

The first equation is called the classical master equation and the element R is called
a BRST charge.

The aim of this note is to prove

Theorem 2 Let P be a Poisson algebra and J C P a coisotropic ideal. BFV models
exist and in the case of P = R[V] with bracket induced from the symplectic structure
on a finite-dimensional vector space V, the complexes of any two BFV models for the
same ideal J are quasi-isomorphic, whence the cohomology H (X, dg) is uniquely
determined by J up to isomorphism.

The existence of the BFV models is known [9,12]. The problem of uniqueness has
been dealt with under certain regularity assumptions [9, 12]. These assumptions imply
that the constraint surface is smooth. The novel part is the statement that any two BRST
complexes are quasi-isomorphic, which gives the uniqueness of the BRST cohomology
as a corollary. We prove this without assuming that the constraint surface is smooth
and for Tate resolutions with possibly infinitely many generators. The Noetherian
hypothesis ensures that there are only finitely many generators in each degree. This is
necessary for our proofs of our convergence results. For completeness, we also include
proofs of the already known facts in our framework.

Finally, we quantize the BRST charge rigorously and discuss the uniqueness of the
quantization procedure.

3 Existence
3.1 Tate resolutions

To construct BFV models, we first have to construct a suitable commutative graded
algebra X. The odd variables are obtained via Tate resolutions.

Let P be a unital, Noetherian Poisson algebra and J C P be a coisotropic ideal.
Tate constructed resolutions of Noetherian rings by adding certain odd variables to the
ring [18]. Consider a Tate resolution 7 = P ® Sym(M) of P/J given by a negatively
graded vector space M with finite-dimensional homogeneous components together
with a differential § on T of degree 1. Define the dual M* degree-wise. Extend §
to Xg := P @ Sym( M@ M*) = P ® Sym(M) ® Sym(M™) by tensoring with
the identity. Endow X with the natural extension of the Poisson bracket, define the
filtration F” Xy, and extend the bracket to the completion X as described in Appendix
A. We will frequently refer to statements from that section.

@ Springer



The BRST complex of homological Poisson reduction 227

3.1.1 The differential §

Since § is the identity on Sym(M™), it preserves the filtration on X(. Hence it extends
to the completion X by Remark 80. Call this extension 6. The extension has degree 1
and preserves the filtration on X. The extension is still an odd derivation, whose square
is zero. Since § preserves the filtration, it defines a differential on the associated graded
mapping gr” X" into gr? X"+1,

Define B = P®Sym(M?*). Then, Xg = B®p T . Since, by definition, the extension
of § to X leaves elements in Sym(M™) fixed, we have

Remark 3 The natural isomorphism of Lemma 82 identifies the differential § on the
associated graded with 1 ®  on B ®p T.

3.1.2 Contracting homotopy

From the Tate resolution, construct a contracting homotopy s : T — T of degree —1.
Then there exists a K-linear split P/J — P andamap 7 : T — T which is defined
as the composition P ® Sym(M) - P - P/J — P — P ® Sym(M) such that

és+s§=1-—m. @))

Extend 3, s and 7 to X by tensoring with the identity on Sym(M™). From the
definition of 7r, we find

Remark4 @™ : Xo — Xo is zero on monomials which contain a factor of negative
degree.

The homotopy s does not act on elements in Sym(M?™) and hence preserves the
filtration. For the same reason, 7 preserves the filtration. Both s and 7 hence naturally
extend to the extension and Eq. 1 is valid in X too. Moreover,

Remark 5 s preserves 1.

3.2 Constructing the BRST charge
3.2.1 First approximation

Definition 6 Let Q be the differential § on X /I considered as an element of X.

Hence, the cohomological conditions for Qg to be a BRST charge are satisfied. How-
ever, Q¢ does not in general satisfy the classical master equation. We are going to
prove the existence part of Theorem 2 by adding correction terms to Qg.

An explicit description of Qy is the following. Let ¢; be a homogeneous basis of M,
e’ its dual basis. Set d; := dege; = —dege; = dege! (mod 2). Assume thati < j
implies d; > d;. Define Qg := Zj(—l)H‘dj 63‘55(81‘). By Lemma 77, this defines an
element of X'. For each p, let L, be an integer with {j ¢ N : —d; < p -1} =
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228 M. Miiller-Lennert

{1,..., L} sothat (q0), = Zfi] (—1)Hd; e;f(S(ej) defines a representative of the
p-th component of Qp. Of course, the element Qg is independent of the choice of
basis e; of M.

Lemma 7 We have § = Zj(—l)l"'de(ej){e;f, —} on X where the operator on the
right hand side is well defined.

Proof Set §' = Z/(—l)”dja(ej){e}‘f, —}. This defines a map on X. For x € X",

the elements {e}k., x} are in F~%*" X. Hence, the sum converges by Lemma 77. By
linearity, 8’ is defined on all of X. We claim that §’ is continuous on each X". Let
x) = (xlj, +FP X)p € X" be a sequence converging to zero. Fix p. Then there exists

a K, independent of j, such that a p-th representative of 8'(x/) is given by

K
1+4, /

> (=ptt k5(€k){ez’xidk,u(p)}’

k=1

since the bracket is in X, dtn Now, let jo be such that for j > jy and for all

k € {l,..., K} we have x!_ ) € FS—den (D) X§- Then the above representative

di.n (P
vanishes modulo F7 X’g“ by Corollary 64. Hence, &' is continuous on X”. The map
8’ descends to a map on Xy, since the sum is then effectively finite because {e;f, x}
becomes zero for j large enough, depending on x € Xg. This restriction agrees with
8, which can be checked on generators since both maps are derivations. Hence, 8’ = §
on each X" by continuity. Hence, § = §'. O

Lemma 8 For Lg := {Qo, —} — 8, we have Lo(F? X) c FPT1 X.
Proof Fix x € FP X". Then, by Lemma 74,
m m
{Qo.x} = lim_ (Z(—nl*d-/‘a(e,-){ej,x} + Z(—w”dfej{a(ej),x}).
j=1 j=1

The first part converges to §(x) by Lemma 7. The second part converges by Lemma
77 and hence equals Lg. Fix j. By Lemma 75, it suffices to prove that ej{S(e i) X} €

FP+1l X By the derivation property it suffices to consider x = e/ for some /. The term

d(e;) is a sum of monomials whose factors have degrees in {d; + 1, ..., 0}. Hence,
all elementary factors e, in &(e;) that could possibly kill e; have degree d; and get
compensated by a factor e;’f with deg(e}‘f) > deg(e)). O

Moreover, we have

Lemma9 {Qo, Qo} € X2NIP c F2xNI?.
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The BRST complex of homological Poisson reduction 229

Proof We compute deg{Qo, Qo} = 2deg Q9 = 2 and hence {Qg, Qo} € F?X. For
the last statement, we need to calculate. By Lemma 74,

m

{Qo0. Qo} = lim (=D)UT% 3" (3(e))et. S(ex)ef)

m— 00
Jk=1
= lim >° (2(—1)1+dk((—1>‘+d-f8<e,»){ef;,a(ek)})eis
jok=1

+ (=D%tkertse), a(ew}e;;).

By Lemma 7, the first term is a sum in k with summands that contain factors
8(6(ex)) = 0 and hence the first term vanishes. By Lemma 75, {Qo, Qo} =
zj,k(—l)dﬁdke;f{a(ej), S(ex)ef € 1. O

Corollary 10 §{Qo, Qo} € X°> C F> X.
3.2.2 Recursive construction

We now inductively construct out of Qg a sequence of elements R, € X! by setting
n
1
R, = Z 0;, Qy as defined above, Ont1 = _ES{R"’ R,}.
j=0

The elements R, have degree 1, since Qg has and s is of degree —1. The idea for the
construction is taken from [17]. Also, the proof of the following theorem is adapted
from that paper.

Theorem 11 Forall n, {R,, Ry} € "2 X N 1? and §{R,, R,} € F"3 X.

Proof The base step was done in Lemma 9 and Corollary 10. We assume the statement
is true for 0 < j < n and consider

{RnJrl, Rn+l} = {Ry, Ry} + 2{Ry, Qn+1} + {Qn+1’ Qn+l}~

By construction and assumption, Q41 = —%s{Rn, R,} € F"*2 X1 Hence, by
Corollary 64,

{Rn+1, Ryv1} = {Ry, Ry} + 2{Ry, On+1} (mod Fnt3 X).

Expand {R;,, Qn+1} = 27=1{st On+1}+{Qo0, Ons1}. Wehave, forj € {1, ..., n+
1} by inductive hypothesis, that Q; = —%S{Rj_l, Rj_1} € Fitl x1'n 1@ Hence,
by Lemma 65,

{Ru+1, Ruv1} = {Ry, Ry} +2{Q0, On+1} (mod 3 X).
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230 M. Miiller-Lennert

We split {Qo, On+1} = 8Qny1 + LoQpn+1 and, by Lemma 8,
{Rus1. Rus1) = (Ru. R} +28Qus1  (mod F'3X),
Commuting § and s,
26 Qny1 = —0s{Rn, Ry} = s{Rn, Ru} — {Rn, Ru} + T{Ry, Rn}.

Since {R,, R,} € F"? X2, we have that 7{R,,, R,} = 0 forn > 0 by Remark 4. For
n = 0, we obtain T{Rg, Ro} = 0 from {Qq, Qp} = Zj,k :I:e’/f{é(ej), (ex)}e; and
the fact that 7 is zero on {J, J} C J. Hence, '

{Rus1. Roi1) = s8{R,, Ry} (mod F"3 X).

which vanishes modulo F"*3 X by the assumption on 8{R,, R,,}.

Next, by the graded Jacobi identity, we have 0 = {R,+1, {Ry+1, Ry+1}}. From
Lemmas 8 and 65, wefindthat L, := {Ry+1, —}—8 = L0+Z’}3{Qj, —}increases
filtration degree. Hence, L,4+1{Ry+1, Ra+1} € F"4 X and thus 0{Ry+1, Rut1} €
fﬂ+4 X.

Finally, we prove that {Ry, 11, Ry11} = {Rp, R} +2{Ry, Oni1}+{On+1, Oui1} €
1@ By hypothesis, {R,, Ry} € 1®. Next, {Qy+41, Qni1} € (1P, 1P} C 1P by
Lemma 76. Now, by the same lemma, for j € {1,...,n},{Q;, Ony1} € (1P, 1®Y ¢
I1® and {Qq, Ont1} € {I, 1P} ¢ I® which concludes the proof. o

From Q41 = —%s{R,, Ry} € F""2 X', it follows that the R, = 300
converge to an element R € X' by Lemma 77. From Lemma 74, we obtain
{R,, R,} — {R, R} asn —> o00. We obtain

Corollary 12 {R, R} = 0.

Proof We have {R,1;, Ru1} € F"T2 X2 foralll > 0. Hence, {R, R} € F"*? X2 for
all n by Lemma 75. Hence, {R, R} = 0. O

We also remark that R as defined above satisfies R = Qg (mod ?), since for
J > 0Owehave Q; € I @), We are left to consider the cohomology of dg = {R, —}
on X/I.

Lemma 13 The action of dg preserves the filtration and hence defines a differential
on gr X, which is identified with 1 @ § under the natural isomorphism of Lemma 82.

Proof R € X' and Lemma 63 imply that dg preserves the filtration and hence descends
to the associated graded. We have {Q¢, —} = Lo + §. Since L increases filtration
degree by Lemma 8, we have that {Qq, —} and § induce the same maps on gr X.
Moreover, K := R — Q¢ € I® N X! by the remark above. Hence by Lemma 65,
{K, —} increases the filtration degree and thus dg = {R, —} and {Q¢, —} induce the
same maps on the associated graded. O
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The BRST complex of homological Poisson reduction 231

Corollary 14 H/(X/I,dg) = P/J if j = 0 and zero otherwise.
Proof H/(X/I,dg) = H/(gr'° X, dg) = H/ (B ®p T,1®68) = HI(T, §). o

Given a unital, Noetherian Poisson algebra P with a coisotropic ideal J, we thus
have constructed a BFV model for (P, J).

4 Properties

In this section, we describe the general properties of the BFV models. We postpone
the discussion of their cohomology to Sect. 6.

Let (X, R) be a BFV model of (P, J) with X being the completion of P ®
Sym(M @ M*). Since R is of degree one, the differential dg preserves the filtra-
tion and hence descends to grX. letw : X — X/I = T = P ® Sym(M)
be the canonical projection. Let j : T — Xo — X be the inclusion given by
t—>1Q1teSymM*) QT = Xg.Define§ =modroj: T —T.

Lemma 15 The map 6 : T — T is a derivation and a differential of degree 1.

Proof The derivation property follows immediately. Let a € T. We have (j o —

idx)(dr(j(a))) € I andhence dr(j (7w (dr(j(a)))) = dr((jom —idx)(dr(j(a)))) €
I is in the kernel of 7. The statement about the degree is obvious. O

Lemma 16 Under the identification of Lemma 82, the differential dg induced on gr X
corresponds to the differential 1 @ §on B Qp T.

Proof Letx € gr” X and pick arepresentativea®b € BP@p T . (It suffices to consider
the case where this is a pure tensor.) Then, dg(ab) = dr(a)b + (—1)Padg(b). The
first summand is in F”*! X and the second is equivalent to 1 ® §(a ® b) modulo
Frlx, u]

Let Qg be the differential § on X /I as an element of X.

Remark 17 The complex (X/I,dg) = (T, §) is a Tate resolution of P/J. Hence, the
results from Appendix A and Sects. 3.1 and 3.2.1 apply.

Lemma 18 We have R = Q¢ (mod I®). Moreover, {R, —} = {Qo, —} (mod I).

Proof We have {R, —} = {Qo', —} (mod I) by construction. Expand R — Q¢ =
Zj >ohjwithh;j € B/ ®p T'~/. Such a decomposition exists by Lemma 78. Decom-

pose hj =aj + fB; witho; € B/ ®pT'=/In Iéz) and B; € B/ ®@p T'=7\ 1(52)_ Let
{e,g)}k be a basis of M~/ with dual basis {e,((l)*}k. By the Leibnitz rule, Zj{ﬂj, e]({l)} =
{R — Qo, e,(cl)} — zj{aj, e,((l)} € I. Expand each 8; = > aj,seéj)* witha;s € T.
We obtain a; = (=D Zj{ﬁj, e,(cl)} € I; hence all g;  vanish. O
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232 M. Miiller-Lennert

5 Uniqueness

Fix a unital, Noetherian Poisson algebra P and a coisotropic ideal J. In a first step,
we prove that two BFV models for (P, J) related to the same Tate resolutions have
isomorphic cohomologies. This is a known fact [9, 12] and is presented in Sects. 5.1—
5.2. The key tool will be the notion of gauge equivalences. In a second step, we prove
that BFV models for (P = R[V], J), V afinite-dimensional symplectic vector space,
on different spaces X have isomorphic cohomologies too. We present this result in
Sects. 5.3-5.5. Here, the key tool will be the notion of stable equivalence, introduced
in the corresponding Lagrangian setting in [8]. The novel part is that we do not require
regularity assumptions, which would imply that the constraint surface is smooth.

5.1 Gauge equivalences

We adapt the language of [8] and call the elements in g = X°N7® generators of gauge
equivalences. Different BRST charges for the same Tate resolution will be related by
these equivalences.

Lemma 19 The set of generators of gauge equivalences g is a closed subset which
forms a Lie algebra acting nilpotently on X/ FP X via the adjoint representation. The
Lie algebra ad(g) exponentiates to a group G acting on X by Poisson automorphisms.

Proof By Lemma 75, the set is closed. By Lemma 76 and the fact that {XO, XO} C
X0, this is a Lie algebra. By Corollary 64, g acts on X/ F” X. By Lemma 76, this
action is nilpotent. Hence, ad g exponentiates to a group acting on X by vector space
automorphisms. Since ad g consists of derivations both for the product and the bracket,
those automorphisms are Poisson. O

The elements of G are called gauge equivalences.
Lemma 20 For x € X! and a gauge equivalence g, we have gx = x (mod I®).

Proof Let ¢ € XN I be a generator. Then, gx — x = Zj>0 % adi x € I? by

Lemmas 75 and 76. O

5.2 Uniqueness for fixed Tate resolution

In this section, we prove that two solutions R, R’ of the classical master equation in the
same space X which induce the same map on X /I are related by a gauge equivalence.
Since by Lemma 19, gauge equivalences are Poisson automorphisms, this implies that
they have isomorphic cohomologies. We use known techniques, which are adapted
from [8].

Remark 21 If R solves {R, R} = 0 and g € G is a gauge equivalence, then also
{gR,gR} =0.
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The BRST complex of homological Poisson reduction 233

We now discriminate elements in the associated graded gr” X" according to how
many positive factors they contain at least by defining A’;,, g = {ve er? X" v

has representative in /(7 }. From the proof of Lemma 82, we see that Al , can be
identified with (B” N IO(q)) ®p T, where Iy = F! Xo. We now use Remark 3 to see
that A%, _ is a subcomplex and bound its cohomology:

Lemma 22 Fix p and q. We have Hj(A;,’q, 8)=0forj < p.

Proof From Remark 3, we have H/ (A3 . 8) = H/((B” N 1;") ®p T. 1®5). Now,

we may factor this space into (B” N Iéq)) ®p HI=P(T, ), since BP N ]éq) is a free
P-module. For j < p, the second factor vanishes, since 7T is a resolution of P/J. O

Lemma23 Fix p > 2. Let R,R' € X U be two solutions of the classical master
equation which induce the same maps on X /1. Then, for2 < q < p, we have that R =
R’ (mod IQNFP X'+ FP+L X1y implies the existence of a gauge equivalence g with
generator ¢ € FP X0 N I such that gR = R’ (mod 19tV n Fr x1 4 Fr+l x1y,
Moreover, the element gR € X' sill satisfies the classical master equation and induces
the same map on X/I as R and R'.

Proof Let 6 be the common differential on X/I and Q¢ be the map § as an element
of X. Hence, R = Qo9 = R’ (mod I®) by Lemma 18. Define v := R — R’ €
1D nFP x4 FPHL X1 < FP X1 We have

0={R+R',R—R}=2{Q0,v} +{R — Qo, v} + {R" = Qo, v}
=2{Qo,v} (mod FPt!x?

by Lemma 65. By Lemma 16, the maps dg and dg’ also induce the same map on of gr X
which we denote by § too. Since §v = {Qq, v} — Lov = {Qop, v} (mod Frtl x?)
by Lemma 8, the above implies v = 0 (mod F?*! X?). Hence, v defines a cocycle
vin gr” X'. We have p > 1. By Lemma 22, there exists ¢ € gr” X with §¢ = v and
a corresponding representative ¢ € FP X0 N 1@, so that ¢ = v (mod FPT! X1,
This ¢ will be the generator of the gauge equivalence we seek. Set g := expad.. We
have

o0 o0
1 1
gR—R/=v+zﬁadéRE(S(C)—dR(c)—i—ZﬁadéR
=17 =27
vaadéR (mod FPH!x1.
; J:
j=2

From Lemma 63, we know that this sum is in F? X'. We are left to show that the
sum is in /@D By Lemma 76, we have ad. R € (9. By Lemma 76, we obtain

ad} R € 1D forall j > 2 since ¢ > 2.
By Remark 21, gR still satisfies the classical master equation and gR = Qo
(mod 1®) by Lemma 20, whence all maps R, R’, gR induce the same map on X /1.
O
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Theorem 24 Let R, R’ € X' be solutions of the classical master equation with differ-
entials inducing the same maps on X /1. Then there exists a gauge equivalence g € G
with R’ = gR.

Proof First, we inductively construct a sequence of gauge equivalences gz, g3, - ..
such that for all p > 2 we have g, --- g2R = R’ (mod Frrixing@y, By Lemma
20, it suffices to ensure that g, - - - g2R = R’ (mod Frlxhy,

For p = 2, note that R — R’ € I® ¢ P nF2x") + F X! by Lemma 18.
Now, apply Lemma 23 with g = p to obtain g».

Next, assume the g, ..., g, have been constructed to fulfill

R':=g, --@R=R (mod FP*' x'n[®)
By Remark 21, R” solves the classical master equation. Moreover, R” = Qy
(mod I®) by Lemmas 18 and 20. Hence, the pair (R”, R’) satisfies the require-
ments of Lemma 23 with ¢ = 2. We obtain a gauge equivalence g, 1,2 with generator

Cpr1a2 € FPHLXON 1D and
p+1,

gpr12R" =R (mod [P nFrPHxt  Fri2 xly,

If we continue to apply the lemma forg = 3, ..., p+ 1, we obtain gauge equivalences
8p+1,3s - -1 &p+1,p+1 With generators cp113, ..., Cpr1,pt1 € FPHLx0 N 1@ such
that

Sptlptl - gp+12R =R (mod FP2X'n1®).

Set gp41 1= &p+1,p+1 - &p+1,2. The construction of the sequence is complete.

We claim that lim, — o0 gm&m—1 - - - g2 converges pointwise to a gauge equivalence
g. Since all generators c,, ; are in 7 XN 7 and this set is closed under the bracket,
the Campbell-Baker—Hausdorff formula implies that the generator ¢;, of g, is also
in F"x0N 1@, Now, denote the generator of g,, - - - g2 by Y. We have y;, € 1 @
by the CBH formula. Moreover, the CBH formula implies that the generator y,,+1 of
8m+18m - - - g2 satisfies

Ym+1 = Cm+1 + Vm + higher terms,
where “higher terms” are those involving commutators of ¢, 11 and y,, where each

contains at least one instance of ¢, 1 € F' m+1 x0 Since Vm € X 0. all these terms
are in 7! X0, Hence,

Y1 = Ym (mod F"H1x0).
Hence, there exists y € XOwithy,, — y asm — oo. Wesetg := expad,.By Lemma
75, this element defines a gauge equivalence. We claim thatexpad,,, = gm - - 82 — &

pointwise. Let x € X". Then,

1 1
expad)/m X = expadV X = {Vm - J/,x} + E{Vm: {J/m,x}} - 5{7/7 {)’,x}} + e
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Modulo a fixed F* X, this sum is finite and the number of terms does not depend on
m, since all y,, are at least in I®. Since y,, — y and the bracket are continuous in
fixed degree by Lemma 74, we obtain the claim.

Finally, expad,, ,, R — R" € 7" X! implies gR — R’ € F™ X! for all m which
shows that gR = R'. O

5.3 Trivial BFV models

The key construction in the proof of uniqueness for different spaces X in Theorem 2
is the notion of stable equivalence. The idea of adding variables that do not change
the cohomology was already present in [12]. It was first explicitly formalized in [8]
in a similar situation in the Lagrangian setting. Roughly speaking, one proves that
different BRST complexes for the same pair (P, J) are quasi-isomorphic by adding
more variables of non-zero degree. This is formalized by taking products with so-called
trivial BFV models.

Let P = R with zero bracket and J = 0. Then P is a unital, Noetherian Poisson
algebraand J is a coisotropic ideal. Let \ be anegatively graded vector space and N'[1]
the same space with degree shifted by — 1. Define the differential s on M = N @ N[1]
by s(a®b) = bd0.Set T = PQSym(M) and extend § to an odd, P-linear derivation
onT.

Lemma 25 The complex (T, ) has trivial cohomology and hence defines a Tate res-
olution of P/J = R.

Proof On M, there is a map s(a @ b) = 0 @ a with s§ + 85 = idp¢. Extend s to an
odd, P-linear derivation on 7. Then, s§ + s is an even derivation on 7" which is the
identity on M and hence

s6+38s=kid onP ® Symk(./\/l).
Since both s and § preserve the k-degree, we have

HI(T,8) = ®H/ (P ® SymF(M), §) = H/ (P ® Sym’ (M), §)

P, ifj=0
N 0, otherwise

O

Complete the space Yo = P ® Sym(M & M?) to the space Y. Let ¢; be a homo-
geneous basis of M such that §(e;) = e for some k depending on j. Define Qo =
zj(—1)1+d.fe’;5(ej) as in Lemma 8. Since {Qo, Qo} = 3. ; £ei{8(e;), 8(ep)}e; =
0, the construction of Sect. 3 yields the BRST charge S = Qg. Hence, (Y, S) isa BFV
model for (P, J) = (R, 0). BFV models arising from this construction are called
trivial.
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Lemma 26 For trivial BFV models, dg equals the induced map of A = § ® §* :
MBM* — MdM* onY, where the dual differential §* : M* — M™* is given
by §*(u) = (—1)¥€4y 0 8, i.e. 5*(a ® b) = (—1)/0 ® a on (M*)J. Conversely, the
map ds induces a differential on Yo which coincides with the induced map of § ® 5*
on Y.

Proof By acting on the generators e; and e’ defined above, one sees that the induced
differential dg on Yy equals A = § @ §*. Since Y is dense in Y and both maps are
continuous, the first claim follows. The second claim follows from the observation
that the sum dg(x) = Zj +{e;d(e;), x} is effectively finite if x € Yp. O

Lemma 27 We have H/ (Y, ds) = 0 for j # 0 and HO(Y,ds) = R. The same
statement holds if we replace Y by Y.

Proof Since the cohomology of the complex (M & M™, A) is trivial, there is a map
s MM — M@ M* of degree —1 with As + sA = id. Its extension to Y as
a derivation thus satisfies

sA+As=jid onY)’. 2)

Since both maps A and s preserve form degree, we obtain the statement about
HI (Yo, ds).

Letx € Y" with dgx = 0. By Lemma 84, there are x; € Y" of form degree j with
2_jXj = x. By continuity of the bracket, 0 = >_; dsx;. By Lemma 85, dgx; = 0 for
all J since dg preserves form degree. Lift A and s to Y. Then, Eq. 2 is still valid on
Y™J . For j > 0, there are yj €Y' 1.7 with dsy; = xj. By Lemma 83, the element
y =2 ;=0 ; is well defined and

x = ij + x0 = dsy + xo
j>0

with xo € Y0, For n # 0, this is the empty set and hence x is exact. For n = 0,
this set is R. We are left to show that two distinct dg-closed elements of R always
define the distinct cohomology classes. This follows from the fact that each summand
indgy = Zj (:I:cS(ej){e;f, == ej{S(ej), y}) is zero or has a factor of nonzero degree
since 8(e;) = ey for some k depending on j. O

5.4 Stable equivalence

Let P be a unital, Noetherian Poisson algebra and J C P a coisotropic ideal. Let
(X, R) be a BFV model for (P, J) and (Y, S) be a trivial BFV model. Let M and \/
be the corresponding vector spaces. Define Z as the completion of Zy := Xo ® Yy =
P ® Sym(U ®U*), where Y = MAGN and L = R® 1+ 1® S. Both X and
Y naturally sit inside Z as Poisson subalgebras, since the inclusions Xo — Zp and
Yo — Zg preserve the respective filtrations.
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Lemma 28 The pair (Z, L) defines another BFV model for (P, J).

Proof Since the bracket between elements of X and elements of Y is zero, the element
L solves the master equation. The Kiinneth formula implies together with Lemma 27
the conditions on the cohomology. O

We call Z the product of X and Y and write Z = X®Y. Adding the new variables
in AV does not change the cohomology of the BRST complex X:

Lemma 29 The natural map X — Z defines a quasi-isomorphism of differential
graded commutative algebras.

Proof We define the maps ¢ : Xo — Zg as the natural map and p : Zg — Xj as
the map taking x ® y to xm(y), where w : Yy — Yy is the projection onto R =
Sym®(M @ M?*) along the Sym/ (M @ M*) with j > 0. Both maps extend to the
respective completion. We claim that they define mutual inverses on cohomology.

From Eq. 2, we infer that there exists a map ¢ on Yy such that dgt + tds = id —7.
In particular, mds = dsm = 0. We have t = Ls on form degree j > Oand 7 = s on
R. Hence, ¢ preserves the filtration up to degree shift. Hence, id ®t¢ extends from Z
to the completion Z. By tensoring the other maps too, we obtain the identity

dr+s(id ®1) + (id @1)dr+s = (1d ®ds) (1d ®1) + (id ®1) (1d ®ds) = id ®(id —7)
=id—top
on Z. The first equality is true since ¢ shifts degree by one. We are left to show that

both maps ¢ and p descend to cohomology. For ¢ this is trivial. For p note that for
homogeneous x of degree k,

pldris(x ® ¥) = p((dgx) ® y + (—=D*x ® dsy)
=7 (y)drx + (=D xmdsy = dr(xmy) = dr(p(x ® ¥)).

m}

Now, we are ready to formulate the notion of stable equivalence introduced in [8]:

Definition 30 Let (X, R) and (X', R’) be two simple BFV models for (P, J). We say
that (X, R) and (X', R’) are stably equivalent if there exist trivial BFV models (Y, S)
and (Y’, §) and a Poisson isomorphism X®Y — X'®Y’ taking R + Sto R’ + §'.

5.5 Relating Tate resolutions

Now, we want to consider BFV models (R, X) and (R’, X’) whose Tate resolutions
(X/1,dg) and (X’/I’, dg/) are not equal. We have the notion of stable equivalence.
Our aim is to prove that any two such BFV models are stably equivalent and that stably
equivalent BFV models are quasi-isomorphic. As a tool, we need the following lifting
Statement:
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Lemma 31 Let P = R[V] with bracket induced by a symplectic structure of a finite-
dimensional vector space V and consider T = P @Sym(M) and T’ = P ® Sym(M").
Assume there is an isomorphism ¢ : T — T’ of graded commutative algebras which
is the identity in degree zero. Let X be the completion of Xo = P ® Sym(M @& M™).
Construct analogously the space X'. Then, ¢ lifts to a Poisson isomorphism ® : X —
X'

Proof Since T and T’ are negatively graded and isomorphic as graded algebras, we
have M = M’ as graded vector spaces. Hence, we may assume M = M’ and thus
T=T and X = X'.

Pick standard coordinates {xi, ..., x,, ¥1, ..., y} on the space V for the sym-
plectic structure, so that R[V] = R[x,, v;l and {x;,y;} = §;;. Let {e(l)}J be a
basis of M~ and {e(l) }; be the respective dual bases. Then there are elements

i‘l lj‘k (J, D) (xi, yi) € R[x;, y;] and invertible matrices a e R[x;, y;] such that

1 l 1 h..1 i /
¢(e“>—Za“<xl,y1)e“+2a,ﬁ "G yel! el

where the sum runs over all integers k > 2 and (j1, [1), ... (jk, k) withlj+-- -+ =1

and is thus finite. Consider indeterminats Y;, E;l) : € Xoofdegree Oand/, respectively,
defining

S(x;, Y; e(l) E(l) ) = Zx Y + Za(l)(xi, Y,')Eﬁ.l)*e,(f)
Jik,l

I..1 n* l
+ > > al G, YOE e el

1o Jk
(D

Consider the equations

39S 35S 3 O 39S O
oxi ay; o0 j YT
which read
aaj’koc,,Y) B0 4 dal ’;ku D(xi. Y)
w=tie 3 ST g 55
J.k,l (VR
W* a0 )
E €j G
8a(l (x Y) ll -l (] l)(x Y
Jik,l ! (OA))
W* a0 0
E TS
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Iy* l 1 I..d ! *
() Za()(xl»Y)E() +Zza]1| Jkk(] l)(xl,Y)( 1)l(l+1)E()

(0]

) | (x)
de ji G )
X DR
aej

l [ l h..1 l [}
EY = Za”(xf,Y,-)e(wZa]; G DG, Yiel e

The linear part is invertible. Hence, we can solve the equations for (X}, Y;, E ® , E;l) *)

. RN () Iy* . (l) O*
in terms of (x;, y;, e i ) (and vice versa) and hence also for (x;, Y;, e Ej )in

I ] ’
terms of (x;, y;, e (.), ;.l)*) (and vice versa) in the completion X. Hence, the function
S generates a P01sson automorphism ® : X — X by Lemma 86. Let I be the ideal
generated by positive elements as defined previously. We have ®(x;) = X; = x; =
¢(x;) (mod 1) and @(y;) =¥ = y; = ¢(y;) (mod I); thus also (e = EV =

qﬁ(e;l)) (mod 7). Hence, @ is a lift of ¢. O

Theorem 32 Consider P = R[V] with bracket induced by a symplectic structure
on a finite-dimensional vector space V. Any two BFV models for (P, J) are stably
equivalent.

Proof Let (X, R) and (X’, R") be BFV models with associated Tate resolutions 7' :=
X/I = P®Sym(M)and T’ := X'/I' = P @ Sym(M’). By [8, Theorem A.2], there
exist negatively graded vector spaces N and V' with finite-dimensional homogeneous
components, differentials §/ : Sym(N) — Sym(N), §p7 : Sym(N') — Sym(N”)
with cohomology R, and an isomorphism ¢ of differential graded commutative alge-
bras

P ® Sym(M@N) - P ® Sym(M' @ N)

restricting to idp : P — P in degree 0. Let Y and Y’ be the trivial BFV models
corresponding to A" and N with BRST charges S and ', respectively. Consider the
spaces Z = X®Y and Z' = X'®Y’. Together with the operators L = R + S and
L' = R+ §’, they form BFV models (Z, L) and (Z’, L") for (P, J) by Lemma 28.

We now construct a Poisson isomorphism ® : X&®Y — X’®Y’ sending R + S to
R’+S’.By Lemma 31, the map ¢ lifts to a Poisson isomorphism ¥ : X®Y — X'®Y".
Now, L” = W(L) solves {—, —=} = 0 in X’®Y’. Moreover, {L”, —} induces §' on
P ®Sym(M'’ @ N"). By Theorem 24, there exists a Poisson isomorphism y of X'®Y’
with L' = x(L"). Set ® = x o .

We are now in the situation

X X’
l (o] l
XQY — X'QY’,
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where the vertical arrows represent natural maps which are quasi-isomorphisms by
Lemma 29. o

Lemma 33 The complexes of two stably equivalent BFV models are quasi-isomorphic.
In particular, they have cohomologies which are isomorphic as graded commutative
algebras.

Proof Let (X, R) and (X’, R") be two stably equivalent BFV models. Hence, we are
in the situation

where the downward arrows are quasi-isomorphisms of differential graded com-
mutative algebras by Lemma 29 and the bottom arrow is a Poisson isomorphism
X®Y — X'®Y’ sending R + Sto R’ + §'. ]

From Theorem 32 and Lemma 33, we obtain results analogously to the treatment
of the Lagrangian case in [8]

Corollary 34 Let P = R[V] with bracket induced by a symplectic structure on a
finite-dimensional vector space V. Any two BRST complexes arising from BFV mod-
els for the same coisotropic ideal J C P are quasi-isomorphic. Hence, the BRST
cohomology is uniquely determined by (P = Rl[x;, y;l, J) up to an isomorphism of
graded commutative algebras.

6 Cohomology

Let P be a unital, Noetherian Poisson algebra and J a coisotropic ideal. Let (X, R) be
a BFV model for J C P. In this section, we analyse the cohomology of the complex
(X, dg). We follow the strategy from [8].

6.1 Cohomology and filtration
The associated graded of X is defined by gr” X = F? X/ FPT! X. The differential
dpr induces amap é on X/I = T = P ® Sym(M) and the results from Sect. 4 apply.
Lemma 35 H/(gr? X,dg) = B? @p P/J for j = p and H’ (gr? X,dg) = 0 for
J#p
Proof Fix p. B? is a free P-module. By Lemma 16, we have

HI(FP X) FPH X, dp) = H/(B? @p T* 77, 1®9)

~ BP @p H/™P(T,8) = B” @p H/"P(X/I, dg).
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Next, we want to prove that, to compute the cohomology in a fixed degree, one may
disregard elements of high filtration degree.

Lemma 36 Let j < p be integers with p > 0. Then, H/ (FP X, dg) = 0.

Proof Letx € FP X/ beacocycle representing acohomology classin H/ (F? X, dg).
Then, x + FP*! XJ defines a cocycle in H/(F? X/ FP*! X, dg). By Lemma 35,
there is yo € F? X/~ with x — dgyo € FPT! XJ. Hence, this element defines a
cocycle in H/ (FPH X/ FP+2 X, dg) = 0. Hence, there is y; € FPT!1 X/~ with
x —dgryo—dgry; € Frrxi, Iterating this procedure, we find a sequence yy, y1, . . .
of elements y; € FPHi Xi=1 with x —dr(yo+---+yj) € Fi+l XJj By Lemma 77,
the element y := yg+ - - - € X/~ is well defined and yo+---+y; = y.Sinceall y;
are in FP X7~ and this set is closed by Lemma 75, we have y € F? X/~!. Finally,
for n fixed, and all j,

dryo + -+ +dryn + - +dRrynsj — x e Fitlxi,
Since dg = {R, —} is continuous (Lemma 74), we have dgy — x € FrHl X7 Since
n was arbitrary, dpy = x. O

Corollary 37 The cohomology of (X, dr) is concentrated in a non-negative degree.

Corollary 38 The natural map H’(X,dgr) — H’(X/FPT' X, dg) is an isomor-
phism for j < p and injective for j = p.

Proof The short exact sequence 0 — FPHLX — X — X/ FPT1 X — 0 defines the
long exact sequence

coo > HI(FPYY X dg) — H/ (X, dgr) - HI(X) FPH X, dg)
— HITYFPHY X dg) — - .

For j < p, the first term is zero and for j < p, and both the first and the last terms
are zero by Lemma 36. O

6.2 Spectral sequences

Lemma 39 Let EP*? be the spectral sequence corresponding to the filtered complex
FP XP+4 with differential dg. We have H®*(X, dg) = EE’O as graded commutative
algebras.

Proof Begin with EJ'? := FP XP*4/ FP+! XP+4 Tt is concentrated in degree p >
0, g < 0. By Lemma 35, we have the following isomorphism of differential bi-graded
algebras:

EPY = HIED® dp) = HI(FP XPT ) FPHLX0He dp)

BP ®p P/J, ifqg=0

= HPM(FP X) FPH X, dg) =
(7 X/ ®= 10, ifg #0.
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Hence, E{"? is concentrated in degree p > 0 and ¢ = 0. Moreover, d{"? maps E}*
to Elpﬂ’q. Hence, also E2"? is concentrated in p > 0, ¢ = 0. Since d> maps Eg’o to
EPt2
2
E;.
We are left to prove that the spectral sequence converges to the cohomology. By [6,
chapter XV, proposition 4.1], this follows from Lemma 36. O

1., .
, it is zero for degree reasons and hence the spectral sequence degenerates at

We could use this lemma to prove H 0Xx,d R) = (P/J ) as algebras. However, we
want to consider an additional structure on the latter space.
6.3 The Poisson algebra structure on (P/.J)/
The following two remarks are well known and easily checked.

Remark 40 The Poisson algebra structure on P induces a Poisson algebra structure
on (P/J)’.

Remark 41 The graded Poisson algebra structure on X induces a Poisson algebra
structure on the cohomology H°(X, dg) in degree zero.

Those two structures are in fact isomorphic. We will explicitly construct a Poisson
isomorphism. By Corollary 38, we have H*(X, dg) = H(X/ F? X, dg) as vector

spaces.

Lemma 42 Representatives in X° of cocycles in X°/) F 2 X0 defining elements in
HO(X/ F? X, dg) may be taken of the form

X =x0+ E ajjeje;,
i,jeL

where L = {n € N : deg(e;’f) =1}, xo € P, the {e}} are a homogeneous basis of M,
and the a;; € P are chosen such that

{6(ej), x0} = Zaji5(€i)-

ieL
Conversely, every such element defines a cohomology class.

Proof We have

XFPx'=PoPoMH oM
XY FPx =M HeP®eMH @ M)
®PMH @ M AMY).
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Hence, an arbitrary cochain may be taken to be of the form

X =x0+ E ajjeje;
i,jeL

for some xg, a;; € P. We compute with the help of Lemma 18,

drx = {R.x0} + D ({R.aijlefe; + (R. e} Yejai; — (R, ej}e}aij)

i,jeL
= (R, x0} — D {R, ei}ejaji
i,jeL
=> ((_1)1+df{5(e,-),x0} —~ Za,-,-a(e,-))e’; (mod F?X").
jeL ielL

Theorem 43 HO(X, dg) = (P/])J are Poisson algebras.

Proof Letm : X — P = X/(I + 1_) denote the projection onto all monomials which
contain no factors of nonzero degree. Here, /- C X denotes the ideal generated
by all elements of negative degree. Define the map ® : HO(X,dg) — P/J by
®([x]) := m(x) + J. This map is well defined: Let x = dgry be exact. Consider
again the differential 6 on T = X/I that is induced by dr and its representation as
an element Qo € X'. Also, pick a homogeneous basis e ; of M as done before. By
Lemma 18, we obtain

dr(y) = {Qo0, y} = D _((=D'"5enef, yy = D 8enle}, v} (mod I+1-).

irdegei=—1

The last sum is finite. Hence,

m(x) =mdry) = Y Slemlef,y}el.
i:dege;j=—1

By Lemma 38, we have HO(X, dr) = HO(X/ F? X, dr) as vector spaces. Hence,
we have a corresponding linear map X/ F> X — P/J.

The image of either of those maps is J-invariant: Let [x] € H O(X / FX, dR).
According to Lemma 42, we may pick a representative xo = 7 (x0) + 2_; ;<1 dijeje;
of x, where a;; € P satisfy {6(e;), m(x0)} = ZieL a;jid(e;). In particular,
{6(ej), m(x0)} € J. Fix b € J. Then there exist b; € P with b = ZieL b;d(e;)
and thus {b, m(xg)} = ZieL (bi{é(ei), w(xo)} + 8(ei){bi, n(x)}) eJ.

Hence, we have two linear maps:

¢:H'(X)F>X,dg) — (P/J)’,
®: H(X,dg) — (P/J)’,
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given by projection onto the P component followed by modding out J, which corre-
spond to each other under the isomorphism H%(X, dg) = H°(X/ F*X,dp).

The map ¢ is surjective: Let p € P with {J, p} C J. By Lemma 42, the element
x=p+ ZijeL ajjelejisacocycleif (8(e;), p}y = > ;s ajié(e;). Butthose a;; € P
exist since {3(e;)}jer generate J. Hence, also the map @ is surjective.

The map @ is injective: Let x € X0 represent [x] € HO(X, dg) with w(x) € J.
We claim that there exist y; € F/ X~ with x — dg(yo + -+ + y») € F" X
By Lemma 35, we know that H/(F? X/ FPT! X, dg) is concentrated in degree zero
with HO(X/ Fl X,dg) = P/J via the natural map. Now, x + F' X0 defines the
zero cohomology class in H “Xx/F U'X,dg), since w(x) € J. Hence there exists
yo € FO X1 with x — dryy € F' XO. Again, x — dgyo + F> X° defines the zero
cohomology class in HO(J-'1 X/ F? X,dr) = 0. Hence, there exists y; € Flx-1
withx —dr(yo+y1) € F? X0 and so on. Hence, y; exist and their sum converges to
an element y € X! by Lemma 77, which satisfies x — dgy = 0 by Lemma 75.

Hence, the map @ is an isomorphism of vector spaces. This map also respects the
product structure

Q([xllyD) = ®(xyD) =n(xy) + J =7 ()7 (y) + J = (w(x) + /) (y) + J)
= Q([xDP(lyD)

and is hence an isomorphism of algebras. Finally, map ® respects the bracket:

Q({lx]. yI) = @([{x, y}D =7({x, yh + J = 7w ({m(x), y) + J
=a({r(x), 7MY +J ={n), 7N} +J ={nx)+ J, 7(y) + J}
={P(x), 2},

since {7 (x) — x, X°} c {(I + Ip) N X°, XO} c kern, where kerw = I + Ij C X is
the ideal generated by all elements of nonzero degree. The last inclusion holds by the
Leibnitz rule since all summands of elements in / + I that are of degree zero contain
at least two factors of nonzero degree. O

7 Examples

We present two well-known examples. More interesting examples can be found in
[13].

7.1 Rotations of the Plane

Here, we present an example, where the cohomology in degree zero has a nontrivial
bracket and the cohomology in degree 1 does not vanish. It is obtained by considering
the symplectic lift of the rotations of the plane to the cotangent bundle of the plane.

Consider P = R[x1, x2, y1, y2] with {x;, y;} = §;;. The ideal / C P generated by
W = X1y2 — X2y is coisotropic. A Tate resolution of J is given by
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0—>P-e—>P—>P/J—0

where the differential § is the P-linear derivation defined by §(e) = w. Indeed, this
complex is a Koszul complex which is exact, since u # 0 defines a regular sequence.
Hence, X = (P -¢) ® (P ® P -e*e) @ (P - ¢*). We now apply the construction from
Sect. 3. We obtain Q¢ = e¢*u and R = Qy, since {Qg, Qo} = 0. One easily calculates

{a + be*e : {u,al = ub,a,b € P}

HY(X, dg) =
( R) {ue +{u, cle*e : c € P}

Notice that the isomorphism H°(X, dg) — (P/J)’ given by projection onto P is
evident here. Moreover, the bracket on this space does not vanish: x12 + x% and y% + y22
define cohomology classes, for which {xl2 + x22, yl2 + y%} = 4(x1y1 + x2y2) is not in
J. Furthermore,

{ae* :a € P} P

~

H' (X, dg) = : ~ .
{dr(a + be*e) :a,be P} {{u,a}+ub:a,be P}

does not vanish, since deg,{u,a} > 1 and degy(ub) > 2. Here, deg, denotes the
degree in P = R[x;, y;].

7.2 Rotations of space

Let X = R*and M = T*X = X & X*. Consider the group G = SO(3) acting
on X via the standard representation pg : G — End X. The symplectic lift is given
by p: G — EndM, p(A)(x, p) = (Ax,po AD. Mapping the standard basis of
X = R to its dual basis, we obtain an isomorphism ¢ : X — X*. A possible moment
map is the angular momentum mapping & : M — R3, ju(x, p) = x x tp. Here, x
refers to the vector product, and we identified g = R? using the basis

0 0 O 0 0
ee=10 0 -1}, e =10 O
01 0 1 0

—1 —1

(e
(e

0 0
, ex= |1 0
0 0

0 0

We define My = 1~ (0) = {(x, p) € X ® X* : 1p || x}. This is not a manifold. If
it was one, it had dimension 4. However, all (x, 0), x € R? and all (0, p), p € (R®)*
belong to My. Hence, they also belong to the tangent space at the origin, provided My
was a manifold. Since the tangent space at the origin is linear, it would have dimension
6 > 4. Since the constraint surface M is not a manifold, results from [9,14] do not
apply.

We take the Tate resolution 7 of the vanishing ideal J of My in P = R[M] =
R[x1, x2, x3, p1, p2, p3] with {x;, p;} = ;. It exists since P is Noetherian. We
obtain the existence and uniqueness of a BRST charge R as described in the previous
sections.
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8 Quantization

In this section, we discuss quantization. In Sect. 8.1, we define a quantum algebra
quantizing the Poisson algebra X from the previous part of this note. We rigorously
define multiplication via normal ordering in the presence of infinitely many ghost
variables.

In Sect. 8.2, we construct a solution of the quantum master equation associated with
a given solution of the classical master equation. This means we construct an element
of the quantum algebra that agrees with the quantization of the classical solution up
to an error of order /i and squares to zero.

In Sect. 8.3, we discuss the uniqueness of such solutions of the quantum master
equation. We parallel our discussion in the classical case. In Sect. 8.3.1, we define the
notion of a quantum gauge equivalence. In Sect. 8.3.2, we prove that two solutions
of the quantum master equation that agree up to an error of order 7 are related via
an automorphism of associative algebras. In Sect. 8.3.3, we show that the solutions
of the quantum master equation associated with two BRST models associated with
the same Tate resolution are also related by an automorphism of associative algebras.
In Sect. 5.5, we have shown that any two BRST models associated with the same
coisotropic ideal J are stably equivalent. We would like to find a quantum analogue
of this theorem. We were able to prove in Sect. 8.3.5 that the process of adding extra
variables yields a quasi-isomorphism of differential graded algebras on the quantum
level. However, as discussed in Sect. 8.3.6, we were unable to quantize the general
Poisson isomorphism of Lemma 31.

8.1 Quantum algebra

Assumption 44 Assume that P = R[V] where V is a finite-dimensional real sym-
plectic vector space and the bracket on P is induced by the symplectic structure.

Pick a decomposition V = L @ L* where L is a Lagrangian subspace of V and
{v,A} = A(v) forv € L and A € L* Set NV := M®L so that we may write
Xo = SymN @ N*). We define Gy = G_ ® G, where G_ = Sym(\) and
G, = Sym(N) as vector spaces. We introduce a formal parameter / and want to
define a product on G[#] quantizing Xo[#]. Intuitively, we want to define the product
! ® xi)(x% ® xi) of monomials x ® xi € Gy C Gol[h] by commuting xi to
the right of x> using the canonical commutation relations we obtain from the split
V =L @ L*. A rigorous definition works as follows:

Let (W[#h], ») be the deformation quantization [15] of X defined by the (graded, see
e.g. [7]) Wick-type, or normal ordered-type [20] Moyal product , defined by the split
V = L@ L*. Since X contains only polynomials, the Moyal product of two elements
of W[A] is a polynomial in /. Since naturally Go[%] = Xo[#] as R[/]-modules and,
by construction of the deformation quantization, Xo[#] = W[k] as R[A]-modules,
the Moyal product defines a product on Go[#] turning Go[7] into a unital associative
algebra.

We do the construction involving Go[#] instead of Xo[#], since we want to avoid
convergence issues. For example, the relation i e;‘. ej =2 i(ej e;f+h) is problematic
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in the completion of X[7]. Using a suitable completion of G [7], we avoid expressions
involving infinite sums of terms that are not normally ordered.

Next, we define the completion and extend the product to it. We introduce the
filtration on G¢ defined by the subspaces F” Gy = @qu G_® Gi. Set 77 G =

FPGon Gy = @, G " ® G. We complete G to the graded vector space

G =, G" where

Gl’l
G" = lim — 2.
<r FP Gj
Thi . 0 fi b FPGy
is graded vector space is again filtered by the subspaces 77 G" = lim. TG

Define the graded vector space G, by its homogeneous components H; = G"[[A]].
We have a family of projections p; : G — G mapping > ;- xihiF > x j- The space
Go[h] can be considered a graded subspace of G;. We want to extend the algebra
structure on Go[71] to Gj. For this task, we need to analyse the compatibility of the
product on Go[#] with the filtration on Gy.

Lemma 45 We have for all j, p > 0 andn,m € 7Z,

(1) p;(GE-FP Gy C FPGyt™,
(2) p;j(FP G- Gy C FPm Gyt

Proof Considerx =a®u-b®v € Gi - Gf wherea € G"',u € Gy, b e G"*
andv € G’_i for some /, k > 0. Then,

pila®u-b®v) :Z:I:ab’@u/v,
b'u’

where u’ and b’ arise from u and b by deleting j matching pairs (e, ¢*), in which
e € N is a factor in b and e¢* € N* is a factor in u of opposite degree. The sum is
finite.

To prove the first statement, it suffices to note that degu’ > 0 and k > p. For
the second statement, we note that degu’ + degh’ = degu + degb and hence we
can estimate degu’ + degv > degu’ + degd’ + degv = degu + degh + degv =
l+m—k+k>p+m. O

Lemma 46 The product (and hence also the commutator) extend to the completion
turning (Gp, -) into a graded algebra.

Proof First, we consider x = (x, +F? Gj), € G" and y = (y, + F" G'), € G™.
By Lemma 45, the limit lim, o x, - yp € H ntm s well defined and the definition
x-p =1limp,_ o xp - ¥, does not depend on the choice of representatives x,, y,. The
multiplication extends to Gy by bi-linearity in R[[%]]. O

Lemma 47 The product on G} x G}' is continuous in each entry.
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Proof Let x,,x € G withx, — x and y € G}'. Write p;(x,) = (x(]) + FP Gg)ps
pi(0) = () + FP Gy, and pi(y) = (v + FP GJ),p. Fix j, p € No. Take rg

such thatforall0 < k < jandallr > ry, we have xr(,kﬁfm = x(k) (mod FP~™ G")

Such rg exists since x, — x. For r > rg, we have by Lemma 45

J il
k k ~l—k
pj(xr-y)—pjlx-y)= (ZPI(Z(Xr(’;_m () m) (j ))+}"’G8+’")
1=0 k=0 P
=0.
Continuity in the other entry follows analogously. O

Now that we have set up the algebra, we define the quantization mapping. We have
the canonical graded vector space isomorphism go : Sym(N & N*) — Sym(N) ®
Sym(N*). Since this map respects the respective filtrations, we can extend it to

q:X — G C Gyp.

Since the inverse of g also respects the filtration and thus extends, themapgq : X — G
is an isomorphism of graded vector spaces.

To relate the multiplicative structure on X to the one on Gy, we set A = Gp/(h)
where (1) C Gj, is the two-sided ideal generated by 7. Hence, A = G act as graded
vector spaces, but not as graded algebras since G is not closed under multiplication.

Remark 48 We have [Gj, Gi] C (). Hence, (1) is the two-sided ideal generated by
the commutator. Hence, the map %[—, —1: Gy ® Gy — Gy, is well defined and turns
G, into a graded noncommutative Poisson algebra. This map descends to A, turning
it into a graded commutative Poisson algebra.

Theorem 49 The graded (commutative) Poisson algebras X and A are isomorphic
viathemap ¢ =motoqg: X - G — Gp — A wheremw : G — A = Gp/(h)
is the canonical projection and « : G — Gy, is the inclusion. In particular, for all
x,yeX

1
g[q(x), gMI=qx,y)  (mod (h)). 3)

Proof We already know that ¢ is an isomorphism of graded vector spaces. We have to
prove the compatibility with the product and bracket structures. By density of Xo C X
and continuity of all maps involved, it suffices to consider X(. Without the completion
the statement is standard; see e.g. [20]. |

Corollary 50 If R € X' solves the classical master equation, then + 7la(R), q(R)] =

0 (mod (h)). Conversely, if r = qg(R) + i(- - -) solves the quantum master equation
[r, 7] = 0, then R solves the classical master equation.
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8.2 Solving the quantum master equation

We want to construct a solution r € G ;l.l of the quantum master equation [r, r] = 0.
We seek a solution of the form

r=q(R) +hq(Ry) + h*q(Ry) + - --

for some R; € X! where R € X! is a given solution of the classical master equation.

Assumption 51 We assume H2(X,dg) = 0.
8.2.1 A differential on the quantum algebra

Define D = %[q(R), —]. This defines a map G — G, by Remark 48. It preserves
the ideal (72) and hence descends to a derivation Dy on A = Gy /(h). We calculate

1 1 1
D*(x) = ?[Q(R), [g(R), x]] = }?[[Q(R), q(R)], x] — ﬁ[q(R), [q(R), x]].

Hence by Corollary 50 and Remark 48,

1 1
Dz(x)=ﬁ[5[q<R>,q<R>],x}so (mod £), )

so Dy is a differential on A.

Theorem 52 We have Dy o ¢ = ¢ odg. In particular, ¢ : X — A is an isomorphism
of differential graded commutative algebras and H*(X, dgr) = H*(A, Dy).

Proof Let x € X. By Theorem 49,
1
Do(¢p(x)) = Do(7(q(x))) =n(D(q(x)) =7 (E[q(R), q(X)])
=n(q({R, x})) = m(q(dr(x))) = ¢(dr(x)).

Corollary 53 Under Assumption 51, H 2(A, Dg) = 0.

8.2.2 Construction of a solution of the quantum master equation

Theorem 54 Let n > 0 be an integer. For n > 1, assume we have constructed
Ri, Ry, ..., R, € X" such that r, = q(R) + > ilq(R)) satisfies %[r,,, rn] =0

(mod (h”'“)). Forn = 0, set r, = q(R) which also satisfies this assumption by
Corollary 50. We claim that there exists R,+1 € X U such that

1
g[rn + hn+16](Rn+1), rn + h"+lq(Rn+1)] =0 (mod (hn+2))_
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Proof We compute for any R, € X!, using Corollary 50,

1
2l + G (Rys1), i + BT g (R 1)]
1 1 1
= 3l ml+ 2h"“£[rn, q(Ryr)]+ hznﬂg[q(RnH), q(Ry11)]

1 1
2l ] + 2h"+15[q<R), q(Ryt1)]  (mod (h"2)).

By the induction assumption, we can write the right hand side as 7! times

1
pres) h[rn, ral +2D(q(Ras1) € H

and we want this to be a multiple of 7. This means we need to show that we can
pick R,4+1 € X!, such that n(#%[rn, ra]) + 2Do(¢p(Ry+1)) vanishes in A. By

Corollary 53 and the fact that ¢ is surjective, it suffices to prove that n(# % )
is Do-closed. By the Jacobi identity,

1
Ozh_z[rnv[rnvrn]] ( [rn’rn])‘i‘zfll—[q(R[) —[rn, ]l

By the induction assumption, we may divide this equation by " *! to arrive at

1 1
D(h”+] 5 rn,rn]) Zhl [q( R)), hn+lh[rn,rn]:| =0 (mod h).

Hence, we have constructed r = g(R) + fig(Ry) + - -- with [r,r] = 0.

8.3 Uniqueness of the solution
In this paragraph, we consider questions of uniqueness of solutions of the quantum

master equation that arise from quantization of a solution of the classical master
equation.

8.3.1 Quantum gauge equivalences
We define the subspace K = {x € G : po(x) € g(IP)}.

Lemma 55 K is closed under the commutator.
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Proof Let x,y € K. Theorem 49 allows us to calculate

1

1
2L, y1 = 21po(), po(y)] = q(g ™" (po(x)), ¢ (po(x)})  (mod 7).

By Lemma 76, the claim follows. O

We call elements of K generators of quantum gauge equivalences. Typical elements
of K are quantizations of generators of classical gauge equivalences or any degree
zero multiple of /. To exponentiate the Lie algebra K to a group acting on G by
isomorphisms of associative algebras, we show that in each degree in 7 the Lie algebra
L acts pro-nilpotent with respect to the filtration 77 G".

Lemma 56 Wedefinead, b = %[a, blfora € K andb € Gy. The Liealgebraad K C
End(Gp) acts pro-nilpotently in each degree of h. In particular, it exponentiates to a
group of automorphisms of associative algebras.

Proof Fix integers j > Oand k > 1. Fori = 1,...,k, take u; = u;o + huj; + - -
where u;q € q(I(z)) and u;; € GO Letx € G". FixI = I} + I with integers [; > 0.
Then,

pjady, ---ad x)

Uy

"
A > PRSI O] ..
pj =1 Zis=1Ji adulm”o Oaduulul)o oadukjk“)o- oaduk‘wk)(x)
Jidl,....li}=>No
[ k

i=

,,,,,

I
-M I

Pj—n (adulj1<1> 0---0 adu1j1(11> 0---0 adukjk(l) o---0 adukjk(,k) (x)).

i=l,...,

C <l )
n=3t_ > i)=)

This is a finite sum. We now write out each argument of p;_, as a sum of products of
the upq € G. Each such product satisfies the following conditions. It contains (/ + 1)
factors. The factor x appears once. The number of factors u ,, with g > 1 is bounded
above by n. Hence, the number of factors u;op € g (1 2)) is bounded below by (I —n).
Thus, the number of positive factors before normal ordering is bounded from below
by 2(I — n). After normal ordering and applying p;_,, the number of positive factors
that still remain are bounded from below by 2(I — n) — (j —n) > 2(I — j). Hence,
Dj (adf), e adZ‘k x) is a finite sum of elements in G”, which contain at least 2(/ — j)
factors of positive degree. This bound is independent of x.
Finally, fix p, j > Oand letx = 3" x;i" € G}}. We have

j
pjady ---adk x) =" p; x(ad] ---adl xp).
k=0

Pick lp such that forall m = 0,...,j,forallr > Oand! =L +---+ 1 > [y
we have pm(adf)] ~-~adf,"k xy) € FPG". Then foralll = I} 4+ --- + [ > Iy, we
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have p; (adi}, e adffk x) € FP G". Hence, ad K acts pro-nilpotently with respect to
this filtration and thus ad K exponentiates to a group of vector space automorphisms
{expad, : G — Gp, u € K}. These maps preserve the multiplicative structure since
ad, is a derivation for the product. O

8.3.2 Ambiguity for a given solution of the classical master equation

Let R € X! be a solution of the classical master equation. Throughout this paragraph,
we assume

Assumption 57 We have H!(X, dg) = 0. Thus, H' (A, Dgy) = 0.

Let

r=gq(R)+hq(Ry)+---,
r'=q(R)+hq(R}) + ---

be two solutions to the quantum master equation, so that » = r’ (mod #).

Lemma 58 Let n € Ny. Assume that forl = 1,...,n, we have R} = R;. Then

there exists a generator ¢ € (W"*'Y) C K of a quantum gauge equivalence such that
expad.r =1’ (mod (h"*2)).

Proof Letv = q(Ry+1) — q(R;l_H) € G'. Then, 0 = [r +r', r — r'] since r, ' solve
the quantum master equation. Moreover, r — ' = A"ty (mod /#"*?). Hence,

1 1
0= g[,, +rv4h-- )= E[Zq(R), v]=2Dv (mod ).
Thus, Dorv = 0. Hence by Assumption 57, 7v = Domu for some u € G2, so

v = Du (mod ). Since v € G! is constant in /i, we may also assume that u € GY.
Set ¢ = 1"ty € K. We check that

1 =X
expadcr—r’zr—r’—i—g[c,r]—i—;ﬁadlcr

= pt! (v — %[r, u]) =n"t'"v—Du)=0 (mod (7"1?)).

O

Theorem 59 Under Assumption 57, there is a quantum gauge equivalence mapping
rtor'.

Proof By Lemma 58, there exists a sequence of generators c¢; € (WY ¢ K of
quantum gauge equivalences exp ad.; which define a sequence r(; of solutions of the
quantum master equation via ) = r and r(j11) = expadc; r(j), so that r(j 1) = 1’
(mod K/12). We have

r(j+1) = expadc; expade; | - -expade, r = expady, r,
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for some y; € K. We are left to show that y; — y € K and expad, r = r’. By the
Campbell-Baker-Hausdorff formula, we have yp = coand yj11 = y; +cjy1 +---,
where the terms we have dropped involve sums of nested commutators %[—, —], each
of which contain at least one cj 41 € (%), Hence, Yj+1 =y, (mod 7/+2) and thus
limy; =y € K exists.

Finally, fix k € No. We will prove that py(expad, r — r’) = 0. We already know
that py(expad,, ,r —r’) = 0, since expad,, , r = rq). Hence, it suffices to prove

!

that pi(expady, , r —expad, r) = 0. We show by inductionin/ € No thatad,,  r =

adg, r (mod i**1). The case I = 0 is trivial. Now, suppose the statement holds for
some [ € Ny. Then,

I+1 . a1 ! ol N S |
ad, " r—ad," r=ady_ (ad,  r—ad, r+ad, r)—ad " r

=ady,_ ad, r —ad)"' r =ad,_,_,ad,r =0 (mod A**"),
since y = y—1 (mod AFt1). m]
8.3.3 Ambiguity for two classical solutions corresponding to the same Tate resolution

Let R, R’ be two solutions of the classical master equation associated with the same
Tate resolution. Let

r=qR) +nhqg(R)+---,
r'"=q(R)+hq(R) + -
be two solutions of the quantum master equation.

Theorem 60 If cither of the two solutions R, R’ of the classical master equation
satisfy Assumption 57, then there is a quantum gauge equivalence mapping r to r'.

Proof By Theorem 24, there exists a classical gauge equivalence g = exp ad, mapping
R to R’. In particular, Assumption 57 is satisfied for both solutions. We have ¢ =
q(u) € K. Set r” = expad, r. It is a solution of the quantum master equation. We
first prove that r”” = r’ (mod 7). We have

r" —r" =expader —r’ = expadyu) ¢(R) —q(R") (mod 7).

Now, we prove by induction in / € Ny that adil(u) q(R) = q(adfl R) (mod %). For
I = 0, this is obvious. Suppose it holds for some / € Ny. Then, by Eq. 3,

adf;t;) q(R) = ady ) adlq(u) q(R) = ady ) q(adfl R) = q(adi+1 R) (mod h).

We now have

L L

1 1
Z i adf](u) g(R) —q(R) = q(z i ad, R — R’) (mod £).

=0 =0
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For L — +o0, the left hand side converges to exp ady ) g(R) — q(R’), and the
argument of ¢ on the right hand side converges to zero. By continuity of ¢ and (%)
being closed, we conclude that ” = r’ (mod #).

We are now in the situation

r=q(R)+nhq(Ry)+---,
r'=q(R)+hq(R)+ -,
r" =expad.r = q(R') + hig(R}) +--- .

By Theorem 59, there exists a quantum gauge equivalence exp ad, with expad, r” =
r’. In particular, r’ = exp ad, exp ad, r. O

8.3.4 Quantization of trivial BRST models

Let (Y, S) be a trivial BRST model, so Y = Sym(N @& N*) for some negatively
graded vector space A/ with finite-dimensional homogeneous components and S =
Z,’ e}’fé(ej) with §(ej) = e, for some k depending on j. Letg : ¥ — G denote the
quantization map. Then, s = ¢(S) solves the quantum master equation. Moreover,
Dy = %[s, —] maps Gg to Go and G to G, as can be seen using the Leibnitz rule.
Hence, both gg : Yo — Ggo and Y — G are isomorphisms of differential graded
vector spaces, in particular, H/(Gg, Ds) = 0 for j # 0 and H°(Go, D;) = R by
Lemma 27.

8.3.5 Quantization of products with trivial BRST models

Let (X, R) be aBRST model and (Y, S) a trivial BRST model. Consider quantizations
q:X > FCFyandgq :Y — G C Gy with associated solutions of the quantum
master equation s = ¢(S) andr = g(R)+% - - -, respectively. Write Fy = Sym(N) ®
Sym(/N x) for some non-positively graded vector space N' and Gy = Sym(U) ®
Sym(U*) for some negatively graded vector space U. Let Z = X®Y and ¢ : Z —
H C Hj be the quantization obtained from the splitting Hy = Sym(N &U) ®
SymN* @ U™).

Lemma 61 The natural map Fy, — Hpy, is a quasi-isomorphism of graded associative
algebras.

Proof The natural map is a morphism of graded associative algebras, since adding
new variables from ¢/ and U* does not change the rules defining normal ordering in
Fy.

Consider the isomorphism ¢ : Fo ® Go — Hy of graded vector spaces. It extends
h-linearly to an isomorphism

¢ : Folh] @Ry Gol]l — Holh]

of graded associative algebras. On the left hand side, we may take the tensor product
of algebras, since elements of Fy and Gy commute.
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Using this isomorphism, we construct the 7i-linear maps

L :Fp[h] — Folh] ®Rriay Gol]l — Holhl,
p Holh] — Folh] ®rin) Golhi]l — Folhl,

where the last arrow takes f ® g € Fy ® Go to fm(g). Here, w : Gy — Gy is the
projection onto R along elements of nonzero form degree.

The quantization map g : Yo — Gy is compatible with the decompositions Yy =
R& ®j>0 Sym/ (U @U*) and Gp = R P @p+q>0 Sym” (/) ® Sym? (). Moreover,
it intertwines the differentials dg on Yy and D on G¢. Hence, the situation of the proof
of Lemma 29 is established in the quantum version as well. We conclude that ¢ and p
extend 7-linearly to the respective completions, descend to cohomology, and induce
mutual inverses on cohomology. O

8.3.6 Relating arbitrary BRST models

To relate the quantizations of two BRST charges defining BRST models for the same
ideal, we need to quantize general automorphisms of the space X that are the identity
on P = R[V] modulo I (see Lemma 31). Since the quantization procedure is not
functorial, we do not directly obtain an isomorphism of differential graded algebras
on the quantum level. We were unable to rigorously define a quantum analog to such
an isomorphism.
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Appendix A: Graded Poisson algebras

Let (P, [—, —]o) be a unital Poisson algebra over K = R. Let M be a negatively
graded vector space with finite-dimensional homogeneous components. Let M™ be
the positively graded vector space with homogeneous components (M*)! = (M ~")*.
Define the graded algebra Xg = P ® Sym(M & M™).

Lemma 62 The bracket {—, —}o on P naturally extends to a skew-symmetric, bilinear
map {—, —} on Xy via the natural pairing of M and M*. This map has degree zero.
Moreover, it is a derivation for the product on Xo and satisfies the Jacobi identity.
Thus, it turns X into a graded Poisson algebra.

Proof First, we define a bracket on Sym(M & M™*). For x € M and « € M*, we
set

{r,x}1 =0, f{o,a}; =0, {x,a); =a®), fo,x}=—(—1)%e¥®ery(x)

and extend this definition as a bi-derivation to all of Sym(M & M™*). It is then a
bilinear, skew-symmetric map {—, —}; : Sym(M & M*) x Sym(M § M*) —
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Sym(M @& M*) of degree zero which is by definition a derivation for the product.
The expression

c(a, b, c) = (—=)%eadeecyy 1p )} + cyclic permutations

satisfies £ (ajaa, b, ¢) = (—1)9€@deecy r(ay b, ¢)+(—1)%€a2debr 4y b ¢)ar and
similar derivation-like statements for the other entries. Let {e;} be a homogeneous
basis of M and {e}*.} its dual basis. Then the bracket of any two of those generators
is a scalar, whence ¢ is zero on generators. By the above derivation-type property, ¢
vanishes identically, proving the graded Jacobi identity.

Now, set {—, —} = {—, —}o + {—, —}1 on Xp. O

The grading on M induces a grading on Xo. We obtain a descending filtration
indexed by nonnegative integers n: F" X is defined to be the ideal generated by
elements of X of degree at least n. Note that FO Xy = Xy is the whole algebra. We

set F" X = F" Xo N X We also define Iy := F' X and Ién) :=1Ip---Ipto be
the n-fold product ideal.

A.1: Compatibility of filtration and bracket on X

We use the derivation properties of the bracket on X to derive the compatibility
relations between the filtration and the bracket.

Lemma 63 For m,n € Z and p,q € Ny, we have {FP Xy, F1 Xy} C
Frum(Pq) XU ywhere

Fnm(P, q) = max{m + n, min{max{p, ¢ + n}, max{q, p +m}}}. (5)

Proof Leta, b, u, v € Xy be homogeneous elements with dega +degu = n,degb +
degv = m, degu = p, and degv = ¢q. Suppose without loss of generality that p > n
and ¢ > m. Using the Leibnitz rule we see that {au, bv} is in F" X, where r =
min{p + g, max{p, g +n}, max{q, p + m}} = min{max{p, g + n}, max{q, p +m}}.

O

Corollary 64 We obtain for p,q € No and m, n € Z,

() (FP X}, F1 x5y ¢ FIPD Xy, where l(p, q) = max{p. q}, l.fp 7 1.
p+1 ifr=gq
(2) {FP Xo, X(} C FP Xo provided m > 0.
B) {FPXR, X0} U {XE, FPXPY C Frm®) X" where tym(p) = p —
max{|n|, [m[}.

Lemma 65 We have (X} N I\?, F™ Xo} ¢ F"*+! X,

Proof Let a,uy,uy € Xo with deg(a) = 1 — n, deg(u;) + deg(uz) = n, and
deg(u1), deg(uz) > 0. Let b, v € X with deg(v) = m. Expand {auu>, bv} using
the Leibnitz rule. O
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Lemma 66 The ideal Iy is closed under the bracket.

Proof Let a,u,b,v € Xy with deg(u) = deg(v) = 1. Expand {au, bv} using the
Leibnitz rule. O

A.2: Completion

For each j, we use the filtration on X, ‘6 to complete this space to the space

x/
X/ =lim ——%
<P FP Xy N xf

The sum and scalar multiplication on X, (j) extend to this space, turning X = @ i X Y

into a graded vector space. The product of two elements (x, 4+ F7 X(;) p€X J and
(vp +FP Xk o)p € X* is defined to be (xpyp + FP XH_k) € X/tK_This definition
does not depend on the choice of representatives, since the product is compatible
with the filtration. Moreove_r, it defines an element of X/ since for p < g we have
XpYp = XqYq (mod FP X(])+k), and we may shift the representatives of x and y. The
multiplication is compatible with the addition turning X into a graded commutative
algebra. ‘ _ . ‘

Endow X3/ FP X with the discrete topology and [, X3/ F7 Xj with the product
topology. Equip lim X(/) / FP X(j) C Hp X(/) / FP Xé with the subspace topology.
Finally, equip X = iX J with the product topology. Hence, a sequence {x;}; C X/,
with x; = (x7,, + FP Xé)p, converges to an element x = (x, + F7 X‘é)p € X/ if
and only if for all p € Ny there exists a /o such that for all / > Iy we have x,; = x,
(mod F? Xé). A sequence {x;}; C X converges to an element x € X if and only
if all homogeneous components converge. Since X is first-countable, continuity is
characterized by the convergence of sequences. We immediately obtain:

Lemma 67 The sum X x X — X is continuous.
For the product, only a weaker statement holds in general:

Lemma 68 The product X — X is continuous in each entry. For each pair (j, k) €
Zz, the product X I x X% — X7tk s continuous.

Proof Consider a sequence {x;}; in X convergmg to x € X and fix y € X. Denote
the homogeneous components of x; by x = (x + FP X J o) p and similarly for x
and y. Fix ] € Z and p € Ny. The [-th homogeneous component of x;y has a p-th
component with representative jec xll pj ylj, where the C C Z is the finite set for

which y/ # 0. It does not depend on i. (Such a finite set which is independent of i
only exists in general when one entry of the product remains fixed.) We have

1— I—j —
> alyivh = 3 () =+ i),

jeC jeC
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For each j € C, pick a number io ; such that for i; > ip; we have xll]_[j7 =
xﬁ,ﬁj (mod FP Xéﬁj ) and let iy be their maximum. Now, for i > iy, we have
> jec xl{’;J Vb =Dec xi )yl (mod FP X}). The second statement follows simi-
larly. O
Next, we approximate elements in X by elements in Xo.

Lemma 69 The map ¢ : Xj — X" sending x € X{j to (x + FF X()), is injective.
Proof Since ¢ is linear, the claim follows from (1 , 77 X§ = 0. O
Lemma 70 For x = (x, + F? X{j)p € X§j, we have limy, o t(xp) = x.

Proof Fix p.Form > p, we have that the p-th component of ¢ (x;,) — x is X, — X €
FPXg. |

Corollary 71 X can be considered a dense subset of X.

Now, we turn to the extension of the bracket to the completion. Let x = (x, +
FP X(]))p € X/and y = (yp +F? X](j),, e X*. We define {x, y} € X/*¥ to be the
element

j+k
({ij,k(P)v ij,k(P)} +Fr Xé )ps
where s 1 (p) := p-+max{|j|, |k|}. This definition does not depend on the representa-
tives of x and y by Corol}ary 64, since t; (s, (p)) = sjk(tjk(p)) = p. Moreover, it
defines an element of X/*¥: for p < g we have (X5, 000 Ysjup)} = X500 Vsju()}

(mod F*ix(P)) since we may shift the representatives of x and y. We extend this
bracket as a bilinear map to X x X.

Lemma 72 The extension of the bracket on X is a skew-symmetric, bilinear degree
zero map on X that satisfies the graded Jacobi identity (i.e. the bracket is an odd
derivation for itself).

Proof 1t is trivial that the extended bracket is a skew-symmetric, bilinear degree zero
map. These properties follow directly from the definitions.
We prove the graded Jacobi identity. Consider elements

x=0p+FPXDpeX) y=0p+FPXE)pe Xt 2=, +FP X}, € X\
The p-th element of {y, z} has representative {yy,(p), Zs.;(p)}- Hence, the p-th ele-
ment of {x, {y, z}} has representative {xs; , . ;(p)s {Vse.1(sjxr1(p)s Zsis(sjup1(p)) |- WE DOW
want to bound the indices from above by a term which is invariant under cyclic per-
mutations of (j, k, ). The function 7« ;(p) := p + 2(|j| + |k| + |I]) does the job.
So, (=1 x, {y, z2}} + (=¥ {y, {z, x}} + (=D*{z, {x, y}} has representative

(—1)-/l{xrj1k1,(p), {¥rjx1(p)» Zrjss(p}} + cyclic permutations

which vanishes by the graded Jacobi identity on Xj. O
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Lemma 73 The bracket on X is a derivation for the product.
Proof Let

x=p+FP XD, eX) y=(0p+FP X, e XX 1=, +FP X, e X\
The p-th element of {xy, z} — (x{y, z} + (—1)7¥y{x, z}) has representative

{xSHk,/(P)ySHk,z(P)f Zsj+k.l(p)} B (xp{ysk,l(p)’ ZSk,z(p)} + (= l)jkyp {ij.l(p)’ Z51'.1(.1’)})

= (Vg 2} — Coglyg. 20} + (1D Fyglxg. zg))  (mod FP X,

where ¢ := p + |m| + |n| + |k| is a common upper bound of all indices appear-
ing in the formula. The last line vanishes by the derivation property of the bracket
on Xo. |

Lemma 74 Foreach pair (j, k) € 77, the map {—, —} : X/ x X*¥ — X is continuous.
The map {—, —} : X x X — X is continuous in each entry.

Proof Let x, = (X, p + F? X{), € X/ and y, = (yn.p + F? Xt)p € X* define
two sequences converging to the respective elements x = (x, + F7 X} p €X J and
y=(p+F? Xé) e X¥. Fix p.sets = s; 1 (p), and pick ng such that for n > no,

Xns = X (mod F* X(J)) Ym,s =Yys (mod F? Xg)

Letn > ng. The p-th element of {x,, y,} — {x, y} has the representative {x, s, Yn.s} —
(s, ys} € Fik®) c FP X by Corollary 64.

Now, consider a sequence {x;}; in X converging tox € X and fix y € X. Denote
the homogeneous components of x; by x (xl p +FP X! ) p and similarly for x and

y.Fixl € Zand p € No. Set C = {j € Z : y/ # 0}. This is a finite set. The /-th
homogeneous component of {x;, y} has a p-th component with representative

J
Z{ i Yz i) yw—j,_/(P)}'

jeC

Sets = max{sl J. ip):je C} and pick ng such that forn > ng and all j € C, we

!
have x,,. J=x" (mod F* X ]) For such n,

. L
D e Ve ) = 2 3 = DT ) (mod P X).

jeC jeC jeC

O
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A.3: The filtration and the bracket on the completion

The filtration on X induces a descending filtration on the completion with homoge-
neous components

f”X"'_hmﬂ {(xg + F1 X)g=p € X" 1 x4 € FP Xi5).
—q fp+an q qzp q 0

This defines a homogeneous ideal 77 X = @, F? X" in X. Here, p is a nonnegative
integer and again 7° X = X. We set I = F' X and

m (n)
0 i X80 g
W P FPXp AL

Those are homogeneous ideals in X.

Lemma 75 For each j € 7, the sets FP X Jand 1P N X/ are closed.

Proof Consider the first statement. Since X is first-countable, it suffices to consider
sequences x, = (X, 4 + F4 Xé)q converging to an x = (x; + F4 Xé)q in X with
Xnq € FP Xj and show that x € F” X/. So, fix ¢ > p. Let n be an integer with
Xp,g = xg (mod F4 XJ) Then, x; = x, 4 =0 (mod .7-'/’XJ)

Now, let x,, = (xp,p + F? Xo)p be a sequence converging to x = (x, + F” X())p
in X withx,, , € Ié ). Fix p. For n large enough, we may replace x, by x, , € Ié .o

Lemma 76 Fix p € Np.

(D {1(2)’ [(2)} c I,

2) {1(2)’ 1(17)} c [+t - Frtl x
3) {1(17),X1} c 1P,

Proof The first statement: Consider elements u = (u, + F* Xé) pand v = (vp +
FPXE)p of X withup, v € Iéz). Then the p-th element of {u, v} has the represen-
tative {us; , (p)» Vs x(p)} € {Iéz), Iéz)} C 1(52) by the Leibnitz rule.

Now, the second statement: First consider p = 0. Then by the Leibnitz rule,
{152), Xo} C Io{lo, Xo} C Io. Now consider p > 0. By repeated use of the Leib-
nitz rule,

2 2 -1 -1 1
Uy 167y < Ug? 1o} "™ < dotho, o 1g" ™" < 1"V

by Lemma 66. The statement generalizes to the completion, as in the case above.
The third statement follows analogously by picking representatives. O

Lemma 77 Letl +— q(l) define an unbounded non-decreasing function N — N. Let
x1 = (x1,, +FP Xp)p € Fab xn define a sequence of elements in X". Then, Z[’io Xy
converges to an element x € X".
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Proof We may suppose ¢ (/) = [.Definex, := Zf:_ol x1,p-Then, x := (x,+F? X{)p
defines an element of X" since, for p < ¢, we have

q-1 p—1 p—1 g—1
Xg —Xp = le,q — le’p = Z(xl*‘/ —x1,p) + le,q e FP Xj.
1=0 =0 =0 I=p

We claim that Z;C:o x; converges to x as k — oo. Fix p.Letk > ko := p. Then the p-
th element of 3f_, x; — x has representative >\ x/.p — Xp = S _ »X1.p € FP X
O

Lemma 78 Each H € X" can be expanded as H =
TP,

p=0hp with h, € B? @p

Proof Write H = (x, + F* X{j), with xo = 0. Pick a homogeneous basis e; of the
underlying graded vector space. Redefine x, such that x,, does not contain a monomial
in FP X§. Set h, = xpq1 — xp € FP X{. It cannot contain a monomial of degree
(p+1)orhigher. Hence,h,, € BP®pT" 7. Thenby Lemmas 70 and 77, ZP hp,=H.

O

Lemma 79 All statements from Sect. A.1 in Appendix are valid for X replaced by X.
Proof The bracket on X is defined by acting on representatives with the bracket of X

where the statements hold.

A.4: Extension of maps

Next, we consider the problem of extending maps on X to X.

Remark 80 A linear map on X of a fixed degree preserving the filtration up to a fixed
shift naturally extends to a linear map on X preserving the filtration up to the same
shift. This extension is continuous.

A.5: The associated graded

The associated graded gr X of X is defined as the graded algebra with homogeneous
components gr’ X = FP X/ FP+l X We have gr’ X = X/1I.

Lemma 81 X/I is naturally identified with P @ Sym(M).

Proof Letx = (x, + FF Xjj)p € X". Letu, € Iy and z,, € X{j such that x, =
U, + 2, and z, does not contain a summand in Iy (or is zero), i.e. z, € Symp(M).
Then, z), —z1 = xp — x1 — (up —u1) € ly. Hence, z, = z; for all p. Therefore,
7= (21 +FP X{j)p € X" and x define the same equivalence class in X /1. It is clear
that different values of z; yield different equivalence classes. O

Lemma 82 There is a natural isomorphism gr* X = B®* Qp T of graded algebras.
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Proof The inclusions B? < F7? X induce a P-linear map B —> gr X. From this,
we obtain amap B ®p T — grX via B’ @p T > b®t +— bt € gr’ X. The
claim follows since the monomials in B? span the free T-module gr” X: The image of
linearly independent monomials in B? under the above map is obviously 7 -linearly
independent. Now for a given x € F” X, decompose it into homogeneous elements

"= (Xng + FIXDg € FP X" Split Xp g = by g + Ynq With y, , € FPT X2
and b, 4 € FP X{j does not contain a summand in Frtl X3. Then by g — by pi1 €
Frtl X forg > p, and hence this difference vanishes. Set b" = (b, p+1+F7 X{))g4.
We have that " and x" define the same equivalence class in gr” X" and hence b =
>, b" and x define the same equivalence class in gr” X. Each " is in the image of
BPpT — g’ X. O

A.6: Form degree

We can filter the algebra X by form degree. Forn € Z and j € Ny, we set X| g J=pPg
Sym/ (M @& M*)NX ¢ and define the homogeneous components of X ) = b, X n.J
to be

x"J
X" = = lim +
<P FP XN Xy

We have

Lemma 83 If x; € X" have form degree j, then jXj converges in X.

Proof Fix n. Let g denote the ghost degree and a the anti-ghost degree. This means
that ¢ = deg on (homogeneous elements in) P ® Sym(M*) and g = 0 on Sym(M).
Similarly, a = deg on P ® Sym(M) and a = 0 on Sym(M*). Hence g > 0,a <0
and a 4+ g = deg. We decompose a summand s € Xg’/ of a representative of x; as
s=a;j®xj1...Xjj € Xg’] according to form degree. Let /; be the number of factors
of positive degree in this decomposition. Then, g(x;) > [; and a(x;) < —(j — ;).
Hence,
gixj)=axj)+ (k) —alx;) Zalx)+U;+ (G —1)) =alx;)+j
=n+j—gx)).

So, g(x;) = L(n+ j). Set p(j) = max{k € Z : k < L5} We obtain x; € FPU) X"
Now apply Lemma 77. O

Lemma 84 Ifx € X", then there are x; € X" of form degree j with x = Zj Xj.

Proof Write x = >, x! with x! € 7' X. Expand each x! = =2 x where the sum
is finite with x being of form degree j. By Lemma 77, x; = >, xl converges to an
element of X" of form degree j. By Lemma 83, the sum Z Xj converges We have

x=2,2x j =2 >l j» Which can be verified evaluating both sides modulo F7
for general p. ' O
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Lemma 85 For &; € X" of form degree j with Zj & =0,wehave&; =0.

Proof Write §; = (§;., + F¥ X(}), with &; , € X/ The p-th component of 3 ; £;
has representative Y jsip€F P X7, where this sum is effectively finite by the proof
of Lemma 83. We see that £; , € 77 X{j by expanding in a P-basis of X( consisting
of monomials in basis elements of the underlying vector space M @& M*. O

A.7: Symplectic case

e

Consider the graded commutatlve algebra Xo = R[x;, yi, i ;l)*] where x;, y; are

of degree zero and e and e j " are of degree —!/ and [, respectively, and there are

only finitely many generators of a given degree. Define a Poisson structure by setting
{xi, yi} = dij, {ey) , ,(,7)} = 80, and setting all other brackets between generators
to zero. We complete the space X to the space X as described above. The partial

derivatives

9 _  _ i I+1, (O* 9w
— =i, -} —={x, -} 0] = (=D ey ) R ={e}, -}
J

0x; dyi

are defined via the bracket and hence are all well defined on X.

Lemma 86 Ler X;,Y;, E;l), E;-l)* be elements of X such that the assignments

(iyiel ey e i i e BT
1 1 1 I
iy el e e (X Y EV BV
both define automorphisms X — X of graded commutative algebras. Then the latter

k
map is a Poisson automorphism if there exists an element S(x;, Y, e;.l), E;l) )e X
such that

0S5 _ 2S5 _x aS _ o~ 0* 05 —E(l)
a_x,-_y' 8_Yl~_ i m—( )ej W— i
J J

Here, the partial derivatives with respect to the new variables are defined via the chain
rule.

Proof Set El.(o) = x; and éj@ — ¢V forl > 0and similarly ni( = y; and r](l) (1)*.
We use capital Greek letters & and H for the corresponding transformed variables.
We express the bracket as

{f,g}=Z(—1)ldegfz((_1)z af dg  9f og )
! j

[ l l 1
26D on®  an? 0"
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since both sides define derivations which agree on generators. The sums converge by
Lemma 77. We have

(@) O]
aS 95 o
[0) =(=D'n ([) and o= EED so also n’(’l) = (Jq) _1yatital,
% 98, ot g}

There are functions f;;(&§,n) = EE.Z) and g; (6, 1) = HJ(.I) realizing the change of
coordinates so that

3S
fia1E & H) = —5 gj1(E, nE, H)) = H,@-
0H;

We obtain in the variables (éq) , H}l) ),

(q) 2
afm,n Z afm n 0-S

! l 1
0t S oe® an®  9cVoH,
(q) (q)
gm' ' 377,, 0gm' 877p 0gm' .
8?;'(1) +Z 85(1) 9 @ 0 Z aH(n) 3 @ Smm' Snn
j ] np q m np

These expressions make sense in the completion by Lemma 77 since (j, [, n, m) are
fixed and the n(q) derivatives are of non-decreasing and unbounded degree. Using
those equalities, we calculate in the variables (E}l), H;l)) the bracket { fin n. &m' o'} as

8 8 ’ 8 a !t
Z(_l)ln Z(( D' f"iz? gm(z;l B f"iif gm(i;)
l j 95" I ;" 98,

I
ot o Hyy" an;.”

_ In i 7717 afmnagm ' 8fm,n 8gm’,n’
Z( D (Z( b e an® ay? +

0] O]
87]]- 851-
_ Z( agm n'

Sy (_1),877,, Ofmn 0w afm w 00 Bgu
9 0] 9 (9) P 0} (l) P 0} 9 (q)
jl pq ";:j Np nj éf Np

0
_ 2 : 877 Ogm’ w
I aH(’l) a (l)
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- Z ((—1)ln+l 37759(1) afm’n agm/,n/ - (—l)ql+CIn+l anf!’q) afm,n agm/,n’)

O] (q) O} (O] O] (q)
jlpa ;" om0, d&;" an;” omp

= Smm' Sun’

O]
_ Z ((_l)ln-H 3771(,9) afm’n agm/’n/ B (_1 gn+q 877] afm,n agm’,n’)

O] (@) 0] (q) ) (@)
Jjlpq 8éj anp 877j 9&p 3’7j onp

= Spmm' Spn’ -
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