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Abstract We consider a Haag—Kastler net in a positive energy representation, admit-
ting massive Wigner particles and asymptotic fields of massless bosons. We show that
massive single-particle states are always vacua of the massless asymptotic fields. Our
argument is based on the Mean Ergodic Theorem in a certain extended Hilbert space.
As an application of this result, we construct the outgoing isometric wave operator
for Compton scattering in QED in a class of representations recently proposed by
Buchholz and Roberts. In the course of this analysis, we use our new technique to
further simplify scattering theory of massless bosons in the vacuum sector. A general
discussion of the status of the infrared problem in the setting of Buchholz and Roberts
is given.
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1 Introduction

In general, the term infrared problems can be understood as complications in math-
ematical description of quantum systems encountered at large spatiotemporal scales.
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However, its conventional definition is more specific and refers to difficulties in scat-
tering theory of such systems in the presence of long range forces and/or massless
particles. The simplest and well understood example is Coulomb scattering in quantum
mechanics which requires the Dollard modifications of the wave operators. Infrared
problems in quantum electrodynamics (QED) still evade a satisfactory solution and
constitute an active field of research in mathematical physics. Among many advances
of recent years [9,10,16,21], a particularly radical proposal was put forward by Buch-
holz and Roberts in the setting of algebraic quantum field theory (AQFT) [9]. In
essence, these authors suggest that after restricting attention to measurements in some
future lightcone V, infrared problems should disappear. Buchholz and Roberts adopt
the general point of view on infrared problems and illustrate their ideas by results
on superselection structure of QED. However, conventional infrared problems, under-
stood as complications in scattering theory, are not treated in their work. It is therefore
an open question if the appealing ideas of Buchholz and Roberts are helpful for the
analysis of collision processes in QED. We give a partial answer in this work.

Infrared problems in QED can be traced back to the fact that the space-like asymp-
totic flux of the electric field,!

#(n) = lim r’nE(rn), ne S, (1.1)
r—00

commutes with all local observables [5]. Since this flux is an arbitrary function on
the unit sphere S2, restricted only by the Gauss Law, each value of the electric charge
corresponds to uncountably many disjoint irreducible representations of the algebra
of observables, which are of potential physical interest. This invalidates the stan-
dard Doplicher—Haag—Roberts (DHR) theory of superselection sectors. For non-zero
charges none of these representations can be Poincaré covariant, since the existence
of ¢ is not consistent with a unitary action of Lorentz transformations. For similar
reasons, charged particles cannot have sharp masses [6]. This latter difficulty, called
the infraparticle problem, invalidates the conventional Haag—Ruelle or Lehmann—
Symanzik—Zimmermann (LSZ) scattering theory for electrically charged particles. In
this situation, a charged particle is a composite object involving a soft photon cloud cor-
related with the particle’s velocity. The cloud is needed for the purpose of ‘fine-tuning
the flux’, that is, keeping it constant along the time evolution [5]. Such infraparticles
have in fact been constructed in concrete models of non-relativistic QED [10].

The above discussion involves a tacit restriction to representations of the algebra
of observables of QED in which the flux (1.1) exists. Buchholz and Roberts consider
instead a class of representations in which this is not the case, i.e. the fluctuations of the
electric field tend to infinity under large space-like translations. Thinking heuristically,
one way to achieve this is to include highly fluctuating background radiation, emitted
in the very distant past. Such radiation, which should not be confused with soft photon
clouds mentioned above, will ‘blur the flux’, that is, prevent the existence of the limit
in (1.1). On the other hand, it is clear from Fig. 1a and the Huygens principle that this
background radiation will stay outside any future lightcone V. Thus, inside V one can

! For x, y € R3, we denote by xy the Euclidean scalar product. For x,y € R*, we denote by xy the
Minkowski scalar product with signature (+, —, —, —).
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(a) (b)

Fig. 1 a A hypercone localized representation of QED is equivalent to the vacuum representation in the
causal complement C¢ C V of any hypercone C C V. This condition is consistent with the presence of
highly fluctuating background radiation emitted in the distant past, which is needed to blur the flux ¢. b If

the approximating sequence [1, 00) > t > Ay of the outgoing asymptotic photon field is localized in C€,
the existence of the limit A°" can be inferred from the corresponding result in the vacuum representation
[3]. However, the incoming asymptotic field is not expected to exist, since its approximating sequence

[1,00) >t A_, collides with the background radiation

follow the usual DHR strategy to pass from the defining vacuum representation ¢ of
the algebra of observables 2 to an electrically charged positive energy representation
7. To this end, consider a pair of opposite charges in a hypercone C C V, which is a
region depicted in Fig. 1a and defined precisely in Sect. 2. Next, transport one of the
charges to lightlike infinity. As argued in [9], this process of charge creation in C should
be only weakly correlated with operations performed in the spacelike complement of
C in V, denoted C°. Therefore, the resulting charged representation 7 should satisty
the following property of hypercone localization

7w [ 2AC) >~ | ACO), 1.2)

where ~~ denotes unitary equivalence and 2(C°) is the algebra of all observables
measurable in C¢. Since C¢ C V, this property is consistent with high fluctuations of
the electric field at spacelike infinity, blurring the flux (1.1). (See again Fig. 1a.) As ¢
does not exist, we may require that 7 is covariant under Poincaré transformations and
that charged particles have sharp masses.”> We adopt these assumptions in this work
and study their consequences.

The problem of verifying these assumptions in some concrete models of QED is
outside the scope of this work. However, the above discussion reveals certain similarity
of the Buchholz—Roberts ideas to the concept of infravacua [5, p. 59] [18,20], which
result from adding to the vacuum a sufficiently strong background field. Concrete
examples of such states were constructed in QED in the external current approximation

2 Poincaré covariance is used in [9] at a technical level. The possibility of sharp masses of charged particles
is only mentioned as a problem for future investigations.
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by Kraus et al. [19]. It was conjectured already in [18] that in the infravacuum approach
the electron is an ‘ordinary particle’ (and not an infraparticle), but this question was
difficult to pose in the simple models of these early works. Nowadays, with more
realistic models of QED under mathematical control, the problem of sharp mass of the
electron in the infravacuum approach is an interesting and tractable research direction.

The purpose of this paper is to describe Compton scattering, i.e. collision processes
involving one electron and some finite number of photons, in a hypercone localized
representation 7 : A — B(?'Al). The Hilbert space of this representation should con-
tain a subspace 661 of single-electron states and the underlying vacuum representation
should admit single-photon states. We construct asymptotic fields AUt of photons
via the LSZ prescription, exploiting the hypercone localization of & as illustrated in
Fig. 1b. More precisely, we show that these fields exist as strong limits of their approx-

imating sequences ¢ > A, on a dense domain D i C H of vectors of polynomially
bounded energy and leave this domain invariant. Important technical ingredient here
are energy bounds from [7,17]. In the next step, asymptotic creation and annihilation
operators, denoted by A°uE are defined such that vectors of the form

pout . — A(l)m+ . AAZHH_\I/el, Y, € Gels (1.3)

are natural candidates for Compton scattering states describing n photons and one
electron. These states can now be used to construct the outgoing wave operator W°ut
which maps any configuration of one electron and n independent photons into the
corresponding vector of the form (1.3). However, to show that W is well defined and
isometric, two ingredients are needed. Firstly, the asymptotic creation and annihilation
operators ACUE muygt satisfy the standard canonical commutation relations. This can
be shown by adapting results from [3,5] to a new geometric situation. Secondly,
single-electron states must play a role of vacua of the asymptotic photon fields, i.e.

A%, = 0. (1.4)

Our proof of this fact, given in Sect. 4, is the main new technical result of this paper and
relies only on the Haag—Kastler postulates. In particular, the hypercone localization
of 7 is not needed to show (1.4).

It has to be stressed that the technique used to verify (1.4) does also serve as a tool
to simplify scattering theory of massless bosons in the vacuum sector. In particular, as
shall be shown in Sect. 5, the proof of canonical commutation relations of the asymp-
totic photon fields in the vacuum sector can now be accomplished via a Pohlmeyer
argument, without referring to the quadratic decay of the vacuum correlations of local
observables. Thus, with the a priori information from [7,17] and the present paper,
collision theory for massless bosons can be developed in a way completely parallel to
the fermionic case [4].

Furthermore, since the argument used for the verification of (1.4) does not rely
on strict locality, it may also be useful outside of the Haag—Kastler setting, e.g. in
theories satisfying some kind of asymptotic Abelianess in spacelike directions. For
example, it should help to remove Assumption 4 of [16] and Assumption 3 of [11]. It
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might also find applications in scattering theory of quantum spin systems satisfying
the Lieb—Robinson bounds [2].

Our paper is organized as follows. In Sect. 2 we discuss Haag—Kastler nets and their
representations. In Sect. 3, we introduce the asymptotic photon fields approximants and
collect their representation-independent properties, such as uniform energy bounds and
the decomposition into creation/annihilation operators. In Sect. 4, we give the proof
of relation (1.4) which is our main technical result. In Sect. 5, we revisit and simplify
the scattering theory of photons in the vacuum representation, construct asymptotic
photon fields in hypercone localized representations and show that single-electron
states induce vacuum representations of the Haag—Kastler net of asymptotic fields.
More technical aspects of our discussion are postponed to the appendices.

2 Framework

Let M = R* be the Minkowski spacetime. We denote by K the family of double
cones O C M ordered by inclusion and write O, for the causal complement of O in
M 3 Furthermore, let 731 =R* x SL(2, C) denote the covering group of the proper
ortochronous Poincaré group PJ_. Its elements A = (x, A) acton M via Ay = Ay+x,

where A € 51 is the Lorentz transformation corresponding to A € SL(2,0).

Definition 2.1 We say that £ 5 O — 20(0O) C B(H) is a Haag—Kastler net of von
Neumann algebras if the following properties hold:

(a) (Isotony) 2A(Oq) C A(O,) for O C Os.
(b) (Locality) [A(O1), A(O2)] = 0for O1 C Os .
(c) (Covariance) There is a continuous unitary representation U of 731 such that

UGAO)U ()* = ARO) for A e Pl @2.1)

(d) (Positivity of energy) The joint spectrum of the generators of translations, denoted
Sp (U | R*), is contained in the closed future lightcone V..

A Haag—Kastler net will be denoted by (2, U).

Definition 2.2 We say that a Haag—Kastler net describes Wigner particles of mass

m > Q0 if there is a subspace h C H on which U(A), A € ﬁi, acts like a representation
of mass m.

Further useful definitions are as follows. For any region i/ C M, we set

Noc) = | AO) and AW == Aoe@))' . 2.2)

ocu

3 Note the distinction between the causal complements in M and V, which is indicated by, respectively,
lower and upper indices.
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In particular, we refer to Ajoc := Ajoc (M) as the algebra of strictly local operators and
to A := 2A(M) as the global algebra of the net.

Now, let 7 : 2% — B(H) be a (unital) representation. We say that 7 is (Poincaré)
covariant, if there exists a strongly continuous unitary representation U, of ﬁl on H
such that

Ur (W) (A)Ur (W) =7 (UMNAUR)Y), Ae (2.3)

Moreover, we say that 77 has positive energy if Sp (U | R*) C V. Itis easy to see
that if 7 is a covariant, positive energy representation, then,

O A (0) == 7)) 2.4)

is again a Haag—Kastler net which will be denoted (2, Uy).

Definition 2.3 If 7 is an irreducible, covariant, positive energy representation and H
contains a unique (up to a phase) unit vector €2, invariant under Uy, then we say that
7 is a vacuum representation.

To proceed to charged representations, we choose an open future lightcone V' and
denote for any region &/ C V by U its causal complement in V. Next, we define a
class of regions in V which are called hypercones in [9]. We recall here briefly their
definition referring to [9] for more details: Choose coordinates so that V = {x €
R*|xo > |x|} and fix a hyperboloid H; = {x € V |xo = +/x2 + 72} for some
7 > 0. Project H; through the origin onto the plane xy = 1, so as to identify it with
the open unit ball B C R3. This projection is the Beltrami—Klein model of hyperbolic
geometry. Consider the family of (truncated) pointed convex Euclidean cones K in B
with elliptical bases. It gives rise to a Lorentz invariant family of hyperbolic cones
C = C(K) in H;z. A hypercone C = C(K) is the causal completion of such C, i.e.
C = C*¢, and the family of all hypercones as described above is denoted by Fy .

Definition 2.4 Let (%, U) be a Haag—Kastler net in a vacuum representation and let
7 be a covariant positive energy representation. We say that 7 is hypercone localized
if for any future lightcone V and C € Fy there exists a unitary W¢ : H — H, such
that

w(A) = WeAW; for A e 2A(CY). (2.5)

Remark 2.5 It is easy to see that the morphisms o¢ y : A — B(H) from [9] are
irreducible, hypercone localized representations.

Note that for any hypercone localized representation 7 and any O € K, we have

7 (A(0)) = 7 (A(O))” and, therefore, 7 (A) = 2A,. It is also easy to see that any
hypercone localized representation is faithful.
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3 Asymptotic photon fields

In this section, the pair (2, U) refers to an arbitrary Haag—Kastler net. For the unitary

representation of translations U | R* we shall write U (x) = e/ x"=Px) and the joint
spectral measure of the energy—momentum operators (H, P) shall be denoted by E( - ).
For translated observables A € I, the notations a, (A) := A(x) := U(x)AU (x)* are
used. We also define for any B € 2l the smeared operators

Blg) = | JExBx)g(x) forg € SE),
8= [d*x B(x)g(x) forg e S(RY),

3.1)
which are elements of 2l since local algebras are von Neumann. Moreover, we have

Ajoc,0 1= {A € Ujoc | x = A(x) smooth in norm}. (3.2)

Next, we introduce the following Poincaré invariant subset of S (R“)
S(RY) := {(nu(‘?“)sg lg € S®RY, nop=+1 +n2} ., n=0,...,3.  (33)

Note that the summation convention is used in (3.3) and in the following. Moreover,
the power 5 appearing in (3.3) is due to technical reasons which become obvious
with regard to Propositions 3.2 and 3.4. Furthermore, we introduce certain Poincaré
invariant subsets of 2, namely

As, == {B(g) | B € Woc,0, g € S«(R)}, (3.4)
A5+ := Span s, , (3.5)

where Span denotes finite linear combinations. For any A € D/C f e C°°(Sz), we
set as in [5]

Adf) = —2t/dw(n)f(n) A, tn). (3.6)

Here, dw(n) = % is the normalized, invariant measure on S2 and 0pA =
95 (e*H Ae5H)|;_o. To improve the convergence in the limit of large ¢, we proceed
to time averages of A;{f}, namely

Adf) = / A (1)) Av{f), 3.7)

where for non-negative h € Cgo (R), supported_ in the interval [—1, 1] and normalized
sothat [dr h(r) =1, weset hy (') =t h(t~ (' — 1)) withs > 1 and 0 < & < 1.

For the discussion of asymptotic creation and annihilation operators below, it is
important to use Schwartz class functions in (3.3). Since strict locality plays a crucial
role in the subsequent part of this paper, we also define the following sets:
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88 S. Alazzawi, W. Dybalski

C.®) = [@,0")g g € CF®Y, no=V1+n2} cS.®Y,  (38)
Ac, = {B(g) | B € Yioc,0, g € C+(RY)} C Ag, N Atoc,0, (3.9)
2AC := Span Ac,, (3.10)

Ac, (0) :=Ac, NAO), AX0) := A NAO), O eKk. (3.11)

The linear structure of AS* and A€+ will be important in the discussion of the Haag—
Kastler net of asymptotic fields in Sect. 5.

Now, we note a convenient representation for A;{ f}. A similar result can be found
in [11].

Lemma 3.1 Let A € Us,, i.e. A = B(g), where B € joc0 and g € S*(R4). Then,
for f € C®(5?),

1 2
A{f} = (0B)(g *3 f1)(1), where fi(x):=———25@1—Ix])f (i) )

4 |x| |x|
(3.12)

where %3 denotes convolution in space variables and C(t) = U (t)CU (t)* for C € 2.
Moreover, the Fourier transform of g 3 f; € S(R*) has the following form.:

& fop) = 52 (f (1) P — 1 (—1) 17!
i|p| |pl |pl

T .
+/ dv F(p, u)e"l"“’”) , (3.13)
0
where F is a bounded measurable function depending on f. (In particular, F = 0 if
f = const.)

Proof The equality A/{f} = doB(g *3 f;)(¢), with f; given by (3.12), is straightfor-
ward to check. Equation (3.13) follows likewise from an easy computation. O

Next, we proceed to uniform bounds on f — A,{f}. We recall that first bounds of this
sort were proven in [7].

Proposition 3.2 Let A € As,, i.e. A = B((n,3")°g"), B € Ajoc0 and g' € S(RY).
Then, for f € C*®(S?),

sup [[AAf}1+H) " <c sup pI~ 8¢ (e p™?g)lla < 0o, (3.14)

te[l,00) =

The constant ¢ above is independent of g’ but depends on B and f.

Proof Let A € Ujoc0 and n € R* be a unit future oriented timelike vector, i.e.
no = /1 + n?. Then results from [7,17] give for any g € S(]R“)

A, 8" )1+ H) | < ¢ Sup 135212, (3.15)
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where the constant ¢ is independent of g. Application of Lemma 3.1 immediately
gives (3.14). O

In the following, we shall be interested in the convergence of A,{f}, A € A,
f e C®(8?), to the limit A°{ f} as t — oo. To start with, we define A°"{ f} as an
operator on the domain

Dinax (A, f) = {qf € H| AN fIW = lim A,(f}® exists}. (3.16)

For f = 1, we will abbreviate Dpax (A, f) by Dmax(A). Note that Dy.x (A, f) may
depend on A and f, may not be Poincaré invariant and a priori may even be trivial.
Another domain we shall be interested in is

Dy = () D(H"). (3.17)

n>1

where D(H") is the domain of self-adjointness of the n-th power of the Hamiltonian H.
Itis easy to see that Dy is dense and Poincaré invariant. The next result can be inferred
from the discussion in Appendix B. We note here that Proposition 3.2 and smoothness
of the relevant observables under translations ensures that properties (b), (c) from
Definition B.1 are met.

Propositioq 33 Leti = 1,...,n and suppose that the domains Dmax(A;, fi) and
Duax (A}, fi) are dense. Then, we have

(a) DH C Dmax(Aia .ﬁ)a DH C Dmax(A;'k’ f_‘l)r
(b) AY™{fi}Du C D,

© AP{fi}. . A fdW = Timy oo Ari{ 1) A {fu) W for W € Dy

The operators A;’m{fi} [ Dy are closable and uniquely determined by the values of
A fi} on any dense subspace of Dmax (A, fi).

Another consequence of the uniform bounds is the existence of asymptotic creation
and annihilation operators under the assumptions of Proposition 3.3. In fact, a similar
observation was made in [11]. To construct these operators, we proceed as follows.
Let0 € C*®(R), 0 < 6 < 1, be supported in (0, co) and equal to one on (1, 00).
Moreover, let 8 € Cgo (R“), 0 < B < 1, be equal to one in some neighbourhood of
zero and satisfy S(—p) = B(p). Furthermore, for a parameter | < r < oo and a
future oriented timelike unit vector n, we define

Taer (p) = 0(2r (n p") B~ p). (3.18)

As r — o0 these functions approximate the characteristic functions of the posi-
tive/negative energy half planes {p € R*| £n wp" = 0}. We also have 7+ » = n¢ ;.
Note that the family of functions 7+ ,, as specified above, is invariant under Lorentz
transformations. The following result is easily verified using Propositions 3.2, 3.3.
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Proposition 3.4 Let A € As,, f € C®(S?). Suppose that Duax (A, f), Dmax (A*, f)
are dense and the timelike unit vectors n entering the definition of A and of n+ ,
coincide. Then:

(@) The limits A" f}TW = lim,_, oo AY{ f}(n+.,)W, ¥ € Dy, exist and define
the creation and annihilation parts of A°“'{ f} as operators on Dy. A°™{ f}* do
not depend on the choice of the functions 6 and B in (3.18) within the specified
restrictions.

(b) (A fI1E)* | Dy = A*Y F}F. Inparticular, A°"Y{ fY* are closable operators.

(¢) A{f}*Dy C Dy.

(d) A f) = A" S} + A [} on Dy

Remark 3.5 The proposition can be generalized to A € A5 as follows. Consider
a decomposition A = Zle A;, A; € g, and assume that Dpax(A;, f) and
Diax (A}, f) are dense. Define A®{ f}* := > AY{ £1* on Dy Then it is easy
to see that A°UY{ f }E satisfy the properties (b), (c) and (d) of the proposition.

Proof (a) Making use of Propositions 3.2 and 3.3, we compute for | < r; < r and
U € Dy that

r -
[AY fY (s, — NV <c sup / drlllpl™"86 ((n, p™)* (3,74, (D)) 2,
1= ,1 r

(3.19)

where g’ € S(R*)is defined as in Proposition 3.2 and the functions of p appearing
in (3.19) are to be understood as multiplication operators acting on g’. Using the
fact that 96 is compactly supported, and therefore |1, p#| < cr~! when multiplied
by 90 (£r(n, p")), it is easy to check that

~ c
|86 (01 0™ ()] = (A4 1pP), €=0,1, (3.20)
for ¢ independent of p and r. This completes the proof of convergence. Indepen-
dence of the choice of the functions 6 and f is shown by a similar computation.
(b) This part is straightforward.
(c) This follows from the smoothness of A under translations and Proposition 3.2.
(d) We choose a function y € C3°(R), 0 < y < 1, such that
0(=k)+yk)+6k)=1, keR, (3.21)

and set 7, (p) := v, (r(n,”v“)),B(r’1 p). Since y is compactly supported, we have
forW € Dy

1A (£ Y )@l < e sup IlIpl™ 35 (1 p™) - (p)ED2 < ¢r 7" (3.22)
£=0,1
Hence, lim,_, o0 A°"{ f}(n,)¥ = 0, which completes the proof. O
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4 Asymptotic vacuum structure

In this section, (2(, U) still refers to an arbitrary Haag—Kastler net. In this setting, we
state and prove our main technical result which is Theorem 4.2 below. As a preparation,
we recall some concepts and facts from [13]. Let W be a vector of bounded energy, i.e.
U = E(A)W for some compact A. Let B = By(go), where By € 2joc and gg € S(RY
is such that supp g is compact and supp go N V. = @. Then, by [7, Lemma 2.2], the
function

(ap¥)(x) := B(x)¥, x e R, 4.1

is square-integrable. A closer inspection shows that formula (4.1) defines a linear map
ag : He — H® L*(R?), where H, is the domain of vectors of bounded energy, with
the following useful properties:

Proposition 4.1 [13] Let B be as above and A compact. Then:

(@) apE(A) : H — H ® L*(R?) is bounded.

(b) agE(A) o f(P) = f(P + Dy)oagE(A) forany f € L®R>).

Here, we set Dy = —iVy and use the shorthand notation P 4+ Dy for P ® le(Rz) +
1y ® Dy.

Next, we define for g € L%(R3) the functionals Ay ®E) - H® L*(RY - H
by

x®EhY = /de X)W (x), 4.2)

where on the right-hand side we identified H ® L*(R3) ~ L?*(R3; H). The identity
B(g)E(A) = (14 ® (g]) ocapE(A) (4.3)

is first checked for ¢ € S(R?) and then extended to L?(R3) for compact A using
Proposition 4.1. These concepts can now be used to prove the following theorem.

Theorem 4.2 Let n € S(R*) be such that 7 is supported outside of V 1. Let A € As,
and f € C®(S%). Then, for W € EH,)H N Dy and H,, = {p € R*|p® =
V' p% 4+ m?}, we have:

(@) Form =0, lim/oo(1 — EO))AA{f W = 0.

(b) Form > 0, lim;_, o0 A:{f} ()W = 0.

Proof Without loss of generality, we can assume that 7 is compactly supported and
W = E(A)W for some compact A. Making use of Lemma 3.1, we have A;{f}(n) =
(BoB(1m)(g *3 fi)(1), where

(g %3 f)(x) = 2n) 72 /0 du(v) / d*p fu(p)e irreTicosviplr, (4.4)

Here,du(v) :=dv+48§(w)dv+8(v —m)dv, (p,v) — ﬁ(p) is absolutely integrable,
smooth in p° and
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92 S. Alazzawi, W. Dybalski

sup ([l foll2 + 180 full2) < oc. (4.5)

vel0,]

We set B := 9yB(n) ale note thgt it is Qf the form By (go) as specified in the above
formula (4.1). Setting f!(p) := f,(p)e 1< VIPI we have

Az{f}(n)‘l’ = /dl/ht(t/)eit,HB/(g *3 ft,)e*il/wm(P)\I,

T YA 4 YA
= / dp(v) / dt’ h,(t)e" B/ (f1 e 1 eom Py, (4.6)
0

Now, we take B/, (x) := B'(x’, x), fl0@) = 10 x)and f, o (x) == fo(x0, x).
Making use of (4.3) and Proposition 4.1, we obtain

A fHmW
T . o .
=/dx0/ du(u)/dt/ht(r/)e“’(m®<ff,,xo|)oa3/oe—” om(P)y
0 X

T
:/dxo/ du(u)(m@(?v,xono/dﬂh,(t’)e” (H=cos v|Dx[=wm(P+Dy)) cag V.
0 X
(4.7)

By means of the Dominated Convergence Theorem, the bound (4.5) and the Mean
Ergodic Theorem (Theorem A.1), we obtain

lim 270w = [0 [T 401 @ oo FsOh oay, ¥, @3)

where Fyg is the spectral measure of the operator S := H — cos v|Dy| — w,, (P + Dy)
on L*(R3; H). To determine Fg({0}), we diagonalize Dy with the help of the Fourier
transform. We further note that || S®||?> = 0, for some ® = {Pe}ecrs € L>(R3; H),

implies that S ®; = 0 for almost all £ w.r.t. the Lebesgue measure,* where
H — cosv|&| — w,, (P + &). 4.9)
Suppose now that m = 0. Then, Proposition A.2 gives that ®; € Ran E({0}) for

& =0orv =m and ®¢ = 0 otherwise. Since & = 0 is of zero Lebesgue measure,
only v = 7 contributes and we obtain

Jim A {fYmw = / (O ® (o) 0 ap ¥ = E(ONB'(f)¥. (4.10)

For m > 0, a similar and simpler reasoning gives that the above limit is zero. O

4 See [25, Section IV.7] for definition and basic properties of LZ(R; ‘H) for non-separable H.
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Corollary 4!.3 Let A es, and f € C 0052, Suppose further that Dmax (A, [) and
Dax (A*, f) are dense. Then, for W € E(H,,)H N Dy, we have:

(a) Form =0, (1 — E({O))A°"{ =¥ =0.
(b) Form > 0, A°"Y{f}~W¥ = 0.

Remark 4.4 The result immediately generalizes to A € 25+, cf. Remark 3.5.

5 Compton scattering in hypercone localized representations

In this section (2, U) refers to a Haag—Kastler net in a vacuum representation admit-
ting massless Wigner particles (‘photons’) and the single-photon subspace is denoted
Bph. In this setting, we provide several applications of Theorem 4.2 and Corollary 4.3.
First, in Proposition 5.1, we simplify scattering theory of photons in the vacuum rep-
resentation, which was established in [3] and recently revisited in [11,26]. Second,
in Theorem 5.4, we construct Compton scattering states in hypercone localized rep-
resentations of (2, U). Third, in Theorem 5.6, we verify that single-electron states
induce vacuum representations of the Haag—Kastler net of asymptotic photon fields,
defined in (5.21).

As a preliminary, we recall that the domain D is Poincaré invariant and denote by
ga : S* — S? the action of the Lorentz transformation A on the unit sphere given by
A(l,n) = ca(n)(1, ga(n)), where cp (n) is a normalization constant. The relevant
properties of asymptotic photon fields in the vacuum sector are then summarized as
follows.

Proposition 5.1 Let A, A', A; € A= and f, f', fi € C®(S?),i =1,...,n. Then:

(a) ForanyV € Dy, the limitlim,_, o, A;{f}W exists and defines a closable operator
A°"Y £} | Dy. This operator is uniquely determined by the vector A°"{ f}Q.

(b) A" f}Dy C Dpy. . .

©) A fi}. . AP )W = limy oo AL (1) - Ap ()W for W € Dy,

(d) UMA{ fIUM)* = A" f o ga-1} on Dy, where A, = U(L)AU (L)*.

(e) O A f}(x)¥ = 0 for ¥ € Dy.

() [AUYf), AU f}] = (Q, [A°U{ [}, A f'}Q) 144 as operators on Dy.

Proof We will first discuss briefly properties (a)—(e), and then provide a novel proof
of (f) which uses Theorem 4.2. First, by a standard computation using Lemma 3.1 and
Proposition A.2 (a), one obtains

lim A {f}Q = Ppnf (l%) AQ, 5.1)

—>00

where Py, is the projection on fhp,. Next, denote by O the future tangent of a double
cone O, i.e. the cone of all points that have a positive timelike separation from O.
Following the arguments of [3], based on the Huygens principle, we have that the
limit

A = Jim Al fiw (5.2)
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exists for ¥ in the dense domain D(O) := { BQ | B € joc(O4) }. Moreover, A% f}
depends only on the single-particle state A°"*{ f}<2 within the above restrictions. Thus
in view of Proposition 3.2, we obtain parts (a)—(c) of the proposition. Parts (d),(e) are
checked first on D(O) with the help of formula (5.1) and then extended to Dy by
approximation arguments.

Proceeding to the proof of part (f), we first observe as in [4, Lemma 3] that

[A £}, A 101 = 0 (5.3)

in the sense of quadratic forms on Dy x Dy, provided that A € AS+(0), A’ €
A (O') and O' + x C O.. Next, we use a method of Pohlmeyer [22] (applied also
in the collision theory of massless fermions [4]) to show that

[AY £}, AP fNQ =cQ, ceC. (5.4)

To this end, we take any vector ® such that ® = E(K¢)®P for a compact set K¢ in
the interior of the future light cone and consider the function

F(x,y) = (@, [A™{f}(x), A" f1(1]Q). (5.5

Making use of part (e) and the energy—momentum transfer relation, we get that the
support of the Fourier transform of F' is contained in the compact set

{pgeRY pi=1Ip* ¢d=19*p+qgeKs) (5.6)

Therefore, F' is an entire analytic function and since it vanishes on an open subset of
RS by (5.3), it vanishes everywhere. Hence,

[ACf), AR = e Q@+ Wpn, (5.7

where Wpn € bpn. Thus to prove (5.4), it remains to show that Wy, = 0.> For this
purpose, we choose 1, 2 € hpn N Dy and compute by means of Proposition 3.4
and Corollary 4.3 that

(D1, A f1D2) = (D1, A 1T Do) + (D1, A} D2) =0.  (5.8)

5 In collision theory of massless fermions, Wpp = 0 is automatic in the corresponding expression, since
a bosonic operator cannot create a fermionic single-particle state from the vacuum [4, Lemma 4]. In the
present bosonic case, we can conclude using Theorem 4.2.
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Given (5.4), we complete the proof of part (f) as follows. Let O be a double cone such
that A, A’ C A% (O). Then, for any B € Ajoc(O4) and ¥ € Dy,

(W, [A ), A FNBQ) = lim (. [AAf} AL 1BR)
= lim (¥, BIA{f}, A{{£192)
= (W, BQ)(Q, [A{f}, A" f119), (5.9)

where in the first step Proposition 5.1 (c¢) and in the second step the localization prop-
erties of the approximating sequences are used. Equation (5.9) extends by continuity
from D(O4) to Dy, since W is in the domain of ([A®"{ f}, A"{ f'}]*. O

Now, we consider a representation 7z of (2, U) which is hypercone localized w.r.t.
the vacuum representation and describes Wigner particles of mass m > 0 (‘electrons’).
For brevity, we will write (Ql U ) for the resulting net (U, Ur) and H = Hy.
Furthermore, we set A := w(A) for A € 2 and denote by (H P) the energy—
momentum operators in the representation .

Given A € AC+(0) and supp f C © C S?, the asymptotic field approximants

t— At{ f} are localized in

0, = U {O+1(1,0)), t>1, (5.10)
T€t+tfsupph

where £ is the time-averaging function which appeared in (3.7). To ensure Poincaré
covariance of our constructions, one also needs to consider ¢ AM{ foga-1},
A=(0,A) e 791, whose localization regions are

o= |J (a0+(ga@)), 1= 1. (5.11)
T€t+tfsupph

The following geometric lemma is at the basis of the proof of Proposition 5.3 below.
Its proof can be found in Appendix C.

Lemma 5.2 Forany O € K and any open ® C S? suchthat © C S, there is a future
lightcone V, a hypercone C C Fy and a neighbourhood N of unity in the Lorentz
group such that

AO, CC° OFccCe, t=>1, (5.12)

forall A € N.

After this preparation, we reestablish in hypercone localized representations all the
properties of asymptotic photon fields listed in Proposition 5.1. The geometric idea
behind the proof is similar as in the case of spacelike cone localized representations
of [5], so we can be brief.
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Proposition 5.3 Let A, A, A; € A and f, f’, f; € C®(8%),i = 1,...,n. Then:

(a) ForanyV € Dy, thelimitlim,_, o jt{f}\ll exists and defines a closable operator
Aom{f} I D ;. This operator is uniquely determined by the vector AOUt{f}Q.
(b) A 1D, C Dy

(©) APMf1) . AP = limymoo Avi(fi) .- Aus(fa) ¥ for ¥ € Dy
(d) UMA{fYUM)* = AQ™{(f o ga—1} on Dy, where Ay = U (W) AU (M*.
(e) O A f}(x)W = 0 for W € Dp.

() [ACU{f}, AU fH] = (Q, [A®{ £}, AU f}Q) 14, as operators on D .

Proof Letus first assume that f € C*°(S?) and supp f C ©, with ® asin Lemma 5.2.
Let O be the localization region of A, and O, be given by (5.10). By Lemma 5.2, there
exists a future lightcone V and C C Fy such that O, C C°. Hence, by hypercone
localization of m, there is a unitary W such that for all r > 1,

AdSy = n(A A = We(AdFHWE. (5.13)

Now by Proposition 5.1 (a), the right-hand side converges on W Dy to an operator
which is uniquely determined by A°"{ f}<2. Then, by Proposition 3.3, the left-hand
side converges on D 4 to an operator which is uniquely determined by A°"'{ f}<2.

To remove the restriction on the support of £, we choose a partition of unity on S
consisting of f/ € C®(8?), j = 1,2, such that supp f/ C S2. Thus, we may write

Ay =X Adsriy (5.14)
j=12

By the above discussion and Proposition 3.3, Aout{f} = lim,_ o0 A; {f}existson Dy
and has the properties specified in parts (a)—(c) of the proposition.

Properties (d)—(f) are concluded from the corresponding parts of Proposition 5.1 by
a repetitive use of relations similar to (5.13), (5.14). In part (d), it suffices to consider
transformations from a small neighbourhood of unity in SL(2, C), as this group is
generated by any such neighbourhood. O

Now, we proceed to the construction of scattering states of one electron and a finite
number of photons, i.e. Compton scattering. It suffices to consider f € C*(S?) which
are identically equal to one, in which case we write A°" for A°®{ f}. Proposition 5.3 (f)
gives

[AAOLIt—’ A/out—i-] — <A*0ut+g2’ A/Out+g2>’ [AAOut—’ AA/OUI—] — [Aout—i-’ A/out—i-] — 0
(5.15)

Recalling that by Proposition 3.4 (c) Aoutt p i C Dy, scattering states are constructed
in a straightforward manner.
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Theorem 5.4 The states WO := A‘l’Ut+...A§’,“t+\Ife1, W, € ha N D i have the
following properties:

(a) WO depends only on the single-photon states ®; := A?"Q and the single-

out out out
electron state Ve € bel N D y. Thus, we can write Yol — @ x .- x D, x W

(b) Given WOU y'out g4 above,

(WO W) = 8 (W, W) D (D, D)o (B, D), (5.16)

ce’,

where S, is the set of all permutations of (1, ..., n).

A out out out out out out A
(©) U(Mj?l X oo X P X W) = (U)Py) X -+ x (UR)Pp) x (UR)We),
rePy.

Proof Parts (a) and (b) follow directly from (5.15) and Corollary 4.3 which gives
AUty o1 = 0 for We € hel N Dy . Part (c) follows from Proposition 5.3 (d). O

Let T'(hpn) be the symmetric Fock space over b, and we denote by a*(-) and a(-)
the corresponding creation and annihilation operators. Using Theorem 5.4 (a), (b), we
define the outgoing wave operator of Compton scattering

WO (T (hpn) ® her) — H (5.17)
as the unique linear isometry, satisfying
WO (@ (@) ... a* (D) @ We) = AT L ANy, (5.18)

for ®; = A®'Q. Setting Uph (1) := T'(U(L) | hpn) and Ua(A) := U | hel, we
obtain from Theorem 5.4 (¢)

U)o WU = W o (Upn() ® Uar(1)), »€Pl, (5.19)

which amounts to the Poincaré covariance of the wave operator.

To conclude this section, we construct the Haag—Kastler net of asymptotic photon
fields in the hypercone localized representation 7 and show that single-electron states
induce vacuum representations of this net. To this end, we need the following technical
lemma which summarizes and extends the information about the asymptotic fields and
their domains.

Lemma 5.5 Let A, Ay, Ay, € A+ be self-adjoint. Then:

(a) D(I-} ) C Dmax(A) and A°" [ D(I-AI ) is a symmetric operator uniquely determined
by A°MQ.

(b) AW < c|(1+ H)¥|, ¥ € D(H).

(¢) [(HW, A%"W) — (A", HW)| < c|(1 + H)2V |2, W € D(H).
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(d) A°llt Aout are essentially self-adjoint on D(H) and their self-adjoint extensions
Aouto, Aouto satisfy
ei(Al_,’_Az)outo _ e%(Qs[A(l)mvAngt]Q)eiATm.eiAgm. . (520)
(e) [Aout AO‘“] = (Q, [A]", Ag“t]Q)lﬁ as quadratic forms on D(H) x D(H).

() (2, [AM™, AS"MQ) = 0 if Ay, Ay are localized in spacelike separated double
cones.

Proof Parts (a), (b) follow from Proposition 5.3 (a), the energy bounds and approxi-
mation arguments. Part (c) is shown by interpolation (cf. [23, Appendix to IX.4]). Part
(d) follows from (a) to (c), the Nelson Commutator Theorem and standard results on
integrating Heisenberg commutation relations to Weyl relations from [14]. Part (e) is
a consequence of Proposition 5.3 (f) and part (f) is a known consequence of the JLD
representation (cf. [3, p. 160]). O

Now, we are in a position to define the net of asymptotic photon fields. Forany O € K,
we, thus, introduce the von Neumann algebra

AU() = (4™ | A e A+ (0), A* =AY (5.21)

It is easy to see that (QA[Out U)is a Haag—Kastler net in the sense of Definition 2.1.
For example, locality follows from Lemma 5.5 (d), (f). In the following theorem, we
consider representations of (QlOut U ) induced by vector states from hel

Theorem 5.6 Let W, € hel N Dy, [Welll = 1, wel(+) := (Wel, - Ye1) be the corre-
sponding state on AU and (7wel, Hry s Rry) its GNS representation. Then, e is a
vacuum representation of (ﬁl"ut, U ) in the sense of Definition 2.3.

Remark 5.7 1t is easy to see that the above theorem also holds if 7 is the original
vacuum representation and W is replaced with €2. This gives a different proof of a
result from [3].

Proof It suffices to show for self-adjoint A € UC that
<\I}el’ eiAoulo \Ilel> _ e_% ”AothHZ ’ (522)

as the statement of the theorem follows from this relation by standard arguments
[1,12]. Consider the function f(s) := (W, eisA™® Wep). Since Ve € D i is contained
in the domain of AO‘“’, we have by the Stone theorem

(—0)3s £ (5) = (We, A% A0Ue gy — (@, &A™ A00y). (5.23)
As A°"D 7 C D, we can iterate. This gives in particular
(=) 9" £ () |5=0 = (W, (A" Wyy). (5.24)
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Now, we use Proposition 3.4 to decompose A% = A°ut+ 4 A0ut— op p 7 While
keeping in mind that AcutEp 7 € Dp. Due to the canonical commutation relations

(5.15), the fact that Aout— W, = 0 (Corollary 4.3) and standard combinatorics, we,
moreover, have for evenn > 2

(Wer, (A" W) = (n — DI, (A%H2Q)"/2 (5.25)

and zero for odd n > 1. Thus, we obtain

o i"s" 00 020

= A (_1) s _ 1.2y go0u 2
D> (et (A" Wa) = 3 7 (@ (A™)R)" = o2 AL,
n=0 ' =0 !

(5.26)

where we set £ = n/2. Since the sum on the left-hand side above is absolutely
convergent for any s € C, we conclude that f extends to an entire analytic function
which coincides with the function on the right-hand side of (5.26). O

6 Conclusion

From Theorem 5.4 and the ensuing discussion, it may seem that the incoming wave
operator W can be constructed analogously as WO and the scattering matrix § =
(WOUy*Win ig available. Unfortunately, the situation is less satisfactory than that. As
far as we can see, the incoming wave operator W is not at hand in a representation 7
which is hypercone localized in a future lightcone. While the hypercone localization
property (1.2) allows us to establish the existence of the outgoing asymptotic photon
fields, it is of no help for the incoming photon fields. This is due to the fact that the
approximating sequences of the incoming asymptotic photon fields are localized in
regions moving to infinity in negative lightlike directions. Heuristically speaking, such
regions inevitably collide with the highly fluctuating background radiation, emitted
in the very distant past, which must be present in 7 to prevent the existence of the
flux (1.1). Itis therefore reasonable to expect that also the incoming asymptotic photon
fields are blurred by this radiation as depicted in Fig. 1b. As a possible solution, one
can consider a representation 7" hypercone localized in a backward lightcone in which
by obvious modifications of our discussion only the incoming wave operator (W')"
exists. Since 7w and 7" act on the same Hilbert space in the Buchholz—Roberts setting,
the scattering matrix S’ = (W°')*(W’)" can be defined. It may not be Poincaré
invariant and its physical interpretation is obscured by the expected disjointness of
and r/, but similar difficulties are encountered in the traditional infraparticle approach.
One advantage of the present approach is that a tentative expression for the scattering
matrix can be given in the Haag—Kastler setting.

As an alternative to this scattering matrix, one may try to construct inclusive colli-
sion cross sections. This idea, implemented in AQFT by Buchholz et al. [8], amounts
in our situation to the preparation of incoming states using asymptotic observables of
the form
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G :=/d3xh(x/t)(B*B)(t,x). (6.1)

Here,h € C{° (R3) is supported on velocities of the desired particle and B is an almost
local observable whose energy—momentum transfer is outside of the future lightcone.
Due to this latter property, which cannot be imposed on strictly local observables A
appearing in the definition of asymptotic photon fields, B is much less sensitive to the
background radiation mentioned above. Thus, the tentative inclusive collision cross
sections of the form

lim (U, Cy ;... Cp P (6.2)

[—>—00

are likely to exist. Although available methods allow to control such limits only in
massive theories [13], their extension to the case of sharp masses embedded in con-
tinuous spectrum is thinkable. Another strategy may be to consider limits (6.2) in
the framework of algebraic perturbative QFT. As a matter of fact, (6.2) bears some
similarity to expressions studied in the book of Steinmann [24, formula (16.38)].
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Appendix A: Mean Ergodic Theorem and invariant vectors

We pick £ as in (3.7) and recall a variant of the abstract Mean Ergodic Theorem:

Theorem A.1 Let S be a self-adjoint operator on (a domain in) H and F its spectral
measure. Then,

s-lim;_, oo / dt’ h,(t)e”’S = Fg({0}). (A.1)

Now, we determine the projection Fg({0}) on the subspace of invariant vectors of
t > !5 for the relevant operators S.

Proposition A.2 Let (H, P) be the energy—momentum operators of a Haag—Kastler
theory and E their joint spectral measure.

(a) Let S, :== H — cos v|P| and Fs, be the spectral measure of S,. Then,

EW@Vy) forv=0,

E({0})  forve(0,m]. (A.2)

Fs,({0}) = I

(b) Let Sy ¢ := H — |§| cos v — wy (P + &), where wy(p) =/ p> +m?, and Fs,,
be the spectral measure of S, ¢. Then, for & # 0,

0 forv e [0, ) orm > 0,

E({0}) forv=mandm = 0. (A-3)

Fs,, ((0}) = |
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Proof (a) For Wy € RanFs,({0}), we have (H — |P|)¥y = O0; hence, ¥y €
RanE(0V ). This gives the first part of (A.2). To check the second part, we note
that for v € (0, ] the set

Ay =% p)Ip° =cosvipl} (A4)

intersects with V 4. only at {0}.
(b) First, we note that the set

Avg ={(p", p) | p° = & cosv + wu(p +§) ) (A.5)

describes a mass hyperboloid shifted by a spacelike or lightlike vector (|&]| cos v, —§).
Thus, A, ¢ contains zero only if m = 0 and v = 7. Hence, it suffices to show that the
relation

(H— wp, (P + &)V = |&|cosvV, (A.6)

where ¥ = E(A)W, A compact, can only hold for ¥ € E({0})H. This is shown by
generalizing an argument from Appendix of [4]. O

Appendix B: Admissible propagation observables

Definition B.1 Let [1,00) > t +— A; € B(H) be a propagation observable, H a
positive, self-adjoint operator on a domain D(H) in H, and D, D* C H some dense
domains. We say that A is admissible if:

(a) Forany W € D™ the limit lim;_, o AE*)\II exists.
(b) SUP;err ooy 1A (14 H) 7!l < o0,

(©) Set A (s) := eH A,eH Al the derivatives A" = 97 A, (5)|s—o exist in norm
and satisfy (a), (b).

Here, () means that the statement holds with and without all % symbols (correlated).

As shown in the next two propositions, limits of admissible propagation observables
exist as closable operators on the following dense domain:

Dy = () D(H"). (B.1)

n>1
Moreover, Dy is an invariant domain of these limits.

Proposition B.2 Let A be an admissible propagation observable. Then:

(a) Forany V¥ € Dy, the limit lim;_, o, A; WV exists and defines a closable operator
A" on Dy. This operator is uniquely specified by its values on D.
(b) A°““Dy C Dp.
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Proof Exploiting part (c) of Definition B.1, we write
AV =0+ H) ' (=D)AVY + (1 + H)TA( + H)W. (B.2)

Vectors W, (1 + H)W appearing on the right-hand side of (B.2) can be approximated
uniformly in ¢ by elements of D (cf. Definition B.1 (b), (c)). By part (a) of Defini-
tion B.1, A;, At(l) converge on D which gives the existence of A°" as an operator on
Dp . Since the above reasoning applies also to A¥, the operator A°" is closable. To
show that it is uniquely determined by its values on D, consider admissible propaga-
tion observables A| and A such that lim;, o A1 ;P = lim; 0 A2, P for & € D.
Then, it is clear from the above discussion that A‘l’ut = Ag“t as operators on Dy . This
completes the proof of (a).
To prove (b), we make use of a standard commutator formula (see e.g. [15])

14

[(1+H)' A= (i) adk; (A (1 + H)'F, (B.3)
k=1
adl(A) := A, adk(A) == [H,ad; ' (A))], (B.4)

which holds as an equality of quadratic forms on Dy x Dpg. Exploiting part (c) of
Definition B.1, which ensures that adll‘q (Ay) = (—i)kAfk) are bounded operators, we
obtain for any W € Dy

14

AW =1+ H) (Z (i) (=) A® 1 + H)“) v, (B.5)

k=0

where we set by convention At(o) = A;. Taking now the limit # — oo on both sides of
(B.5), we obtain (b). ]

Proposition B.3 Let A;,i =1, ..., n, be admissible propagation observables. Then,
forany WV € Dy,

AL A = Jim App.. Ay (B.6)

Proof For n = 1, the statement follows from Proposition B.2. We suppose now it
holds for some n > 1 and prove it for n + 1. Similarly as in (B.2), W € Dy,

n+1
Al AnraV = AL+ H) 7DD Ay AP L A @
=2

+ AL (I+H) Ay A1 (1 + H)W. (B.7)

By the induction hypothesis and Proposition B.2 the above expression converges
strongly as r — oco. Next, we pick ® € Dy and write
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(@, ALs o A1) = (@, Ay AL AS W) +0(:%)
= (@, APUAS A W) + 0(:9), (B.8)

where in the first step we used the induction hypothesis, in the second step Proposi-
tion B.2 and 0(Y) denotes terms which tend to zero as 1 — oo. This concludes the
proof. O

Appendix C: Geometric argument

We refer to Sect. 2 and to [9, Appendix] for a brief summary of relevant geometric
concepts.

Proof of Lemma 5.2 We prove the statement only for A = I, since the generalization
to small Lorentz transformations then easily follows. First, we note that

Uo=U U to+a.eic |J 0o+ra.e=1u. (1

t>1 1=1 tet+tFsupph TeRy

We will show that for any double cone © € K and open ® C S2 with © C S2, there
is a future lightcone V and a hypercone C C Fy such that the corresponding set U
given by (C.1) is in C°. Such a situation is depicted in Fig. 2.

We fix a future lightcone V so that O C V and choose a coordinate frame in which
the origin is at the apex of V. Next, we use the fact that there is an £y € 52 and an
1 > gp > O such that the spherical cap

time

Fig. 2 Geometrical situation in Lemma 5.2 for the case A = I. The double cone O is shifted into lightlike
directions determined by © C S2. The resulting union of shifted double cones gives the region I in
accordance with Eq. (C.1). As shown below, I/ is in C¢ which is indicated by the dotted lines
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O ={LeS*1l—e<ly<1) (C.2)

is contained in SZ\@ for all 0 < ¢ < gg. Let, moreover, K, be a cone in the unit
ball B with apex at u, := (1 — €)£( and the opening angle determined by ®.. More
precisely,

Ke:={ueBlu=u,+s{—uy), 0<s <1, £LeB,}. (C.3)

Using the Beltrami—Klein map v : H; — B given by v(a) = a/a®, the corresponding
hyperbolic cone C(K;) C Hs is given by

(1, u)
V1 —u?
We note that as ¢ — 0, the apex of C(K;) tends to lightlike infinity in the direction

of £¢p and the opening angle tends to zero. In fact, forall0 < s < 1 and £ € ©,, we
have

C(Kg)zif eH:lu=u.+s€—-u;), 0<s<1, LB, . (C4)

u.(s,) =u,+s€—u;) =4€y(l —e(l —ys))+sH— 4. (C.5)

Noting that (£ — £0)% = 2(1 — £4y) < 2¢ and setting h, (s, £) := —8%20(] —5) +
ss_% (£ — £p), we have

we(s, £) = Lo + 2 ho(s, £), (C.6)
lhe(s, ©)] < 3. (C.7)

Now, a simple computation using (C.5) gives
1 —up(s, 0> =e(1 — s){2 —e(l—9s)+2s(1—2)(1 — Mo)e_l}. (C.8)

It is easy to see th:at 1 < {...} < 4 and, therefore, we can find a function (s, £) +—>
ge(s, ) such that 5 < g.(s,£) < 7 and

. 1 g0
V1= ua(s, 02 Ved—s)

(C.9)

Thus, skipping the arguments of g, h and setting M := a_%, S:=g0 - s)_%, we
have

(1, uc(s, 0)

T\/l —ug(s, £)2

where M takes values in [80_ 1/ 2, o0) and S in [%, 00). Thus, we found a convenient
parametrization of C(K,). We will use it to establish the relation (C.14) below, which
ensures spacelike separation of C(K) and i/ for sufficiently small ¢.

=MS-(1,4p) + S-(0, h), (C.10)
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As a preparation, let us show that there is a ¢ > 0 such that for sufficiently large M
(MS-(1,80) + S-(0, h) — x)* < —c, (C.11)

forallx € O, S ¢ [%, o00) and h within the above restrictions. Since O C V, there
are constants co, c’O such that

0<co<(®+x]) <cp. (C.12)

uniformly in x € ©. Moreover, due to (C.10), we have (M S-(1, £9) + S-(0, h))? = 72.
Hence,

(MS-(1,20) + S-(0,h) —x)*> = 72 = 2M S(x° — x€o) — 25-(0, B)x + x>
—2M Sco + 6Scl + (cpp)? + T2, (C.13)

A

which proves (C.11).
Finally, let us show that there is a ¢’ > 0 such that for sufficiently large M,

(MS-(1,20) + S-(0,h) —x — (1, £))* < -, (C.14)

forallt e Ry, € €®,xe€O,S ¢ [%, o0) and h within the above restrictions. In
view of (C.11), it suffices to note the estimate

(MS-(1,80) + S-(0, k) — x)(1,€) = S(M(1 — £o&") — he') — x(1, €

> (1/2)(Meg — 3) — cp. (C.15)
Thus, we have proven that i/ C C(K;)¢ = C(K,)¢ for ¢ sufficiently small, depending
on O and ©. O
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