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Abstract. New estimates for eigenvalues of non-self-adjoint multi-dimensional Schrodinger
operators are obtained in terms of L,-norms of the potentials. The results cover and
improve those known previously, in particular, due to Frank (Bull Lond Math Soc 43(4):
745-750, 2011), Safronov (Proc Am Math Soc 138(6):2107-2112, 2010), Laptev and
Safronov (Commun Math Phys 292(1):29-54, 2009). We mention the estimations of the
eigenvalues situated in the strip around the real axis (in particular, the essential spectrum).
The method applied for this case involves the unitary group generated by the Laplacian.
The results are extended to the more general case of polyharmonic operators. Schrodinger
operators with slowly decaying potentials and belonging to weak Lebesgue’s classes are
also considered.
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1. Introduction

In this paper, we discuss estimates for eigenvalues of Schrodinger operators with
complex-valued potentials. Among existing results on this problem regarding non-
self-adjoint Schrodinger operators, we mention the works [1,9,11,19,24,25], and
also [6] for an overview on certain aspects of spectral analysis of non-self-adjoint
operators mainly needed for problems in quantum mechanics. In [1], it was
observed that for the one-dimensional Schrodinger operator H = —d?/dx? + ¢,
where the potential ¢ is a complex-valued function belonging to L;(R) N L,(R),
every its eigenvalue A which does not lie on the non-negative semi-axis satisfies the
following estimate

1 o0
2 / ()] dx. (1.1)
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For the self-adjoint case, the estimate (1.1) was pointed out previously by Keller
in [16]. In [9], related estimates are found for eigenvalues of Schrodinger opera-
tors on semi-axis with complex-valued potentials. Note that, as is pointed out in
[9], the obtained estimates are in sense sharp for both cases of Dirichlet and Neu-
mann boundary conditions. In [11,24] (see also [19,25]), the problem is consid-
ered for higher dimensions case. In particular, in [11], estimates for eigenvalues of
Schrodinger operators with complex-valued potentials decaying at infinity, in a cer-
tain sense, are obtained in terms of appropriate weighted Lebesgue spaces norms
of potentials.

In this paper, we mainly deal with the evaluation of eigenvalues of multi-
dimensional Schrodinger operators. The methods which we apply allow us to con-
sider the Schrodinger operators acting in one of the Lebesgue space L,(R") (1 <
p <00). We consider the formal differential operator —A + ¢ on R"”, where A
is the n-dimensional Laplacian and ¢ is a complex-valued measurable function.
Under some reasonable conditions, ensuring, in a suitable averaged sense, decay-
ing at infinity of the potential, there exists a closed extension H of —A +g¢g in
the space L,(R") such that its essential spectrum oes(H) coincides with the semi-
axis [0, c0), and any other point of the spectrum, i.e., not belonging to oess(H), is
an isolated eigenvalue of finite (algebraic) multiplicity. We take the operator H as
the Schrodinger operator corresponding to —A + ¢ in above sense and we will be
interested to find estimates of eigenvalues of H which lie outside of the essential
spectrum. The problem reduces to estimation of the resolvent of the unperturbed
operator Hy, that is defined by —A in L,(R") on its domain the Sobolev space
W[%(R"), bordered by some suitable operators of multiplication (cf. reasoning in
Section 2).

We begin with evaluation of perturbed eigenvalues belonging to the left half-
plane Rez < 0. Therewith, bounds of the negative eigenvalues for the self-adjoint
case, mostly important in applications, are established. For this purpose, we make
use the integral representation of the free Green function in the form

o0
g(x—y;/\)=(4n)—"/2/e“e—‘x—y'”‘"r—"/zdr, Re . <0.
0

We assume that the potential ¢ admits a factorization ¢ =ab, where a € L, (R")
and be L;(R") for some r,s,0<r, s <oo, and prove that under conditions 1 < p <
00, 0<r<oo, p<s<oo and plgp gl <2n’1, for the eigenvalues A with Rel <0
of the Schrodinger operator H, the estimate

|Re A|'="/%% < Clal|, |Ibls (1.2)

holds true with a positive constant C =C(n, r,s) depending only on n,r and s; o'
is conjugate exponent to o, = (1 —r~1 —s=1)~1,
The eigenvalues which are situated on the right half-plane behave in particu-

lar due to the presence in this side of the essential spectrum. In connection with
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this, the evaluation of the bordered resolvent of the unperturbed operator Hy is
made by applying a slightly modified approach. It involves somewhat heat kernels
associated to the Laplacian. For it could be used the kernel (4mir)™"/?exp(—|x —
y|2/4it), —00 < t < 00, representing the operator-group U (t) =exp(—itHp), —00 <
t < oo, and then making use of the formula expressing the resolvent R(A; Hy) as
the Laplace transform of U(¢) (see [13]). In this way, we obtain a series of esti-
mates for perturbed eigenvalues. In particular, supposing that ¢ =ab, where a €
L,(R™), be Ly(R") for r,s satisfying 0 <r <00, p<s <00, s l=1— 2p’],
27l pl<pl<i—p~land r'+s 1 <2n~!, for any complex eigenvalue A of
the Schrodinger operator H with Im A #0, we have

I Tm A|% < @)~ 'T (@) llall, 1B 15, (1.3)

in which a:=1—n(—"45"1)/2 (I' denotes the gamma function). An immediate
consequence of this result (letting »r =s =2y +n, y >0) is the estimate

y+n/2
|Tm A|” < (477)~"/°T (ﬁ) /|q(x)|y+"/2 dx (1.4)
RV!

for y > 0. The estimate (1.4) together with that corresponding to (1.2) (cf. Corol-
lary 3.3) leads to an estimate like

|A|Vsc/|q<x>|y+"/2dx, (1.5)
Rn

with an absolute constant C = C(n, y) depending only on n and y. It should
be emphasized that the estimate (1.5) concerns, however, eigenvalues A lying only
inside the left half-plane. In this context, we cite [19] for a conjecture concerning
related estimate for eigenvalues of the Schrodinger operator considered acting on
Hilbert space L,(R").

Estimation of eigenvalues can be made representing a priori the resolvent of Hj
in terms of Fourier transform. The method leads, in particular, to the following
result. Let 1 <p <oo, and let g =ab with ae L, (R"), be Ly(R") for 0 <r,s <o
satisfying 271 —p~ 1 <r~l<1—p~ 1, 2714 p~l<sT<p~l and rT4s <201
Then, for any eigenvalue A € C\[0, co) of the Schrodinger operator H, there holds

A2 < Cllall* b1, (1.6)

where :=(r~'4+s5~1)~!, and C being a constant of the potential (it is controlled;
see Theorem 3.13). Notice that for the particular case n=1, p=2 and r=5s=2, one
has « =2 and C=1/2, and the estimate (1.6) reduces to (1.1). From (1.6), it can
be derived estimates for eigenvalues of Schrodinger operators with decaying poten-
tials. So, for instance, taking a(x)= (1 +|x|*)~7/? (z >0), under suitable restrictions
on r and 7, for an eigenvalue A € C\[0, co) there holds

e sC/ A+ D)) dx. (1.7)
Rn
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In connection with (1.7), we note the related results obtained in [11,24] (see also
[7,25)).

Note that estimates of type (1.7) can be obtained by choosing other weight func-
tions, also frequently occurred in concrete situations, as, for instance, e/, e"x‘z,
[x|7 eI etc.

Further, estimates obtained for Schrodinger operators can be successfully
extended to polyharmonic operators

Hq,m = (_A)m +4q,

in which (the potential) ¢ is a complex-valued measurable function, and m is an
arbitrary positive real number. For the eigenvalues A € C\[0, co) of an operator of
this class, it can be proved that

A <C / lq ()7 F172m dx (1.8)
]R)l

for y >0 if n>2m and y >1—n/2m for n <2m. The estimate (1.8) is in fact a
result analogous to the already mentioned (1.5) for Schrodinger operators.

Finally, it should be remarked that the methods used as the basic tools to carry
our results are available in slightly more general situations where the potentials
are considered belonging to the so-called weak Lebesgue’s spaces. In particular, by
applying the same methods, we prove that if the potential g belongs to the weak
space Ly yn/omw(R"), where y >0 for n>2m and y >1—n/2m for n <2m, then
any eigenvalue lying outside of essential spectrum of the polyharmonic operator
H,, , satisfies

L7 < Csup(t? T, (1))
t>0

with a constant C=C(n,m, y,0)(0:=arghr,0<06 <2m).

The paper is organized as follows. Section 2 contains a preliminary material
needed for the further exposition. It is pointed out the setting of the problem and,
in particular, defined the Schrodinger operators in a fashion suitable for main pur-
poses. Section 3 is concerned with Schrodinger operators with Lebesgue power-
summable potentials. This section is divided into four subsections. In the first two
subsections, estimates are obtained for the eigenvalues located on the left half-
plane ReX <0. In the third one, there are established evaluations for the imaginary
part of the possible eigenvalues. Thereby, the strip around the real axis (in partic-
ular, the essential spectrum) containing possible eigenvalues is determined. In the
fourth subsection, evaluations are obtained via the Fourier transform. In Section 4,
we discus the problem for the general case of polyharmonic operators. In Section
S, we treat the case of potentials belonging to weak Lebesgue’s type spaces.
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2. Preliminaries: Setting of the Problem

Consider, in the space L,(R") (1 <p<o0), the Schrodinger operator
—A+qg(x) (2.1)

with a potential ¢ being in general a complex-valued measurable function on R”".
We assume that the potential ¢ admits a factorization ¢ =ab with a, b belong-
ing to some Lebesgue type spaces (appropriate spaces will be indicated in relevant
places). We denote by Hj the operator defined by —A in L,(R") on its domain the
Sobolev space W,%(R”), and let A, B denote, respectively, the operators of multipli-
cation by a, b defined in L,(R") with their maximal domains. Thus, the differential
expression (2.1) defines in the space L,(IR") an operator expressed as the pertur-
bation of Hy by AB. In order to determine the operator, being a closed extension
of Hyp+ AB, suitable for our purposes, we need to require certain assumptions on
the potential. For we let @ and b be functions of Stummel classes [28] (see also
[14,27]), namely

M, ,(a)<oo, O<v<yp, (2.2)
M, ,(b)<oo, O<p<p, (2.3)

(p' is the conjugate exponent to p:p~! +p/_1 =1), where it is denoted

M, p(u)=sup / luWIP 1x —y[""dy

l—yl<l

for functions u € L, j,(R"). If also the potential ¢ decays at infinity, for instance,
like

/ lg(y)ldy—0 as |x]— o0, (2.4)

lx—yl<l

then the operator Hy+ AB (=—A+¢) admits a closed extension H having the
same essential spectrum as unperturbed operator Hy, i.e.,

Oess(H) =0ess(Hy) (=0 (Hp) =10, 00)).

Note that the conditions (2.2) and (2.3) are used to derived boundedness and
also, together with (2.4), compactness domination properties of the perturbation
(reasoning are due to Rejto [23] and Schechter [26], cf. also [27]; Theorem 5.1, p.
116). To be more precise, due to conditions (2.2) and (2.3), the bordered resol-
vent BR(z; Hy)A (R(z; Hy) := (Hy — zI)~! denotes the resolvent of Hpy) for some
(or, equivalently, any) regular point z of Hy represents a densely defined operator
having a (unique) bounded extension, further on we denote it by Q(z). If, in addi-
tion, (2.4), Q(z) is a compact operator and, moreover, it is small with respect to
the operator norm for sufficiently large |z|.
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From now on, we let H denote the Schrodinger operator realized in this way in
L,(R") by the differential expression —A +¢g(x). Notice that constructions related
to that mentioned above are widely known in the perturbation theory. In Hilbert
case space p =2, H, where the potential ¢ is a real function, represents a self-
adjoint operator presenting mainly interest for spectral and scattering problems.

It turns out that there is a constraint relation between the discrete part of the
spectrum of H and that of Q(z) (recall Q(z) is the bounded extension of the bor-
dered resolvent BR(z; Hy)A), namely, a regular point A of Hj is an eigenvalue
for the extension H, the Schrodinger operator, if and only if —1 is an eigenvalue
of Q(A). This fact, which will play a fundamental role in our arguments, can be
deduced essentially, by corresponding accommodation to the situation of Banach
space case, using similar arguments as in the proof of Lemma 1 [17]. Consequently,
for an eigenvalue A of the Schrodinger operator H, A being a regular point of the
unperturbed operator Hy, the operator norm of Q(A) must be no less than 1, i.e.,
Q)| >1. Namely from this operator norm evaluation, we will derive estimates
for eigenvalues of the Schrodinger operator H.

Throughout the paper, there will be always assumed (tacitly) that the conditions
(2.2), (2.3) and (2.4) are satisfied.

3. Schrodinger Operators

1. Let H denote a Schrodinger operator defined in a space L,(R") (1 < p <o0),
as was mentioned before, by —A 4 ¢(x) with a potential ¢ admitting a factoriza-
tion ¢ =ab, where a € L,(R"), be Ly(R") (0 <r,s <00). For the general case of
an arbitrary dimension, the fundamental solution ®(x) of the Laplacian —A, and
therefore the kernel of the resolvent R(A; Hy) of Hy(=—A), is expressed by Bessel’s
functions (see, for instance [5]). Of course, the asymptotic formula

®(x) =clx| 7D 21 (14 0(1)),  |x|— oo,

¢>0 and Re >0, will be useful for our purposes, however, we have not use this
fact. Instead of that, we will use the following integral representation of the free
Green function

o
g(x—y;A):(471)_"/2/e“e_‘x_y|2/4tt_"/2dt, Rer <0. (3.1
0

In other words we use the fact that the resolvent R(A; Hy) can be represented
as a convolution integral operator with the kernel g(x; 1), that will make useful in
evaluation of the bordered resolvent.

There holds the following result.
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THEOREM 3.1. Let 1 < p <oo and let g =ab, where a € L,(R"),b e Ly(R") with
0O<r<oo, p<s<oo and r~lp sl <20~ Then, for any eigenvalue ). with Rel <0
of the Schrodinger operator H, considered acting in the space L,(R"), there holds

|ReA|' ™2 <C(n,r,9)llalbl;, 3.2)
where C(n,r,s) = (4m) =" a=/2P(1 —n/2a), a=(1—r~1 =5~ 1)1,
Proof: We have to show the boundedness of the operator Q(A) = BR(A; Hy)A

and evaluate its norm. (A, B denote the operators of multiplications by a, b, respec-
tively). Note that Q(A) is an integral operator with kernel

gx —y; Ma(y)b(x).

To evaluate this integral operator we first observe that, under supposed con-
ditions, the operator of multiplication A is bounded viewed as an operator from
L,(R") to Lg(R") with some B> 1. In fact, since a € L,(R"), for any ueL,(R"),
by Holder’s inequality, we have

laullp < llall,lullp, B~ =r~"+p~, (3.3)
Similarly, one can choose a y with p <y <oo, for which
Ibvll, < lblslivlly,, v~ +s~t=p7", (3.4)

for ve L, (R"), that means that B represents a bounded operator from L, (R") to
L,[@R".
Now, we take an o >1 such that

ol p =y 141 (3.5)

and find conditions under which the kernel function g(x; ) belongs to the space
Ly (R™). By Minkowski’s inequality, we have

00 o 1/a
lgC; Mlla= / (4m) "/ / ere WAt /2 gy | gy
" 0
o0 1/a
5(471)_"/2/ (R/’ek’e_lxlz/A" 2" dx dr
5\

1/«

o0
:(47‘[)7'1/2/ (K/ e*a‘xlz/‘lt dx e(Re)»)ftfn/Z dt,
O n
and since

/ e WP /4 dx — (4t )2,
]Rn



204 ALEXANDRA ENBLOM

it follows
o0
0l = )72 [ a2 gy
0

00
=(4n)—n/2a/a—n/2a/t—n/Zoc/e(Re)L)t dr.
0

If « is chosen so that
n

—%+1>0, i.e., Ol/>§, (3.6)

it can be applied the formula (see [12]; 3.381.4., p.331)
o0
/x”_le_’“‘ dx=pu""I'(v), Rev>0, Reu>0 (3.7)
0

and we obtain
I8 (5 M lly < (@A) ™2 @22 Re A =122 T (1 —n/2a).

By Young’s Inequality (see for instance, [4], Theorem 1.2.2, or also [10]; Propo-
sition 8.9a) the operator R(A; Hy), representing an integral operator of convolu-
tion type (with the kernel g(x —y; 1)), is bounded as an operator from Lg(R") into
L, (R") provided (4.3), and moreover,

IRG: Hoyvlly <l1gC: Ml lIvllg, veLpg@®™). (3.8)

Note that (3.5) indeed follows immediately from the relations between p, ¢, r
and s given by (3.3) and (3.4):

1—ﬁ‘1+y_1=1—r_1 —p_l—i—p_] e T

The evaluations (3.3), (3.4) and (3.8) made above imply that
1QM)ull, =11BR(; Ho)Aullp <llall, Iblls [1gllallull,

for each uelL p(R3). Thus, under supposed conditions, we obtain the following esti-
mation

1QOII < (dm) ™2 a2 Re A =122 T (1 —ny2a ) all, 11D,

and, therefore, for each A € C with ReA <0 such that |Q(A)|| > 1, in particular, for
an eigenvalue of the Schrodinger operator H, the desired estimation (3.2) holds
true, where, as was seen, o =(1 —r—' —s~1)~!, and, due to (3.6), with the restric-
tion r 1 4+s 1 <211 O
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From the obtained result, it can be derived many particular estimates useful in
applications. We begin with the situation when a,be L, (R") with r>n if l <p<n
and p<r<oo if p>n. In (3.2), we take s=r, then r ' +s 1 =2r"1(<2n1) and
a=r/(r —2). In view of Theorem 3.1, we have the following result.

COROLLARY 3.2. Suppose g =ab, where a € L,(R") with r >n if 1 <p <n and
p<r=<oo if p>n. Then every eigenvalue » with Re X <0 of the Schridinger operator
H, considered acting in L,(R"), satisfies

[ReA"™ <C(n,r)|all;lIblly, (3.9)
where C(n,r)=(4m) ™" (1= 2r~Hyre=22p(1 —nr=hy.

The following estimate is especially worthy to be mentioned. For related results

see [20] (cf. also the estimate conjectured, but for the case of Hilbert space L,(R"),

by Laptev and Safronov [19], and the discussion undertaken in this respect in [9];
see Remark 1.6 [9]).

COROLLARY 3.3. Let y>0if l<p<n and 2y >p—n if p>n. Suppose

q¢€ Ly+n/2(Rn)'
Then every eigenvalue A with Rei <0 of the Schridinger operator H, considered act-

ing in L,(R"), satisfies

IRe/\IV§C(n,y)/|q(x)ly+”/2dx, (3.10)
R)l

where

1 2.1 n(y+n/2—1)/2 y+n/2
o= () )

(4mr)n/? y+n/2 y+n/2

Proof. Tt suffices to let r =2y +n in (3.9) and take a(x)=|q(x)|'/?, bx)=
(sgng(x)|q(x)['/2, where sgn g(x)=q(x)/|g(x)| if ¢(x)#0 and sgn q(x)=0 if
q(x)=0. O

Frank [11] also obtains a result similar to that already mentioned by Corollary
3.3, but for the case of the Hilbert space L»(R?) and with restriction 0 <r <3/2.
The proofs in [11] are based on a uniform Sobolev inequality due to Kenig et al.
[18].

Another type of estimates can be obtained directly from (3.9) by involving decay-
ing potentials. So, for instance, if we take a(x)= (I + |x|>)~%/2 and b(x) = (1 +
1x|)7/?q(x) with tr >n, then a € L,(R") and,

lalll =="/T ((zr —n)/2) /T ((tr)/2).
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In view of Corollary 3.2, the following result holds true.
COROLLARY 3.4. Suppose
(14 1xH%g € Ly (R,

where tr>n, and r>n if l <p<n and p<r <oco if p>n. Then every eigenvalue
with Red <0 of the Schrodinger operator H, considered acting in L,(R"), satisfies

|ReAl™ < C(n, r, 7) / 0+ kD20 dx, (3.11)
er

where
Ci(n,r,v)=167)""*1 = 2r"HY""=22rA —nr="Y'T((rt —n)/2)T (rr/2).

It stands to reason that estimates of type (3.11) can be given choosing other
(weight) functions, used frequently for diverse proposes, as, for instance, e?*!, |x|”
eI, ef‘x|2, etc. We cite [11] (see also [24] and [25] for some related results involv-
ing weight functions as in Corollary 3.4).

Remark 3.5. The estimate (3.2) can be improved up to a factor (AaA,gAy/)” if in
proving of Theorem 3.1 it would be used the sharp form of Young’s convolution
inequality due to Beckner [3], where A,, Ag and Ay/ are defined in accordance

with the notation Apz(pl/f’/p,l/l’ Y12 1If it turns out that AaA/gAy/ <1 as, for

instance, in case 1 <a, B,y <2, one has indeed an improvement of (3.2). So, it
happens in the case of a Schrodinger operator considered in the following exam-
ple.

EXAMPLE 3.6. Let p=2, and suppose g € L,(R"). Put r =5=2n, and let a(x)=
lg()1Y2, b(x) =q(x)/|qg(x)|'/2. Then, by (3.9), for eigenvalues A with Rei <0 of
H there holds

|ReA| < Cligll? (3.12)

with a constant C depending only on n, namely, C =4"'(1 —n~1)"~1. However, in
this case, e=n/(n+1) and B=y =2n/(n+1), hence the estimate (3.12) also holds
true with the constant C=n(1 —n)"~1/(n+1)"*! provided that

n )(n+l)/2

2
AgAgA NV'=— —
(aﬁy) (n+1

Jn
as is easily checked. Obviously, AaAlgAy/ <.
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2. In the previous argument somewhat it was involved the heat kernel associated
to the Laplacian on R”. In fact, it could be equivalently used the kernel

h(x, y: 1) = (dmt) 2 R4 2, (3.13)

representing the (one-parameter) semi-group e /(0 <t < 0o). More exactly, e~'Ho
is represented by the integral operator with the kernel (3.13), i.e.,

(e oy (x) = (4mr) "2 / e P () dy, 1> 0. (3.14)
Rn
The arguments similar to those used in proving Theorem 3.1 can be applied to
obtain (under suitable conditions) the estimate

I Be"H0 Au)l, < (drr) ™2 @2 la|, bl llullp, e LyRM).

Then, from the formula expressing the resolvent R(A; Hy) as the Laplace trans-
form of the semi-group e~ ' (see, for instance [13]), i.e.,
o0
R(\; H0)=/e“e*'”0 dt, Rer<0, (3.15)
0

we can further estimate

o0
IBR(A; Hp)A| < / e®eMr) e A dr
0

o0
< @) a2 all, al)s / 17 e gy
0
< (4) "2 @2 Re A 712 T (1 —n /2 ) |all, 1blls,
1.e.,
IBR(.; H)All < (4m)™"/% o=/% | Re |71 F/2% T (1 —n/2a ) |lall, I1blls,

and, thus, we come to the same estimate as in (3.2).
3. The next result concerns evaluation of the imaginary part for a complex
eigenvalue A of H.

THEOREM 3.7. Let 1 < p <oo, and let g =ab, where a € L,(R"),be L;(R") for
r,s satisfying 0 <r <oco, p<s<o0, rl —s_1:1—2p_1, 2-1 —p_1 <rl<i1-—
p~Vand r=Y 457V <2n=1. Then, for any complex eigenvalue 1 with Imx#0 of the
Schrédinger operator H, considered acting in the space L,(R"), there holds

| Tm A|% < @m)*~'T (@) llall, |5, (3.16)

where a=1—n(r—! +s‘1)/2.
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Proof. The proof will depend upon a modification of the argument used in prov-
ing the previous result. Instead of (3.15), it will be used the formula expressing the
resolvent R(A; Hy) as the Laplace transform of the operator-group e /o (—oo <
t <00), namely

o
R(; Ho)zi/e"“e*””o dr (3.17)
0
if, for instance, Im A > 0. First, we estimate the norm ||Be™ /"0 A| and then using
the formula (3.17) we will derive estimation for Im A (we preserve notations made
above).

As is known (cf., for instance, [15,22], Ch.IX), for a fixed real 7, e~/*H0 represents
an integral operator with the heat kernel (cf. (3.13))

h(x, y:it) = (dmit) ™"/ 2e~ WP /4t
Writing
(e*“”ﬂAu)(x)=(4mt)*"/2e*'xlz/4"’/e*"<x’>'>/2fe*'y'2/4"’a(y)u(y)dy, (3.18)
Rn

we argue as follows.
We already know that

lAullg <llal ull,, B~ =r""4p.

It follows that for any u € L,(R") the function v defined by v(y) =e’|y|2/4”a(y)
u(y) belongs to Lg(R"), and

lvllg < llall-llullp- (3.19)
Further, the integral on the right-hand side in (3.18) represents the function
(27)"20(x /2t), where © denotes the Fourier transform of v. According to the

Hausdorff—Young theorem (see, for instance, [4], Theorem 1.2.1), the Fourier trans-
form represents a bounded operator from Lg(R") to L g (R") with 1 <8 <2, and

its norm is bounded by (2n)_"/2+”/5/, ie.,
1911 < @)™ /ZH 7P v . (3.20)
It follows that v e L g (R™) and, since

(e—itHOAu)(x) — (47‘[1'1‘)_"/26_'”2/4”(Zﬂ)n/zﬁ(x/zt),
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the function e "0 Ay belongs to L g (R™). Moreover, in view of (3.19) and (3.20),

1/
||e_”H0AM||ﬁ/:(47Tt)_n/2(2]'[)n/2 /|ﬁ(X/2t)|ﬁ dx

— (rn) 2P0 o)
< @)y e @y )
< ()20 al, ull,,
so that
lle™""0 Aull < @rty ™2 a), ul,, we L, (RY).

1 1 1

On the other hand, since r ! —s~'=1—-2p~!, and since B~'=r—14p~!, one
has s~ 4+ ~!'=p~! that guarantees the boundedness of the operator of multipli-
cation B regarded as an operator acting from L P (R™) to L,(R"™). Moreover,

1Bvll, <lblslivly, veL,®,
It is seen that for any u € L,(R") the element Be~"'0 Au belongs to L,(R"), and
| Be~ "o Aul|, < (4 t) "2 E Ya), bllsllully,  ue L,(RY).

Now, we apply (3.17) and for Im X >0, we find

o
IBR(A; HO)A””pS/e’(lm“’llBe*"’HoAu||pd;
0
[e¢)
§(4n)—;1/2+n//3 ||a||r||b||s||M||p/t_n/2+"/ﬁ e—(ImM)r 4,
0

Next, we observe 1—n/2+n/,3/ = that was assumed to be positive, and thus
we can apply the formula (3.7), due to which, we have

o0
/ /2B =M 4 — (Im 2) =T (a).
0

Therefore,
IBR(A: Ho)All < (4m)*~ ' (Im 1)~ “T (@) la||- |b]ls-
For an eigenvalue A of H, it should be

1< @m)* dma) =T @) lal 1b]s,
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that is (3.16).
The estimate for the case Im A <0 is treated similarly coming from the formula

0
R(; Ho)z—i/e"“e*”’ofdz, Ima <O.
o

O

Notice that if » =s in Theorem 3.7, it must be only p=2 and r > n. For this
case, we have the following result.

COROLLARY 3.8. Let r>n, and suppose q € L,p(R"). Then any complex eigen-
value ) with Im)\ #0 of the Schrodinger operator H defined in the space L,(R"™)
satisfies

T A =7 < @) ™" T (1 =n/r)llq |l - (3.21)

For the particular case, when r =2y +n, we have the following result (an anal-
ogous result to that given by Corollary 3.2).

COROLLARY 3.9. Let y >0 and suppose that q € L, ,2(R"). Then for any com-
plex eigenvalue A with Im A #0 of the Schrodinger operator defined in Ly(R") there
holds

2 y+n/2
| Im Al < (47)~"/2T (ﬁ) / lg )Y/ dx. (3.22)
er

Remark 3.10. The estimate given by Theorem 3.7 can be improved upon a con-
stant less than 1. The point is that in proving Theorem 3.7 it can be applied the
sharp form of the Hausdorff-Young theorem which is due to K. I. Babenko [2]
(see also W. Beckner [3] for the general case relevant for our purposes). Accord-
ing to Babenko’s result estimation (3.20), and hence (3.16) as well, can be refined
upon a constant less than 1, namely

191l < @)~ >HF Ajwll,

where A:(,Bl/ﬁ/ﬁ/l/ﬂ/)"/z. It is always A <1 provided of 1 < <2, and it is strictly
less than 1 if B is chosen such that 1 <8 <2. The same concerns estimate (3.21)
and (3.22).

4. The norm evaluation for the operators BR(A; Hy)A for A € C\[0,00) can be
carried out representing the resolvent of Hy in terms of the Fourier transform.
Namely, it can use the following equality

BR(\: H))A=BF~'R(x; Hy)FA, (3.23)
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where it is denoted
R(x; Ho)= FR(A; H)F ™!

(F, F~! denote the Fourier operators). Clearly, Rﬁo) represents the multiplica-
tion operator by (|&>—A1)~!, i.e.,

RO Hpi6)= (&2 —0)~'a), &eR".

On L,(R™), the mentioned relations are obviously true. However, we will use them
for the spaces L,(R") with p#2, as well, preserving the same notations as in the
Hilbert space case p=2.

As before, by assuming that a € L, (R") and be L;(R") (0 <r, s <00), we choose
B>0 and y >0 such that

lAullg <lall, lullp, B'=r"t4+p7!, (3.24)
IBvll, <blls lvll,, pl=s"'4+p~L (3.25)

According to the Hausdorff-Young theorem, if 1 < <2, the Fourier transform
F represents a bounded operator from Lg(R") to L g (R™) the norm of which is

bounded by (271)_”/2*”/3/, ie.,
IFfly <Q@m)™" 2 £ . (3.26)

The same concerns the inverse Fourier transform F~! considered as an operator
acting from Ly/ (R") to L,(R"). If 1 < y' <2, that is equivalent to 2 <y <oo0, we
have

IF~glly < @)™ gl (3.27)
Now, we take «, 0 <« < oo, such that
yl=al4 g7, (3.28)

equivalently, « ! =r~! 4+ 5!, and evaluate the L,-norm of the function A(-; 1)
defined by

hE =g -1 geRrn.

For a # 00, we have

0 gn—1

(0.¢]
IIh(';)»)Hg:/IISIZ—Mf‘)’d%:/ / p" o2 =" dp de?
Rn
o0

=mes(S"’1)/x)”*llp2 — 7% dp,
0
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where mes($"~')=27"/2/T'(n/2) is the surface measure of the unit sphere §"~! in
R”". Therefore,

o0
I 1 =22/ T 2) [ 577117 = 007 do. (3.29)
0

If, we are particularly interesting in estimation of negative eigenvalues, we let
that ReX < 0 and evaluate the integral in (3.29) as follows. First, we observe
that

l0* ="' < (p* —Ren) ™,
and then by setting p%=t, we obtain

nn/2| RC)L|_‘X o tn/2—1 q
t.
I'(n/2) (IReA|~lr+ 1)
0

[ICP]
By supposing « >n/2, the formula ([12], 3.194.3.)
o0
xu—l d "B R, R 0
/(1+ﬂx)“ x=p (v —p), largB| <, ev>Reu>
0

(B(x,y) denotes the beta function), can be applied. We get
IAC: g <2 /2)~ [ReA" > *B(n/2. 0 —n/2),
or, in view of the functional relation between beta and gamma functions,
1h(; )18 <72 Re A>T (a—n/2)/ T(@). (3.30)

Thus, for a >n/2, the function A(-; A) belongs to the/sr&ce Ly (R™) and, since
(3.28), it follows that the operator of multiplication R(A; Hy) is bounded as an
operator acting from L g (R™) to Ly/(R”), and, due to of (3.30), there holds

IRG: Ho) f 1, <7/ Re A" ~1 (D@ —n/2)/ T (@)™ £l (3.31)
In this way, we obtain (cf. (3.24)—(3.27), (3.31))
IBR(A: Ho)Al| < 2m)~"/*x" | Re A"/ ** =1 (D(ar = n/2)/ T (@) /“I|all,[Ib]]s.
Therefore, for an eigenvalue A of H, it should by fulfilled
1< @)~ | Re "2 N (D@ —n/2)/ T @) |lall- 5]
or, equivalently,

| Re 2|1 772% < (4) =" 2(C (@ —n/2)/ T @) || all, 15 (3.32)
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In the extremal case o = oo, that is only happen if r =s=o0 (recall that «~! =
r~1 4571, there holds

I7(; M) lloo = sup |1£]> — 2]~ <sup(p? —Rer) ' =|Rer|™!,
gcRn >0

ie.,
IAC: M) oo < | Re| ™"
In accordance with this evaluation, one follows
IReA| <lallocllblloos (3.33)

a natural estimate for eigenvalues occurred outside of the continuous spectrum of
Hy by bounded perturbations.

Note that, the restriction 1 < g <2 is equivalent to 2~ ! —p~l <, <1 - p~1,
while 1< y/ <2 to 27! +p_1 <51 §p_1, and o >n/2 to rl4sl<2n L.

We have proved the following result.

THEOREM 3.11. Let 1 <p<oo, and let g=ab, where a€ L. (R"), beLy;(R") for
r,s satisfying 0 <r <oo, 0<s <00, -1 p_1 <rl<i1- p_l, —2-1 +p‘1 <
sV <p! and r='+5s7' <2n=1. Then, for any eigenvalue » with Reir <0 of the
Schrodinger operator H, considered acting in the space L,(R"), there holds

|Re A2 <C(n, )all® [Ib]%, (3.34)

where C(n, o) = 4n)"*T(a—n/2)/T (@), a=@F""+s~H~L
For r =s =00 there holds (3.33).

For the particular case n=1,p=2 and r=s=2, one has «a=1 and C=1/2,
hence, in view of (3.34), the following estimate

o0
|Rex|1/zs%nvn1 =% / V(o) dx (3.35)
—00
holds true for any eigenvalue A of H with Rei <0.

The obtained evaluation (3.35) corresponds to the well-known result of L. Spruch
(mentioned in [16]) concerning negative eigenvalues of the one-dimensional self-
adjoint Schrodinger operator considered in Lp(R). For other related results, see
[1,7-9,19,24].

Theorem 3.11 implies more general result (cf. also Corollary 3.3).
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COROLLARY 3.12. Let y >0 for n>2 and y >1/2 for n=1. If g€ L,,1,p(R"),
then every eigenvalue ) with Rel <0 of the Schrodinger operator H defined in
Lo (R™) satisfies

_ I'(y)
Re |’ < (4n "/2—/ X) 72 dx. 3.36
| |" < (4m) Ty +1/2) lg (x)] (3.36)
Rll
A rigorous evaluation of the integral on the right-hand side of (3.29) leads

to more exact estimates for the perturbed eigenvalues. To this end, we let A =
[1]e??(0 <6 <27) and put p?=|Ar|t. Then

o o0
n—1 1 tn/2—l
/p—dp=—|/\|”/2—“/ dr.
[p2 — Al 2 (t2 =2t cosf +1)*/2
0 0

If n/2 <a, it can be applied the formula ([12]; 3.252.10.)

o0
n—1
/ e ol dx=2sint)" Y M (v +1/2)B(w, 2v — /,L)Pll/j;ul/z(cost)
0

2xcost+ 1)

(—m<t<m, O<Rep<Re 2v),

where P} (z)(—1<z<1) denote for the Gegenbauer polynomials ([12]; 8.7-8.8). As
a result we have

IAC; M e =72 022 (0, 0, 6), (3.37)

where

_ l/a
I(n,a,9):(2Sin9)1/2_1/2“(r(a/2+1/2)F(a n/2) 1/2—a/2 (—COSG)) 7

() n/2—a/2—1/2
and hence
IBR(; Ho)Aull p, < (4r) ™2 0" (n, o, 0) llall, 1Dl s 1l »

(note that (—n/2+n/B)+ (—n/2+n/y)+n/2a =—n/2a).
Therefore, we obtain the following result.

THEOREM 3.13. Under the same assumptions as in Theorem 3.11 for any eigen-
value A € C\[0, 00) of the Schriodinger operator H, considering acting in the space
L,(R"), there holds the estimation

M* 2 < Cn, o, 0) [lall 1512, (3.38)
where C(n,a,0) = 4m) "2 (n,a,0)* and I (n,w,0) as in (3.37).
Remark 3.14. The estimate (3.34) and, of course, (3.38) as well can be improved

upon the constant AgA /(= (51/'3)//1/)’//,3/1/'3/)/1/”)”/2) due to the sharp form of
the Hausdorff-Young theorem [2] (cf. Remark 3.10).
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4. Polyharmonic Operators

We will extend the estimates established previously to the operators of the form
H=(=A)"+q

in which (the potential) g is a complex-valued function, and m is an arbitrary pos-
itive real number. Unperturbed operator

Hy=(~2)"

can be comprehend, as

(Hou) (x) = / P agE)e ) d
R?

defined, for instance, in L>(R") on its maximal domain consisting of all functions
u € Ly(R") such that Hou € Ly(R") (or, what is the same, 0 determined by 0(§) =
|E|2" (&) belongs to Lo(R™)); &t denotes the Fourier transform of u. Hy can be
treated upon a unitary equivalence (by the Fourier transform) as the operator of
multiplication by |&[*".

In the space L,(R") (I < p <oo) the operator H can be viewed as an elliptic
operator of order 2m defined on its domain the Sobolev space Wﬁ’”(R”). As in
preceding sections, we assume that the potential ¢ admits a factorization g = ab
with a, b for which conditions (2.2), (2.3), but with 0 <v < p,K and O<p < p(m—«)
for some 0 <k <m, and (2.4) are satisfied. Under these conditions, the opera-
tor (—A)" +¢q admits a closed extension H, let us denote it by H, 4, to which
the approach for the evaluation of perturbed eigenvalues proposed in Section 2 is
applied.

Thus, to obtain estimation for the norm of BR(A; Hy)A (the operators A, B are
defined as in previous subsections), we can use the relation (3.23), where

ROv Hya(€) = (&2 =) i), £eR"

The arguments used in proving Theorems 3.11 and 3.13 can be applied, and as
is seen we have only to evaluate, for appropriate o >0, the Ly-norm of the func-
tion A, (-; A) defined by

hmE 0 =€ =0"", EeR".
For any «,0 <o <00, we have

d%‘ 2 n/2 o n—1

T P
hp (V)%= = dp.
2N R[Hsvm—w Ca/2 ) 1o =
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Writing A = [A[e’? (0 <6 < 27) and making the substitution p>” =|A|r, we obtain

1 nf2m—a e tn/Zm—l d
p=—=—|r|""" t
/|p2m Ma 2m| | /(t2—2tcosf9+1)"‘/2
0

Assuming n/2m < a, we apply again the formula ([12]; 3.252.10.), and obtain
Hence,

n/2
T(n/2) 2m

1
172 (5 212 = — AP (0, @, 0), (4.1)

where

In(n, o, 0) = Q2sin0)*>~1 2T (0/2 4 1/2) Bn/2m, = n/2m) P, /5“7 | (—cos).

Collecting all evaluations, we obtain the following result.

THEOREM 4.1. Let 1 <p<oo,m>0, and let g=ab, where ac L, (R"), be Ly(R")
for r, s satisfying 0 <r <00, 0<s <00, 21— p_l <r~l<1 —p_l, —2-1 +p_1 <
sl <p=l and r=' +57' <2m/n. Then, for any eigenvalue % € C\[0, o) of the oper-
ator Hy, 4, considered acting in L,(R"), there holds

A* 2 < Cnm, o, 0) [lall (1B, 4.2)

where C(n,m, o, 0)=41)""2(mT (n/2))  ny(n, o, 0), ILu(n,o,0) is determined as
in (4.1), and o= (s 7L

As a consequence of Theorem 4.1, we have a result analogous to that given by
Corollary 3.12.

COROLLARY 4.2. Let y >0 for n>2m and y >1—n/2m for n <2m. If g €
Ly injpm(R"), then every eigenvalue ) € C\[0,00) of the operator H,,, defined in
Lo(R™) satisfies

|A|V§C(n,m,a,9)/|q(x)|”+"/2m dx, 4.3)
Rn
where C(n,m,«a,0) is as in (4.2).

Remark 4.3. Similarly, as for estimates (3.34) and (3.38), the estimate (4.2) and
hence (4.3) can be improved upon the constant Ag Ay/ (see Remark 3.14).
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5. Schrodinger Operators with Potentials of Weak Lebesgue’s Classes

The methods used above for the evaluation of perturbed eigenvalues are avail-
able under slightly weakened conditions involving potentials belonging to weak
Lebesgue’s spaces. For we consider a Schrodinger operator H generated by —A +
q(x), written as a product ¢ =ab, however, with a € L, ,,(R") and b € L, ,,(R")
(we will use L,, to denote the so-called weak L,-spaces). Recall that the weak
L, (R") space consists of all measurable almost everywhere finite complex-valued
functions on R” such that

Il £ llr.00 s=sup(e" A s (1)/" < 00,
t>0

where A denotes the distribution function of | f|, namely,
) =p(xeR":[f(x)|>1}), 0<t<oo,

(u 1s the standard Lebesgue measure on R"). The weak L,-spaces are confined on
the more general so-called Lorentz classes L, ,(R")(0 < p <o0,0<r<00) (see, e.g.,
[4]) which will be also needed. We define L, ,(R") to be the space of all measur-
able functions f on R” for which

d
Hﬂ&pf/ﬂMVW”%<w.

Rn

Note that L, (R")=L,(R"), and it will be convenient to let Lo ,(R") = Lo (R")
0<r=<o0).

As before we let A, B to denote the operators of multiplication by a, b, respec-
tively. In view of ae L, ,,(R") and b e L, ,,(R"), as was assumed, we can apply a
result of O’Neil [21] due to which there can be chosen 8 >0 and y >0 such that
the multiplication A to be bounded from L, ,(R")(=L,[R")) to Lg ,(R") and,
respectively, B to be bounded from L, ,(R") to L, ,(R") and, moreover,

IlAullg,p <Clallywlully,, B =r"'+p7!, (5.1)
and
IBull, <Clblls.wllvlly.p, pl=s14+yL (5.2)

Note that in (5.1) and (5.2), the constants in general are distinct, but depending
only on r, p and s, p, respectively. Further, following notations made in the Sec-
tion 3, for A € C\[0, co) we let

hEN=(EF -0, EeR".

It was shown that for « >n/2 one has h(-; A) € Ly (R"), and for its norm there
holds (3.37). Then, by applying the just mentioned result of O’Neil [21] the opera-
tor of multiplication by &(-; 1), that is, R(x; Hp), is acting boundedly from L s p(R”)
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to L, ,(R") provided that (3.28). Besides, by interpolation, the Fourier operator F
is in turn bounded from Lg ,(R") to Lﬁ/’p(R") for 1 <B <2, and its bound is less
than (27)~"/2/6'C, € being a constant depending only on r and p. Similarly,
F~!is a bounded operator acting Ly/.p(R") to L, ,(R") for 2<y <oo, its bound
is less than (27)~"/2*"/7 ¢, where ¢ is a constant depending only on s and p. Con-
sequently, the resolvent operator R(A; Hy)(=F _lRﬁo)F ) represents a bounded
operator from Lg ,(R") to L, ,(R") and, moreover,

IR(x; Ho) flly.p < CI(n, a, )AL,

where I(n, «, 0)(0:=argh,0<6 <2m) is as in (3.27) and ¢ being a constant depend-
ing on r,s and p. Therefore, in view of (5.1) and (5.2), we have

IBR(.; Ho) Al < CI(n, a, )AL~ ally.001B]ls.00,

and, in this way, for any eigenvalue A € C\[0, co) of the Schrodinger operator H,
we obtain the following estimate

M2 < CT(n, 0, 0) || oo llBls.c0- (5.3)

where C ia a constant depending only on p,r and s.
We have proved the following result.

THEOREM 5.1. Let p,r,s be as in Theorem 3.1, and suppose q =ab, where a €
Ly w(R") and b e Ls,,(R"). Then, any eigenvalue ) € C\[0, 00) of the Schridinger
operator H, considered acting in the space L,(R"), satisfies (5.3).

By similar arguments it can be evaluated eigenvalues for the polyharmonic oper-
ator Hy, , discussed in Section 4. For this case there holds the following result.

THEOREM 5.2. Let 1 <p<oo,m=>0, and let g=ab, where a € L, ,,(R") and b e
Lsw(R"™) with r and s restricted as in Theorem 4.1. Then, for any eigenvalue X €
C\[0, o0) of the operator H,, 4, considered acting in L,(R"), there holds

X2 < Cly(n, o, 0)|al|, 1161 (5.4)

s,w?

where C is a constant depending on n, p,r and s and I,,(n, o, 0) is determined by

(4.1).

The following result is a version of that given by Corollary 3.3 for polyharmonic
operators with weak Lebesgue’s classes potentials.
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COROLLARY 5.3. Let y >0 for n>2m and y >1—n/2m for n <2m. If q €
Ly ynjomw®?), then every eigenvalue ) € C\[0, 00) of the operator Hy, 4, considered
acting in L,(R"), satisfies

M < Cln(n, o, 0) sup(t? /27,4 (1)). (5.5)

>0

Proof. In (5.4), we let r=s=2y +n/m and take a(x)=|q(x)|'/%, b(x) = (sgnq(x))
lg(x)|'/%. Then, a =r/2=y +n/2m and also
1/2

”r,w,

lallrw=1blls,w=1lql

172

V20w =1lgll, ), we have

and since ||g

+n/2
MY <Cly,(n, «a, 9)||Q||)}:+Z;2Z,w

that is, the desired estimate (5.5). O
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