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Abstract. In this paper, we apply the theory of Chern–Cheeger–Simons to construct canon-
ical invariants associated to an r -simplex whose points parametrize flat connections on a
smooth manifold X . These invariants lie in degrees (2p − r − 1)-cohomology with C/Z-
coefficients, for p> r ≥ 1. This corresponds to a homomorphism on the higher homology
groups of the moduli space of flat connections, and taking values in C/Z-cohomology of
the underlying smooth manifold X .
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1. Introduction

Suppose X is a smooth manifold and E is a smooth complex vector bundle on X
of rank n. Consider a smooth connection ∇ on E . The Chern–Weil theory defines
the Chern forms Pp(∇2, . . . ,∇2), of degree 2p and for p≥ 1. Here, Pp denotes a
GLn-invariant polynomial of degree p such that Pp(∇2, . . . ,∇2) = tr(∇2) and ∇2

denotes the curvature form of the connection form ∇ (see Section 2.1). The Chern
forms are closed and correspond to the de Rham Chern classes cp(E)∈H2p

dR(X,C).
These are the primary invariants of E , and are independent of the connection. In
particular when ∇ is flat, i.e. when ∇2 =0, the Chern–Cheeger–Simons theory [3],
[2] defines cohomology classes

ĉp(E,∇)∈ H2p−1(X,C/Z(p)),

for p≥1. These are the secondary invariants of (E,∇). These invariants are known
to be rigid in a family of flat connections, when p≥ 2 [2, Proposition 2.9, p. 61].
In other words, the cohomology class remains the same in a variation of flat con-
nections.
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The proof of the rigidity is obtained by looking at the eta-differential form:

ηp := p ·
∫

I

Pp

(
d
dt

∇t ,∇2
t , . . . ,∇2

t

)
·dt. (1)

The difference of the Chern–Simons differential character ĉp(E,∇1)− ĉp(E,∇0)

is just the linear functional defined by the degree (2p−1)-form ηp (see [2, Propo-
sition 2.9, p. 61]). This form also gives the rigidity of the Chern–Simons classes for
flat connections, in degrees at least two.
Kontsevich asked whether the eta-form is related to certain liftings in Chow the-

ory. Later, Simpson remarked that these should provide maps on the higher homo-
topy groups of the moduli space MX (n) of flat connections.
We investigate these remarks and thoughts in this paper. We are motivated

by Karoubi’s simplicial invariants in [8, p. 68], where he considers sequences of
smooth connections on a smooth vector bundle. His construction provides maps
on the homology groups of moduli space of connections and takes values in the
cohomology of the underlying manifold. The maps are provided by transgression
of Chern–Weil forms and using integration along fibres of differential forms.
We would like to extend his methods, to obtain suitable maps on homology of

moduli space of flat connections, by applying the Chern–Simons theory and inte-
gration along fibres.
Integration along fibres on differential cohomology have been defined by sev-

eral authors, see [4,6]. In our situation, we need to apply for the projection X ×
�r → X , r ≥ 1. However, X × �r is a manifold with boundary and corners. Baer
and Becker (see [1]) have defined ’integration along fibres’ on differential coho-
mology for manifolds with boundary and Becker has adapted their proof to the
projection X × �r → X . These constructions, however, seem inadequate, for our
purpose. Hence, we restrict the range on degrees where the pushforward on odd-
degree C/Z-cohomology could be applied. We make this precise as follows.

In Section 4.1, we first consider the simplicial set D(E) associated to a smooth
vector bundle E on X . Denote q :�r × X → X the projection onto the second fac-
tor X , where �r is the standard r -real simplex. Consider a general connection D̃
on q∗E over �r × X . These may be organized into a simplicial set D(E). Namely,
the r -simplices of this simplicial set are connections over �r × X , and the face
maps are given by restriction (degeneracies given by pullback).
Denote Zr (D(E)) the cycles in this simplicial set, i.e. formal sums of simplices

whose boundary is zero.
Using methods similar to [8, Section 3], we deduce the following.

THEOREM 1.2. There is a non-zero homomorphism on the group of cycles Zr (D(E))

of D(E), for r ≥1:

ρr :Zr (D(E))→
⊕
p>r

Ĥ2p−r (X). (2)
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When the points of an r -simplex parametrize flat connections, then the above
construction yields a well-defined Chern–Simons class, see Proposition 4.4. We
apply the pushforward map on the C/Z-cohomology of X × �r , to obtain well-
defined classes,

CS(D̃)p,r ∈ H2p−r−1(X,C/Z(p))

when r < p.
In turn, the homomorphism in (2) restricts and descends on the homology

groups Hr (MX (n)) of moduli space MX (n) of rank n flat connections, and takes
value in C/Z-cohomology. More precisely, we have:

THEOREM 1.2. There is a non-zero homomorphism, for r ≥1:

ρ′
r : Hr (MX (n))→

⊕
p> r

H2p−r−1(X,C/Z(p)).

We briefly explain the construction of the maps ρr and ρ′
r .

We consider a smooth connection D̃ := t0D0+· · ·+ tr Dr , with
∑

ti =1 and ti ≥0,
on q∗E . Here, q : X ×�r → X is the first projection and �r is an r -simplex with
vertices D0, . . . , Dr .
To define the map ρr , we consider the integration of Chern forms, denoted by

T P(D̃)p,r :=
∫

�r

Pp(D̃
2, . . . , D̃2).

This is a (2p− r)-differential form on X . We now want to obtain a well-defined
canonical lift of this form, as a differential character on X .

We start by defining a (2p− r − 1)-form ω(D̃)p,r on X , and which satisfies the
identity:

dω(D̃)p,r =−
r∑

i=0

(−1)rω(D̃i )p,r−1 − (−1)2p−r−1T P(D̃)p,r .

See (11).
This identity helps us to obtain a canonical lift of T P(D̃)p,r as a well-defined

differential character on X , if we replace D̃ by a cycle in D(E). However, to obtain
a map on homology of moduli space of flat connections, we note that the simpli-
cial set D(E) approximates the moduli space of smooth connections, and the above
computations are carried over a sub-simplicial set associated to relatively flat con-
nections.
The details are provided in Section 5.
The above constructions could also be carried out replacing the Chern forms by

GLn-invariant polynomial forms.
In the final Section 6, we extend the Cheeger–Simons question on rationality of

above maps.
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2. Preliminaries: Original Chern–Cheeger–Simons Theory

Suppose X is a smooth (finite dimensional) manifold, and E is a smooth complex
vector bundle on X . Our aim is to construct a canonical lifting of the differential
form (1), in the differential cohomology, defined by Cheeger and Simons in [2]. We
start by recalling the original constructions.

2.1. CONVENTIONS

Denote by Z(p) the subgroup of C generated by (2π i)p. For each subgroup L of
C, set

L(p)= L ⊗Z Z(p).

The isomorphism Z → Z(p) that takes 1 to (2π i)p induces a canonical isomor-
phism

H ·(X,Z)→ H ·(X,Z(p)). (3)

The pth Chern class of a complex vector bundle lies in H2p(X,Z(p)) which is the
image of the usual topological Chern classes, under the isomorphism given by (3).

Suppose (E,∇) is a complex vector bundle of rank n with a connection on X .
Then the Chern forms

ck(E,∇)∈ A2k
cl (X,Z)

for 0 ≤ k ≤ rank (E), are defined using the universal Weil homomorphism [3, p.
50]. There is a GLn-invariant, symmetric, homogeneous and multilinear polyno-
mial Pk of degree k in k variables on the Lie algebra gln such that if � is the cur-
vature of ∇ then ck(E,∇)=Pk(

−1
2π i �, . . . , −1

2π i �). Here, Pk are defined as follows;

det(Ir + x)=1+ P1(x)+ P2(x)+· · ·+ Pr (x), x ∈gln(C).

When xi = x for each i , then Pk(x, . . . , x) = trace(∧k x) (see [5, p. 403]); however,
the wedge product here is taken in the variable C

n , not the wedge of forms on
the base. If x is a diagonal matrix with eigenvalues λ1, . . . , λr then Pk(x, . . . , x)=∑

I λi1 . . . λik . We can also express Pk in terms of the traces of products of matri-
ces. In this expression, the highest order term of Pk is the symmetrization of
Tr(x1 . . . xk) multiplied by a constant, the lower order terms are symmetrization’s
of Tr(x1 . . . xi1)Tr(. . .) . . . Tr(xia+1 . . . xk), with suitable constant coefficients.

Remark 2.1. The following constructions and proofs also hold if we replace the
polynomial Pp by any GLn-invariant polynomial of degree p, in particular we
could also take the polynomial which gives the pth Chern character term.



COHOMOLOGICAL INVARIANTS OF FLAT CONNECTIONS 135

We recall the convention on forms, from [3, p. 50]: denote
∧k,l

(E), k-forms on
E taking values in gl⊗l

n . We have the usual exterior differential

d :
k,l∧

(E)→
k+1,l∧

(E).

If φ ∈∧k,l
(E), ψ ∈∧k′,l ′

(E), then define

φ ∧ψ ∈
k+k′,l+l ′∧

(E),

φ ∧ψ(x1, . . . , xk+k′)

=
∑

π shuffle
σ(π)φ(xπ1, . . . , xπk )⊗ψ(xπk+1, . . . , xπk+1 , . . . , xπk+k′ ).

If P is a GLn-invariant polynomial of degree l and φ ∈∧k,l
(E). Then P(φ)= P ◦φ

is a real valued k-form on E . The following identities hold:

P(φ ∧ψ ∧ρ)= (−1)kk
′
P(ψ ∧φ ∧ρ),

d(P(φ))= P(dφ),

P(φ ∧ψ ∧ρ)= (−1)kk
′
P(ψ ∧φ ∧ρ).

Here, φ ∈∧k,l
,ψ ∈∧k′,l ′

, ρ ∈∧k′′,l ′′ .

2.2. PRELIMINARIES

[2]: Suppose X is a smooth manifold and (E,∇) is a flat connection of rank n on
X . Recall the differential cohomology:

Ĥ p(X) := {( f, α) : f : Z p−1(X)→C/Z, ∂( f )=α,α is a closed form and integral valued}.

Here, Z p−1(X) is the group of (p−1)-dimensional cycles, and ∂ is the coboundary
map on cochains. The linear functional ∂( f ) is defined by integrating the form α

against p-cycles, and it takes integral values on integral cycles.
In [2], the functional f is R/Z-valued. We could also take C/Z-valued function-

als, since we hope that our applications will utilise C/Z-characters.
This cohomology fits in an exact sequence:

0→ H p−1(X,C/Z)→ Ĥ p(X)→ Ap
Z
(X)cl →0. (4)

Here, Ap
Z
(X)cl denotes the group of closed complex valued p-forms with integral

periods.
Given a smooth connection (E,∇) on X . The Chern forms cp(E,∇) are degree

2p-differential forms on X . Let Pp denote the degree p polynomial defining the
p-Chern form, i.e. cp(E,∇) := Pp(∇2, . . . ,∇2) (see Section 2.1). Here, ∇2 denotes
the curvature form, and we say that ∇ is flat if ∇2 is identically zero.
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We recall the following construction, to motivate the construction of tertiary
classes in the next section.

THEOREM 2.2 [2] . The Cheeger–Simons construction defines a differential charac-
ter, for any smooth connection (E,∇):

ĉp(E,∇) ∈ Ĥ2p(X), p≥0.

Moreover, if ∇ is flat then

ĉp(E,∇) ∈ H2p−1(X,C/Z(p)).

This is the same as the Chern–Simons class CSp(E,∇).

Proof. Let Pp denote the degree p, GLn-invariant polynomial, defined in Section
2.1. The curvature form of ∇ is 
 :=∇2. The Chern form in degree 2p is given as
Pp(
, . . . ,
). The Chern–Weil theory says that the Chern form is closed and that
it has integral periods. Hence, it gives an element in the group A2p

Z
(X)cl . Now use

the universal smooth connection [9], which lies on a Grassmannian G(r, N ), for
large N . The differential cohomology of G(r, N ) is just the group A2p

Z
(X)cl , since

the odd-degree cohomologies of G(r, N ) are zero. Hence, the differential character
ĉp is the Chern form of the universal connection. The pullback of this element via
a classifying map of (E,∇) defines the differential character ĉp(E,∇)∈ Ĥ2p(X).

Suppose ∇ is flat, i.e. 
=0. Then the Chern form Pp(
, . . . ,
)=0. Hence, the
differential character lies in the group H2p−1(X,C/Z(p)).

3. Pushforward of Chern–Simons Forms

3.1. RIGIDITY OF CHERN–CHEEGER–SIMONS CLASSES AND THE ETA-FORM

As in the previous section, suppose (E,∇) is a smooth connection on a smooth
manifold. Suppose γ := {∇t }t∈I is a one parameter family of smooth connections
on E and ∇ =∇0. Here, I := [0,1] is the closed unit interval.

The family {∇t }t∈I gives us a family of differential characters:

ĉp(E,∇t ) ∈ Ĥ2p(X)

for p≥1 and t ∈[0,1].
The difference of the differential characters when t = 0 and when t = 1 is given

by the following variational formula.

PROPOSITION 3.1. With notations as above, we have the following equality:

ĉp(E,∇1)− ĉp(E,∇0) = p ·
1∫

0

Pp

(
d
dt

∇t ,∇2
t , . . . ,∇2

t

)
dt

for p≥1.
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Proof. See [2, p. 61, Proposition 2.9].

In particular, if {∇t }t∈I is a family of flat connections then the degree (2p−1)-
form

ηp := p ·
1∫

0

Pp

(
d
dt

∇t ,∇2
t , . . . ,∇2

t

)
dt (5)

is identically zero, when p≥2. This implies that

ĉp(E,∇1) = ĉp(E,∇0).

This gives the rigidity of Chern–Simons classes

CSp(E,∇1) = CSp(E,∇0) ∈ H2p−1(X,C/Z) (6)

whenever p≥2.

3.2. CANONICAL INVARIANTS LIFTING THE DIFFERENCE OF CHERN–SIMONS

CLASSES

We motivate our constructions by looking at the following situation.
Recall the coefficient sequence:

0→Z(p)→C→C/Z(p)→0.

The associated long exact cohomology sequence is given by:

→ Hk(X,C/Z(p))→ Hk+1(X,Z(p))→ Hk+1(X,C)→ Hk+1(X,C/Z(p))→ .

Suppose k + 1= 2p, and (E,∇) is a flat connection then the Chern–Simons class
CSp(E,∇) is a canonical lifting of the (torsion) integral Chern class cp(E). Here,
we note that the de Rham Chern class cp(E,∇) ∈ H2p(X,C) is identically zero,
for p ≥ 1. We noticed in proof of Theorem 2.2, that the differential cohomology
is introduced as an intermediate object in the above cohomology sequence where
the canonical invariants lie and they lift the de Rham Chern form.
Suppose k+1=2p−1, and we are given a path of flat connection γ := {∇t }t∈I .

The difference of Chern–Simons classes, using the rigidity formula in (6), gives us

CSp(E,∇1) − CSp(E,∇0) = 0 ∈ H2p−1(X,C/Z(p)).

This difference is characterised by the eta-form ηp, in (5). Hence, we would like
to construct a canonical lifting in H2p−2(X,C/Z(p)), via differential characters.
The differential character should be a canonical lifting of the eta-form ηp, upto
an exact form. We do not write a formula for the lift but rather consider suitable
lifting of closely associated forms T Pp, which we will define in the next section.
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3.3. INTEGRATION ALONG FIBRES

Suppose π : X × T → X and E is a vector bundle on X . Suppose 
̃ is a smooth
connection on π∗E , T is a smooth compact manifold of dimension r or the stan-
dard r -simplex �r . Then there is a map given by integration along the fibres

B : Ak(X ×T )→ Ak−r (X), α �→
∫

T

α. (7)

Similarly, there is a map (given by proper pushforward)

B : Hk(X ×T,C/Z)→ Hk−r (X,C/Z). (8)

We note that the above two maps in (7), (8) give a differential character B̂( f̂ )
on X for a differential character f̂ on X × T , under some conditions on T . See
[1], [4, Proposition 2.1].

However, in our situation T is an r -simplex and X × �r is a manifold with
boundary and corners, and the maps on differential cohomology defined by above
authors seem inadequate. Hence, we restrict to an appropriate range where the
Chern forms on X ×�r vanish identically, and we need to only apply the map in
(8).

3.4. STOKES’ THEOREM

We recall Stokes’ theorem, which we will use in proof of Theorem 4.3.
Suppose π : X ×T → X is the first projection and r =dim(T ) (as in previous sec-

tion). If η is a degree q-differential form on X × T then Stokes’ theorem asserts
the following:

d
∫

T

η =
∫

T

dη− (−1)q−r
∫

∂T

η. (9)

4. (Co)Homological Invariants of the Simplicial Set of Flat Connections

4.1. SIMPLICIAL SET D(E) OF SEQUENCE OF FLAT CONNECTIONS

We start with the approach of Karoubi [8].
Now suppose we form the simplicial set D(E) formed by sequences of flat con-

nections, under the Gauge group transformation. We would like to understand the
topology of D(E), in terms of giving suitable maps on homology groups of D(E).
Given E on X , we associate a simplicial abelian group M∗: let Mr be the free

abelian group generated by the sequences (D0, D1, . . . , Dr ) where Di are smooth
flat connections on E . If φ : [s]→[r ] is an increasing function, the map

φ∗ :Mr →Ms
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is defined by

φ∗(D0, . . . , Dr )= (∇0,∇1, . . . ,∇s)

with ∇ i := Dφ(i). The gauge group G of automorphisms of E acts on M∗ as fol-
lows:

φ∗(D0, . . . , Dr ) · g= (g∗D0, g∗D1, . . . , g∗Dr ).

The quotient N∗ := M∗/G is also a simplical abelian group. We denote Hr (E) the
homology groups of N∗.
We pose the following question:

QUESTION 4.1. Is there a non-zero group homomorphism, for each r ≥1:

ρp,r :Hr (D(E))→ Ĥ2p−r (X).

This question is motivated by the following computations.
Let �r be the standard r -simplex with the variables t = (t0, t1, . . . , tr ) such that

t =∑r
i=0 ti . Let D̃ be the connection

D̃ := t0D
0 + t1D

1 +· · ·+ tr D
r

on q∗E , where q :�r × X → X is the second projection.
For r ≥1 and r ≤ p, denote

T P(D̃)p,r :=
∫

�r

Pp(D̃
2, . . . , D̃2).

This is a differential form of degree 2p− r on X .
We recall the following formula (see [8, Theoreme 3.3, p. 67]):

dT P(D̃)p,r =−
r∑

i=0

(−1)i T P(D̃i )p,r−1. (10)

When r =1, then we have

dT P(D̃)p,1 = cp(D
1)− cp(D

0).

This is the difference of Chern forms. Since D0 and D1 are flat connections, the
Chern forms are zero. In other words, T P(D̃)p,1 is a closed form.
When r >1, it is not immediate that the form T Pp,r is a closed form, unless all

T Pp,r−1 are zero or cancel out (using (10)). To rectify this situation, we define a
canonical differential character lifting T P(D̃)p,r , in the next subsection.
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Remark 4.2. Referee’s remarks: It is a very interesting idea that we could approx-
imate a general family of connections by simplicial connections of the form given
above, i.e. of the type: let �r be the standard r -simplex with the variables t =
(t0, t1, . . . , tr ) such that t =∑r

i=0 ti . Let D̃ be the connection

D̃ := t0D
1 + t1D

1 +· · ·+ tr D
r

on q∗E . Here, q :�r × X → X is the second projection. If the D j are flat there is
no guarantee that their linear combinations will be flat, and poses some problems
in applying it directly in Theorem 5.1. If they are flat and nearby, then the linear
combinations will be approximately flat, so this should give a nice way of approx-
imating some integrals.

We now proceed to answer Question 4.1, partly.
We consider a general connection D̃ on q∗E over �r × X . These may be orga-

nized into a simplicial set D(E). Namely, the r -simplices of this simplicial set are
connections over �r × X , and the face maps are given by restriction (degeneracies
given by pullback).
We denote D̃i the restriction of D̃ on the ith face of �r × X . We consider this

simplicial set, so as to directly obtain the required map on homology of moduli
space of flat connections, in Theorem 5.1.
We note that the formula in (10),

dT P(D̃)p,r =−
r∑

i=0

(−1)i T P(D̃i )p,r−1

holds for a general connection D̃ over �r × X . The computation given in [8, The-
oreme 3.3, p. 67] remains valid for D̃, which is an application of Stokes’ theorem.

4.2. HIGHER HOMOTOPY MAPS

Denote Zr (D(E)) the group of r -cycles of the simplicial set D(E), i.e. to say for-
mal sums of simplices whose boundary is zero.
Then we have the following:

THEOREM 4.3. With notations as in previous subsection, and when p>r ≥1, there
are well-defined maps

ρp,r :Zr (D(E))→ Ĥ2p−r (X).

Proof. With notations as in Section 4.1, we define the ‘fibre integration’ element
of the differential character of (q∗E, D̃), on X :

̂T P(D̃)p,r = (tp(D̃)p,r ,T P(D̃)p,r )



COHOMOLOGICAL INVARIANTS OF FLAT CONNECTIONS 141

This element is well-defined if tp(D̃)p,r : Z2p−r−1(X) → C/Z(p) is a degree (2p−
r −1) cochain whose coboundary is the cochain corresponding to the degree (2p−
r) form T P(D̃)p,r . In particular, we will show that if σ is a cycle in D(E), then
the differential character T̂ P(σ ) lifting the associated differential form T P(σ ) is
well-defined.
For this purpose, we now write

tp(D̃)p,r : Z2p−r−1(X)→C/Z(p)

as the map c′ �→∫
c′ ω(D̃)p,r , for a canonical form ω(D̃)p,r ∈ A2p−r−1(X), such that

dω(D̃)p,r =T P(D̃)p,r (upto certain forms depending on the r −1-faces of �r ).
We proceed to define the form ω(D̃)p,r .
When r = 1, we can make this explicit by choosing a path ψs := {D̃s} of 1-

simplices associated to length one sequences, such that when s = 1, ψ1 = D̃ and
when s=0, ψ0 = D̃0. Here, D̃0 is the trivial 1-simplex. Then define, when p>1:

ω(D̃)p,1 :=
∫

I

T P(D̃s)p,1 =
∫

I

∫

I

Pp(D̃
s, . . . , D̃s).

By Stokes’ theorem (see (9)), we have

dω(D̃)p,1 =T P(D̃)p,1 −T P(D̃0)p,1 =T P(D̃)p,1.

In fact when p> r ≥1, we similarly define:

ω(D̃)p,r :=
∫

I

T P(D̃s)p,r

where ψs := {D̃s} is a path of r -simplices, where ψ1 = D̃ and ψ0 is the trivial r -
simplex.
Recall that the ith face of the r -simplex D̃s is denoted by D̃s

i , which is an (r −
1)-simplex. Then notice, by Stokes’ theorem (9),

dω(D̃)p,r =
∫

I

dT P(D̃s)p,r − (−1)2p−r−1[T P(D̃)p,r −0]

=−
∫

I

r∑
i=0

(−1)i T P(D̃s
i )p,r−1 − (−1)2p−r−1T P(D̃)p,r , use (10)

=−
r∑

i=0

(−1)i
∫

I

T P(D̃s
i )p,r−1 − (−1)2p−r−1T P(D̃)p,r .

Hence, the following identity holds:

dω(D̃)p,r =−
r∑

i=0

(−1)iω(D̃i )p,r−1 − (−1)2p−r−1T P(D̃)p,r . (11)
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Hence, given a (2p− r −1)-cycle c on X , if we denote

< c, D̃> :=−
∫

c

ω(D̃)p,r

then we have the equality:

< c,∂D̃>=−
∫

c

r∑
i=0

(−1)iω(D̃i )p,r−1

=
∫

c

dω(D̃)p,r + (−1)2p−r−1T P(D̃)p,r , use (11)

=−
∫

∂c

ω(D̃)p,r +
∫

c

(−1)2p−r−1T P(D̃)p,r , by Stokes’ theorem

=−<∂c, D̃>+
∫

c

(−1)2p−r−1T P(D̃)p,r .

Now replacing D̃ by a σ , which is a finite linear combination of r -simplices D̃,
we deduce:
1. If σ is a cycle in D(E) then the singular cochain c �→< c, σ > has cobound-

ary (−1)2p−r−1T P(σ )p,r on X . In other words, it corresponds to the differential
character (< ., σ >, (−1)2p−r−1T P(σ )p,r ) (see following proof).
2. If σ is a boundary σ =∂σ ′, then the singular cochain c �→<c, σ > is equal to

< c,∂σ ′ >=−<∂c, σ ′ >+
∫

c

(−1)2p−r−1T P(σ ′).

If c is a cycle and if the integral is zero then the quantity on the right-hand side
is zero.
Hence, from 1, we obtain a group homomorphism on the group of r -cycles of

the simplicial set D(E) as follows:
for p> r ≥1, define

ρp,r :Zr (D(E))→ Ĥ2p−r (X)

σ �→ (< ., σ >, (−1)2p−r−1T P(σ )p,r ).

This is well-defined since the coboundary on group of cochains C ·(X) on X ,

∂ :C2p−r−1(X)→C2p−r (X)

fulfils, by 1:

∂(< ., σ >)=
∫

−
(−1)2p−r−1T P(σ )p,r .
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Since the Chern forms Pp(D̃s, . . . , D̃s) over �r × X have integral periods, the forms
T P(D̃s)p,r also have integral periods, and are closed forms when D̃s is replaced by
a cycle σ .

To deduce a corresponding map on homology of moduli space of flat connec-
tions, we first note the following proposition. In particular, the integral in 2 above
will vanish and the map ρp,r will descend on the homology.
When r < p, it was pointed by P. Deligne that we could apply integration along

fibres, directly on H2p−1(�r × X,C/Z(p)), since the Chern forms of D̃ vanish in
this range. We make this precise as follows.

PROPOSITION 4.4. (Deligne) Assume for each fixed t as above, the connection D̃t

is a flat connection. (In particular, this assumption will hold when �r is an r -simplex
mapping into the moduli space MX (k) of rank k flat connections on X .) Then there
are well-defined cohomology classes, for r < p:

CS(D̃)p,r ∈ H2p−r−1(X,C/Z(p)).

Proof. Consider the degree p, GLn-invariant polynomial Pp (see Section 2.1).
By assumption, for each t ∈�r , D̃t is flat and hence for p>r ≥1, the pth Chern

form

Pp(D̃
2, . . . , D̃2)=0.

Locally, this is easy to check since each term of this form will have a dx ∧dx .
Hence, we can apply the pushforward map (see (8)) on the Chern–Simons class

CSp(q
∗E, D̃)∈ H2p−1(�r × X,C/Z(p)),

to obtain a well-defined class

CS(D̃)p,r ∈ H2p−r−1(X,C/Z(p)).

Remark 4.5. The hypothesis in above proposition is same as saying that a connec-
tion D̃ over �r × X →�r is relatively flat. We note that in the above situation the
form T P(D̃)p,r is zero, in particular the integral in 2 (in proof of Theorem 4.3)
is zero. This property will enable us to descend the restriction of the map ρr in
Theorem 4.3, to the homology of simplicial set parametrizing flat connections.

5. Cohomological Invariants of Moduli Space of Flat Connections

Suppose MX (n) denotes the moduli space of flat connections of rank n, on X .
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Here, MX (n) is the topological type of Artin stack (see [10]), of space of isomor-
phism classes of rank n representations of the fundamental group of X . Equiva-
lently, the cohomology in the following statements, will mean the equivariant coho-
mology of the representation space, for the conjugation action of the group by
choice of frames.
We recall the Chern–Simons theory on X and the rigidity property of the

Chern–Simons classes in (6). The rigidity property of the Chern–Simons classes
can be thought of as giving a map:

π0(MX (n))→
⊕
p≥2

H2p−1(X,C/Z(p)),

on the connected components of the moduli space MX (n).
We would like to express the construction of the higher order invariants asso-

ciated to a variation of flat connections (see previous section), as a map on the
higher homology groups of the moduli space.
As a consequence of Proposition 4.4 and Theorem 4.3, we obtain the following

map, on the homology groups of MX (n).

THEOREM 5.1. There is a group homomorphism, for r ≥1:

ρ′
r :Hr (MX (n))→

⊕
p>r

H2p−r−1(X,C/Z(p)).

Proof. Consider the simplicial set S :=S(MX (n)) associated to the moduli space
MX (n). This means, for each r ≥0, we have

Sr := { f :�r →MX (n)}
together with the usual face operators di and degeneracy operators si , for 0≤ i ≤n,
satisfying the simplicial identities.
We now relate the homology of S with the homology of D(E) from Section 4.1.

If D(E) f l ⊂D(E) denotes the sub-simplicial set of relatively flat connections D̃ on
�· × X then there is an induced map

Zr (D(E) f l)→Zr (D(E))

on the group of r -cycles of D(E) f l .
Composed with the map in Theorem 4.3, we obtain a map:

ρp,r, f l :Zr (D(E) f l)→ Ĥ2p−r (X).

Using 2 in proof of Theorem 4.3, we have: if σ is a coboundary in D(E) f l , i.e.
σ =∂σ ′, then the singular cochain c �→< c, σ > is equal to

< c,∂σ ′ >=−<∂c, σ ′ >+
∫

c

(−1)2p−r−1T P(σ ′). (12)
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If c is a cycle and if the integral is zero then the quantity on the right-hand side
is zero.
By Remark 4.5, when r < p, the form T P(D̃)p,r is identically zero, for a rela-

tively flat connection D̃ over �r × X → X . This implies that for a coboundary σ =
∂σ ′ in D(E) f l , the associated form T P(σ ′) is identically zero. This is same as say-
ing that ρp,r, f l(σ )= 0. Hence, by (12), we conclude that the map ρp,r, f l descends
on the homology Hr (D(E) f l).
For f ∈Sr , there is a projection π :�r × X → X , together with a universal con-

nection ∇̃ on π∗E , such that ∇̃t is a flat connection for any t ∈�r .
Using arbitrary connections and the associated simplicial set D(E), we note that

the map Hr (D(E) f l)→Hr (S) is an isomorphism, which is the same as the homol-
ogy Hr (MX (n)) of the moduli space MX (n). Hence, we deduce a map

ρ′
r :=⊕p>rρp,r, f l :Hr (MX (n))→

⊕
p>r

Ĥ2p−r (X). (13)

However, using Proposition 4.4 and Remark 4.5, we note that the (2p − r)-
degree form

T P(D̃)p,r = 0

whenever 1≤ r < p and D̃ parametrises flat connections.
This implies that the map ρ′

r in (13) actually maps into the C/Z(p)-cohomology,
i.e. ρ′

r factorises as follows:

ρ′
r :Hr (MX (n))→

⊕
p>r

H2p−r−1(X,C/Z(p))

whenever 1≤ r < p.

We refer to ρ′
r , as the higher order Cheeger–Simons invariants, in degree r .

6. Questions on Rationality of (Higher) Cheeger–Simons Invariants

Recall, that when r =0, and X is a smooth manifold we have the map:

ρ0 :π0(MX (n))→ H2p−1(X,C/Z(p)).

Cheeger and Simons [2], raised the following question:

Question 1 Since the moduli space of representations has countably many con-
nected components, are the classes

ĉp(E,∇) ∈ H2p−1(X,C/Z(p))

torsion? i.e, takes value in Q/Z, whenever p≥2.
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For reasonable smooth manifolds X , the homology groups of MX (n) are count-
ably generated, and hence the above question can be extended as follows:

Question 2 When r ≥1 and r < p, does the image of the map ρr lie in the torsion
subgroup of C/Z(p)-cohomology of X?

We note that when X is a smooth complex projective variety, Question 1 (i.e.
when r = 0) was answered positively by Reznikov [11], and partial results in the
quasi-projective case were obtained by Simpson and the author [7].
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