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Abstract. In a recent paper, Pandharipande, Solomon and Tessler initiated a study of the
intersection theory on the moduli space of Riemann surfaces with boundary. The authors
conjectured KdV and Virasoro type equations that completely determine all intersection
numbers. In this paper, we study these equations in detail. In particular, we prove that the
KdV and the Virasoro type equations for the intersection numbers on the moduli space of
Riemann surfaces with boundary are equivalent.
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1. Introduction

Denote by M, , the moduli space of smooth complex algebraic curves of genus g
with n distinct marked points. In [2], Deligne and Mumford defined a natural com-
pactification M, , C/Vg,,, via stable curves (with possible nodal singularities). The
moduli space ﬂg,n is a nonsingular complex orbifold of dimension 3g —3+n.

A new direction in the study of the moduli space /\_/lg,n was opened by Wit-
ten [9]. The class y; € H? (ﬂg,n; (C) is defined as the first Chern class of the line
bundle over M, , formed by the cotangent lines at the ith marked point. Intersec-
tion numbers (i, 7, . . . T, ); are defined as follows:

c ky . k k
(Tklszujkn)g::/i LRSS VA
Mg,n

The superscript ¢ here signals integration over the moduli of closed Riemann sur-
faces. Let us introduce variables u, g, 11, t3, ... and consider the generating series

u2g72

F(tg, t1,...;u):= Z P Z (Tkl'ka~-~Tk,1>;tk1tk2~~-tk,,~

g=0,n>1 kyeeiskn =0
2g—24n>0
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Witten ([9]) proved that the generating series F€ satisfies the so-called string equa-
tion and conjectured that the second derivative % is a solution of the KdV hier-
archy. Witten’s conjecture was proved by Kontsevich (5D-

There is a reformulation of Witten’s conjecture due to Dijkgraaf, Verlinde and
Verlinde ([4]) in terms of the Virasoro algebra. They defined certain quadratic dif-
ferential operators L,, n>—1, and proved that Witten’s conjecture is equivalent to

the equations

L, exp(F¢) =0, (1.1)

that are called the Virasoro equations. The operators L, satisfy the relation
[Ln, Lnl=(0n—m)Lyim.

In [8], the authors initiated a study of the intersection theory on the moduli
space of Riemann surfaces with boundary. They introduced intersection numbers
on this moduli space and completely described them in genus 0. In higher genera,
the authors conjectured that the generating series of the intersection numbers satis-
fies certain partial differential equations that are analagous to the string, the KdV
and the Virasoro equations. In [8], these equations were called the open string, the
open KdV and the open Virasoro equations.

The open KdV equations and the open Virasoro equations provide two different
ways to describe the intersection numbers on the moduli space of Riemann sur-
faces with boundary. It is absolutely non-obvious that these two descriptions are
equivalent and it was left in [8] as a conjecture. The main purpose of this paper is
to prove this conjecture. We show that the system of the open KdV equations has
a unique solution specified by a certain initial condition that corresponds to the
simplest intersection numbers in genus 0. The main result of the paper is the proof
of the fact that this solution satisfies the open Virasoro equations. This proves that
the open KdV and the open Virasoro equations give equivalent descriptions of
the intersection numbers on the moduli space of Riemann surfaces with bound-
ary.

1.1. WITTEN’S CONJECTURE AND THE VIRASORO EQUATIONS

In this section, we review Witten’s conjecture and its reformulation due to Dijk-
graaf, Verlinde and Verlinde.

One of the basic properties of the generating series F¢ is the so-called string
equation ([9]):

2

oF¢ oF° 1
—_—= ] — + —. 1.2
Bty g " o, + 2u? (1.2
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1.1.1. KdV equations

Witten conjectured ([9]) that the generating series F¢ is the logarithm of a tau
function of the KdV hierarchy. In particular, it means that it satisfies the following
system:

41 PFC PFC OFC +183F" PFe L] P Fe
2 3o, O Orddtu—y 2 O3 Otod-1 8 Attty

n>1. (1.3)

Moreover, Witten showed ([9]) that the KdV equations (1.3) together with the
string equation (1.2) and the initial condition F€¢|, _y=0 uniquely determine the
power series F°€.

1.1.2. Virasoro equations
The Virasoro operators L,,n>—1 are defined as follows:

it en—2i—1) &

2i +2n+ D! u? =
L= 2L 00 s, v
" IZ(;‘ 2n+1(2i — 1)”( bl Otin Wi 2 = 2n+l Ot Oty —1—i
1 1
+5n,_12 3 +8n.0— 6

They satisfy the commutation relation

[Ln, Linl= (0 —m)Lyqp. (1.4)
The Virasoro equations say that

Lyexp(F)=0, n>-1. (1.5)

For n=—1, this equation is equivalent to the string equation (1.2).

Dijkgraaf, Verlinde and Verlinde ([4]) proved that Witten’s conjecture is equiva-
lent to the Virasoro equations. To be precise, they proved the following. Suppose
a power series F satisfies the string equation (1.2) and the KdV equations (1.3).
Then, F satisfies the Virasoro equations (1.5). We review the proof of this fact in
Appendix A.

1.2. MODULI OF RIEMANN SURFACES WITH BOUNDARY

Here, we briefly recall the basic definitions concerning the moduli space of Rie-
mann surfaces with boundary. We refer the reader to [8] for details.

Let A eC be the open unit disk, and let A be its closure. An extendable embed-
ding of the open disk A in a closed Riemann surface f: A— C is a holomorphic
map which extends to a holomorphic embedding of an open neighborhood of A.
Two extendable embeddings are disjoint, if the images of A are disjoint.
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A Riemann surface with boundary (X, 0X) is obtained by removing a finite pos-
itive number of disjoint extendable open disks from a connected compact Riemann
surface. A compact Riemann surface is not viewed here as Riemann surface with
boundary.

Given a Riemann surface with boundary (X, 0X), we can canonically construct
the double via the Schwartz reflection through the boundary. The double D(X, 9X)
of (X,0X) is a closed Riemann surface. The doubled genus of (X, 0X) is defined
to be the usual genus of D(X, 0X).

On a Riemann surface with boundary (X, 0X), we consider two types of marked
points. The markings of interior type are points of X\9X. The markings of bound-
ary type are points of 0X. Let M, s, denote the moduli space of Riemann sur-
faces with boundary of doubled genus g with & distinct boundary markings and !/
distinct interior markings. The moduli space M, x; is defined to be empty unless
the stability condition 2g —2+4k 42/ >0 is satisfied. The moduli space Mg, is a
real orbifold of real dimension 3g —3+k +21.

The psi-classes ; € HZ(Mg,k,l; C) are defined as the first Chern classes of the
cotangent line bundles for the interior markings. The authors of [8] do not con-
sider the cotangent lines at boundary points. Naively, open intersection numbers
are defined by

o
<ralta2...ra,ok>g::/M vt (1.6)
8.kl

To rigorously define the right-hand side of (1.6), at least three significant steps
must be taken:

e A natural compactification M, x; C Mg, must be constructed. Candidates
for M, k., are themselves real orbifolds with boundary Mg i ;.

e For integration over Mg,kyl to be well-defined, boundary conditions of the
integrand along (’)ﬂg,k’l must be specified.

e Problems with an orientation should be solved, since the moduli space M, i,
is in general non-orientable.

The authors of [8] completed all these steps and rigorously defined open intersec-
tion numbers in genus 0. Moreover, they obtained a complete description of them.
In higher genera, even though open intersection numbers are not well-defined, the
authors of [8] proposed a beautiful conjectural description of them that we are
going to recall in the next section.

1.3. OPEN KDV AND OPEN VIRASORO EQUATIONS

In this section, we review the KdV and the Virasoro type equations from [§8] for
the open intersection numbers (1.6).
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Introduce one more formal variable s and define the generating series F° by

ug—l 0 X

LN k
Fo(to, t1,...,8,u):= E o E <ra1 e TqO > ta, . ta,S".
mn g

g,k,[>0 ar,...,a;>0
2¢—2+k+21>0

First, the authors of [8] conjectured the following analog of the string equation
(1.2):

OF° OF° |
= il —— . 1.7
o > i e (1.7)

i>0

They call it the open string equation. The authors also proved that the following
initial condition holds:

S3
F0|t21:0=u—1 (€+IOS). (1.8)

1.3.1. Open KdV equations

The authors of [8] conjectured that the generating series F¢ satisfies the following
system of equations:
2n+19F°  QF° OF° PFO w?OF° PFC u’ PFC
— =U—— +u + = 4 a2 ’ nz= L.
2 o/ Os Ot,_1 Os Oty —1 2 Ory Oryot,—1 4 8[08tn_1

(1.9)

They call these equations the open KdV equations. It is clear that the open KdV
equations (1.9), the initial condition (1.8) and the potential F¢ uniquely determine
the series F°. On the other hand, the existence of such a solution is completely
non-obvious and we will prove it in this paper.

1.3.2. Open Virasoro equations

In [8], the authors introduced the following operators:

+1

TosntT T T4 " gy =
These operators satisfy the same commutation relation as the operators L,:
[ﬁn»ﬁm]:(n_m)£n+m- (110)

In [8], the authors conjectured the following analog of the Virasoro equations

(1.5):
Lyexp(F°+F)=0, n>-—1. (1.11)
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Clearly, equations (1.11), the initial condition F°|; g :u_l% and the potential F¢

completely determine the series F°.

1.4. MAIN RESULT

Here, we formulate two main results of the paper.

THEOREM 1.1. 1. The system of the open KdV equations (1.9) has a unique
solution that satisfies the initial condition (1.8).

2. This solution satisfies the following equation:
OF° 1 (OF°\* 1PF°  &F°

—ul = i T 1.12
Bs "‘(2(%) *3 a2 * o2 (12

THEOREM 1.2. The series F° determined by Theorem 1.1 satisfies the open Vira-
soro equations (1.11).

1.5. BURGERS-KDV HIERARCHY AND DESCENDANTS OF s

In Section 3, we will construct a certain system of evolutionary partial differential
equations with one spatial variable. It will be called the Burgers—-KdV hierarchy.
We will prove that the series F° determined by Theorem 1.1 satisfies the half of
the equations of this hierarchy. The remaining flows of the Burgers—-KdV hierarchy
suggest a way to introduce new variables s, 52, ... in the open potential F°. These
variables can be viewed as descendants of s. We hope that our idea can help to
give a geometrical construction of descendants of s, at least in genus O.

1.6. OPEN KDV EQUATIONS AND THE WAVE FUNCTION OF THE KDV HIERARCHY

In the work [1], that appeared while this paper was under consideration in the
journal, we observed that the open KdV equations are closely related to the equa-
tions for the wave function of the KdV hierarchy. Using this observation our orig-
inal proof of Theorem 1.1 can be simplified. We discuss it in Section 3.7.

1.7. ORGANIZATION OF THE PAPER

In Section 2, we recall some basic facts about evolutionary PDEs with one spatial
variable and give a slight reformulation of Witten’s conjecture.

In Section 3, we construct the Burgers—-KdV hierarchy and prove that it has a
solution for arbitrary polynomial initial conditions. We also construct a specific
solution of the half of the Burgers—KdV hierarchy that satisfies the open string
equation (1.7).
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Section 4 contains the proofs of Theorems 1.1 and 3.1.

In Section 5, we prove Theorem 1.2.

In Appendix A, we revisit the proof of the equivalence of the KdV and the Vira-
soro equations for the intersection numbers on the moduli space of stable curves.

2. Evolutionary Partial Differential Equations

In this section, we recall some basic facts about evolutionary PDEs with one spa-
tial variable. We also review the construction of the KdV hierarchy and give a
slight reformulation of Witten’s conjecture that will be useful in the subsequent sec-
tions. All this material is well-known. We refer the reader to the book [7] for the
details about this subject.

2.1. RING OF DIFFERENTIAL POLYNOMIALS

Let us fix an integer N > 1. Consider variables v;, 1<i<N, j>0. We will often
denote v) by v’ and use an alternative notation for the variables vi, v}, ...:
i

vl

— i AN
=V, U =V, ..

Denote by A1 2 v the ring of polynomials in the variables u, u~! and v; The
elements of A, ,~ will be called differential polynomials.
o~ 1s defined as follows:

,,,,,

,,,,,

al 0
8)(::221);“8—%.

i=1 s>0

Consider now a sequence of differential polynomials P]’f (0, vy, .. ;) €A
1 <i <N, j>0. Consider the variables v' as formal power series in x, 19, 71, . ..
with the coefficients from Clu, u~']. A system of evolutionary PDEs with one spa-
tial variable is a system of the form:

o' .

& Pl vy,...iu), 1<i<N, j>0. .1)
(91']' J

2.2. EXISTENCE OF A SOLUTION

Here, we give a sufficient condition for system (2.1) to have a solution. Let Pl ...,

,,,,,
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Denote the space of all these operators by &1 ,~. It is a Lie algebra: for o',
Q% ....,0NVe A, ,~, we have

[Vpri,...pxs Vo gv]1=Vgi gy, where R'=Vpi  pvQ'=Vp

.....

Consider an operator 0 =3, 0:9., 0 €A, . We will use the following
notation:

Let us again consider system (2.1). The following Lemma is well-known (see,
e.g., [7D.

LEMMA 2.1. Suppose that, for any i, j >0, we have [VPI

for an arbitrary initial condition v ‘t = fi(x,u), where f(x, u)e(C[x u u=l, sys-
tem (2.1) has a unique solution. !

PN,VP] ] 0. Then,

..........

2.3. KDV HIERARCHY

Consider a variable w and the ring A,. Define differential polynomials K, € A,
n >0, by the following recursion:

Ko=w,
2u?

2n+1

It is a non-trivial fact that the right-hand side of (2.2) lies in the image of the
operator 0, (see, e.g., [6]). So the recursion (2.2) determines a differential polyno-
mial K, up to a polynomial in u,u~!. This ambiguity should be fixed by the con-
dition Kp|,,—0=0.

Consider now the variable w as a power series in variables x, tq, fp, ... with the
coefficients from C[u,u~']. The KdV hierarchy is the following system of partial
differential equations:

a)cl(n =

1 1
(w8x+§wx+§3§c) Ky—1, forn=>1. (2:2)

ow

— =0 K, >1. 2.3

or, xBp n= ( )
Another form of Witten’s conjecture says that the second derivative 6;— is a

solution of the KdV hierarchy (2.3). Here, we identify x with 7. This form of Wit-
ten’s conjecture is equivalent to the form that was stated in Section 1.1 ([9]). Let
us formulate it precisely. Let w(x =ty, t1, 12, ...; u) be the solution of the KdV hier-
archy (2.3) specified by the initial condition w|,_,—o=u"2x. Let

0 0
—a—m—zfnﬂa—tn-

n>0
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It is easy to show that Sw = w2 and there exists a unique power series
2
F(to,t1,...;u) such that w:%, SF:% and F|;,—o=0. Moreover, we have ([9])
0

OPF

= Kyl 9it2
Onodty " wi=rs
0

and, therefore, F satisfies system (1.3).

3. Burgers—KdV Hierarchy

In this section, we construct the Burgers—KdV hierarchy and prove that its flows
satisfy the commutation relation from Lemma 2.1. This guarantees that the hier-
archy has a solution for arbitrary polynomial initial conditions. We also construct
a specific solution of the half of the Burgers—KdV hierarchy that satisfies the open
string equation (1.7). Finally, we discuss a relation of the Burgers—KdV hierarchy
to the equations for the wave function of the KdV hierarchy.

3.1. CONSTRUCTION

Consider an extra variable v and the ring A, ,. Define differential polynomials
Ry, Oy G»’41),11); n>0, as follows:

2u? 1 V24 1 3
Rn:2n+1 |:(§8§+vx8x+ X 7 2w Rn—1+§vxKn—l+ZaxKn—1 , for n>1;

1 T+
Qn: nl:—l (58)2(+Uxax+ i 2UXX +U)) anlv for n= 1.

We call the Burgers—pKdV hierarchy the following system:

Ov ow

_:Rn, >1; _:axKny 219
Oty "= Oty "

Ov ow

aTn=Qm n>0; (‘9_sn=0’ n=>0.

We see that w is just a solution of the KdV hierarchy. The simplest equation for

v is
Ov v)%—i-vxx
a—so—”(T“’ :
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If we put w=0, then it coincides with the potential Burgers equation (see, e.g., [7]).
In this case, the whole hierarchy reduces to the Burgers hierarchy (see, e.g., [7]).
This explains why we call the constructed hierarchy the Burgers—KdV hierarchy.

The system
v ow

— =R, >1; — =0y Kn, >1;
o, = o,

Ov v§+vxx+ ow 0
_—— w N — = U.
as "\ 2 © B

will be called the half of the Burgers—KdV hierarchy.
Another result of the paper is the following theorem.

THEOREM 3.1. Let F° be the power series determined by Theorem 1.1. Then the

pair v=F° w= % satisfies the half of the Burgers—KdV hierarchy.
0

Here we again identify x with #,.

3.2. COMMUTATIVITY OF THE FLOWS

We are going to prove the following proposition.
PROPOSITION 3.2. All operators Vg, ok, and Vo, o commute with each other.

The proof of the proposition will occupy Sections 3.3-3.5. The plan is the fol-
lowing. First, we consider the differential polynomials R; := R; ;=0 + Q;:= Qi ;=0 €
A, and show that the operators V., Vg €&, pairwise commute. We do it in Sec-
tion 3.3. Then in Section 3.4, we prove that the operators Vg, 5 k;, and Vjp, o com-
mute with Vp, o. Finally, in Section 3.5 we deduce that all operators Vg, .k, and
Vo, 0 commute with each other.

3.3. BURGERS HIERARCHY

Define an operator B by B:=0, +v,. It is easy to see that

1 1 2
z192:§c?2x+vxax+ Vit Vax.
Therefore, we have
_ 2i _ _ 2i+1 2
Ri:—_u BZ’vx, Qi: .M_ 2i Ux+vxx
Qi+ Dl 20+ 1)! 2

We can easily recognize here the differential polynomials that describe the flows of
the Burgers hierarchy (see, e.g., [7]), up to multiplication by a constant. The fact
that the operators Vg, V5, €€y commute with each other is well-known (see, e.g.,

[7D-
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3.4. COMMUTATORS [V 0 Vg, 5, k,] AND [V 0, Vo, 0]

Let

2
vi+v 8P
x . a P, = a 82+Ux

The following formulas will be very useful for us:

P .=

1
V00,0 B=ul[Py, B] +uwy, EBZZP*-FP.

Let us prove that [V, 0, Vo, 01=0 or, equivalently, Vg, 00, — Vg, 000=0. We
have

(n+u=? (V00,001 = V0,.000)
1 1
u u !
=3LP.. B*Qy-1 +5 weB+Bowy) Op1 + (532+w) (V05.0Qn-1)
u
_ E(P* OBZ)Qn_l —u (Pew) Qp—1 —uwxOx Qp—1 —uwPy Qp_1
1
= (532 + w) (VQO,O On-1— VQn—l’OQO) :

Continuing in the same way, we get

2n
u 1
V00,000 — VQ,,,OQO—( e ( +w) (V0y.000 = Vy.0Q0) =

Let us prove that [Vg, 0, Vr,.0,k,]=0. Since K, does not depend on v;, we have
V0,,00x Ky =0. Thus, it remains to prove that Vg, oR, — Vg, 0.k, Qo =0. We pro-
ceed by induction on n. So assume that Vg, oR,—1 — Vg, | 0.k, ; Qo=0.

We have

2 1
u73 nt

V0,,0Rn

1 1 5 1 3
=u Vpy.0 EB +w Rnfl‘}‘EUxanl‘FZaxanl

1 /(1

=5 (1P B 1+ wi B+ Bow, ) Ryt +u”! (§B2+w) (Voo.0Rn-1)
1

+§(axp+wx)Kn—l

1 1
=§[P*,B2]Rn_1+waRn_1+5wxan_1

1 1
+ (532+w) (PuRy1 +0c K1)+ 5 D P+ w) Ky

1 1 1
=P, ((582 —I—w) Rn_l) + zB2 (0 Kn—1) +w Kyt + 5(8XP +w)Kpy_1.



1438 ALEXANDR BURYAK

On the other hand, we have

_12n+1 1 1 3
u™ 5 VR,.0.k, Q0= Py [(EBZ-HU) Rn—1+§vxKn—1+ZaxKn—1]
2n+1
+ nt u_zaxKn.
2
Therefore, we get
32n+1 _12n+1
U= == Vo, Ry —u” VR,.0.K, Q0
1 1 2n+1 _
=w8x1(n_1+5wx1(,,_1+§8§1<n_1— U0, K, =0.

This completes our proof.

3.5. ALL COMMUTATORS
Let V; and V, be any two operators from the set {Vg, o,k }i=1 U {Vg,;.0}i=0. We
have to prove that [Vq, V2]=0. We begin with the following lemma.

LEMMA 3.3. Let [Vi, V2]1=Vp,1,. Then T,=0 and Til,,,—o=0.

Proof- Let us prove that 7, = 0. Clearly, we have to do it, only if Vi, V; €
{VR: o,k }i=1. Let Vi=Vg, gk, and V2=Vg, 5, k;. Since the differential polynomi-
als K; do not depend on v,, we have

T2: VR,-,axKiaij - VRj,aijaxKi = VaxKiaij - Vaijabe

Here, we consider the operators Vp, g, and Vp, K; as elements of the space &,. The
last expression is equal to 0, because the differential polynomials dy K; describe the
flows of the KdV hierarchy (see, e.g., [7]).

Let us prove that Ti|, _o=0. Let Ri:= R;|y,—o and 0;:= Qily,—0- We consider
the operators Vi and Vg, as elements of &,. Obviously, we have

(VoioRj)|,._o=V5,R; and (Vg,00;)|,._o=V5,0;-
Since 0y Kil,,—0=0, we get
(VRivaxKiR./)|w*:0:V§i§./ and (VRivaxKin)|w*:0:V§i éj

In Section 3.3, we showed that the operators Vg and Véj pairwise commute. Thus,
T1|y,—0=0. The lemma is proved. O

From the Jacobi identity, it follows that [Vj,.0.[Vi, V2]] =0. We have proved
that [Vy, Vo]=Vr, o, where Til,, —o. The following lemma obviously completes the
proof of Proposition 3.2.
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LEMMA 3.4. Suppose T € Ay is an arbitrary differential polynomial such that
T|y,—0=0 and [Vg, 0, Vr,01=0. Then T =0.

Proof. Before proving the lemma let us introduce several notations. A partition A
is a sequence of non-negative integers Ap,..., A, such that A; >A,>--->A,. Note
that our terminology is slightly non-standard, because we allow zeroes in A. Let
I(\):=r and |A|:=>";_, A;. The set of all partitions will be denoted by P. For a
partition A let v, := Hfg vy, and wy =Hfg Wy, .

Consider any differential polynomial Q € A, ,,. Let Q:ZMLEp d;, viw,, where
dy . €Clu, u~ 1. Let

Gr; Q= Z dj uvawy, Gr{Q:: Z da, uviwy.

I(w)=i L(u)=i
[ul=j

The equation [V, 0, Vr,0l=0 means that Vy o7 —V7r0Q0=0. Let T=>) ,cp
(=1
CpuVaWwy, Where ¢,y € Clu,u"']. We have

1
VroQo=u (vxaxT"f‘ Ea)ch) ) (3.1)
(’)vk :
Vo, 0T =u Z ZCLHT(@P#—W)U}M. 3.2)
M UEP i>0 vi

(=1

Suppose T #0. Let iy be the minimal i such that Gr;T #0. From the condition
T|w,—0=0, it follows that ip>1. Let jo be the maximal j such that Grl{) T #0.
From (3.1) it is easy to see that

Griv™2 (vr,000) = 2. cnnadiw) £0.

A UEP
Hw)=io,|l=Jjo

Y]

On the other hand, from (3.2), it obviously follows that Gri/(;°+2(VQ0,0T):O. This
contradiction proves the lemma. O

3.6. STRING SOLUTION

In this section, we construct a specific solution of the half of the Burgers—KdV
hierarchy that satisfies the open string equation.

PROPOSITION 3.5. Consider the half of the Burgers—KdV hierarchy. Let us specify
the following initial data for the hierarchy:

-2
U|t21=0,s=O:0 and wl,zlz(),sz():u X. (33)
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Then the solution of the hierarchy satisfies the open string equation

A Ztl’l+1 Ls.

n>0

We remind the reader that we identify x with 7.

Proof. Recall that §:= a? =250 tn+1 01 . We have to prove that Sv=u"'s. We
have Sw=u"2, w—% and K, = dtodt (see Section 2.3), therefore, SK, = K,,_1,
for n>1. Let us put K 1:=u"2, so the last equation is also valid for n=0.

. 3
It is easy to see that vltzlzozu’l% +u11ys. Hence,

(SV)r—o=u""s. (3.4)

For n>1, we have

ov ov
a—‘S =
- 2511 [((waax + (Sv>xvx+%<5v>”+u2) s +(%Bz+w) s 62:
1 | 3 o
+ E(SU)"K”_IJFEU"K”_2+Z&‘K”_2} — o
s [((sv) By + (S0),vs + —(Sv) )ﬂ
_2I’l+1 xUx x Ux ) xx 3tn71

(2524 w) =2 s+ L sk
27 T ) gy, Y TRt

This system together with the initial condition (3.4) uniquely determines the power
series Sv. It is easy to see that Sv=u"ls satisfies the system. Proposition 3.5 is
proved. O

3.7. RELATION TO THE WAVE FUNCTION OF THE KDV HIERARCHY

Consider the operator
L:= 8§ +2w.
Recall that the KdV hierarchy can be written in the so-called Lax form:

0 u 2n

" [t L > 1.
o, (2n+1)!![( )+ ] "=

Here, we use the language of pseudo-differential operators. We briefly review it
in [1] and we refer the reader to the book [3] for a detailed introduction to this
subject. Introduce variables f#, with n € % +Z=p and let t%+k =Sk, k€Z>p. In [1],
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we prove that the Burgers—KdV hierarchy is equivalent to the following system of
evolutionary PDEs for the functions w and ¢ =e":

0 un 1 1

=" [artiy,. L S7oy 3.5
o Qnt Dl [( D ] neShel (3.5)
0 un 1 1

P N VA Sy 271 3.6
o, "= arpn L e neqla (3.6)

Equations (3.6) coincide with the equations for the wave function of the KdV hier-
archy (see, e.g., [3]). The commutativity of the flows of the system (3.5), (3.6) is
actually well-known (see, e.g., [3])2 and thel proof is simple. Let us recall it. Con-
sider the ring Ay . Let T, := Q:Tnl)”(lzn+j)+¢€./4¢’w. We have to check that the
operators

1
Vr,.0.k, €€pw>, NE EZzl,

pairwise commute. Here we, by definition, put K, =0, for ne % +Zsp. Let m,ne
%Zzl and

(V1,00 K> VT,0.K: 1= VP, P, -

The fact that P, =0 follows from the commutativity of the flows of the KdV hier-
archy. For P; we have

Pr=Vr, 0.k, Tn = Vr1,,0.5, T
u2m+2n
T m+ DI+ D!
x ([(L'"+%)+, e R A A I [ e (L’"+%>+<L"+%>+) ¢
u2m+2n

T Qm+ DI+ D! ([(Lm+%)+’ (LH%)*L - [(LH%”’ LW%L) ¢

Since
[wh ] ==wtho ] == [arhoamhy]

we conclude that Py =0. The commutativity of the flows of the Burgers—KdV hier-
archy is proved.

4. Proofs of Theorems 1.1 and 3.1

The proof of Theorems 1.1 and 3.1 goes as follows. Let a pair (v, w) be the solu-
tion of the half of the Burgers—KdV hierarchy with the initial condition (3.3). Let
us show that the series F° =v is a solution of the open KdV equations (1.9).
Indeed, we have
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2n+1 0Ov 1 vi4v o 1 3
_u2 |:(§5‘§ +v,0x + X i +w) ) + K1+ ZaxKn—l]

2 O, 2 feo1 2
2 2 2 2
o f vitvax Ov , 0 Vi 4 Uy u u
= — v, K1 — —0 K, _
u ( ) +w) o +u o 5 +w |+ D Ux Kp—1 g Oxfn 1
ov Ov v u? 2

u
S Y Kt — 0K,
“as o Masany T Rl T g O

It remains to note that K, = g;—g; and we see that Theorems 1.1 and 3.1 are
proved.

5. Proof of Theorem 1.2

Denote by a; ; the number W Let t:=exp(F°+ F¢) and t°:=exp(F?).

To save some space we will use the subscript n for the partial derivative by f, and
the subscript s for the partial derivative by s. The proof of the theorem is based

on the following lemma.

LEMMA 5.1. We have

L B0 WF? +udy) 5T =0,
2. If n>0, then

Lyt
T

2 4 n—1
u” 2n+nN u S
4 F63ﬂ+Zzaiv”—l—iF(iiF(in—l—i
0

c
%”—(MF;HQ,)

P 2 n—1 2 2
u” 2n+ H! u u u )
+72nTF’§)F6)+7 E ai,nliF}o(EFé)ax_Zai)Fri—l—i

u? Cn4+DI 4n!

u
0 C
TS o Fo,n"‘zZai,nflfiFo,iFo,n—l—i
0
un+1 a;tJrl.L,o
4 o

(5.1)

Proof. Let us prove point 1. From the usual Virasoro equations (1.5) it follows
that

Lt OF° oF° |
=— + hyl——+u s,
o ; n+1 ar,

T 19)
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Lot 30F° 2n+1 OF° oF° 3
—_———— —_—— — .

T e P T T T

Using the open KdV equations (1.9), we get

uz [ C u C 1 [ u2 o C MZ C
= —jFo Fy o+ ZFo,o,o"‘ §t0F0 +Z[n+1 jFo Fy,— ZFO,O,n

n>0

3
+sF)+ i WF? +udyu~'s

By the string equation (1.2), the last expression is equal to zero.
Let us prove point 2. Let

i+2n+DH! 0
LD => (-8 )—,
" g(;znﬂ(zi—l)n(’ ”‘)amn

2 n—1 82

L. o ’
" 2 ;al’n ! ’8t,-8t,,_1_,-

ottt 343 o
3. _
Ln .—Mnsasn_"_l —l—Tu"@

Using the Virasoro equations (1.5), we get

Lot
ﬂ_(up;’
(1) (1)
L LMo
:L UF° +udg) ="~ (A)
T°
@ (2>
L~ t° L, t°
—i—”:—;—(uFS”—i—uas) "TO (B)
n n—1
+u D i i FEF) = w? WF +uds) D ain 1 F{Fy__; (©)
3) (3)
L7 t° L,
+”T+—1 WF 4 udy) (D)

Using the open KdV equations (1.9) and the Virasoro equations (1.5), we can
compute that

2i+2n+ 1N 2
(A)= Z““’“( ,1>( Fo0, ”az)m,

2n+1(2 I 4
1
W Qn+ ! ut
_? on+1 F(;)F'i Zal” 1- lFO(FOln 1— l+2FOl n—1— z)
—_——— ————

% *% Hokk
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w2 Qn+ Dt ut !

t T on+ Za,n 1= (F§ 0 et —i
—————

+2F01F0n 1— l+2F001 n—1— l)
—_—
L]
For expression (B), we have

n—1

(B)— Zatn i(F, ln 1+F0F0 )——(MFO-I-L{@)ZCI,,, 1—i (F? in—l— 1+F0 ,;]1 z)

1
u? 2n+ D ut =
27 on—+2 FO, _Zaln 1- ’FOIFOn 1—i

y2 =l 2 2 2

u u u- 2n+H!!
t5 Z“zn 1—i TF{)’()X—T())% Finit 5 e Fo

e N

skk (1)

W2 1 u2 ») .
SIS CYER L LA

Computing (C) in a similar way we get

n—1 2 2
5 2n+ DN ) u u
(C):u WF;F6)+M E al"n_l_l’FiL‘ ?Fé) x—zﬁi F’f 1—i-
0 ————— ——
* kokok .

It is easy to compute that

untl 8',1+1‘L'0
(D)=—"—2
T
We have marked the terms that cancel each other in the total sum (A)+(B)+
(C) + (D). Collecting the remaining terms we get (5.1). O

From the commutation relation (1.10) it follows that £, = (n 2), ad o ~2L,, for
n > 3. Thus, it is sufficient to prove the open Virasoro equations (1.11) only for
n=-1,0,1,2.

By Theorem 3.1 and Proposition 3.5, the series F¢ satisfies the open string equa-
tion (1.7). Thus, £_j7=0. By Lemma 5.1, Lot =t F? +udy) == =0,

Substituting n =0 in (5.1), we get

Lt Lot . 1 1
Tl_( uF’+u a)lzﬁ[u (F5’0+§(F5’)2+§F&0)—F;' 0.

by Theorem 1.1
1 =

Therefore, £17 =0.
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Finally, let us write equation (5.1) for n=1. We get

Lot
22 (WF tu 8)—
T

3u? c ut 3u? u? u? o u? 32
=?F0’1+16F00F00+ T FYFg + SFO 7F06X—Z

2 A
Te i+ Tg

3u

+ 3 FOoFSo— ((F;’)2 +FL). (5.2)

Denote Z£° F~ by w and F° by v. We have F, Fy=Ki= sz—i—ll—zwxx. By the open KdV
equatlons (l 9), we have

FO=u? U3+vxvxx+ +vxw—|-—
! 3 3 2

By Theorem 1.1, F{=u (v it D —i—w) Substituting these expressions in the right-
hand side of (5.2), after somewhat lengthy computations, we get zero. Hence,
L>7=0. The theorem is proved.
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Appendix A. Virasoro Equations for the Moduli of Closed Riemann Surfaces

In this section, we revisit the proof of the equivalence of the usual KdV and the
Virasoro equations for the moduli space of stable curves. There is a reason to do
it. In all papers, that we found, the proof is presented in a way more suitable for
physicists. So we decided to rewrite it in a more mathematical style and also to
make it more elementary. We follow the idea from [4].

Let F be a power series in the variables #, 71, t, ... with the coefficients from
Clu,u~"]. Suppose F satisfies the string equation (1.2), the condition F|, —o=0
and the second derivative %2[5 is a solution of the KdV hierarchy (2.3). Let us
prove that F satisfies the Virasoro equations (1.5).

Let D:= Fp o0y + 2F0,0,0 + 88)3; and w= 2F

o2 . We can rewrite the KdV equa-

tions (1.3) in the following way:
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2n+1
2

u’DFy,_1= Oy Fo.p. (A.1)
Let t:=exp (F).

LEMMA A.l. For any n>—1, we have

Lyt Lyt
u? Do, == =8§"—+1.
T T

Proof. Suppose n=—1. We have

L it 12
:_FO+Zln+1Fn+2_02,
n>0 u
Lyt 3 2n+1 1
S ZF tnFp+ —.
T > 1+ZO D n n+16
n=

From the KdV equations (A.1), it follows that

L_it
u*> Do, !

Lot 1 1
— %~ = 5D (1) = 3% 10 Fy) =0.

Suppose n>0. The operators Lfll) and Lflz) were defined in Section 5. Using the
KdV equations (A.1), we get

() (D
L)'t Lt
uzDax u —3,25 ntl
T
Qn+ D! u2 2n+ D!
Tl 2u2Fo,0F0,n"'EFO,O,O,n—(2”"'3)170»”1 T *Fo0.0
® L® i ]
Now, let us compute u2Df9x% _‘9}%%11 Recall that g; ; := W We
have
() 2n—1
L)'t u
nr :Tzai,n—i—l(Fi,n—l—i+FiFn—1—i)‘
i=0

Using the KdV equations (A.1), it is easy to compute that

2 n—1 n
u
5 |:M2 > din-i—1 DO Fip_i_i — Zai,n—ia,%Fi,n—ii|
i=0 i=0
4 n—l 2
u 1 us 2n+ H!
=—7 Zai,nfifl (F0,0.i Fo.0.n-1-i + 5 F0,0.0. Fon-1-1) = 3 oz F0.0.0m

i=0
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By the KdV equations (A.1), we have

2
u
2|:2D8 zall’lllFFnlt 62261”1 iFi Fy z:|

i=0
4n 1 3
=_Zaln i—12Fo,0Fo,i Fon—1-i + F0,i F0,0,0,n—1- ~i+ 7 Fo.0.iFo.0n-1-1)
i=0
n
2n+ D!
—u? Zai,n—iF(),iFO,nfi - MZWFO,O,OFn-
i=0
Collecting all the terms, we get
Lyt
—pp et
T
Qn+ 1! u?
=" 2’ Fo,0Fon+ = Fo.000 = @n+3) Fonti
ut = 1 u? 2n+H!
__Zaln i—1(F0,0.i F0.0.n—1-i + 5 £0,0,0.i Fon—1-i) — 3 oz F00.0n
i=0
4n 1 3
+ 2 Zaln i—1(2F0,0F0,i Fo,n—1-i + Fo,i F0,0,0,n—1- —i g Fo.0.iFo.0n-1-1)
i=0
n
—u? z ai,n—i F0,i Fon—i
i=0
Qn+ D! u? 2n+3
=" u® Fo.0Fo.n+ ?FO,O,O,n - TFO,n-H
n—1 1 1
+ut Zai,n—i—l (—gFo,o,iFo,o,n—l—i + Fo,0Fo,i Fon—1-i + ZFO,iFO,O,O,n—l—i)
i=0
n
—u? Zai,n—i Fo,i Fon—i =: Q.
i=0

Since K; = %, the series Q can be expressed as a differential polynomial in

W, Wy, Wy, - . .. From the condition K;|,, _o=0 it follows that this polynomial does
not have a constant term. Using (2.2), it is easy to compute that 9, Q =0. Thus,
Q0 =0. The lemma is proved. O

From the commutation relation (1.4), it follows that L, = ((nl)z)v ady L2, for
n > 3. Thus, it is sufficient to prove the Virasoro equations (1.1) only for n=

—1,0,1,2. Let us do it by induction on n.
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The case n=—1 follows from the string equation. Suppose n > 0. Recall that
S:= a% —2i>0 tiHa%- Using the induction hypothesis, we get
SLn‘C — S(Ly7) . (ST)ZLnT _ _Lfl(LnT) —(n+ I)Lnflt . Ly(L_17) —0.
T T T T T T

Therefore, S@x% =0. By Lemma A.l and the induction assumption, we have
8)2(% =0, hence, (Zizo tiHe)%) 0, 12T — 0. Therefore, 9,%2% € Clu, u™!]. Since

T T

S% =0, we have (Zizo ti+13%) L;r € Clu,u~']. From this, we conclude that
Ly —1 . _&F
228 eClu, u™']. Let (14 ... Ta )= T 0 |, o We have

Lot 3 1

- z*=0__§ (Tl)-i-ﬁ,

- z*:o__Z (1) + §(<7:0>+ (T0)7),

Lyt 105 3u?

2ol = () 4 T (rom) + () ().

T £:=0 8

It is easy to check that all these expressions are equal to zero. The Virasoro equa-
tions are proved.
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