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Abstract. In this chapter of Review of AdS/CFT Integrability we introduce N = 4 Super
Yang-Mills. We discuss the global superalagebra P SU (2,2|4) and its action on gauge
invariant operators. We then discuss the computation of the correlators of certain gauge
invariant operators, the so-called single trace operators in the large N limit. We show that
interactions in the gauge theory lead to mixing of the operators. We compute this mixing
at the one-loop level and show that the problem maps to a one-dimensional spin chain
with nearest neighbor interactions. For operators in the SU (2) sector we show that the
spin chain is the ferromagnetic Heisenberg spin chain whose eigenvalues are determined
by the Bethe equations.
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1. Introduction and Summary

In this chapter of Review of AdS/CFT Integrability [1], we introduce N =4 super
Yang-Mills (SYM), a gauge theory with the maximal amount of supersymmetry.1

1This chapter is a substantial extension of an earlier review [2].
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N =4 SYM was first considered by Brink et al. [3], who explicitly constructed its
Lagrangian by dimensionally reducing SYM from 10 to 4 dimensions. One of the
remarkable properties of N = 4 SYM is that it is conformal [4], meaning that it
has no inherent mass scale in the theory. Many theories are classically conformal,
namely any theory with only massless fields and marginal couplings. But N = 4
stays conformal even at the quantum level. In particular its β-function is zero to
all orders in perturbation theory, as was first conjectured in [5] when studying open
string loop amplitudes which reduce to ten-dimensional SYM in the infinite string
tension limit.

In a theory such as QCD which has a running coupling constant, there is a
natural mass scale at the crossover point from weak to strong coupling. In QCD,
this is roughly where confinement sets in and is responsible for the proton mass.
Since N =4 SYM is conformal it cannot be confining, meaning that there are no
mesons and hadrons, the physical particles in QCD. Why then should we study it?

There are several reasons. First, its large amount of symmetry leads to an under-
lying integrability, making many physical quantities analytically calculable, as many
of the chapters in this review will explain. Second, the AdS/CFT correspondence
[6–8] conjectures that N =4 Super Yang-Mills is equivalent to type IIB string the-
ory on Ad S5 × S5. This correspondence is a strong/weak duality which is normally
very difficult to confirm because when one theory is computationally under control
the other is not. However, the integrability allows us to plow forward and calcu-
late at strong coupling, thus testing many consequences of the conjecture. Third,
while QCD is not conformal, it is asymptotically free. Hence at high energies, it is
close to being conformal. Many essential features of high energy gluon scattering,
which is relevant for the LHC, can be learned by studying gauge boson amplitudes
in N =4 SYM.

There are other reasons for studying N = 4 SYM, including its conjectured
invariance under SL(2, Z) duality transformations [9–12], but they are less relevant
for integrability. Nevertheless, the three reasons stated here are hopefully enough
motivation to press on.

In the following sections, we will first describe the fields that make up N = 4
SYM, showing that they lead to a vanishing one-loop β-function. We then discuss
the symmetry algebra of N = 4. Here we define a class of operators called chi-
ral primaries whose dimensions are protected from quantum corrections. We next
describe a particular set of gauge invariant operators, single trace operators, which
are of significant importance in the large N limit. We find how the fields transform
under the symmetry algebra and from there find the chiral primaries in the sin-
gle trace operators. Using supersymmetry arguments we then show that the gauge
coupling gYM is fixed under rescalings and so the theory is conformal, even at the
quantum level.

We then compute the one-loop anomalous dimensions for a general set of single
trace operators composed of scalar fields. We show that in the large N limit where
the contributions to the anomalous dimensions are dominated by planar graphs,
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the problem is identical to computing the energies of a certain spin-chain with
nearest neighbor interactions. We then describe how the spin-chain can be gener-
alized to all single trace operators. Finally, we discuss the solutions for this spin-
chain in a particular sector called the SU (2) sector, where one finds the famous
Bethe equations.

The full description of these spin chains, including their higher loop generaliza-
tions and their solutions are deferred to later chapters of the review.

2. The Field Content and the Vanishing β-Function

The fields contained in N = 4 SYM are the gauge bosons Aμ, six massless real
scalar fields φ I , I =1, . . . ,6, four chiral fermions ψa

α and four anti-chiral fermions
ψα̇ a , with a = 1, . . . ,4. The indices α, α̇ = 1,2 are the spinor indices of the two
independent SU (2) algebras that make up the four-dimensional Lorentz algebra.
All fields transform in the adjoint representation of the SU (N ) gauge group. There
is a global SU (4)� SO(6) symmetry, called an R-symmetry, with the scalars trans-
forming in the 6, ψa

α in the 4 (raised a index) and ψα̇ a in the 4 (lowered a index)
representations of the R-symmetry algebra.

Let us use the information about the field content to rapidly show that the one-
loop β-function is zero. For any SU (N ) gauge theory, the one-loop β-function for
the gauge coupling gYM is given by [13]

β1(gYM)≡μ∂gYM

∂μ
=− g3

YM

16π2

⎛
⎝11

3
N − 1

6

∑
i

Ci − 1
3

∑
j

C̃ j

⎞
⎠ , (2.1)

where the first sum is over all real scalars with quadratic casimir Ci and the sec-
ond sum is over all Weyl fermions with quadratic casimir C̃ j . All fields in N =4
SYM are in the adjoint, hence all casimirs are N . One can then quickly see that
with six real scalars and eight Weyl fermions that β1(gYM)=0.

Going beyond one-loop, the β-function for N = 4 SYM was shown to be zero
up to three loops using superspace arguments [14]. Subsequently, it was argued
using light cone gauge that the β-function is zero to all loops [15,16]. In a later
section, we will present a different argument for why the β-function is zero to all
orders.

3. The Superconformal Algebra

The conformal symmetry, the supersymmetery and the R-symmetry of N = 4
SYM are part of a larger symmetry group. This group is known as the N = 4
superconformal group, or more formally as P SU (2,2|4). This symmetry group is
unbroken by quantum corrections and thus serves as a powerful tool by putting
significant constraints on the theory. In this section, we will review the P SU (2,2|4)
algebra and its consequences. A more detailed description is given in [17].
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P SU (2,2|4) has the bosonic subalgebra SU (2,2) × SU (4). The SU (2,2) �
SO(2,4) is the four-dimensional conformal algebra while the SU (4)� SO(6) is the
R-symmetry. The conformal algebra has 15 generators: 10 generators belong to the
Poincaré algebra which itself contains 4 generators of space-time translations, Pμ
and 6 generators of the SO(1,3)≡ SU (2)× SU (2) Lorentz transformations, Mμν .
The other generators of the conformal algebra are the four generators of special
conformal transformations, Kμ and one generator of dilatations, D. These gener-
ators then satisfy the commutation relations

[D, Pμ]=−i Pμ [D,Mμν]=0 [D, Kμ]=+i Kμ

[Mμν, Pλ]=−i(ημλPν −ηλνPμ) [Mμν, Kλ]=−i(ημλKν −ηλνKμ) (3.1)

[Pμ, Kν]=2i(Mμν −ημνD).

Let O(x) be a local operator in the field theory with dimension 
. This signi-
fies that under the rescaling x → λx,O(x) scales as O(x)→ λ−
O(λx). D is the
generator of these scalings, by which we mean that O(x)→ λ−i DO(x)λi D . Thus,
its action on O(x) is

[D,O(x)]= i

(
−
+ x

∂

∂x

)
O(x). (3.2)

Next, we let D act on [Kμ,O(0)], where we find using the Jacobi identity

[D, [Kμ,O(0)]]= [[D, Kμ],O(0)]+ [Kμ, [D,O(0)]
= i[Kμ,O(0)]− i
[Kμ,O(0)]. (3.3)

Thus, Kμ creates a new local operator from O with its dimension lowered by 1.
Aside from the identity operator, the local operators in a unitary quantum field
theory must have positive dimension. Therefore, if we keep creating new lower
dimensional operators by commuting with the special conformal generators, we
must eventually reach a barrier where we can go no further. Hence the last oper-
ator in this chain, Õ(x) must satisfy

[Kμ, Õ(0)]=0. (3.4)

for all Kμ. The operator Õ(x) is called primary.2 Starting with Õ, we can build
new operators with the same dimension or higher by commuting it with the other
generators of the conformal algebra. The higher dimensional operators are called
descendants3 of Õ.

The conformal algebra can be combined with supersymmetry to make a super-
conformal algebra. In four dimensions one can have gauge theories with N = 1,

2The primary condition (3.4) is defined at x =0 where the space-time position is a fixed point
of the dilatation. If the local operator were at a different space-time point then it would commute
with a different combination of the conformal generators.

3Peradventure they should have been called ascendants.



CHAPTER I.1: SPIN CHAINS IN N =4 SUPER YANG-MILLS 37

N =2 or N =4 supersymmetry, and all of these cases can be combined with the
conformal symmetries to make an N = 1,N = 2 or N = 4 superconformal alge-
bra. Here, we only consider the N =4 case.

The generators of supersymmetry transformations are fermionic and are called
supercharges. For N = 4 supersymmetry there are 16 separate supercharges, Qα a

and Q̃a
α̇, where α, α̇= 1,2 and a = 1, . . . ,4 are the same spinor and R-symmme-

try indices that label the Weyl fields, except here the α indices are paired with the
4 and the α̇ indices are paired with the 4. The supersymmetry algebra is a graded
Lie algebra which combines the generators of the Poincaré algebra with the super-
charges and contains the commutation and anti-commutation relations

{Qα a, Q̃b
α̇}=γ μαα̇δa

b Pμ, {Qα a,Qα b}={Q̃a
α̇, Q̃b

α̇}=0

[Pμ,Qα a]= [Pμ, Q̃b
α̇]=0 (3.5)

[Mμν,Qα a]= iγ μναβ ε
βγ Qγ a, [Mμν, Q̃a

α̇]= iγ μν
α̇β̇
εβ̇γ̇ Q̃a

γ̇ ,

where γ μναβ =γ [μ
αα̇γ

ν]
ββ̇
εα̇β̇ . Simple dimension counting within the algebra shows that

Qα a and Q̃a
α̇ have dimension 1/2 and so their commutators with D is

[D,Qα a]=− i

2
Qα a [D, Q̃a

α̇]=− i

2
Q̃a
α̇ . (3.6)

By including the special conformal generators we generate a new set of super-
charges by commuting Kμ with Qα a and Q̃a

α̇,

[Kμ,Qα a]=γ μαα̇εα̇β̇ S̃β̇ a [Kμ, Q̃a
α̇]=γ μαα̇εαβ Sa

β. (3.7)

The operators Sa
α and S̃α̇ a have dimension −1/2 and are known as the spe-

cial conformal supercharges, or the superconformal charges. Their R-charge rep-
resentations are reversed from the supercharges and combine with the regular
supercharges to give 32 supercharges in total. The superconformal generators have
anticommutation relations that mirror the anticommutation relations of the super-
charges,

{Sa
α, S̃α̇ b}=γ μαα̇δa

b Kμ {Sa
α, Sb

α}={S̃α̇ a, S̃α̇ b}=0
(3.8)

[Kμ, Sa
α]= [Kμ, S̃α̇ a]=0.

Nonzero anticommutation relations between the supercharges and the supercon-
formal charges complete the algebra,

{Qα a, Sb
β}=−iεαβσ

I J
a

b
RI J +γ μναβ δa

b Mμν − 1
2
εαβδa

b D

{Q̃a
α̇, S̃β̇ b}=+iεα̇β̇σ

I J a
b RI J +γ μν

α̇β̇
δa

b Mμν − 1
2
εα̇β̇δ

a
b D (3.9)

{Qα a, S̃β̇ b}={Q̃a
α̇, Sb

β}=0.
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On the righthand side of (3.9) one has in addition to the Lorentz and dilatation
generators the SU (4)� SO(6)R-symmetry generators RI J , where I, J = 1, . . . ,6.
The supercharges transform under the two spinor representations of SO(6), while
all generators of the conformal algebra commute with RI J .

Let us now return to the primary operator Õ(x). Commuting the superconform-
al charges with a local operator O(0) lowers the dimension by 1/2. A lower bound
on the dimension must still exist, so we assume that Õ(0) satisfies

[Sa
α, Õ(0)]= [S̃α̇ a, Õ(0)]=0 for all α, α̇,a. (3.10)

Õ(x) is clearly primary since the anticommutation relations in (3.8) directly lead
to (3.4). The descendants of Õ(0) are constructed from the rest of the algebra.

The primary operator and its descendants make up an irreducible representa-
tion of P SU (2,2|4), with the primary as the highest weight of the representa-
tion. P SU (2,2|4) is noncompact, so the representation is infinite dimensional.4

For example, one can act with Pμ on Õ(x) an arbitrary number of times, where
[Pμ,O(x)]=−i∂μO(x), making a new local operator with one higher dimension.
Using the supercharges we can also make new operators with 1/2 higher dimen-
sion.

We will be particularly interested in a class of highest weight representations
which, while still infinite dimensional, are smaller because there are fewer indepen-
dent operators at each half-step in dimension. In order for this to occur, Õ(0) must
commute with some of the supercharges. Let us then place the further restriction
on Õ(x) that

[Qa
α, Õ(0)]=0 for some α,a. (3.11)

It then follows from the anticommutation relations in (3.9) that

[{Qα a, Sb
β}, Õ(0)]= [−iεαβσ

I J
a

b
RI J − εαβδa

b D +σμναβ δa
b Mμν, Õ(0)]=0.

(3.12)

We assume that Õ(x) is a scalar, therefore Õ(0) commutes with the Lorentz gen-
erators Mμν . What remains is a simple relation between the action of the R-sym-
metry and the dimension 
 of Õ(x),

σ I J
a

b[RI J , Õ(0)]=
δa
b Õ(0). (3.13)

To help us find operators that can satisfy the relation in (3.13) we consider the
Cartan subalgebra of SO(6). SO(6) is a rank 3 group and thus has three commut-
ing generators in its Cartan subalgebra. We choose these generators to be R12, R34

4Except for the trivial representation which only contains the identity operator.
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and R56 and write the corresponding charges as (J1, J2, J3). The σ I J a
b are the

generators in the SU (4) fundamental representation, with

σ 12 =
(

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

)
σ 34 =

(
1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

)
σ 56 =

(
1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

)
, (3.14)

as a consistent choice of Cartan generators. Hence, a primary operator with
R-charges (J1,0,0) is annihilated by Qα1 and Qα2 if 
= J1. The anticommuta-
tion relations in (3.9) indicate that such operators are also annihilated by Q̃ 3

α̇ and
Q̃ 4
α̇ . Hence, an operator of this type commutes with half of the supercharges. Such

operators are called chiral primary or BPS operators. By the same logic an opera-
tor with (0, J2,0) and dimension 
= J2 is also a chiral primary. But such a state
is in the same SO(6) representation as the (J2,0,0) operator, and hence is in the
same P SU (2,2|4) representation. Therefore, it is only necessary to consider the
scalar operators with charges (J,0,0) and 
= J .

In general the dimension of an operator will depend on the Yang-Mills coupling
gYM. The dimension at zero coupling is known as the bare dimension. The cor-
rection to the bare dimension is the anomalous dimension. From our discussion
so far we learn two important facts. First, the anomalous dimensions within the
same P SU (2,2|4) representation are equal. This is because the generators can only
change the dimension in 1/2 integer steps. Second, and more strikingly, the chi-
ral primaries and their descendants cannot have an anomalous dimension. This is
because the chiral primaries commute with half the supercharges no matter what
the coupling. If they did not commute then there would have to be extra operators
at each level. But the number of independent operators with a given dimension is
a finite integer which cannot change by varying a continuous parameter such as
the coupling. Hence, the relation in (3.13) continues to hold. Since the R-charges
are integers that stay fixed, then the dimensions must also stay fixed.

4. Gauge Invariant Operators in N =4 SYM

We now apply our discussion in the previous section to the actual operators that
one encounters in N = 4 SYM. The physical observables in a gauge theory must
be gauge invariant. In N =4 SYM, the local gauge invariant operators are made
up of products of traces of the fields that transform covariantly under the gauge
group. This includes the scalars φ I , the fermions ψa

α ,ψα̇ a and the field strengths
Fμν . Since these fields all lie in the adjoint representation, their transformation
under a gauge transformation is

χ(x)→χ(x)+[ε(x), χ(x)] (4.1)

where χ(x) is one of the covariant fields and ε(x) is a generator of gauge trans-
formations. We have explicitly included the space-time dependence of the fields to
emphasize that this is a local transformation. From a covariant field χ(x) we can
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make other covariant fields Dμχ(x), where Dμ is the covariant derivative

Dμχ(x)≡∂μχ(x)−[Aμ(x), χ(x)]. (4.2)

The gauge connection Aμ(x) does not transform covariantly, but instead trans-
forms as

Aμ(x)→Aμ(x)+∂με(x)+[ε(x),Aμ(x)]. (4.3)

It is then clear that the single trace local operator

O(x)=Tr[χ1(x)χ2(x) . . . χL(x)], (4.4)

where χi (x) refers to one of the above covariant fields with or without covariant
derivatives, is gauge invariant. We can also build other local gauge invariant opera-
tors by taking products of traces. Later on we will take the limit where the number
of colors N is large. In this limit the dimension of the product of single trace oper-
ators is equal to the sum of their dimensions, so all information about the spec-
trum of local operators comes from the single trace operators.

Because [Dμ,Dν]=−Fμν(x), any antisymmetric combination of covariant deriv-
atives can always be replaced with a field strength. Hence, it is only necessary to
consider symmetric products of Dμ acting on any field χ . Furthermore, we can
use the equations of motion and the Bianchi identities to get rid of certain com-
binations of covariant derivatives. As an example, the equations of motion for the
scalar fields are schematically

DμDμφ
I = . . . . (4.5)

The right hand side of (4.5) contains cubic scalar terms as well as fermion bilinears,
but otherwise has no derivatives. Therefore, inside a trace we can always replace
two contracted derivatives on a scalar with nonderivative terms.

With these rules we can build all single trace operators. We first construct the
single trace chiral primaries, from which we can systematically assemble the other
operators. The SU (2,2)× SU (4) bosonic subgroup of P SU (2,2|4) is rank six and
so an operator will have a sextuplet of charges, (
, S1, S2; J1, J2, J3). The Ji are
the R-charges discussed in the last section, 
 is the dimension, and S1 and S2 are
the two charges of the SO(1,3) Lorentz group (i.e. the spins). In this subsection
we will only consider the gauge theory at zero coupling, in which case the dimen-
sion can be replaced with the bare dimension 
0 and all dimensions are additive.

The six adjoint scalars φ I can be expressed as three complex fields, Z = 1√
2
(φ1 +

iφ2),W = 1√
2
(φ3 + iφ4)X = 1√

2
(φ5 + iφ6), along with their conjugates. Scalars in 4

dimensions have bare dimension 1 and are of course spinless, thus the charges for
Z ,W and X are given by (1,0,0;1,0,0), (1,0,0;0,1,0), and (1,0,0;0,0,1) respec-
tively. Their conjugates, Z̄ , W̄ and X̄ have reversed R-charges. The sixteen fermi-
ons ψa

α and ψα̇ a have charges ( 3
2 ,± 1

2 ,0;± 1
2 ,± 1

2 ,± 1
2 ) and ( 3

2 ,0,± 1
2 ;± 1

2 ,± 1
2 ,± 1

2 )
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where the number of negative signs for the SU (4) charges is even for the first set
and odd for the second. The field strengths have six independent components and
naturally split into their even and odd self-duals, where Fμν

± =± 1
2ε
μνσρF±μν . In

terms of the SO(1,3)� SU (2)× SU (2) Lorentz group, the even and odd self-duals
fall into the (3,1)⊕ (1,3) representation. It is thus convenient to write the compo-
nents using the SU (2)× SU (2) spinor indices, where we define

F+αβ ≡ 1
2
(γ μν)αβF+μν =F+βα, F−α̇β̇ ≡ 1

2
(γ μν)α̇β̇F−μν =F−β̇α̇ . (4.6)

From this we readily see that the F+ have charges (2,m,0;0,0,0) and the F−
have charges (2,0,m;0,0,0) where m = +1,0,−1. It is also useful to write the
covariant derivatives as a bispinor Dαβ̇ ≡ (γ μ)αβ̇Dμ. Then Dαβ̇ acting on a field
adds the charges (1,± 1

2 ,± 1
2 ;0,0,0) to the charges of the operator.

Let us now consider the gauge invariant operator �L ≡ Tr[Z L ], with L ≥ 2
(TrZ = 0). The charges of �L are (L ,0,0; L ,0,0), which satisfies 
0 = J1. There-
fore, �L is a chiral primary and 
=
0, even after the coupling is turned on. �L

is the highest weight element of the L-fold symmetric traceless representation of
SO(6). Hence, any operator of the form

χI1 I2...IL Tr(φ I1φ I2 . . . φ IL ),

where χI1 I2...IL is completely symmetric in its indices and the trace of any two indi-
ces is zero, is a chiral primary with its dimension protected from quantum cor-
rections. Notice further that if we change one of the Z fields in �L to any other
scalar field, aside from Z , then the resulting operator it is automatically symmet-
ric and traceless because of the cyclicity of the trace. To make a non-BPS operator
strictly out of scalars will require at least one Z or two other scalar fields that are
not Z or Z .

A very convenient way to classify the single trace operators is to use bosonic
and fermionic creation operators [18–21] (see also [17]). To this end we note that
the vector representation of the SO(6)R-symmetry group is equivalent to the anti-
symmetric representation of SU (4). Hence, the scalar fields can be written in SU (4)
notation as φab with the indices antisymmetrized. Likewise, the fermions in the
antifundamental representation can have its SU (4) index raised to three antisym-
metric indices, ψ

abc
α̇ ≡εabcdψα̇ d . Thus all fields have their fundamental SU (4) indi-

ces antisymmetrized. Furthermore, the field strengths come with symmetrized
spinor indices, the combination εαβDαα̇ψ

a
β can always be replaced by a nonde-

rivative term by the equations of motion, and all covariant derivatives are sym-
metrized. Hence, all indices in either of the SU (2)’s of the Lorentz group are
symmetrized for any field, including those with covariant derivatives.

Therefore, we will build the fields at each site within the trace with two sets
of bosonic creation operators A†

α, B†
α̇, and a set of fermionic creation operators

Ca†. The adjoints of these fields are Aα, Bα̇ and Ca and we have the usual set of
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commutation or anticommutation relations

[Aα, A†
β ]= δαβ, [Bα̇, B†

β̇
]= δα̇β̇ , {Ca,C

b†}= δa
b. (4.7)

One starts with a ground state |0〉 for each site and defines the operator

C = A†
αAα − B†

α̇Bα̇ +Ca†Ca −2. (4.8)

Then the states that correspond to the actual fields are those states |χ〉 in the oscil-
lator Fock space where C |χ〉=0. We denote this projected Fock space by V . The
states satisfying the C =0 condition and the fields they correspond to are

(A†)k+2(B†)k |0〉 ⇒ DkF+
(A†)k+1(B†)kCa†|0〉 ⇒ Dkψa

(A†)k(B†)kCa†Cb†|0〉 ⇒ Dkφab (4.9)

(A†)k(B†)k+1Ca†Cb†Cc†|0〉 ⇒ Dkψ
abc

(A†)k(B†)k+2Ca†Cb†Cc†Cd†|0〉 ⇒ DkF−,

where we have suppressed all Lorentz indices.
The elements of P SU (2,2|4) can also be nicely represented by the oscillators. In

particular we have that

Pαβ̇ = A†
αB†

β̇
Kαβ̇ =−εαγ εβ̇δ̇Aγ B δ̇

Qα a = A†
αCa Q̃a

α̇ = B†
α̇Ca† Sa

α =−iεαβ AαCa† S̃α̇ a =−iεα̇β̇Bβ̇Ca
(4.10)

Ra
b =Ca†Cb − 1

4
δa

bCc†Cc D =− i

2

(
A†
αAα + B†

α̇Bα̇ +2
)

Mα
β = A†

αAβ − 1
2
δα
β A†

γ Aγ M̃ β̇
α̇ = B†

α̇Bβ̇ − 1
2
δα̇
β̇B†

γ̇ B γ̇ ,

where we have expressed the R-symmetry generators in SU (4) notation and the
Lorentz generators in SU (2)× SU (2) notation.5 The oscillator representation of
the algebra is also useful when applied to N = SYM scattering amplitudes [22].
Notice that all generators commute with C , hence C is a centralizer of the alge-
bra. Thus, the elements of the algebra acting on the above states preserve the C =0
condition. In fact the “P” in front of P SU (2,2|4) stands for “projective” and cor-
responds to the projection we have made onto the C =0 states. This projection is
necessary in order for (4.10) to give the relations in (3.9).

The set of projected states in this Fock space (4.9) form an irreducible represen-
tation of P SU (2,2|4) called the “singleton” representation [23].6 However, it can-
not correspond to a representation of gauge invariant operators since all of the

5Strictly speaking, one should use the conformal Hamiltonian, H = i D, instead of D as an
SU (2,2) generator. See [17] for a further discussion on this point.

6Some authors call this representation a “doubleton” (cf. [20]). Another name is the fundamen-
tal representation.
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fields are traceless. Hence we will need L ≥2 fields inside the trace, leading to ten-
sor products of the singleton representations.

V1 ⊗V2 ⊗· · ·⊗VL . (4.11)

The various generators of P SU (2,2|4) on the tensor product have the general
form

T =
L∑
�=1

⊕T�, (4.12)

where T� is the generator at site �. We can also define C in this way, however the
projection is still carried out at each site, i.e. C�=0. A gauge invariant operator is
then mapped to a state in the tensor product, but because of the cyclicity of the
trace must be projected onto only those states that are invariant under the shift,

V1 ⊗V2 ⊗· · ·⊗VL →VL ⊗V1 ⊗· · ·⊗VL−1. (4.13)

Let us now concentrate on the operator

Oabcd =Trφabφcd − 1
4!ε

abcdεa′b′c′d ′Trφa′bφc′d ′
, (4.14)

which is part of the same SU (4) representation as TrZ2 and so is a chiral primary.
We then act with four supercharges in the following manner:

1
4!ε

αγ εβδ{Qα a, [Qβ b, {Qγ c, [Qδ d ,O
abcd ]}]}= εαγ εβδTrF+αβF+γ δ. (4.15)

Likewise, letting Oabcd = Trφabφcd − 1
4!εabcdε

a′b′c′d ′
Trφa′bφc′d ′ and acting with the

other four supercharges we find

1
4!ε

α̇γ̇ εβδ{Q̃a
α̇, [Q̃b

β̇
, {Q̃c

γ̇ , [Q̃d
δ̇
,Oabcd ]}]}= εαγ εβδTrF−αβF−γ δ. (4.16)

Therefore, TrF+F+ and TrF−F− are in the same supermultiplet as the chiral pri-
mary and thus their dimensions are protected from quantum corrections, meaning
that they have dimension 4 no matter what the coupling. These terms appear in
the Lagrangian under the combination

−i(τ TrF+F+ − τ TrF−F−), (4.17)

where τ = 4π i
g2

YM
+ θ

2π with the θ -angle included. Since TrF+F+ and TrF−F− are

dimension 4 and the Lagrangian must also be dimension 4, we see that τ , and
hence gYM is invariant under rescaling. From this argument we learn that the
β-function is zero.
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5. One Loop Anomalous Dimensions and the Relation to Spin Chains

In this section we compute the one-loop anomalous dimensions for operators com-
posed of scalar fields with no covariant derivatives [24]. This computation is com-
plicated by the problem of operator mixing. However, the mixing can often be
restricted to operators within certain “closed” sectors.

To find the anomalous dimension of an operator, one considers the two-point
correlator of the operator with itself. In particular, one finds that

〈O(x)O(y)〉≈ 1
|x − y|2
 , (5.1)

where the dimension 
=
0 + γ , with 
0 being the bare dimension and γ being
the anomalous dimension arising from quantum corrections. For operators made
up only of scalar fields with no covariant derivatives, all fields have bare dimen-
sion 1 and the bare dimension of the operator is L, the number of scalar fields
inside the trace.

If gYM is small, then γ <<
0, in which case we can approximate the correlator
in (5.1) as

〈O(x)O(y)〉≈ 1
|x − y|2
0

(1−γ ln�2|x − y|2), (5.2)

where � is cutoff scale. The leading contribution to this correlator is called the
tree-level contribution.

Let us now investigate what happens as we let N →∞. For example, let us con-
sider the chiral primary operator �L , rescaled to

�L = (4π2)L/2
√

L N L/2
TrZ L = (4π2)L/2

√
L N L/2

Z A
B Z B

C . . . Z ...A A, B,C =1 . . . N , (5.3)

where we have explicitly put in the color indices. The prefactors are for normali-
zation purposes. At tree level, the correlator of a Z field and its conjugate Z is7

〈Z A
B(x)Z

C
D(y)〉tree = δA

DδB
C

4π2|x − y|2 , (5.4)

where we have ignored the fact that Z A
A =0 which is justified in the large N limit.

If we now contract �L with its conjugate �L , then the leading contribution to
the correlator comes from contracting the individual fields in order, as shown in
Figure 1a and b. The contribution of all such ordered contractions is

〈�L(x)�L(y)〉ordered = L N L

(
√

L N L/2)2|x − y|2L
= 1

|x − y|2L
. (5.5)

The factor of N L comes from L factors of δA′
Aδ

A
A′ = N , where each double set of

delta functions are from contractions of neighboring fields. The factor of L comes

7We have ignored the fact that Z A
A =0, which is justifiable when we take the large N limit.
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(c)(a) (b)
Figure 1. Contractions of fields. The horizontal lines represent the operators and the ordered
vertical lines represent the contractions between the two operators of the individual fields
inside the trace. a and b are planar while c is nonplanar.

from the L ways of contracting the fields in the plane, of which (a) and (b) are
two examples of this.

Figure 1c is an example of a nonplanar graph, a graph where the lines connect-
ing the fields cannot be drawn in the plane without cutting other lines. To avoid
such cuttings one must lift at least one connecting line out of the plane. The Fig-
ure in (c) differs from (a) by two field contractions. Whereas in (a) we would have
had a factor of

. . . δA′
Aδ

A
A′δB′

Bδ
B

B′δC ′
Cδ

C
C ′ · · ·= . . . N 3 . . . , (5.6)

in (c) we have the factor

. . . δA′
Aδ

A
B′δC ′

Bδ
B

A′δB′
Cδ

C
C ′ · · ·= . . . N . . . , (5.7)

where the dots represent contractions that are the same in both cases. Hence, the
nonplanar graph in (c) is suppressed by a factor of 1/N 2 from that in (a). In the
limit where N →∞ we can thus ignore this contribution compared to the one in
(a) or (b).

All nonplanar graphs will be suppressed by powers of 1/N 2, where the power
depends on the topology of the graph. Actually, this analysis is valid only if L<<
N . If L were on the order of N then the suppression coming from the 1/N factors
is swamped by the huge number of nonplanar diagrams compared to the number
of planar diagrams. (There are L! total tree level diagrams of which only L are
planar.)

Generalizing the tree-level correlator in (5.5) to any scalar operator of the form

OI1,I2...IL (x)=
(4π2)L/2

√
CI1,I2...IL N L/2

Tr(φI1(x)φI2(x) . . . φIL (x)), (5.8)

where CI1,I2...IL is a symmetry factor (which is n if the indices are invariant when
shifting by L/n), one finds

〈OI1,I2...IL (x)O
J1,J2...JL

(y)〉tree = 1
CI1,I2...IL

(
δ

J1
I1
δ

J2
I2
. . . δ

JL
IL

+ cycles
) 1

|x − y|2L
,

(5.9)

where “cycles” refers to the L −1 cyclic shifts of the Ji indices.
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k+2
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kJ Jk+1

I
k+1

I
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k
J

I

(b)(a)
k+2

J

I

Figure 2. Quartic interaction inserted into the correlator, connecting a two neighboring fields
b nonneighboring fields. Case b is nonplanar. Notice that the interaction has added a loop
to the diagrams.

We next consider the one-loop contribution to the two-point correlator. Since
we are only considering scalar operators, we only need to consider the the bosonic
part of the N =4 action8 which is given by

S = 1

2g2
YM

∫
d4x

{
−1

2
TrF 2 +TrDμφI D

μφ I −
∑
I<J

Tr[φI , φJ ]2

}
. (5.10)

This action contains a quartic interaction term for the scalars as well as interaction
terms between the scalars and the gauge bosons coming from the covariant deriv-
atives. Hence there will be several types of Feynman graphs that can contribute
to the anomalous dimension. But because of the robustness of the superconformal
algebra, it is sufficient to only consider Feynman graphs containing the scalar ver-
tex. Graphs containing gauge bosons do affect the anomalous dimension, but their
contribution can be determined by insisting that chiral primaries have zero anom-
alous dimension.

If we absorb a factor of gYM into the fields so that their kinetic terms are
canonical, then the quartic term can be written as

g2
YM

4

∑
I,J

(
TrφIφIφJφJ −TrφIφJφIφJ

)
. (5.11)

This vertex should then be inserted in the correlator and be Wick contracted with
two neighboring fields in the incoming operator and two neighboring fields in the
outgoing operator so that the resulting Feynman graph is planar. This is shown in
Figure 2. In particular, we should consider the subcorrelator from (5.9),

8Other parts of the action will contribute at one-loop, but we will show that we can compute
their contribution by using an indirect method.
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〈
(φIkφIk+1)

A
C (x)

⎛
⎝ i g2

YM

4

∫
d4z

∑
I,J

(TrφIφIφJφJ (z)−TrφIφJφIφJ (z))

⎞
⎠

×(φ Jk+1φ Jk )C
′
A′(y)

〉

= i
N

(4π2)2
δA

A′δC
C ′ g2

YM N

64π4

(
2δIk

Jk δIk+1
Jk+1 +2δIk Ik+1δ

Jk Jk+1 −4δIk
Jk+1δIk+1

Jk
)

×
∫

d4z

|z − x |4|z − y|4 . (5.12)

The set of delta functions for the flavor indices arise from the two terms in
(5.11). There are four planar ways to contract the indices in (5.11) with the incom-
ing and outgoing fields. The first term either contracts the incoming indices with
the outgoing indices in order, or it contracts incoming to incoming and outgo-
ing to outgoing. The second term in (5.11) always contracts the indices between
the incoming and outgoing fields in reverse order. Note that there are two fac-
tors of N in (5.12), coming from sums over color factors, while the correlator
〈(φIkφIk+1)

A
C (x)(φ

Jk+1φ Jk )C
′
A′(y)〉 has only one such factor. In fact, it is not dif-

ficult to see that for all planar graphs, every factor of g2
YM comes with a factor

of N . Hence, it is convenient to define the ’t Hooft coupling, λ≡ g2
YM N , as a new

expansion parameter.
The integral in (5.12) has a logarithmic divergence as z → x and z → y, hence it

is necessary to add a UV cutoff �. There is no IR divergence since the integral is
well behaved as z →∞. The integral over z is in Minkowski space, but it can be
Wick rotated to Euclidean space such that d4z → id4zE . With the UV cutoff the
integral is restricted to the region where |zE − x | ≥�−1 and |zE − y| ≥�−1. The
integral is then dominated by the regions near the cutoff and can be approximated
to

i
∫

d4zE

|z − x |4|z − y|4 ≈ 2 i

|x − y|4
|x−y|∫

�−1

dξ d�3

ξ
= 2π2 i

|x − y|4 ln(�2|x − y|2). (5.13)

Therefore the subcorrelator in (5.12) becomes

NδA
A′δC

C ′

(4π2)2|x − y|4
λ

16π2

(
2δIk Ik+1δ

Jk Jk+1 − δIk
Jk+1δIk+1

Jk − δIk
Jk δIk+1

Jk+1
)

ln(�2|x − y|2).
(5.14)

Normally, one does loop integrals in momentum space. We could have done that
here as well, but for these particular one-loop calculations it is easier to do things
in coordinate space. This is mainly because the operators are local so all fields
within the operator are at the same coordinate position, simplifying the calcula-
tion.

There will also be other one-loop contributions to the correlators. Figure 3
shows some examples of these. These can come from gluon exchange between
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(c)
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(a)
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k+1
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I

Figure 3. One-loop planar graphs that do not affect the flavor structures. a A gluon exchange
between neighboring scalars. The gluon carries no R-charge, so the flavor indices are
unchanged. b Scalar self-energy from a gluon. c Scalar self-energy from a fermion loop.
R-charge conservation and the fact that only one scalar line is involved means that b and
c leave the flavor indices unchanged.

scalar fields or self energy diagrams. We could compute these contributions explic-
itly, but we will soon show that we do not actually need to do this. At this point
we note that since the R-charge is conserved and since gluons have no R-charge,
then these types of diagrams will only lead to terms where all incoming indices are
contracted sequentially with the outgoing indices, giving the same flavor structure
as the planar tree-level graphs.

Applying these arguments to the correlator in (5.9), we find the one-loop result

〈OI1,I2...IL (x)O
J1,J2...JL

(y)〉one-loop

= λ

16π2

ln(�2|x − y|2)
|x − y|2L

L∑
�=1

(2P�,�+1 − K�,�+1 −1+C)
1√

CI1,...IL CJ1,...JL

δ
J1
I1
δ

J2
I2
. . . δ

JL
IL

+ cycles. (5.15)

There is a sum over � because the diagram in Figure 2a can have the interaction
between any of the L pairs of neighboring fields. The constant C comes from the
diagrams in Figure 3. “Cycles” again refers to the L − 1 uniform shifts of the Jk

indices.
P�,�+1 is the exchange operator, and as its name implies it exchanges the flavor

indices of the � and the �+1 sites inside the trace. Its action on the δ-functions in
(5.15) is

P�,�+1 δ
J1
I1
. . . δ

J�
I�
δ

J�+1
I�+1

. . . δ
JL
IL

= δ J1
I1
. . . δ

J�+1
I�

δ
J�
I�+1

. . . δ
JL
IL
. (5.16)

K�,�+1 is the trace operator which contracts the flavor indices of neighboring fields.
Its action on the δ-functions is

K�,�+1 δ
J1
I1
. . . δ

J�
I�
δ

J�+1
I�+1

. . . δ
JL
IL

= δ J1
I1
. . . δI� I�+1δ

J� J�+1 . . . δ
JL
IL
. (5.17)

Because of the P�,�+1 and K�,�+1 there is operator mixing at the one-loop level.
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Figure 4. A spin-chain with SO(6) vector sites.

Adding the one-loop correlator to the tree level correlator in (5.9) we get the
expression

〈OI1,I2...IL (x)O
J1,J2...JL

(y)〉

= 1
|x − y|2L

(
1− λ

16π2
ln(�2|x − y|2)

L∑
�=1

(C −1−2P�,�+1 + K�,�+1)

)
δ j1

i1 . . . δ
jL

iL

+ cycles. (5.18)

If we compare this result to (5.2), we see that because of the operator mixing the
anomalous dimension γ should be replaced with an operator, �, where

�= λ

16π2

L∑
�=1

(1−C −2P�,�+1 + K�,�+1). (5.19)

The possible one-loop anomalous dimensions are then found by diagonalizing �.
The entire class of scalar single trace operators of length L can be mapped to a

Hilbert space which itself is a tensor product of finite dimensional Hilbert spaces

V1 ⊗V2 · · ·⊗V�⊗· · ·⊗VL . (5.20)

Each V� is the Hilbert space for an SO(6) vector representation, i.e. C P5. The ten-
sor product is the same Hilbert space as that of a one-dimensional spin-chain with
L sites, where at each site there is an SO(6) vector “spin” (see Figure 4). Because
of the cyclicity property of the trace, we should include the further restriction that
the Hilbert space be invariant under the shift

V1 ⊗V2 · · ·⊗V�⊗· · ·⊗VL →VL ⊗V1 · · ·⊗V�−1 ⊗· · ·⊗VL−1. (5.21)

The operator � in (5.19) acts linearly on this space:

� :V1 ⊗V2 · · ·⊗V�⊗· · ·⊗VL →V1 ⊗V2 · · ·⊗V�⊗· · ·⊗VL . (5.22)

Furthermore, it is Hermitian and commutes with the shift in (5.21). Thus, we can
treat � as a Hamiltonian on the spin-chain. The energy eigenstates then corre-
spond to the possible anomalous dimensions for the scalar operators. Since the
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Hamiltonian commutes with the shift, it is also consistent to project onto eigen-
states that are invariant under the shift. Because P�,�+1 and K�,�+1 act on neigh-
boring fields, the spin-chain Hamiltonian only has nearest neighbor interactions
between the spins.

One particular eigenstate of � corresponds to the chiral primary �L in (5.3). �L

is symmetric under the exchange of any field, hence P�,�+1�L =�L for any �. Fur-
thermore, �L has only Z fields and not Z fields, thus K�,�+1�L =0. This general-
izes to any chiral primary, which is in the L th symmetric traceless representation
of SO(6). Therefore,

��L = λ

16π2

L∑
�=1

(1−C −2)�L (5.23)

However, the dimension of �L is protected, meaning that its anomalous dimension
is zero. Hence, we find that C =−1 and � becomes [24]

�= λ

8π2

L∑
�=1

(
1− P�,�+1 + 1

2
K�,�+1

)
. (5.24)

Another useful way to write � is in terms of projectors. The tensor product
of two SO(6) vector representations is reducible into the traceless symmetric, the
antisymmetric, and the singlet representations. The operators that project V� ⊗
V�+1 onto these three representations are

�
sym
�,�+1 = 1

2
(1+ P�,�+1)− 1

6
K�,�+1, �as

�,�+1 = 1
2
(1− P�,�+1), �

sing
�,�+1 = 1

6
K�,�+1.

(5.25)

We can then write � as

�= λ

8π2

L∑
�=1

(
0�sym

�,�+1 +2�as
�,�+1 +3�sing

�,�+1

)
, (5.26)

with only two of the three projectors contributing to �.
Although we will not show it here, the Hamiltonian that corresponds to � for

the spin-chain is integrable [24]. There is a precise meaning for what this means
which will be explained in later chapters of the review (see [25–27]). For us it
means that the system is solvable, at least in principle. We will give a taste of this
in the next section where we consider a certain subset of scalar operators.

Going beyond one-loop, one finds that the n-loop contribution to the anoma-
lous dimension can involve up to n neighboring fields in an effective Hamiltonian
[28,29] (see [30]). Therefore, as λ becomes larger these longer range interactions
become more and more important, such that at strong coupling the spin-chain is
effectively long range. In this case the Hamiltonian is not known above the first
few loop orders [28,29,31].
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6. One-Loop Generalization to All Single Trace Operators

In this subsection, we describe the generalization of � to all single trace operators.
We do not give a derivation here, but instead refer the reader to the references.

In the general case, the “spins” at each site of the chain are made up of the
elements of the singleton representation enumerated in (4.9). The Hilbert space is
then the tensor product in (4.11) projected onto states invariant under the shift
in (4.13). The one-loop anomalous dimension is then described by a Hamiltonian
with nearest neighbor interactions. Unlike the scalar case where the spins are in
a finite dimensional representation, the singleton representation is infinite dimen-
sional. However, there is still a beautiful way to write the Hamiltonian in terms
of projectors [32,33].

The various P SU (2,2|4) representations can be expressed in terms of their high-
est weights which are given by the six charges of the P SU (2,2|4) Cartan subalge-
bra. The singleton is then labeled by (1,0,0;1,0,0), where the highest weight in
the representation belongs to the Z field. The Hamiltonian will involve the tensor
product of two singleton representations which decomposes as

V ⊗V =
∞∑
j=0

V j . (6.1)

The first two representations in this decomposition are different from the others
and have the highest weights

V0 : (2,0,0;2,0,0) V1 : (2,0,0;1,1,0). (6.2)

The other representations have highest weights

V j : ( j, j −2, j −2;0,0,0) j ≥2. (6.3)

Notice that if we limit ourselves to scalar fields with no Lorentz charges then the
only representations in play are V0,V1 and V2, whose decompositions under the
SO(6) subgroup contain the symmetric traceless, the antisymmetric, and singlet
representations, respectively.

The Hamiltonian for the complete spin-chain has the compact form [32,33]

�= λ

8π2

L∑
�=1

∞∑
j=0

2 h( j)�( j)
�,�+1, (6.4)

where �( j)
�,�+1 projects V�⊗V�+1 onto V j and h( j) is the harmonic sum defined by9

h( j)≡
j∑

k=1

1
k
. (6.5)

9In [34] Lipatov remarked that harmonic sums would appear in the anomalous dimension
matrix for N =4 SYM, leading him to predict that the theory would be solvable.
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Examining the expression for � in (5.26) we see that it has the form in (6.4)
when only j =0,1,2 contribute.

7. Closed Sectors

Since we have operator mixing, the alert reader could very well be concerned that
scalar field operators will mix with operators that contain non-scalar fields. In
turns out that generally this can happen, but not at the one-loop level.

Operator mixing preserves the total charges of the P SU (2,2|4) symmetry group.
This is because the anomalous dimension matrix is the the dilatation operator D
minus the bare dimension. To see why this matters consider the complete dilata-
tion operator, which can be expressed as an expansion in λ of the form

D =
∞∑

n=0

λn D(2n). (7.1)

D(0) gives the bare dimension of the operator while D(2) is the one-loop anom-
alous dimension operator � in (5.24) for scalar single trace operators or (6.4)
for the most general single trace operators. The dilation operator commutes with
the Lorentz generators and the R-symmetry generators. Since this is true for any
value of λ, it must be true that all D(2n) commute with these generators. Hence,
the Lorentz and R-charges are preserved by the mixing. Furthermore, each of the
D(2n) commutes with D(0), which can be established by power counting in the
graphs. Therefore, mixing only occurs between operators with the same R-charges,
Lorentz charges, and bare dimensions.

We can use this information to show the existence of closed sectors. One such
sector are operators made up of two types of scalar fields, say, Z and W , which
have the charges (1,0,0;1,0,0) and (1,0,0;0,1,0) respectively. Hence, the total
charges of a single trace operator made up of L − M Z fields and MW fields
is (L ,0,0; L − M,M,0). The mixing must preserve these charges and the only
way to do this is to mix with operators having the same number of Z and W
fields with possible rearrangements to their order, as one can verify by check-
ing the charges for the other fields. This closed sector is called the SU (2) sec-
tor, since Z and W make up a doublet of an SU (2) subgroup of the R-symmetry
group.

If we now include a third type of scalar field X , then the combination Z WX
which has charges (3,0,0;1,1,1) can mix with two fermions with individual
charges ( 3

2 ,
1
2 ,0; 1

2 ,
1
2 ,

1
2 ) and ( 3

2 ,− 1
2 ,0; 1

2 ,
1
2 ,

1
2 ) but is otherwise closed [35]. This

closed sector is the SU (2|3) sector containing an SU (3) subgroup of the R-symme-
try and an SU (2) subgroup of the Lorentz group. The scalars make up a triplet of
the SU (3) and are singlets under the SU (2) while the fermions are singlets under
the SU (3) and make up a doublet of the SU (2). Notice that this sort of mixing
changes the number of fields in the trace. Such mixing is called dynamical [35].
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We call the full set of scalar operators the SO(6) sector since the fields form
a representation of the full R-symmetry group but are singlets under the Lorentz
group. However, this cannot be a closed sector, since not even an SU (3) subsector
is closed to mixing with fields with non-zero Lorentz charges. In fact, the SO(6)
sector can mix into operators containing any one of the fields so the smallest
closed sector containing SO(6) is the full P SU (2,2|4). However, the mixing out-
side of the SO(6) sector is dynamical, but dynamical mixing cannot occur until
the two-loop level [35]. Hence the SO(6) sector is closed at one-loop.

Both SU (2) and SU (2|3) are compact groups and so the fields in these closed
sectors are part of a finite dimensional representation of the group. There is another
important closed sector where this is not the case. This is the SU (1,1) sector (also
called the SL(2) sector) [33]. In this sector we only have one type of scalar field,
say Z , and covariant derivatives with one type of polarization, say D++ which has
charges (1, 1

2 ,
1
2 ;0,0,0). A typical single trace operator in this sector could have L

scalar fields and M covariant derivatives. The mixing occurs by redistributing the
M covariant derivatives among the L fields. Notice that this sector is nondynam-
ical. Notice further that the fields fall into an infinite dimensional representation
of SU (1,1) since we can have an arbitrary number of covariant derivatives on any
Z field. In fact the SU (1,1) sector even appears in QCD [36,37] (see [38]).

8. The SU(2) Sector and the Heisenberg Spin-Chain

Let us now restrict our single trace operators to the SU (2) closed sector. The two
independent fields transform under a doublet of SU (2), hence we can label the Z
field as spin up (↑) and the W field as spin down (↓). There is no contribution
from K�,�+1 in (5.24) since the operators only have Z and W fields and not their
conjugates. Thus, the SU (2) sector has the Hamiltonian

�SU (2)= λ

8π2

L∑
�=1

(1− P�,�+1). (8.1)

In terms of spin operators the Hamiltonian can be rewritten as

�SU (2)= λ

8π2

L∑
�=1

(
1
2

−2 �S� · �S�+1

)
. (8.2)

Remarkably, �SU (2) is the Hamiltonian of the Heisenberg spin-chain with L lat-
tice sites. The total spin �S =∑

�
�S� commutes with � so the energy eigenstates are

simultaneously total spin eigenstates. This should not be surprising since we have
already established that the dilatation operator commutes with the R-symmetry
and the spin here is one of its subgroups.

Because of the sign of the �S� · �S�+1 term the spin-chain is ferromagnetic and the
ground state has all spins aligned, with total spin L/2. This is the symmetric repre-
sentation, which corresponds to the chiral primary operator. A quick check of the
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Hamiltonian in (8.2) shows that its energy is zero. The operators which are not
chiral primaries correspond to excitations about the ground state. They have total
spin that is less than L/2. A full description on how to find these other states is
given in [24]. Here we give a partial description based on an S-matrix approach
(see [25,26]).

Let us start with a ground state which we write as | ↑↑↑ . . . ↑↑〉. This corre-
sponds to the chiral primary �L described in an earlier section. Let us now con-
sider the states where one spin is down. In this case the Hamiltonian in (8.1) acts
like a constant plus a hopping term, moving the down spin either one site to the
left or the right. In particular, the action on a state with a down spin at a partic-
ular position � is

�SU (2)| ↑ . . .↑
�↓↑ . . .↑〉

= λ

8π2

(
2 | ↑ . . .↑ �↓↑ . . .↑〉− |↑ · · · �−1↓ ↑↑ . . .↑〉− |↑ . . .↑↑�+1↓ . . .↑〉

)
. (8.3)

From this it is easy to see that the eigenstates are

|p〉≡ 1√
L

L∑
�=1

ei p�| ↑↑ · · · �↓ . . .↑↑〉 (8.4)

where

�SU2|p〉= ε(p) |p〉, ε(p)= λ

2π2
sin2 p

2
. (8.5)

The state |p〉 is called a single magnon state with momentum p. The dispersion is
ε(p) and the magnon momentum p must be quantized so that the state is invari-
ant under the shift �→ �+ L, therefore p = 2πn/L. If n = 0 then this is the sym-
metric state and so this has total spin L/2. All other cases have total spin L/2−1.
This is fine for an ordinary spin chain, but we must remember that our states need
to be invariant under the shift �→�+1 since the single trace operators are invari-
ant if we shift all fields over by one position. Hence, the only allowed state is the
p =0 state and we find no operators that are not chiral primaries with only a sin-
gle W field.

The first nontrivial case occurs with two down spins, since here it will be pos-
sible to satisfy the trace condition but not be in the symmetric representation. We
will construct these states using an argument that goes back to Yang and Yang
[39]. Instead of a closed chain of length L let us suppose we have a chain of infi-
nite length. Consider the unnormalized two magnon state

|p1, p2〉=
∑
�1<�2

ei p1�1+i p2�2 | · · · �1↓ · · · �2↓ . . . 〉+ eiφ
∑
�1>�2

ei p1�1+i p2�2 | · · · �2↓ · · · �1↓ . . . 〉,

(8.6)
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where we assume that p1> p2. We can think of |p1, p2〉 as the scattering state for
two magnons. The first term is the incoming part while the second term is the out-
going part. The phase eiφ is then the S-matrix S12 for the scattering. It is clear
that if |p1, p2〉 is to be an eigenstate of �SU (2) then the eigenvalue will be the sum
of the eigenvalues of two single magnon states with magnon momenta p1 and p2

respectively, since for |�1 − �2|>> 1 the two magnons cannot be interacting with
each other. The subtlety occurs when the two down spins are next to each other,
because the Hamiltonian cannot hop a down spin on top of another down spin.
However, by adjusting the phase eiφ we can ensure that |p1, p2〉 is an eigenstate. If
we concentrate on all the ways the Hamiltonian puts the two down spins next to
each other at sites � and �+1 we find that in order to have an eigenstate we must
satisfy the equation

ei p2
(

2− e−i p1 − ei p2
)

+ ei p1
(

2− ei p1 − e−i p2
)

eiφ

=
(

4− e−i p1 − ei p1 − e−i p2 − ei p2
)(

ei p2 + ei p1 eiφ
)
, (8.7)

which has the solution

eiφ = S12 =−ei p1+i p2 −2ei p2 +1
ei p1+i p2 −2ei p1 +1

(8.8)

Now let us put the two magnons back on a cyclic spin chain of length L. The
trace condition enforces the total momentum to be p1 + p2 = 0. The quantization
condition for p1 works as follows. If we transport the magnon once around the
circle the state is invariant. However, the transport brings the first magnon past
the second one, so it also picks up a phase eiφ . Hence, we have that ei p1 Leiφ = 1.
With p2 =−p1 we readily see that eiφ = e−i p1 . Thus the allowed values for p1 are
p1 =2πn/(L −1) and the possible eigenvalues for the two magnon state are

γ = λ

π2
sin2 πn

L −1
.

The case where n =0 is the symmetric state with spin L/2. All other choices have
spin L/2−2.

To go even further, it is convenient to define the rapidity variable u, where ei p =
u+i/2
u−i/2 . The dispersion relation is then

ε(u)= λ

8π2

1
u2 +1/4

, (8.9)

while the S-matrix in (8.8) for magnons with rapidity variables u j and uk is

S jk = u j −uk − i

u j −uk + i
. (8.10)
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For M magnons one then sets up a state

|p1, p2, . . . pM 〉=
∑

�1<�2...�M

ei p1�1+i p2�2+···+i pM�M | · · · �1↓ · · · �2↓ . . . · · · �M↓ . . . 〉+ . . .

(8.11)

with p1 > p2 · · ·> pM and where the last set of dots refers to the other possible
orderings for the magnons, with appropriate phase factors. One can show that the
phase factors are products of the two-particle S-matrices, which makes the system
integrable. Putting the magnons on a circle with L sites we then find the quanti-
zation condition for the j th magnon

(
u j + i/2
u j − i/2

)L

=
M∏

k �= j

u j −uk + i

u j −uk − i
. (8.12)

The energy of the state is

γ =
M∑

j=1

ε(u j ), (8.13)

where ε(u j ) is given by (8.9). The trace condition for the total momentum is

M∏
j=1

u j + i/2
u j − i/2

=1 (8.14)

The equations in (8.12) were first derived by Bethe many years ago[40] and are
called the Bethe equations for the Heisenberg spin chain. Further solutions to
these equations can be found in [24,41,42]. Their generalization to other sectors
including the full P SU (2,2|4) long-range spin chain [43] are discussed in [44–46]
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