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Abstract. We describe a correspondence (or duality) between the g-characters of finite-
dimensional representations of a quantum affine algebra and its Langlands dual in the
spirit of Frenkel and Hernandez (Math Ann, to appear) and Frenkel and Reshetikhin
(Commun Math Phys 197(1):1-32, 1998). We prove this duality for the Kirillov—Reshetik-
hin modules and their irreducible tensor products. In the course of the proof we introduce
and construct “interpolating (g, t)-characters” depending on two parameters which interpo-
late between the g-characters of a quantum affine algebra and its Langlands dual.
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1. Introduction

Let g be a simple Lie algebra and g the corresponding affine Kac-Moody algebra.
In [7], Reshetikhin and one of the authors introduced a two-parameter deformed
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W-algebra W, ;(g). In the limit + — 1 this deformed )V-algebra becomes com-
mutative and gives rise to the Grothendieck ring of finite-dimensional representa-
tions of the quantum affine algebra U, (g). (The precise relation between the two is
explained in [7] and [8].) On the other hand, in the limit when ¢ — €, where e =1
if g is simply-laced and € =exp(mi/r), r being the lacing number of g, otherwise,
this algebra contains a large center. It was conjectured in [7] that it gives rise to
the Grothendieck ring of U, (Xg), where L§ is the Langlands dual Lie algebra of §.
By definition, the Cartan matrix of g is the transpose of the Cartan matrix of g,
so that g is a twisted affine algebra if g is non-simply laced.

Thus, it appears that W, ,(g) interpolates between the Grothendieck rings of
finite-dimensional representations of quantum affine algebras associated with g and
Lg. This suggests that these representations should be related in some way. Exam-
ples of such a relation were given in [7], but general understanding of this phenom-
enon has been lacking. The goal of this paper is to elucidate and provide further
evidence for this duality.

The finite-dimensional analogue of this duality has been studied in our pre-
vious paper [5], in which we have conjectured (and partially proved) the exis-
tence of a correspondence, or duality, between finite-dimensional representations
of the quantum groups U, (g) and Uq(Lg).1 This duality may in fact be extended
uniformly to integrable representations of quantized enveloping algebras associ-
ated with Kac-Moody algebras. But quantized enveloping algebras associated with
the affine Kac-Moody algebras (quantum affine algebras for short) have another
important class of representations; namely, the finite-dimensional representations.
In this paper we describe a Langlands-type duality for these representations.

In this context the Langlands duality was first observed in [7,8] using the
so-called “g-characters” of finite-dimensional representations of quantum affine
algebras. The theory of g-characters has been developed for untwisted quantum
algebras in [8] and for twisted quantum affine algebras (which naturally appear in
the Langlands dual situation) in [13]. The g-character of a simple representation
characterizes its isomorphism class.

In this paper we conjecture a precise relation between the g-characters of finite-
dimensional representations of dual quantum affine algebras U,(g) and U, ).
Namely, we conjecture that for any finite-dimensional representation V of U,(g)
there exists an interpolating (q,t)-character, a polynomial which interpolates
between the g-character of V and the 7-character of a certain representation of the
Langlands dual algebra U, (%g), which we call dual to V (we discuss in which sense
it is unique). Moreover, we prove this conjecture for an important class of repre-
sentations, the Kirillov—Reshetikhin modules and their irreducible tensor products.

The g-characters are important in the study of integrable models of statistical
mechanics (see, e.g., [7,8]), and therefore their duality indicates the existence of

I'We have learned from McGerty that in the meantime he has been able to prove some of the
conjectures of [5], see [19].
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duality between the models associated with two Langlands dual affine Lie
algebras. The existence of interpolating (g,7)-characters is closely related to
[7, Conjecture 1], which also states the existence of interpolating expressions, but
of a different kind. They are elements of a two-parameter non-commutative alge-
bra (in fact, a Heisenberg algebra), whereas the interpolating characters that we
introduce here are elements of a commutative algebra. It would be interesting to
understand a precise relation between the two pictures.

We refer the reader to the Introduction of [5] for a discussion of a possible link
between our results on the duality of finite-dimensional representations of U, (g)
and U, (g) and the geometric Langlands correspondence. This link was one of the
motivations for the present paper.

Let us note that the technique and methods in the present paper are not gen-
eralizations of [5], but are new as we use the “rigidity” provided by the appear-
ance of the spectral parameters in the context of quantum affine algebras. This
allows us to construct the interpolating (g, t)-characters (which have a priori no
clear analogues in finite types). Another difference is that instead of a projection
from a weight lattice to the dual weight lattice, we introduce interpolating maps
al(q,t), B(g,t) in the characters. These maps “kill” some of the terms when we spe-
cialize to the Langlands dual situation. Thus we obtain a much finer form of dual-
ity in the affine case than in the finite-dimensional case.

The paper is organized as follows: in Section 2 we recall the Langlands dual-
ity for quantum groups of finite type from [5]. Then we state consequences of the
results of the present paper in terms of the ordinary characters (Theorem 2.3). In
Section 3 we give a general conjecture about the duality at the level of g-characters.
We state and start proving the main result of the present paper (Theorem 3.11)
in the double-laced cases; namely, that the Kirillov—Reshetikhin modules and their
irreducible tensor products satisfy the Langlands duality. The end of the proof uses
results of Section 4 where interpolating (g, )-characters are constructed in a sys-
tematic way (Theorem 4.4). The triple-laced is treated in Section 5 (Theorem 5.4
and Theorem 5.5) to complete the picture. In Section 6, we describe a reverse
Langlands duality from twisted quantum affine algebras to untwisted quantum
algebras and we prove analogous results for this duality (Theorems 6.8 and 6.9).

2. Duality for the Ordinary Characters

Although most of the results of the present paper involve g-characters, some con-
sequences of our results may be stated purely in terms of the ordinary characters.
We explain these results in this Section as well as some motivations and results
from [5].

Let g be a finite-dimensional simple Lie algebra and U,(g) the corresponding
quantum group (see, e.g., [3]). We denote r =max;<;(r;), where I is the set of ver-
tices of the Dynkin diagram of g and the r; are the corresponding labels. This is
the lacing number of g (note that it was denoted by ¥ in [7,8]). In some particular
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cases, we will not make the choice min;¢;(r;) =1 (that is we multiply the standard
labels by a coefficient).

The Cartan matrix of g will be denoted by C = (C; ;)i jes. By definition, the
Langlands dual Lie algebra g has the Cartan matrix C’, the transpose of the
Cartan matrix C of g.

Let

P =ZZa)i
iel

be the weight lattice of g and P™ C P the set of dominant weights. For i € I let
r[.v =1+r —r; and consider the sublattice

P'=>"r)ZLw; CP. (1)
iel
Let
pl= Z Zw;
iel
be the weight lattice of g. Consider the map IT: P — PL defined by
M) = > @) r) o
iel
if L€ P’ and TT1().) =0, otherwise. Clearly, IT is surjective.

Let Repg be the Grothendieck ring of finite-dimensional representations of g.
We have the character homomorphism

x :Repg— Z[P1=Z[yF "],

where y; =e®“. It sends an irreducible representation L(1) of g with highest weight
L€ PT to its character, which we will denote by x(1). We denote the character
homomorphism for “g by x~. We use the obvious partial ordering < on polyno-
mials. It was proved in [5] that for any A € P*, T1(x(})) is in the image of xI.
Moreover, we have the following:

THEOREM 2.1. [5] For any »€ PT, TI(x (1) = x L (I1(1)).

Let ¢, € C* be such that ¢ZNt%Z={1}. Let U, (@) be an untwisted quantum
affine algebra which is not Langlands self-dual. Let V be a simple finite-dimen-
sional representation of U, (g) which is of highest weight A in P’ when viewed as
a U, (g)-module. We conjecture the following:

CONIJECTURE 2.2. There exists an irreducible representation V' of U;(@gt) of
highest weight TI(L) such that TI(x(V)) = xL (VD).
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Note that the Langlands dual representation V© is not necessarily unique.
Uniqueness statements will be discussed later in a more precise form of Langlands
duality.

As a consequence of the results of the present paper, we will prove the following:

THEOREM 2.3. The statement of Conjecture 2.2 is satisfied for any Kirillov—
Reshetikhin module V over Uy (@), with the Langlands dual representation VL a Ki-
rillov—Reshetikhin module over U, (Xg).

Note also that in contrast to [5], we use ¢ and not —¢ for the quantization
parameter of the Langlands dual quantum algebra. This is just a consequence of
a different choice of normalization made in the present paper.

The following conjecture of [5] has been proved by McGerty in [19]: for any A€
P*, TI(x())) is the character of an actual (not only virtual) representation of Lg.
Therefore it is natural to make the following:

CONJECTURE 2.4. TI(x(L)) is the character of a representation of U,(*g).

Again, this representation of U;(g) is not unique, but it is unique as a U;(~g)-
module. However, it is not necessarily simple as a U, (*g)-module. As an example,
for a 5-dimensional fundamental representation of Uq(Cél)), the Langlands dual
representation decomposes into a sum of a 4-dimensional fundamental representa-
tion and the trivial representation of U,(AgZ)) (see the corresponding ¢g-characters
in Section 3.5).

3. Double-Laced Cases

In this section we suppose that the lacing number r is equal to 2 (the case r =
3 will be treated in Section 5). We will exclude from consideration the Langlands
self-dual quantum affine Lie algebras (affinizations of simply-laced ones and those
A3).

We have I =111, where Iy ={iel|r;=k}. For i, jel, we denote i ~j if C; ; <
0. We can choose ¢: 71— {1,0} such that i ~j=¢(@)+¢(j)=1and C; ;=-2=
o) =1.

3.1. REMINDER ON ¢-CHARACTERS AND THEIR TWISTED ANALOGUES

We recall the notion of g-characters first introduced in [8] for untwisted quantum
affine algebras (see [2] for a recent survey) and generalized in [13] to the twisted
cases.

The g-character homomorphism [§] is an injective ring morphism

Xq :Rep(Uq (@) — yq :Z[Yi:;l]iel,aeqz
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(without loss of generality, we restrict ourselves to the tensor subcategory of finite-
dimensional representations whose g-characters are in ));). By removing the spec-
tral parameter a, that is to say by replacing each Y; , by y;, we recover the usual
character map for the U, (g)-module obtained by restriction of U,(g)-module. In
particular, each monomial has a weight which is an element of P. For i €I, let

qi=q".
THEOREM 3.1. [6] We have

Im(xg)={") Rig-

iel
where R; 4 =Z[Yfal, Yiqo(1 +A;;qi)]j#i,aeqz and

o : -1 -1 ~1
Aia=Y, g Yiaax [T Yiax  T1 Y Yiae

jel,Cji=—1 jel,Cji==2

A monomial in )Y, is called dominant if it is a product of positive powers of
the Y;, (for i el,aeq?). A simple U, (g)-module is characterized by the highest
monomial (in the sense of its weight) of its g-character (this is equivalent to the
data of the Drinfeld polynomials, see [3]). This monomial is dominant. Any ele-
ment of Im(y,) is characterized by the list of its dominant monomials. A U, (g)-
module is said to be affine-minuscule if its g-character has a unique dominant
monomial.

DEFINITION 3.2. A Kirillov—Reshetikhin (KR) module of U,(g) is a simple

module with the highest monomial of the form Y; .Y, a2 Y g2

We have the following result which is due to Nakajima [20,21] in the simply-

laced case and [11] in general (note that for k=1 this was proved in [6] in the
untwisted case):

THEOREM 3.3. The KR modules of U,(g) are affine-minuscule.

Now let us look at the Langlands dual situation, i.e., finite-dimensional repre-
sentations of the twisted quantum affine algebra U, (Xg). We set € =¢'™/2 and I J=
b, L =1.

The twisted 7-character morphism [13] is an injective ring homomorphism (we
work in a subcategory defined as in the untwisted case)

X Rep(“U (§) = VE=Z1Z" Ny icr-
rat
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THEOREM 3.4. [13] We have

Im(x") =[] &F,.

iel
where
L +1 -1
Rl_,t:Z[z r\/’Z' rl\/(1+B r-V)i|
jai Tia i(anyt s qeels?
and
. -1 o V
B — ZiarZia> % jmijjery Zja * Hjmijjery Noeetiwy=a Zi - Hi€ly,
nLa —

) —1 -1 v Vv
ZiarZi g1 % Hj~i|je/2V Z, p X Hj~i|je11v Zja ifiel).

Note that a special definition should be used [13] for the B;, in the case of type
A%), but this case is not considered here.

We have the notions of dominant monomial, affine-minuscule module and KR
module as in the untwisted case. Any element of Im(x/) is again characterized by
its dominant monomials and we have

THEOREM 3.5. [13] The KR modules of U;(“g) are affine-minuscule.

3.2. THE INTERPOLATING (g, t)-CHARACTER RING

We first treat study the duality from untwisted quantum affine algebras to twisted
quantum affine algebras. The reverse Langlands duality will be treated later.

We introduce the interpolating (q,t)-characters, which interpolate between
g-characters of an untwisted quantum affine algebra and the twisted ¢-characters
of its Langlands dual. To do it, we first need to define an interpolating ring for
the target rings of ¢- and ¢-character homomorphisms.

We also need the function «(q, t) such that a(g,1)=1 and a(e, ) =0 defined in
[7,8] (see also [5] for an elementary natural way to introduce it in the framework
of current algebras) by the formula

wg.n=1 +q Dgt—q~ 't
: @2 — g2t :

Let C=¢”%t%. Consider the ring

Vour=ZIWE aYE! alicraec CZIYE! alict aecs

i,a’ 1,a’ l,a

Yia ifieh

where W, =[ ’ 7
i,aq’lYi,WI ifiel.
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For a €C, we will use the following identification for i € I and j € I:
YiaVi—a=Z; 1o and  Yj=Z; ;1. 2
We then have surjective specialization maps, respectively, at t=1 and g =¢,

) +1 _
Hq . yq,t - Z[Y[,a ]iel,aeqz - y‘]’
. +1
Hz~yq,t—>Z[Z, ,_V]zel aceltl = yz :
Lat

We have the ideals

Ker(ITy)) =((@ = 1), Wi g = Wi ar), @(Yia — Yiar))iel,aecs
Ker(IT;) = (o, (Wi ag — Wi ae))icl,aec-

Then we have the following:

LEMMA 3.6. The ideal Ker(I1,) N Ker(Il;) is generated by the elements
ala—1), a(Yia—Yiar), (a_l)(Wi,aq —Wiae)s (Wi,a_Wi,at)(Wj,bq - Wj,bé)a

fori,jel, a,beC.

Proof. First, the ideal J generated by these elements is clearly included the inter-
section Ker(IT,) NKer(IT;) and so we work modulo J. We denote by = the equality
modulo J. Now consider an element yx in the intersection. It is of the form

x=@=Dx@.0+ D Wigw =W, g)Xisr(g. 1)
iel,l,reZ

= (= Dx (e, D)+ D (Wi gter = Wi gtre1) Xt (€, 1)

il,r
If we evaluate at g =¢, we get
X(ED=D (W, = Wi ) it (€.1),
il,r
and so
X= Z( ltr_ ltr+l+(a_1)( leltr_Wi,eltH'l))Xi,l,r(e’t)
il,r

As (@—DW; ap =W, 1) =—(W, gl — Wi’qltr+l), we get

L,

Z( grr = Wigtr+t = (Wi g = Wi g1r1)) Xig,r (€, 1) =0.

il,r

This concludes the proof. O
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We will work in the ring

Vg1 =Y,/ (Ker(M,) NKer(I,)).

Note that ), ; has zero divisors as a?=a in Vg1

By a monomial in j/'q,, we will understand an element m of the form (A + ua)M,
where A, u€Z and M is a monomial in the Y Jial Note that a monomial may be
written in various way as for example aY; , =aY; 4 and (1 —@)Y, iagt = (1—a)Yi,.
A monomial is said to be i-dominant if it can be written by using only the o, Y,
and inal where j #i. Let B; be the set of i-dominant monomials and for J C I,
let Bj=NjeyB;. Finally, B=B; is the set of dominant monomials.

3.3. SUBALGEBRAS OF Y, ;
DEFINITION 3.7. For i €I and a €C we define

T : -1 -1 -1
Aia= i»a(qit)‘lyl*“qff X H Yj,a x H Yj,aq*IYj,aq'
jEI,C_,‘,,'z—l jel,C_/1i=—2

Note that the definition of Zl a 18 not symmetric in 1g.1. Forie 12, a €C we have
Ail €Yy, and for i e I; we have aA e)iq, and (Al aqflA, aq) eyq,,. But the
spemahzaﬂon maps I1,, I1; can be apphed to any A,,a and we have the following:

LEMMA 3.8. We have T1 (A,a)— i, (a) foriel,aeC.
We have H[((Al aq’lAl aq))— i, (T, (@) (= 1)@ for i EI] aeC.
We have l'It(A,,a)_ i1, (a) (= 1)P D forielh,acC.

Proof. The first point is clear.
Let @’ =Tl;(a). For i € I, the specialization of Aj ag1Aiag At g=¢€ is

(lfat— zat—l)(YtatY—at)X H (Y/ae ]—ae) H Y_l Y_l

j.a'e” j,—
jely,j~i jeb,j~i
1 1
=Zi @y21-2(~1900 Zi (@212 (1)) X H ,(a/)Z( 20k H Zjwelj—ae
jely, j~i jel j~i

Note that if there is j € I, such that j~i, by definition of ¢ we have ¢ (j)=0 and
¢(i)=1. That is why there is no ¢ in the last factor of the product.
For i € I, the specialization of A;, at g=¢€ is

-1 -1
Yiﬁa/[—l Yi—at X H Yj,a’ X H (Yj,—a/eYj,a’e)

jebh,j~i jely,j~i

=Zi a1 (=100 Zi—a't (~1)p® X H Z, —a’( 0N H Z, @)?
JED, j~i jely,j~i
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Note that if there is j € I} such that j~i, by definition of ¢ we have ¢(j)=1 and

¢ (i) =0. That is why there is no ¢ in the last factor of the product.

For i € Iy consider the subalgebra of ), ;

ﬁlq,_Z[Wla(l+ch LA A aYi o (1A ) WL avEl o

i,aq?t zat

and for iel,

1 +1 +1
"Q"”_Z[ ‘”(1+Azaq ) Wia®Yja: ]aec,m"

Then we have the following:
LEMMA 3.9. For iel, we have T1;(Ri 4.1)=Riq and T1;(Ri4) =K
Proof. For i €I}, we have

=Rig,

My (Rig) =2 [ Yia 1+ A7,

). Yil]

aeqh j#i
M (Rig) =2 Yiia¥ie-a 0+ Aicar Avea) ™, Y= VEL] =5k,

acelt? jely—{i}kel

as by Lemma 3.8 we have
Yi,a Yi,fa(l + (Ai,featAi,eaz)_l) = Zi,aZ(_l)dMi) (1 + Bijalztz(_l).ﬂi))‘

For i € I, we have

— il
My (R0 =2 (Va0 + AT =S,
. _ . -1 . . +1 +1 L
Ht(ﬁl’q’t)_zI:Yl’a(1+Ai’7‘”)’(YJ’aY]’_a) Y ]aeeZthEh kel —{i} Ri’t’

as by Lemma 3.8 we have

Yia(1+A; ' )=2 a(— 1)¢(:>(1+Bla( 16"

O

iaqt’> T j.ar = j.a’ ]aec,j;éi’

O

We use the same notation £;,; for the image of the subalgebras £; ,; in 37[,’;.

For J CI we define R; =), R; and we set R=R; Cﬁ)}q,,.

jelJ
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3.4. MAIN CONJECTURE AND MAIN THEOREM

Let us define an analogue of P/ C P,
Yo=Y ict acq? ® U ViagYiag-) Nicry acq® C V-

We consider TI : Vg — Y, the projection on Y, whose kernel is generated by
monomials not in y,;.

Let M eygl be a dominant monomial and V the corresponding irreducible repre-
sentation of U, (g). A representation VX of U,(Lg) is said to be Langlands dual to
L(M) if there is a dominant monomial M € qu,,\afq,t and x, € £ N
MZ[AI 4+ %licr.acc such that

M, (Xg) = x4 (V) and T, () = xq (V).

Besides, we say that ¥, is an interpolating (q,t)-character of V.

A given representation V may have different Langlands dual representations (for
example, obtained by a shift of the spectral parameter by +V, that is by replacing
each Z Y by Z @ny? in xE(VL)). Following [4,15], we will call a representa-
tion Wthh cannot be factorized as a tensor product of non-trivial representations,
a prime representation.

CONJECTURE 3.10. Any irreducible representation V of Uy(§) has a Langlands
dual representation VL. Moreover, if V is prime, VL is unique up to a shift of spec-
tral parameter.

If V is not prime, the uniqueness statement does not necessarily hold (see
Remark 4.19). Conjecture 3.10 implies Conjecture 2.2 as the condition M ey,, A\
ayq,, implies that the highest weight of VL is given by the highest weight of V.
The following is the main result of this paper:

THEOREM 3.11. Let V be a KR module over Uy(g) or an irreducible tensor prod-
uct of KR modules. Then V has a Langlands dual representation. Moreover, the
Langlands dual representation of a KR module over U,(g) is a KR module over

U, (F9).

To prove this Theorem, we will use the affine-minuscule property of the KR
modules.

3.5. EXAMPLES

Let us give some examples of interpolating (g, t)-characters which will be useful in
the following proofs:
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First consider the type A; with r=1. We choose ¢ (1) =0 and we have the fol-
lowing:

Yi1Yy 2 YY) 2 Z11
\Ll,q% ll,(f
~1 ~1
a¥i1¥) 4p Yia¥) 1.2
\Ll,qt \Ll,q
1yl B ~1
Yl,q2t2 Yl,q4t2 Yl,qZYl,q4 Zl,t4

Here we use diagrammatic formulas for (interpolating) g-characters as defined in
[8]. The left term is the interpolating g-character, and then we have the respective
specializations at t=1 and g =«.

Consider the type A; with r =2. We choose ¢ (1) =0 and we have the following.

Y11 Y1 Z11
ll,qzt ll,qz \Ll,r
-1 -1 -1
Yl,q412 Yl,q4 Zl,t2

Next, consider the type A, with »=1. We choose ¢(1)=0, ¢(2)=1 and we have
the following:

YY) 2 VAR
l,q3t
-1
O‘Y1~1Y1,q412Y2,q3f 1,12
2,q4t2
1,qt
Yy Lov7l oy, sy aYy Y ! z7 Lz
1,g22 1 1,g42 1 2,431 2,01 L1ty 453 1,442,102
2,q412
l,gqt
-1 -1
O‘Yl,qztzqutqus,a 2,14
2,q212
y7Loyo! 7!

2,337 2,453 2,16
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For the type A; with r=2, we choose ¢(1)=0, ¢(2)=1 and we have the following:

Y11 Y11 Z11
1,4°t 1,¢% ll,t

Y7 LY, o Y~ LY, » z-lz
Lg42 " 2.q°t 1,g* " 2.9 1.12 2,t
2,q%2 2,4* lz,zz

-1

YZ,q6t3 Y2’q6 22’13

The following example was considered in [7] (it is rewritten here in the language of
g-characters and twisted 7-characters): The type is Bél) :C;l) and its Langlands
dual Dgz) =A§2). We have ¢(1) =0, ¢(2) =1. I, gives the g-character of a fun-
damental 5-dimensional representation of Uq(Cél)) from [6] (see also [18]) and IT,
gives the following interpolating (g, t)-character:

Y11 Y11 Z11
1.g% 1.4* Lt
VORI LI A Y LY, Y, 3 z7lz, 5
1,q4,2 qt 2.7t l,q4 47 2,q 1,12 2.t
2,q4t2 2,q4
Yy, Y} Y, ¥} 4
o 2,qt 2,q5t3 2,9 2’45 2.t
2,q2t2 2,q2
v Lyl s y-Ly Ly, » z7\z,
2,q3t3 2,(]513 1,q%t 2,(]3 27(15 1,9 2,6 1,—t
1,¢%3 1.g* 1,—13
~1 -1 —1
Yl,q6t4 Yl,q6 Zl,—t4

By [13] this is the twisted ¢-character of a fundamental 4-dimensional representa-
; 2
tion of U,(A5”).
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Let us give another example for this type.

YLlYéHZ

3

2,q°t

-1
a¥21Y) 4p¥ig%

l,q512
2,qt \

-1 -1 -1
Y2,q212Yz,q4z2Y1!q’Y1vq3f aYZ’lYqu()IZYl,q7t3
1,¢°¢2 2,473
1’q3[2 \ \qut \
Y, 5 Y 7! Y7Ly, so¥Tl Ly aYy Y
1,q°t 1.g33 2,¢212 2,q%t 1.¢713 ,qt 50 g8r4
1,q°¢2 2,473
q % J/ q 2,qt
“loyTly, uay vy Loy oy
l,q5t3 l,q7t3 2,q4t2 2,q6t2 (07 2,q212 2,(]814 l,qt

2,q7t3
l,q312

-1 -1
ozYl’qst3 Y2,q4,z Yz’qgl4

2,(15t3

-1 -1
Y2,q6t4 Y2,q8t4

Here we have to check that it is in the 8, since a priori it is unclear that
IV ZRD LI Sui S el N RIS Gai S CIIDY) AN el NI Gl NS Gl NS o1
L2401 14713 2,¢212 2,q%t 1.¢713 ,qt A5 484 2,227 2,484 ,qt

.. . -1 -1 -1
is in Ry, . But if we subtract aY; (1 +A2’qt)Y2’q6t2(1 +A2,q7t3)Y1,q7,3 € R 4.1, WE
get
—1 —1 -1
A=a)Y) 2oYsg60Y] 13V =U =Y 5:Y1 0 € R0,

I, gives the g-character of a 11-dimensional KR module over U, (B;l)) (it follows
from [11] that the formula of [16,17] is satisfied) and IT, gives the following:
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Zy 1

1 _
21’6121,7613 Zl,et3zl’_€t
1,e?
‘4
z7V 77 7,
1,—er371,er372,—1
2,—10
-1
ZZ,—tS

By [13] this is the twisted z-character of a fundamental 6-dimensional representa-
tion of U,(AP)).

4. Interpolating (g, t)-Characters

In this section we construct interpolating (g, t)-characters in a systematic way:
we prove the existence and construct sums in & with a unique dominant mono-
mial which can be seen as interpolating (g, t)-characters of virtual representations
(Theorem 4.4). Their existence implies Conjecture 3.10 in many cases. We will
prove in Section 4.3 that Theorem 4.4 implies Theorem 3.11.

Let us explain the main ideas of the construction of interpolating (g, t)-char-
acters. In [9, Section 5] a process is given to construct some deformations of
g-characters. Although the notion of “interpolating (g, )-characters” considered in
the present paper is completely different from that of the “g, f-characters” in [9],
we use an analogous process (note that the “g, r-characters” of [9] were first intro-
duced in [20] for simply-laced affine quantum algebras by a different method). In
fact, the process of [9] may be seen as a general process to produce z-deformations
under certain conditions. It is based on an algorithm which is analogous to the
Frenkel-Mukhin algorithm for g-characters [6].

Let us give the main points of the construction. We define a certain property
P(n) depending on the rank n of the Lie algebra which means the existence of
interpolating (g, t)-characters in K. To prove it by induction on n, assuming the
existence for the fundamental representations, we first construct some elements
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E(m) which are analogues of interpolating (g, t)-characters for standard modules
(tensor products of fundamental representations). Then we have three additional
steps:

Step 1: we prove P(l) and P(2) using a more precise property Q(n) such that
Q(n) implies P(n). The property Q(n) has the following advantage: it can be
checked by computation in elementary cases n=1, 2.

Step 2: we give some consequences of P(n) which will be used in the proof of P(r)
(r >n).

Step 3: we prove P(n) (n>3) assuming that P(r), r <n are true. We give an algo-
rithm to construct explicitly the interpolating (g, t)-characters by using ideas of [9].
As we do not know a priori that the algorithm is well-defined in the general case,
we have to show that it never fails. This is a consequence of P(2) as it suffices
to check the compatibility conditions for pairs of nodes of the Dynkin diagram.
Finally, we prove that the algorithm stops, that is to say it gives a finite sum which
makes sense in K.

4.1. STATEMENT

In this section we prove, for m € B, the existence of an element F(m) € R such that
m is the unique dominant monomial of F(m). This will imply Theorem 3.11.
We have a partial ordering on the monomials of ), ;:

m<m' &mm') €ZIA;,. alicr.acc

LEMMA 4.1. A non-zero x in R; 4, has at least one i-dominant monomial.

Proof. Take a monomial m in x maximal for the partial ordering <. It occurs
in a product of generators of K;,;, whose product M of highest monomials are
greater or equal to m for the partial ordering, that is, Mm~! is a product of v(M)
factors Z; ; Let N be the maximal v(M). We suppose that we have written x so
that N is minimal. If N =0, one of the products M is equal to m, so m is i-dom-
inant. Otherwise, N > 0. The products M such that v(M)= N should cancel as m
is maximal in x. But the only case where generators of £;, , have the same high-
est monomial is when i € I} as the dominant monomial «Y;.Y; ;.2 is the highest
monomial of

aYia(l+A;, JaY, , (1+A )

L,aq l,aq3t
and of

_ 1 1 -1
aYia Yi,aq2 (1 —i—aAi,aq% + Ai,aq3t i,aqt)‘
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But the difference of the two is aYi,aYi’angi_;qt =« iji Yjaq in 5)4,,. This mono-

mial is i-dominant in &;,, and strictly lower than aYiaY; 402 So we can rewrite
the expression in such a way that the new maximum of the v(M) is strictly lower

than N. This is a contradiction. O

For JC1, let g; be the semi-simple Lie algebra of Cartan Matrix (C; ;)i jes and
U,(9)s the associated quantum affine algebra with coefficient (r;);cy.

As above, by considering a maximal monomial for the partial ordering, we get
the following:

LEMMA 4.2. A non-zero element of Ky has at least one J-dominant monomial.

For a monomial m there is a finite number of monomial m’ emZ[Xl._ ;]aec which
are i-dominant. Let m =] Yi’;'“(m) and let C(m)={a eC|3i €l, u;,(m)#0}.

Then we set

iel,aeC

D(m)={mX.—1 AT |Nzo,i,-e1,ajeC(m)qN*zN*}.

ina; - iy.ay

Note that D(m) is countable, any m’ € D(m) satisfies m’ <m, and D(m') C D(m).
Finally, set

D(m)= B p(myZm’ .
We prove the following result as in [9, Lemma 3.14]:
LEMMA 4.3. For any monomial m, the set D(m)N B is finite.
Let us state the main result of this section.

THEOREM 4.4. For all n>1 we have the following property P(n): for all semi-sim-
ple Lie algebras g of rank rk(g)=n and for all m € B there is a unique F(m)e€ RN
D(m) such that m is the unique dominant monomial of F(m).

Remark 4.5. If m is of the form am’, then the existence of F(m) follows from the
analogous result for the g-characters. Indeed, in [9] an algorithm inspired by the
Frenkel-Mukhin algorithm [6] was proposed (as well as its z-deformation in the
sense of [9]): if it is well-defined, then for a dominant monomial m € Z[Y; 4rlier rez
it gives F(m) in the ring of g-character such that m is the unique dominant mono-
mial of F(m) (see also [10]). As a consequence, it suffices to prove the result when
m is a product of the W;,.
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4.2. PROOF OF THEOREM 4.4

First note that for n=1 we have already proved this result. For a general n, the
uniqueness follows from lemma 4.2.
First, we define a new property Q(n).

DEFINITION 4.6. For n>1 denote by Q(n) the property “for all semi-simple Lie
algebras g of rank n, for all i € there is a unique F(W; 1) € RN D(W; 1) such that
W;.1 is the unique dominant monomial of F(W;1).”

4.2.1. Construction of the E(m)

We suppose that for i € I, there is F(W; 1) € RN 5(W, 1) such that W; is the
unique dominant monomial of F(W; 1) (that is the property Q(n) is satisfied).

For a eC consider s, : yq = yq + the algebra morphism such that s,(Y; ) =Y} ap.
We can define for m=[];c; 4cc Ww’ “ the element

Em= [] Ga(FWin"eefn( [ (DWiqa)")C&ND(m).

iel,aeC iel,aeC

4.2.2. Step 1

First, we prove that Q(n) implies P(n).
LEMMA 4.7. For n>1, property Q(n) implies property P(n).

Proof. We suppose that Q(n) is true. In particular, we can construct E(m) € KN
D(m) for me B as above. Let us prove P(n). Let m € B. The uniqueness of F(m)
follows from Lemma 4.2. Let my =m >my_1 > --->m; be the dominant mono-
mials of D(m) with a total ordering compatible with the partial ordering (it fol-
lows from Lemma 4.3 that D(m)N B is finite). Let us prove by induction on [ the
existence of F(m;). The unique dominant monomial of D(m1) is my, so F(m)=
E(my)e D(m;). In general, let A,...,A;_| €Z be the coefficient of the dominant
monomials my,...,m;_1 in E(m;). We put

Fm)=E(m)~ > 5F(m).

r=1.1—1

It follows from the construction that F(m) e D(m) because for m’ € D(m) we have
E(m’)e D(m') C D(m). |

COROLLARY 4.8. The properties Q(1), Q(2), and hence P(1), P(2), are true.

This allows us to start our induction in the proof of Theorem 4.4.
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Proof. For n=1 we have two cases A; with r=1 or r=2. The explicit formulas
have been given above. For n =2 we have five cases A} x A| with r=1,2, A, with
r=1,2), By. The cases A| x A are a direct consequence of the case n=1. For A,
i =1,2 are symmetric so it suffices to give the formulas for i =1 as we did above.
We also gave the formulas for B, above. O

4.2.3. Step 2

Let be n>1. We suppose in this section that P(n) is proved. We give some conse-
quences of P(n) which will be used in the proof of P(r) (r > n).

From Lemma 4.3, an element of ), ; has a finite number of dominant monomi-
als.

PROPOSITION 4.9. We suppose rk(g)=n. We have

ﬁ:@meBZF(m).

Proof. Let x € R. Let my,...,mp € B the dominant monomials occurring in x
and Aq,...,Ap € Z their coefficients. It follows from Lemma 4.2 that y =
lel‘..L)\lF(ml)- U

COROLLARY 4.10. We suppose |I|>n and let J C I such that |J|=n. For m €
By, there is a unique Fj(m) € Ry such that m is the unique J-dominant monomial of
F;(m). Moreover, Fj(m) € D(m) and we have

Ry=€P ZF;(m).

meBy

Proof. The uniqueness of F(m) follows from Lemma 4.2. Let us write m=m ym'’
where m; =[],/ ez Yibf;‘l(m) € B;. In particular, Proposition 4.9 with the algebra
U,(g)s of rank n gives m;x, where x is a polynomial in the variable Z;ll for
U,(9)y. It suffices to put F;(m)=mv;(x), where v, is the ring morphism which
sends a variable Z;, ; for U, (@), to the corresponding variable for U, (g). The last

assertion is proved as in Proposition 4.9. O

4.2.4. Step 3

We explain why properties P(r)(r <n) imply P(n). In particular, we define an algo-
rithm which constructs explicitly the F(m) by using ideas of [9].

We prove the property P(n) by induction on n>1. We have proved P(1) and
P(2). Let n>3 and suppose that P(r) is proved for r <n.
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Let mge B and mg, m|, my, ... the countable set D(mg) with indexes such that
mj>mj implies j'> j.

For J &I and m € By, it follows from P(r) and Corollary 4.10 that there is a
unique Fj(m) € D(m) N Ky such that m is the unique J-dominant monomial of
F;(m) and that ﬁjz@meB] ZF;(m). If m¢ By, we denote F;(m)=0. For x eyq,,,
[x1w €Z is the coefficient of m’ in .

We consider the following inductive definition of the sequences: (s(m,));>0 ezZN,

(ss(m))r=0€ZN (J 1),
s(mo)=1, s5(mo)=0,
and for r>1, JC1I,

spme) =" (s(mp) =5, (m))[F (my)l,

) sy(my) if m,.¢By,
s(m,)=
0 if m, € B.

The definition of s; means that we add the various contributions of the m, where
r’ <r with coefficient (s(m,) — s;(m,)), so that a contribution is not counted
twice. For the definition of s(m,), there is something to be proved: that the various
sy(m,) for m, ¢ By coincide.

We prove that the algorithm defines sequences in a unique way. We see that if
s(m;), sy(m,) are defined for r <R, then so are s;(mpy;) for J C 1. Moreover,
sy(mpg) imposes the value of s(mpg41), and by induction the uniqueness is clear.
We say that the algorithm is well-defined to step R if there exist s(m,), s;(m,) such
that the formulas of the algorithm are satisfied for » <R.

LEMMA 4.11. The algorithm is well-defined to step r if and only if

VJi, J QI,VV/SV, (m, ¢ B, and m, & By, = sy (my) =s5,(m;)).

Proof. If for r' <r the s(m,’), s;j(m, ) are well-defined, so is s;(m,). If m, € B,
s(m,) =0 is well-defined. If m, ¢ B, it is well-defined if and only if {s;(m,)|m, ¢ B}
has a unique element. |

If the algorithm is well-defined to step r, then for J &I we set

pr(mp)=sme) —sy(mp), xy =D s (my)Fymy) € Ry.

r'<r

We prove as in [9, Lemma 5.21] (except that the coefficients are in Z and not in
Z[t*']) the following:
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LEMMA 4.12. If the algorithm is well-defined to step r, for J C 1 we have

xo € [ Dostmm | +symemppr+ D7 Zmy

r'<r r'>r+1

For JyCJo C 1, we have

X5y = X5+ D hp Fy(myr)

r'>r

where A €Z. In particular, if m,11 ¢ By, we have sy, (my41)=s7,(M,41).
We prove as in [9, Lemma 5.22] the following:
LEMMA 4.13. The algorithm never fails.

Now we aim at proving that the algorithm stops. We will use the following
notion [6]:

DEFINITION 4.14. A non-trivial m = [[;¢; secx ¥; fl"’(m) is said to be right-

L,

negative if for all ae C*, j €l we have (U gqta (M) Z0= 1 401q (M) <0) where

Lo =max{l € Z|3i € I, u; 4, (m) #0).

D(m) is graded by finite-dimensional subspaces such that the degree of the
monomial m/:mgi_l’la1 ...K;VI,GN in D(T) is N. Then we can consider the corre-
sponding graded completion D(m) of D(m). By an infinite sum in ), ; we mean
an element in such a completion. We have analogous definitions for infinite sums

in Y, and in y,L

LEMMA 4.15. Let S be an infinite sum in Y, (resp. in VLY which is an infinite sum
of elements in R; 4 (resp. in Rh) for any i €l. If S contains a finite number of dom-
inant monomials, then S is a finite sum in Y, (resp. in y,L).

Proof. We prove the result for ), (the proof is completely analogous for VE by
using results in [13]). Let my,...,m; be the dominant monomials occurring in S
and Ap,..., A, their multiplicity. For m a dominant monomial, there is F,(m) €
Im(x,) with a unique dominant monomial m (see the construction in [9, Section
5.1] by using g-characters which are finite sums). Then

S'=S— > MF,m)

1<i<L
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has no dominant monomial and for any i €/ is an infinite sum of elements in &; ;.
So if §'#0, a maximal monomial occurring in S’ is dominant, contradiction. So
s =0. |

Now we can prove the following:

LEMMA 4.16. The algorithm stops and x = Zrzos(mr)mr € AN D(mg). Moreover,
the only dominant monomial in x is my.

Proof. Consider the (a priori, non necessarily finite) sum x in D(mg). We prove
as in [9, Lemma 5.23] that for each i €I, x is an infinite sum of elements in &; ;.
There in N € Z such that my eZ[YLq,t/]ie],r,lSN. By constructi(zn with the algo-
rithm, only a finite number of monomials of F(m() are in mOZ[A-_lrtl]r<N or I<N-

Let us consider another monomials m ¢Z[A ! ralr<n or 1< occurring in x. The
specializations IT, (m’) and H,(m ) are right- negatlve Indeed for any ry,r; > N and
jel, the spemahzatlons of moA rl . are right-negative. Moreover the specializa-
tions of the Al’ , are right- negatlve, and a product of right-negative monomials is
right-negative [6]. Since a right-negative monomial is not dominant, we can con-
clude that the specializations of m’ are not dominant. So Il,(x) and II;(x) have
a finite number of dominant monomials. So these are finite sums by Lemma 4.15.

As 5)%, is obtained by a quotient by Ker(Il,) NKer(Il;), x is a finite sum. O

This lemma implies the following:
COROLLARY 4.17. For n>3, if the P(r) (r <n) are true, then P(n) is true.

In particular, Theorem 4.4 is proved by induction on 7.

4.3. PROOF OF THEOREM 3.11

Let us explain how Theorem 4.4 implies Theorem 3.11.
First consider the dominant interpolating monomial

m=W; Wl artgh” W'a(t2q4)k’]‘

L,

The specializations by IT,, IT; of m correspond to the highest monomials of KR
modules, respectively, over U, (g) and U, (*9). By construction, the monomials m’
occurring in F(m)—m are of the form

_ 1 e . .
m’ (mAzaq2k)lla1 AiN,aN where ij,...,iy€1l and ay,...,ay €C.
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As a consequence IT,(m’) and IT,(m’) are right-negative. Indeed, the specializa-
tion of mA %1, and of the A_1 are right-negative, and a product of right-
ag;

negative rnonom1als is right-negative [6]. Since a right-negative monomial is not
dominant, the specializations of F(m) are affine-minuscule. By Theorem 3.3 and
Theorem 3.5, this completes the proof of the first statement of Theorem 3.11 for
KR modules.

Now we have the following compatibility property with tensor products:

PROPOSITION 4.18. Let Vi and V, be two simple representations of Uy (@) with
respective Langlands dual representations VIL and VZL. If Vi ® Vo is simple, then
VIL ® V2M is a Langlands dual representation to Vi ® V.

Proof. For x; and x, interpolating (g, t)-characters, respectively, of V| and Vj,
the product xjx» is clearly an interpolating (g, t)-character of Vi ® V, as R is a
subring of 5/,],, and I1, is a ring morphism. We can conclude for the last point as
I1; is a ring morphism. O

According to the above discussion, this completes the proof of the first state-
ment of Theorem 3.11.

Remark 4.19. 1f VlL and V2L are nontrivial, then the uniqueness statement does not
hold for V; ® V»: by shifting the spectral parameter in x; by ¥ where N #1 with-
out changing y», we get another Langlands dual representation which cannot be
obtained from V" ® V{ by a shift of spectral parameter.

Now consider a KR module V' of highest monomial Wi oW, jg4- - W, a1
Suppose that we have a Langlands dual representation V% which is not a KR
module and consider a corresponding interpolating (g, t)-character x. Let M be
the highest monomial of x. Then, there are b#J’ such that W;,, W;; occur in
M but W; 40, W,y 4,2 do not occur in M. Suppose that r; _1 (resp. r; _2)1 As
a consequence, M A’ bg‘zAt_bqt and MA_b, 3 lb,qt (resp. MA qut and MA_b/ 21)
occur in x and have distinct image by I1,. But by [11, Lemma 5 5], Xq(V) contalns
a unique monomial of the form T1 (M)A A_ o (resp. T1 g (M)A, ) This contra-

dicts TT,(x) = x4 (V).

4.4. ADDITIONAL COMMENTS

Note that it is easy to construct interpolating (g, t)-characters of non-simple rep-
resentations by using tensor products of KR modules which are not simple, by
the same method as in Proposition 4.18. More interestingly, to illustrate Conjec-
ture 3.10, let us give an example of a simple non affine-minuscule module which
satisfies the Langlands duality. Consider the Uq(Cél))-module V:L(le,1 Y 5Y5 47).
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Note that L(Y21Y, oYy 47) @ L(Y 47) is simple as it is affine-minuscule. So by
[12, Lemma 4.10], VL(Y11Y) 45Y 47) @ L(Y1,1). Moreover,

Xq(L(Y1,1) @ L(Y; 45Y5 7)) = xg(L(Y2,1) @ L(Y2,7)) + xq (L(Y1,1Y3 4515 ;7))
has they have the same multiplicity 1 on the dominant monomials. So
dim(L(Y; 45Y5 ;7)) =55—16=39 and dim(V)=39 x 5=195.

Now consider the U,(Agz) ) simple module V% :L(Zilzz,,a). In the same way, by
[14, Proposition 4.7], we have VL:L(ZLIZz,,s)@L(Zm), and as

X (L(Z1,1) ® L(Zy 6)) = X (L(Z1,1Z5,6)) — x{ (L(Z} _2)),

we get dim(L(Zy,1Z, ,6)) =24 —-4=20 and dim(V%L)=20x4=280. As above for the
dimension, it is easy to compute the g-character (resp. twisted ¢-character) of V
(resp. V). So we can check that V satisfies the Langlands duality with the Lang-
lands dual module V. We do not list the 195 monomial of the interpolating (g, t)-
character, but the 80 monomials which do not have « in their coefficient. It suffices
to multiply one of the 4 monomials of the sum

-1 _
Yl,l+Y1,q4t2Y2,ql‘Y2,q3t+Y 312Y2 5,3Y1q12+Y1 g6

by one the following 20 monomials. We use the notation i, =Y; , (analog notation
will also be used in the following):

1 -1 -1
112,53247,5, Lilgsal, 8,42 7, 12 9tS,l 42291243,24532 7f311146t41412t°2q7r524“f5’

- - 1 1 -1 1-1
lllqll),6 L84, 1q4t21q6,4 1y8a241243,2 7152 9,55 1,17 21076 1q12,62q9t52q”t5’ 1q4[2 1q1('[62‘1t2q3tl({8f4’

-1 -1 -1 y=1 -1
1 4t21 641 12162,1,2 3,2 7r52 11,5,1 4 21 10 qulzr(,Zq[Z 3,2(19,52 15,
1 1 1 —1 1
1 ’r21 ‘>t41 3z42 PEIE 32 5t32 7,32 9;5° 112 11,72 13,7v1 ’r21 10 62 3t32 5,3148#"

- 1 1 1 —1 H—
L2164l 12162({ r32 5132 7[52 1,5, 1 7 22(,,2 3,2 11t72 13,70 Lg221 10tﬁl 12’62{] r32 3209524115,

1 1 1 14— - 1 1
1 2t22 PEIE 2 32 11,72 1%,7:1 6,41 10,61q8t4 Ly 6t4 10,61 1’,62 9t52q“z5 1 6,42 11,72 13,7+

Nakajima [20] has computed the g-characters of simple modules from those of
standard modules (tensor products of fundamental representations) using quiver
varieties. His results are not available for non-simply laced untwisted quantum
affine algebras, but the second author has conjectured [9] that analogous results
do hold in this case. The result on tensor products in Proposition 4.18 is an indi-
cation of the compatibility of the two conjectures.
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4.5. EXAMPLE

241

We give an example of an interpolating (g, t)-character that we get for a Lie alge-
bra or rank strictly greater than 2 by the process described in the proof. Consider
Uy (€5 with ¢(1)=¢(3)=0, () =1.

-1
Y3,q4t2 Yz‘ql Y2,q3t

OtYl,q“tz YZ,qt Y

Y71

Y3’q212 2,(1

Y71

3,q0t*

-1
aY3,q614

3t3 2’q

Y3

Y71

Yl,q

-1
Yl,qét4

,1

3,q2t

2 -1
aYy op Yz,q7z4

2,q4t2
-1
Z,qslz
1,4°8
2,q%12
Y, anY 2y-l oy
5,201,402 11,4212 L g6 2t
1,4°8
3,443 2,¢%12
Y aYy oY L yTloy
41247,42¢2 3,q%12 2,433 71,4544 1,q%¢2
1,4°8 Lg’s
3,443
-1 -1
Y 222 453 Y3,q212Y1,q6t4Y1,q4t4
1.g3
2,¢%% 3.q%3
YooY, saY, say Tl v
3,g6r4 T 2,433 1 2,q33 0y 46,47 1 g4
1.¢%#3
2,¢%¢%
aY 33Y_1 y!
2,¢°° 72 g5 7 1, g44

-1

2,q4l4

1

Yz,qsls Y2,q7t5 Y3 44

3,q6t5

v

1

3,¢81°

The specialization at =1 gives the g-character of a 14-dimensional fundamental
representation of Uq(Cél)) from [6] (see also [18]). The specialization at ¢ =€ gives
the twisted r-character of a 8-dimensional fundamental representation of U,(Dgz))

[13].
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Z31

Z*l

3,12

1,16 -1
Z377t2211t8

3,—13

-1 -1
Z 44 Z2,t621’t8

5. Triple-Laced Case

Now we suppose that r =3, that is to say we consider U, (Gg)) and its Langlands
dual U,(Df)). The results and their proofs are completely analogous to the case
r =2, except that we have to change some definitions and formulas and we have
to check the existence of interpolating (g, t)-characters in some examples as we did
for r=2.

5.1. DEFINITIONS OF INTERPOLATING STRUCTURES

We set € =¢!™/3. For the Dynkin diagram of G, we use the convention r; =3 and
ra=1. We have r/’=1 and r)’ =3.
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For the g-characters of U, (G(zl)) we have
1 —1y—1 -1
Al’a = Yl,aq_3Y1,aq3Y2 aq72Y2 aYZ aq Az a— Y2 aq—l Y2 anI a’
R1g=ZN1a(LH AT ). Y3 ey ﬁzq—Z[Yza<1+A2 ) Yiialacq?

For the twisted ¢-characters of U,(Df)) we have

Bla—Zl a1 Z1aZy B2a3:ZZ,a3t3ZZ,a3z*3Z lz=1 7-1

1,ae2 7 1,ae%’

2z, R =UZo (14 A7) ), 2 eenie.

2a3’
[ =UZ1a(+Z1,). 23,

]aee

For aeC let Wi ,=Y1 4, Wa = Yz’aquYz’aYz,aqz.
Let us consider an interpolating map B(g, t) such that (g, 1)=1 and B(e,t)=0.
We can use, for example, the following map introduced in [1]:

(@ —q gt =g 0@t g0 T —qg7H?)
(q—g NGt " —q3n)(g* —tg=) (g7t 2 —q12)

Blg, )=
Consider
Vg =ZIW, BY 5! Blicr.acc.

We have the specializations maps I, IT; and the ideal Ker(IT,) NKer(Il;) is gen-
erated by the elements

,3(/3_1)’ lg(Yi,a - i,ut), (ﬁ_l)(Wi,aq_Wi,ae)v (Wi,a_Wi,at)(Wj,bq_Wj,be)’

for i, jel and a,beC. We work in the ring ij,t =Y./ (Ker(Ily) NKer(I;)).

DEFINITION 5.1. We define for a €C the interpolating root monomials

= e -1
Ala= Yi,a(q3t) 1Y; aq3t(Y2 aq? 2.1, aqz) Arg= Yz,a(qt)*1 Y2’aqlY1,a'

We will use the identification Zy , =Y, and Y2 .Y, 2,Y c4,=Z, _,3. The Aia
interpolate between the root monomials of Uq(Ggl)) and U,(Df)) as we have the
following:

LEMMA 5.2. We have T1 (A,a)— i,y (@) foriel,aeC.
We have l'It(Az aq—2A2aA2 ag?) = Bo i, )y for a€C.
We have l'It(Al a)=B1._n,) for aeC.

Proof. The first point is clear.
Let a’=T1,(a). The specialization of Ay 4g2A244; 42 AL g =€ is

_1
Yy _ai-1Yy _ge2-1 Yo _gretr-) (Yo —at Yy g2, Yy _ret) X (V) gre2Y1,0 Y ge2)

-1
= ZZ,(a/)3t3 Z2,(a/)3t_3 X (Zl’a/€—2 Zl»a/Zl,a’ez) = BZ,(a/)S .
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The specialization of lea at g=¢ is

Y a1 Y1 o X (Y g2 YZ,H'Y2,a’62) =2y _a1-1Z1,—a't X Z2 (—a3 =

Consider the following subalgebras of )74,,:

Rug =104 AL WELBYL B
ﬁzq,_Z[YzaYzaquzaq4(l+ﬁA2 L BA AL A A AL,

ag3t T 22,4511 2,031
BV a1+ 45 ). Yl’wﬂ:laec.
These are interpolating subalgebras as
LEMMA 5.3. For i €{l,2}, we have I1, (R ;) =Riq and Ht(ﬁi,q,l)zﬁL
Proof. We have

My (R0 =Z[ Va0 + A3 Y0 ] =R,

1 —1 +1 L
2, aeztA _‘”Az,—ae_zl)7Yl’a]aEGZtZ_ﬁlt’

M (R2.0.0) =Z[ Yaa¥ e Y2 ges (1 + 43
as by Lemma 5.2 we have

T-1 -1 7-1 -1
Y24Y5 42 Y5 gea(l +A2,7ae2rA2 A V=2, (1 +B2,7u3t3)'

—ae2t

Now we have

My (R0 =2 [Na(+ AL 050 =R,

M(R1g.) =2 Va4 L) (BaYyeo Vo™ | =85,

eeltl

as by Lemma 5.2 we have Yla(1+A_ al)—Zla(1+B O

i,at

As for the case r =2, we define the analogue of P'C P in Y,

yézz[ Y1 (Y02 Y2.aYs 4 z)i‘]

aeq?
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5.2. EXAMPLES

Now we have to check the existence of interpolating (g, ¢)-characters in some ele-
mentary cases. First, consider the following interpolating (g, t)-character:

Y11
1,q3r
-1
Yl,qﬁtz JCWER SR E N

2,c1612
-1
5Y2,47t3 YZ,q3rY2,q1

2,q4z‘2

-1 -1
BYy g4 Yy 173 Ys g3 Vo

\

lq’s3
2,¢%1%
) AulS ‘Gal IS ‘Sel NI ‘ANPIPS AP BY~l LY, 9aY
2,473 2,453 2,303 Lg* 2 11,4202 1,q100412,¢°83 1 2.q1
l.z[7t3
1453 2,104
2,¢%1%
Y, a2V Y, 22 Y Yy 9 Y] Byl .Y
Lg*2 Ly 4804 Lg22 Xy g10472,6903 %5 433 241151 2.4

241044
l.q’s3 24212
1.¢%3

BYy ¥yl sYs )

2,115 72,4345
2,410
l,qst5

1
BY| s

l.q

-1 —1

Yl‘qs,4 Yquo,:‘ NEWEID CWAIER CWETE
-1

t4Y2,qllt5Y2,q7t3Y2.q5t3

2,4%¢*

) L Gl
2,152,495 12,413

2,qﬁz‘4

-1 -1 -1

Yz_q11,5Y2’q9,sY2, 7,5Y1,q5t4

l,q‘)l5

—1

Ylvqlzlé

Here we have to check that it is in the K as a priori it is unclear that

-1 -1 -1 -1
IBYquot4Y2,q9t3Y2,qt + Yl,qztzyl’qlot4y2,q9t3Yz’q.?l} +:3Y2,q11,5Y2,qt

-1 -1
+B Yy g2 Yz,qn,s Y2’q3,5
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‘o : -1 -1 -1
is in R, ;. But if we subtract BY> 4, (1 +A27qz,2)Y2,q9t3(1 +A2,q10t4)Y1,q10t4 € R g5
we get

-1 -1 —1
(1- ;‘3)Y2)q3t3 Ys o0 Yl,q10l4 Y| 22 = (1— ,B)Yl’qloﬂ Y| 22 € R4

By specializing at =1, we get the g-character of the 15-dimensional fundamental
representation of U,(G,) as computed in [9, Appendix]. By specializing at g =e,
we get the following:

Zi1
1,1

-1
ZIJZZZ,ﬂ

-1
Z Zl,e“lzzl,ezt2

2,19
1,—et3
1,76513
-1 -1
Zl,e4lzzl’€2t4 Zl,6212 Z1,64t4

1,—61‘3
1,7651‘3

-1 -1
Zl,e2t4Z1,e4t422J9

2112

-1
Z2’t1521,t4

1,3

-1
Zl,tf’

This is the twisted z-character of the 8-dimensional fundamental representation of
Ut(Df)) as computed in [13, Section 11.2].
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Now we have to consider the case of the monomial Y5 1Y; oY, ;4 =W, 2. The
dimension of the corresponding KR module of Uq(Ggl)) is 133 (this can be obtained,
for example, from the T-system proved in [11]: let Tk(i) be the dimension of a
KR module of highest weight kw;. Then for the fundamental representations we
have 7'V =15, 7P =7, so 7.2 = (1P)2 = 1" =34 and 7 = (1)~ (T*)? -
T2 =133).

There is also an interpolating (g, t)-character in this case. We do not list all 133
monomials, but we list the 29 monomials (with multiplicity) which do not have B
in their coefficient:

1 1 1 . -1 -1 »-1
21202442 2122 4[22 o2 Lgsi g3 Lgrs 1q3tl‘ﬁ1q11t3242122q4122f18t22q'0t2 15,1 9[31(,,2 2122 8,23

1 1 1
L5131 713,1 0,3 lgr1 1][32 2t22 6,22 3z22 10,231 1q<J 531 7[32 42246022823

91

-1 . —1 -1 1 1 —1 -
17 ” X1(]3tlq7t32‘]10,22‘]8,22‘]6,2, 1‘1’147f32q2r22q8t4248’22 10,42, 1245 L5152 6r42 2 10[4,

-1 I A= 1 1-1 2 2 . -1
1’13’1‘19f32q12142 10t42 314’1 9131 7{31 1324 22q6122q8[22q10[2’ 1‘7’1q13r52 2248231 5,1 S
—1 -1 . —1 -1 .q1-1 1-1 .
1q3t 1q15152ql4t42q8r4’ 2x 2q4z22q6122q10t42q12t4v 1q7,3 1413[5 2q4t22q(’t22q8t2’

1;11113 lq”z52 1022480224625 1 2 31 15,5 21414 24614244043 2 61,42_8242_,% 42 - algsalgralyon;

1 51 —1 5= -1 )
2 6,42 8,42 10,42 14r41 531 q’t 31 15,5v2 6,42 8t42 10,41q5t3 quStS 1q9t3’

1 1 1 - 1 1 - .
2 8,42 10,42 12t41 11,51(17;31 93; 2 6,42q"/42 14414531 13,:1 1st5v1 11,5 1 13,>]q9 35
2 20 1 s 108 1) 1L 1L 2 142,0,02 10045 20 (27 (20

G814 Cq it g5 g7 155 L aigs s Ly 15t> q14r42q 1204 2q 1004 216,62 14,6 2 412/6 -

As the other terms disappear when we specialize at ¢ =€, we can compute the
specialization from the above terms which is given in the figure bellow. We get the
twisted ¢-character of the 29-dimensional fundamental representation of U,(Df))
as computed in [13, Section 11.2].
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2
lz,—ﬁ
2- letl s,
1,et? 1,632
1,—12
-1
16t31_t1€5t 1611 t;1€51 161‘]—1‘1 5t3
lﬁlzi 1,6512><1,et2 1,65t2><612 ll,*lz
~1 -1 -1 -1 —14-1
1;*2—t61 tgle 1 2—161—f1 3 1“2—1‘"1—:3165:3
/—t9 165[2><—t9 ll—tz‘/l,et2 12,—t9
- -1 —1 —1 -1
2- ,12155:1651 —t1_ 327 ,12 2? t616,3 1 2_,121611et3
1,—*
1,55#1 l iz,—z" 11,614
-1 —1 —1 -1
165!15%5 141_13 2X2—t62—112 16,16[5
1,55t2l 1,712i lz,fﬂ ll,etz
-1 ;-1 -1 1-1 -2 —141-1
2—161€5t3165t5 1,t31_,52—16 15132,t121—t3le5t3 2—1616,316,5
4 1,6[4
1327101 417 172711 a1 155271171
—13%_12ter3 5,5 _57 12 terdtedsd 32t g5t -3
1,—t4i l,et4><est4 1,et4><€5t4 ll,—l‘4
1751517 1_s17h7d 1—hl
_¢5ted 5,5 —13 150545 et5 —5ed3

4
l,etN‘ ll’ft ‘/,65[4

-1 -1 1-1
161524121—15]6515

lz,_tls

-1
18

5.3. CONCLUSION

With the existence of the two elementary interpolating (g, t)-characters in the last
subsection, we can conclude the proof of the two main results of this section. We
define R as for the case r =2 and we have the following:

THEOREM 5.4. For all dominant m there is a unique F(m)€ R such that m is the
unique dominant monomial of F(m).
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As in the double-laced case, we have the notion of Langlands dual representa-
tion and interpolating (g, r)-character in & with highest monomial in yq t\,BJ)q ‘-
We get the following consequence of Theorem 5.4:

THEOREM 5.5. An irreducible tensor product of KR modules over Uq(Gg)) of
highest monomial in y;] has a Langlands dual representation. Moreover, the Lang-

lands dual representation of a KR module over Uq(Ggl)) is a KR module over
(3
Ui (Dy7).

6. From Twisted to Untwisted Types

In this section we describe the Langlands duality in the opposite direction: from
a twisted quantum algebra U, (L§) to an untwisted quantum affine algebra Uy (9).
We prove the existence of interpolating (¢, ¢)-characters and we prove the duality
for irreducible tensor product of KR modules (for this duality we have to use a
slightly generalized definition of KR modules over twisted quantum affine alge-
bras).

6.1. DOUBLE-LACED CASES

We use the notation of Section 3, in particular, for ¢, €. Note that ¢; =¢’" and not
¢ We need the function o (z,q) such that al(r,e)=1 and ak(1,¢)=0 defined
by al(t,q)=1—a(g,t). Consider the ring

L +1 L +1 L +1 L
BY =Z[X , , o ] cZ[z- o ] )
1.9 La ’“ iel,aeC La iel,aeC

Zi ificly =1,
where X; ,= ha o 2v
Zi qq—1%i,aq ifiel’=D0.

We then have surjective specialization maps, respectively, at g =¢ and r=1,
L.yL +1 _ L
Y, — Z[Zi a,-ly]iel,aeeztz =Y,
L.yL +1 _
Hq 'yt,q - Z[Yi,a ]iel,aqu _yq’
where for a €C, i €I, we assign

Xi,a [ Yi,a and Zi,at—> Z i, (=)1+e® (q)" i

Note that for ielzv,a ceZiZ, I'I,L(zi,a)zl'lf‘(z,-,,a)=Zi’uz. We have the ideals

Ker(HL) <(Ol -1, (X; aq_Xz ae), (Zl aq —Zi, ae)s (Z] a—Zj, fa)>ze1 JjeL .acC>
Ker(T})) = (", (Xiur — Xi.a))icr.acc-
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The ideal Ker(l'ItL)ﬂKer(l'Ié‘) is generated by the elements

aL(aL -1, aL(Zi,aq —Zi,ae)s OlL(Zj,a _Zj,—a),
@l =) (Xiar—Xia)s Xia—Xi.at) Xkbg— Xk be)s Xia — Xiat)(Zjb — Zj—b)s

fori,kel, jel), a,beC. We will work in the ring
YE, =Yk, /(Ker(TTF) NKer(IT))).
We use the notion of monomial, dominant monomial as above.

DEFINITION 6.1. For i €I and a €C we define

59 -1 -1 -1
Bia=%iagntagex [ zax 1 %jag—1%iaq
jEI,CjV,':—l jEI,Cj,i:_z
L(n. _ .
LEMMA 6.2. I/Ije haveNH, (B”“)_Bi,(H,L(a))’iv(—l)W) foriel, aeC.
We have ng(g,-,aq,lBi,a,,)=A,.,n5(a) foriel, aeC.
We have Hj(B,',a)zA,-’né(a) foriely, aeC.

Proof. Let a’ =T1E(a). For i eI}, we have

Lp -1
0B =% _gizi-aex || 2w
jEI,C_,'Y,‘:—l

-1
:Zi,(—1)¢(i)a’t_1Zi,(—l)¢<i)a’t X H Zj,(fl)qﬁ(i)a/

jEIlv,ij,‘:—l
-1
< 1 Zjy
jE[;,Cj1i=71

which is equal to B; ;1. Indeed if there is j€l)’=1; such that C;;=—1, we
have ¢(j)=1 and so Z; a2 =2%ja-
For i eI, we have

L -1 -1 -1
;7 (Bia) =2 —eq/i—1 Zisea't X H Zja > H meatjea
jEI,Cj‘i:—l jEI,Cj.i=—2
— N [ _1
=Z; (100 @212 Zi (~ 1)) a")212 X H Zj,(*l)‘”(")(u/)2

jGI,Cj,,':—l
-1 -1
X H Zj,ea/Zj,fea”
jEI,C_/',,':—Z
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which is equal to B, (1)@ (a')2- Indeed, if there is j eI such that C;; = -2, we

have ¢(i)=1 and so (ea’)?=—(a")?=(—1)?D(a").
Let a”:l’[é(a). For i €1, we have

L. n n -1 -1
Hq ((Bi,uqfl Bi,aq)) (Zz ,a"q=3%ia" q*l)(zi‘a”qzl‘,u”f) X H (P

J.a q J.a q
jel.Cji=—1
= Y // —2Y H Yj_;//
Jell\/,Cj,,:—l
-1 —1

jEIzv,C_,",'=—1

For i € I/, we have

L/p —1 —
Hq (Bi’a):Zl-’auq—IZi,a”q X H Zj a’ X H (Zj’a”qflzj,a”q)

jel.Cji=—1 Jjel,.Cji==2
-1
=Yi,a/’q—|Yi,a”q X H Yj,a” =A; .
jEl,Cj,,'<0
|
For i eI, consider the subalgebra &, g of YF, equal to
~_1 5—1 51 -1 £l LoEl oL
|:Xl a(l+a Blaq l+a Bl aqf+Bz aqt la(]f) o Z’”(1+Bl ,aq? t) XJ”’ Lja® i|aeC,j7&i7
and for i e IF,
L S N 2
Rirg= [Z’”(1+Bl agt)> XJ“’ Ljar® ]aec,j;éi'
Then we have the following:
LEMMA 6.3. We have HL(R”q) ﬁif and HL(ﬁLtq)_ﬁlq foriel.
v L :
Proof. For iel, I, (ﬁl 1) 18 equal to
. ‘ g1
Z[Z[,—éaZ1,Ea(]+ —eat(~ 1)¢(,))( +B leat( 1)¢(,)) Zza( +B lat( 1)¢(,)+1) ]aetZ Z i

Z:I:l

=gl
it
jeal j|a€tz Zj4i

‘

—1
=7 [Z,,a(_l)wm 1+ Bi’a(_l)wwlz)
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We also have

i,aqt

L L n—1 n—1 L +1
nkkh, )= Z[l‘l Xia(1+ B B o) ME(X; )] e

' 1 +1 =
=7 [Yl,a(l + Ai,aqz)’ Yj,a:laqu’J'#[ B

Now for i e I/, we have

H (ﬁltq) Z Zt a(1+Bl a2 (— 1)¢(1)+|) j.a ]aetZ Z j£i

-1 +1
=7Z|Z a2 (— 1)¢(:)+1(1+B 22 1)¢(t>+1) Z' v

=gl
) 1,1
L J.at ]aetZeZ,j;éi

th) z| la(1+A’“q j’“]aeqzﬁj#i:&’q'

We set
(yt )’ —Z[Z:H]zelv ,ac(eltly? ®Z[(Z; aZl,—a) ]zell",aeeZtZ - ytL

and we define 8L CJZL’q as above.

As in the previous sections, we check the existence of various elements in R
that we call interpolating (¢, g)-characters.

First, we suppose that U[(Lg) is of type Agz)’ and so that U, (g) is of type Cél),

with r; =r2 =2 and r2:r1 =1. We have ¢(1)=0, ¢(2)=1. We have the following
interpolating (g, f)-character:

2,1 231 1
2,qt 2,12 2,q
1 3 1 -1
“2,1]2[211”@1»?‘12 Z2 4 _er‘, szqz)’l'q
1,422 1,—12
1,q4t2\ 1.2
L-1 1 L. .1 -1 —1
a &l,t3q6Avl‘t<'2,t2q4&2,t2q2 o <'1,t612"1,t3q4 2111321,7t Zl’tzl,—13 1.q2
1.q2t2 1,12
1Lg4? 1,—2
z FRLP 24 z7V iz hz 4 vy ly 4
1.,3‘]4 1,r3q6 2,t4q 1,371,321 1,(15 2,q
2,t3q5 2,16 2,q5
—1 -1 -1
z Y
2,446 2.8 2,46
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ME gives the twisted z-character of a 6-dimensional fundamental representation of
Ut(Agz)) and 1'[5 the g-character of a 4-dimensional fundamental representation of
(D
Uy (Cy).
We also have the following interpolating (¢, ¢)-character

21,121,142
/ wx
1.124%
L -1 L -1
072212442102 1346 UT22.12q2 21122 344
1,12q2
2,135 2,63¢3
’ 1,24* '
L_—1 -1 -1 L_—1
@72y 13,621,021 g 20,124%2.12q2%] 134671 134 RN R R
1,t4q6 lz’t,?qS 1,t4q4
alzy 7! (I+ab)zl zp 20 alzy 277!
L2y 548 2,1446%2.1%q 1,1g=%1 1546
1,2¢? lZ,t3q3 Li%g*
L —1 —1 —1 -1 L -1 -1
o Zz,,2q2Z17t3q4ZLt5qg Zz,l‘4q612,t4q4zl’t3q2zl’t3q4 o Zz’,2q4Z1’t5q621’t3q6
1,1‘4(]4
2,133 2,63¢°
; 1445 '
L -1 —1 L —1 —1
CT213¢22 454880 144 @G 1546%2 144

/

1,t4q4
1,t4q6
1

| _
Zl,t5q3Z1,t5q6
It is easy to check that it is in the &%, for example,

-1 -1 Ly, —1 -1 -1
Z2JZ!14Z2J2¢12Z1,t3q6zl,t3q4 + (1 +0l )Zz’t4q612y,2q2 + Zz,t4q6Z2,t4q4zlﬁl3q2Z1’13q4

L -1 -1 n R L
=(l-a") +Z2,t2q4z2,t2qzz1,z3¢16z1’;3q4(1 + By 345)(1+Bp33) € Ry, o

Note that the coefficients a’ are imposed by the condition that the interpolating
(t, g)-character is in R, in particular the coefficient (1 +al) of z, }4q6z2),zqz.

ME gives the twisted 7-character of a tensor product of two 4-dimensional fun-
damental representation of Ut(Agz)) and Hfl‘ the g-character of a 5-dimensional
fundamental representation of U,,(Cél) ).
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Z1,1Z1, Y

. q
\
1,12
-1 —1
ZZ’I4ZL_,ZIJ3 Zzit4zl,,ZL_t3 1,(13
1,—#2
2,16 2,16
1,2
7Yz, .z 72 77l 771 AR AV v~ Ly, v
2,8 =141, -3 2,491,371, -1 2,841,141, 1.g572.4* 2,4%
1,-12
- 2,16 1,4 2,¢°
1,2
zZy 27} 2xz Ll 7z 71,27} Y, v}
L—12y s 287214 L%y s 2427246
1,4
1,—12 2,16 1,2 2,43
1,—4
AV 7727, 17 AV v, sy Ly!
2,082 301,15 2,813 21— 2,421 159113 L3 %2 447246
1,4
2,10 2,16
1,—*
zZ, sz b 771 zZ, 2z \lz-l 5
L34 590 8 1,13 1,5 2.18 l.g
1,4
1,—*
1 -1 ~1
Zy 52y s Y7

The multiplicity 2 of Z, ,4Z_18 in the image by T1F is ramified into 1 +a’ in the
interpolating (¢, g)-character. That is why we get just a multiplicity 1 for ¥, 2, ql

Note that in particular the interpolating (t q) -character can not be factorized.
Next, consider C; ; =C;; =—1 with r1 _r2 =1. We choose ¢(1)=0, ¢(2)=1,
and we have the following interpolating (¢, g)-character.

21,121 142
1,124
1,[2(14
L_—1 -1
T2y 13g6%L1%2, 1244 ol 22,122%] 1344%1,1q2
11‘2 2
2‘t3q4
112 4
ot 12 ,4 8%1,1 113 6Z1 ,3 422124422, 1242 214 621,142
Ba
ll t2 5 / \ i1~52‘14
ol -1
21 g4%2 12q222 ,4 8 1t3 6%, 1446%2.12¢*
34
1346
6Z

2 t4q 2 t4q8
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ME gives the t-character of a tensor product of two 3-dimensional fundamental
representation of Ut(Agl)) and 1'[5 the g-character of a 3-dimensional fundamental

representation of Uq(Agl)).

ARRVAW Yig
1,—12
1.2
-1
Zl,;szl,—tzz,t2 Z2-—IZZI z‘th 1.g?
1,—12
2.3 2,-13
1.2
z:hz z7\z7' 7, .2 z7!' .z y~Ly
2,45t 1371, -3 7224212 2,—p4 2Lt 1g5" 203
2,—13
1_p2 : 1.2
2.t
RN z bz Lz s
1,372,125 14 1,372,472 2.4
2,—13
2,13
1 5—1 —1
ZZ¢t4ZZ,7t4 Y2,q7

Consider C; j=C;,; =—1 with r/=ry=2. We choose ¢(1)=0, ¢(2)=1. We have
the following interpolating (¢, g)-character:

22,1 Z>1 Y21
llqt iz,ﬂ J{lq
Z_12 2Z1,qt Z_l4zl 2 Y_lel,q
2,q°t 2.t ; 2.9
il,q%z il,z“ \Ll,qz
-1 Z—l Y—l

SWErE 1,16 IWE

TE gives the t-character of a 3-dimensional fundamental representation of U; (Agl))
and l'IqL the g-character of a 3-dimensional fundamental representation of U, (Agl) ).

6.2. TRIPLE-LACED CASE

We use the notations of Section 5. We need the function BL(z,q) such that
BL(t,e)=1 and BL(1,q)=0 defined by BL(r,q)=1—(q.1).
Consider the ring
L _ +1 oL %1 oL +1 oL
y[’q_Z[Xi’a"B Zi’a’ﬂ ]iel,aeCCZ[Zi’a"B ]ie[,aeC’
Zi,a if i =2,

where X; ,= o
Zi,aquzisazi,aqz if i=1.
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We then have the surjective specialization maps, 1%, I'IL where for a €C, we use
X1a=> Y1, 210> Z1—a, X2, Y2,4. 22,0 2y 3.

Note that the identification is not one to one as Z, .3 is identified with z5 4, 25 2,

and Z, .4,. Note also that the identification is not involutive with respect to the

identification in Section 5 as zj, is identified with Z; _, and note with Z; ,.
The ideal Ker(ITf) NKer(T}) is generated by the elements

BE(BE = 1), B (Ziag — 2iae)s BE (22,0 — 22.402)s (BX = D(Xiar — Xi0).
(Xia — Xiat)(Xjbg — Xjbe)s (Xia — Xiar) (22,0 — 22 pe2)

fori,jel, a,beC.
DEFINITION 6.4. For a €C we define
B = -1 3 —1 -1_-1
La=Zia@g)Riatg’e2,00  P2a=22a(qn 12,0912 44-2%10%1 442
LEMMA 6.5. Let acC. We have

L/ L/
I (Bra) =By it @y T (Br.a) = By _nif (@)
L/ n. B L/ p
I, (By 4g—2B1.aB) ag2) = Al,(ng(a))v I, (Bya) = Az,ng(ay

Proof. Let a’ =T1F(a). We have

L/n -1 -1
Hl (Bl,a) =21, —a't7121,—ad't3y g = Zl a't—1 Zl,a/tzz,(a/p = Bl,a/y

L/p -1 -1 -1
H[ (Bz,a)=22,7€2af;—122 €a l‘Zl ’ 421 a’Zl a'e?

1
=2y _@y-3Z2,— ()33 Zl, ey

1,—a’

1 .
Zl,—a’e2 - Bzvf(a/)&
Let a”=1'15(a). We have

-1 -1
l_[ ((Bl aq—ZBl aBl an)) (Zl a”q’szl u”q’3zl d'q —1)(71 a”q g a”q3zl a 5)22 a'q 2%y a”zz a’q )

-1
=Y1,a”q’3Y1 a’ 3Y2 " —2Y2 a/’Yz a’q2 Al,a”*

Hé(BZ,a) Zza// —lZzaNq 1 ,, Y2 " _1Y2u//Y1 //_A2a”

a

Consider the subalgebra Rl ta of y,fq generated by the

Xia(LHBE By [ YA B) )L+ BBy )+ (=B X1aB] ) 5 By s By,

B z1a(1+ B} ;q3t),z2,a,/3L,

1,qt
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for a €C, and the subalgebra

ﬁth_Z[ZZa(l_i_BZaqt) Xla’ﬂL itéll"gL]aeC'

Then we have the following:

LEMMA 6.6. For i €1, we have HL(ﬁL )—RL and HL(R

i,t,q )= ﬁiﬂ‘

i,t,q

Proof. TIF(8E 1.g) 1s equal to

-1 -1 —1 -1 +1
Z I:Zl,e‘zazl,azl,aez(1+Bl’_62m)(1+31’,a,)(1+Bl,_€72m)v Zl,a(1 + Bl,fat)’ Z2,a]

actlel

=z|z1 0487 ) 25 =st,

@° lgetZel

We also have

i@, )=z[nbxa+ B Bl Bl mheah]

g3t taq3t Laqt

[ -1 +1
=Z| Vi (+A7) ), YZaa]aqu =R1,.

NE(8E, ) =2 240+ By )0, zf}z] =2, 5 (1+B; ). ZE ez

actlel
_al
_ﬁz,t7

and we have

nkwk, =2 [Yga(1+A2 L) ylﬂ;}]aeqzzﬁz,q.

We set

OB =ZUZE \ueniry OL] (2107100210 |, CVE,

celtZ

and we define /- Cﬁfq as above.
As in the previous sections, we check the existence of elements in & that we
call interpolating (z, g)-characters. First, we have the following:
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2

2,qt

271 1
4212 g1 g3
l,q2t2 l,q6t2
l,z]4t2
L1 101 gl 11 L1 117
¢33 1 g3 a1t q73 g3 g~ 179793
Lt | g2 1222 14622 122 | g2
L,-1 -1 L-1 -1 L 11
B 522 7,313 B 513762 a1 0,3 Bl 1,246,210 7,30 0,3
2453 1,461 24743 Lt Lg2 | 2,73
Y
Lol 141 L1 527 24902 ¢4 17t 7l gLl 1 1
6413433 at7g3724 q427002 75,377,393 @84 gl gm13
14104
1,q614 2,q5t3 1,q8t4
Y Y Y
L -1 L, -1 Ly,—1 L -1
BE13: 9,5 Blgrl 7,5 A2 10,4246,2 Bl =115,
1,q6t2 1,q4t2 2,q7t3 l,qzz‘2
Y Y Y
Ly-1 -1 Ly—1 -1 1 -1 L 1 -1
B 1q9131q9r52‘16t2 B 1q7[31q7t52(14f2 1:13r32q6,42q8,41q513lq7t3 p 2q4t21q5r3145t5
8.4
10,4 1,4°¢
24783 24583 1g64 [ 1a!0 24503
Y

L -1 -1
B 1q5t3248x41q9x51q7t3

L -1
B 1(15,32118,41,13,31

L=l -1
B 1,52,10,41433 1,73

3.5
1Lg104 | Lgb 1.4%4 1,484 Lg0* | 10,4
L —1 -l L-1 -1 L1 -1
Bos31 9,51 13,5 BE 9,5 11,5473 BRIl ns'330 13,5
10,4
nr 1,410 e
Y
- -
19521041 11,51 13,5
241115
Y
-1
2
11246

Remark 6.7. In the diagram we use the following identities which hold in Y ,:

B 2a=p"2,, and B la=p"1,.
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It is easy to check that the expression is in the &-. For example,

244122 6,21751t31771t31791t3 + +ﬂL)271{) a2402+ 15 32761#‘2 Ll

84" q°t

_(,3 -D+2 4122 621 5,31 71t31 9,3(1+qu5 3)(1+32q7 3)E"Qth

The image by I/ is the twisted 7-characters of a 29-dimensional fundamental rep-
resentation of U, (Df)) (see the diagram in Section 5.2).

The image by Hfl‘ is the following g-character of a 7-dimensional fundamental
representation of Uq(Gél)), as computed in [9, Appendix].

-1 -1 -1 —1n—1 —1 —1
20427 g+ 17200206+ 2,420 4202 s + 10200 +20

Now we have to consider the case of the monomial Z; (Z; ;37 5. The dimen-
sion of the corresponding simple module of U[(Df)) is 82 =512 (the module is the
tensor product of three fundamental representations of dimension 8).

There is also an interpolating (z, g)-character in this case. We do not list all 512
monomials, but we list the 15 monomials which do not have A% in their coefficient:

111(12 lq“’l 51 xltzl ‘})t 2 3 2q5,2 2 2q5t2 9,35 lq 1q612 1q8,22q3t2;71t32;91t3;

- 1 1 1 .
1 2121 4,21 6,21 3122 4583 32 7t32 9371 g104 1 g1 41 14 42 312 g3

Jt5 231

1 1 1 1
Lpplpapl, stol 104l 1241 4 42 503 32 11,1,1 341 2104 1 ,241q4,21 621823 2,3,2 ]3[5,

1 2 2 - 1 1-1 -1
1 8t4l 10,41 '2r41 14,42 7132491324133 2 5t 327, 13,5 Lol 1q6t2,2q7t3249t32q|3t5 1q8r41q'0t41q'2 .

- 1 H— 1 “1 -1
247132411,52 ntsvz 9,52q1|,>2 ntslqﬁt“ 1q8[41q10t4’ lqlz,olqm,olqm,o-

As the other terms disappear when we specialize at r =1, we can compute the
specialization from the above terms. We get the g-character of a 15-dimensional

fundamental representation of Uq(Ggl)) (image by I, of the first example in Sec-
tion 5.2).

6.3. CONCLUSION

We go back to the general case, that is, r=2 or r=3.
With the existence of the elementary interpolating (¢, g)-characters in the sub-
sections, we can conclude the proof of the main results of this section.

THEOREM 6.8. For all dominant m there is a unique F(m)e & such that m is the
unique dominant monomial of F (m).

We state its consequence in terms of KR modules.

As for i e Ilv, the only KR module of U,(*§) for the node i with highest mono-
mial in (V})’ is trivial, we extend the definition. For i € 1)/, a simple U;(¥g)-mod-
ule with the highest monomial of the form

(ZiaZi g2 Zi gp26-0)(Zi,—aZi _gp2++ Zi gp26-1))
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for the double-laced case and of the form
(ZlyaZl,atz e Zl,at2(k*1))(Zl,ézazl,ézat2 e Zl,ezatz(k*l>)(zl,64aZl,€4at2 e Zl,64at2(k*1))

for the triple-laced case, will also be called a KR module.

As above, we have the notion of Langlands dual representatlon and mterpolatmg
(t, q)-character x € & with highest monomial in Y, q\a Y, g (yt q\,B Y, ¢ in the
triple-laced case): T1f(x) is the twisted z-character of a U, (*§)-module and % (x)
is the g-character of a U, (g)-module. We obtain the following consequence of The-
orem 6.8:

THEOREM 6.9. An irreducible tensor product of KR modules over U, (“9) of high-
est monomial M € (y,L)/ has a Langlands dual representation. Moreover, the Lang-
lands dual representation of a KR module over U, (*§) is a KR module over Uy (9).

Open Access This article is distributed under the terms of the Creative Commons Attri-
bution Noncommercial License which permits any noncommercial use, distribution, and
reproduction in any medium, provided the original author(s) and source are credited.
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