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Abstract. We study a class of quantum dynamical semigroups on %($)) with Lindbladian
generators. We give new conditions in order to easily verify that a quantum dynamical
system returns to thermal equilibrium. In the classical picture of the interacting
-System+Reservoir-, our result can physically be interpreted as follows : the transition
may be sufficient so that each eigenvalue energy state of the system communicates with
another.
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1. Introduction

There exists an enormous amount of literature on the study of the approach to
equilibrium of an open quantum system. In general, we call an open quantum sys-
tem a small system . described by a Hilbert space interacting with a system %,
called reservoir or environment, with an infinite number of degrees of freedom.
This environment is described by a C* or W*-algebra. If the environment admits
a stationary state which is -KMS with respect to the free dynamics then we said
that the open quantum system is thermal. The basic concepts of the algebraic the-
ory of quantum dynamical systems can be found in Bratteli and Robinson [1] as
well as in Pillet [13]. Mathematical tools and their physical interpretations can also
be found in Haag [10].

Let $) be a Hilbert space and we denote by () the algebra of all bounded
operators on §. A quantum dynamical system is a triple (#Z(), t’, w) where

e 1! is a o-weakly continuous group of x-automorphisms of %(£));
e o is a normal stationary (r’-invariant for all r €R) state on %(9).

We will say this system returns to thermal equilibrium at the inverse temperature
B if there exists a (t, 8)-KMS state w, such that :

VAEAS),  lim tr (pr' (4) =w(4),

and for all density matrix p, i.e., a non-negative trace class operator p on $) with
tr(p)=1.
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In this note, we give a simple proof of the approach to equilibrium for a quan-
tum dynamical semigroup (t7),>¢. This report is a part of Fellah’s thesis studying
the weak coupling limit.

The particular form of the time evolution t’ =exprK plays an important role
in our result.

A quantum dynamical semigroup is a one parameter family (z7);>¢ of linear
maps of A($H) into itself satisfying the following properties.

1 T'(H=I.

(2) it —¢trs,

(3) 1! is ultraweakly continuous.

4) t'(A)— A ultraweakly as 1\, 0.

(5) 7' is completely positive, i.e. 3 ; ;oy Bt/ (AfA;)B; >0, for all integers N,
all A; and B; of #A(9).

Then we known that there exists a (generally unbounded) map K defined on an
ultraweakly dense domain D(K) such that

lim||K —(z" =1)/t]|=0
tl{l(l)ll (' =D/t=0,

for all Ae D(K).
When the semigroup is norm continuous (li\r‘r(l) lz? —1]|=0) then K is bounded
t

and t/ =exp(rK). Lindblad [12] proved that the general form of K is given by

KA =ilH, A1+ IV, AV + VLA, Vi) (1)
iel
where H is a bounded self-adjoint operator, V; € Z($)) such that the series con-
verge ultraweakly.

We will use Frigerio’s theorem (see THEOREM 12 in Appendix 3) established
in Frigerio [8] after the studies made in Frigerio [9], Spohn [14,15].

A generalization of this theorem to unbounded H and V; has been given by
Fagnola and Rebolledo [6]. However their conditions are more difficult to verify.
In concrete models our method is applied with more simplicity.

This concrete physical model (see for example [3,4,11]) can be described as fol-
lows : a small system § interacts with an environment R, the Hamiltonian has the
form

H,=Hy+A0®¢, Hy=H;®1,+1;®H,. (2)

We look at the time evolution of observables of the small system. Let P be the
partial trace over the reservoir such that P[Hy, ]P =0. Then, under appropriate
assumptions (e.g. [4]), one shows that there exists an operator K acting on #A($)

such that
—itLO/AzeitL,\/AZP —K

lim Pe
2—0
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where L; =[H,,]. The weak coupling limit gives a quantum dynamical system t’
which is Markovian with

t'(A) =K (4),

for any observable A of S.

K has the above form (1). The theory shows that V; are functions of Q with
parameters dependent on the two-point correlation functions of R.

The reader can study the abstract structure of the weak coupling limit in
Derezinski and Jaksic [5]. In the next section, we give a general structure for a
class of semigroup t’ which the generator K has a Lindbladian form and where
the terms V; are precised with respect to a f-KMS property.

So, one obtains that the system (£($), t') returns to thermal equilibrium at the
inverse temperature f.

2. A class of Lindbladian Operators

Let #($) be the algebra of all bounded operators on a separable Hilbert
space $). We consider H; a Hamiltonian operator which has a purely discrete
non-degenerate spectruum

o(H)={Eo<Ei <},
and an orthonormal basis (|n >), of $ such that
Hgln>=Eu[n>,

for all neN.
We denote by P, the spectral projector associated to E,. It is well-known that
the spectrum of [Hy, -] is the set

{w /36 n=Ei~Ef].
And

[Hs, 1= 1Py,

m

where the Fu are the spectral projections of [Hy, -], given by

Pu(M)= Z P;M Py,
Ei—ié];-:u
for all M € B($).
For Q=0*e #($) and ueco([Hy,]), we introduce the following notation

Qu=P.(Q)= D PQP;.

if
E,——Ef=u
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Let ¢ be a map of R into C such that :
Vueo([Hs, DO},  q(u)#0 3)
and
Yueo(H. D). lq(—=w>=e P lq(uw)? @

where 8> 0.
We will call this last property the KMS-condition for ¢ (see below).

Example 1. In the classical model (e.g Lebowitz—Spohn [11]), let # be the Fourier
transform of the correlations functions given by the reservoir at the inverse tem-
perature B, then one has

q(u)=+h(u)/2.

Let (t');>0 be a one-parameter semigroup with
' =exp(tK),
where the general form of K is Lindbladian

K(A)=ilH Al+ D [V AIVi+ VA, V], (5)
weo ([Hy,-1)
Vi=q()Qu, (6)

for all A e ZA($H) where the series converge ultraweakly and where H*= H € Z($)
is an operator commuting with H;.
Now we are in a position to state our main result.

THEOREM 2. We assume the following hypotheses (H 1)-(H 5) hold.

(H 1) Hg has a non-degenerate discrete spectrum.

(H 2) Let g be a map of R into C satisfying (3) and (4).
(H 3) [Hy, Q1 #0.

(H 4) There exists an integer N, N >1 such that

<n|QNim>#0,

for all (n, m) satisfying n #m.
(HS5) tr(e ) < 0.

Then there exists a unique normal faithful and stationary state w, such that :
lim tr(pt'(A)) =w.(A),
—00

Jfor all A€ B($H) and all p density matrix of 9.
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The state w, is given by
w(A)=tr(p.A), pe=2"'e P Z=tr(ePh),
for all A€ B(H).

This result will be proven in Sect. 3.

Remark 3. Let us make some comments about these assumptions.

e [Intuitively, the hypothesis (H 4) says in the interacting picture of the couple
-system+environment- that the small system goes from one initial energy state E,
to another energy state E,, with a non-zero probability after N transitions run by
0.

We can also think about a Markov chain of type X,11=0X,, Xy=0X,. The
condition (H 4) implies there exists an invariant measure (Chdcon’s theorem).

e The conditions (3) and (4) of (H2) are satisfied in the classical model (e.g
[4,11]). Their express the KMS-conditions, but our method can built others mod-
els.

e [t is clear that the hypothesis (H 4) excludes the case dim $H=1.

o The hypothesis (H 3) implies Hy ¢ C-1; in particular dim $ # 1.

We consider . the following subset of (%)),

7 ={0u ) neaH,, D\10}}.

As Ql’j =Q_, for all p, then we have .*=., thus the commutant .#" in () is
a von Neumann subalgebra of #($). But the equality V,, =q(u)Q,, where ¢q(u) #
0 for any pueo([Hy,-])\ {0}, shows :

[V Jweott, D) c{Vi/neotn, 1O ="

So, to apply theorem 12, it is sufficient to obtain .’ =C-1.

Remark 4.

1. Let us remark if Hy and Q commute then Q, =0 for all peo([Hy, 1) \{0} and
Qo= 0. Thus

/ /!
7=, Helo] ={o./nestt v},
and in order for the condition (F 2) of theorem 12 holds, it is necessary that

[H;, Q]1#0.
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2. In example 1, we can define s:R > u+> s(u) the real valued function which
denotes the principal part

+00
1 h(t)
S(M)_%PP(/_I—/,L(U)'

and the weak coupling limit (see for example [4,7,11]) gives
H= > s(w0.0%:

peo ([Hy. )
Vie=q()Qp

for any weo([Hy,-]) and where the serie converges ultraweakly.

3. Proof of Theorem 2

We begin by the next proposition which establishes a stationary state.

PROPOSITION 5. One assumes that he hypothesis (H 1)—(H 5) hold. Let p, be
the following density matrix

Pe = Z Le=PHs s Z=tl‘(e_’3H°') .
Then the state w,, defined by
we(A)=tr(p.A),

for all Ae B($), is normal, faithful and stationary.
Moreover, (B(9), 1", w.) is a quantum dynamical system.

Proof of Proposition 5. At this end, we consider the duality between Z(5)) and the
Banach space 7 () of trace-class operators on $ given by the map
B x T®) — C

A X p > tr(Ap).

So, we can define the adjoint operator L of K for this duality and hence

tr (pt'(A))=tr (e’L(p)A) ,

for all Ae #(9), all pe .7 (H) and all r>0.
More precisely, we have

L(p)=—ilH, pl+ Y_[Vip, Vi1 +1Vii oVl
"

for all pe 7(9).
A simple calculation shows that

Q;pe Ou= eiﬂupe QTL Qs
for all ueo([H;,-]).
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To compute L(p.), one truncates the sums with the terms p >0 and the terms
wu <0 separately (the terms u=0 cancel because QoQjy= Q;Qo). Then the equality
O_u= QZ and the KMS-condition (4) finally give L(p.)=0.

And this property suffices to finish the proof.

Note this truncation is usual in the standard description of atomic radiation :
the three terms correspond to the emission term, the absorption term and a term
describing a shift of the free energy levels.

We start by a sequence of lemmas and propositions which will be needed to sat-
isfy the conditions (F 1) and (F 2) of theorem 12.
We recall the form of P,,
d(n)
Pn:Z|nl><n’|, Hiln' >=E,|n' >, (7)
i=1

where d(n) =dim Ker(H; — E,, - 1).
We denote by 7 the free dynamics

(A= Ae = " 1P, (4A), ®)
neo ([Hy, 1)

for all Ae B().
Using the identities

T
: 1 —itp .t
Vueo(Hy. D). Qu=lim - [ die™"5j(0):
-T
VieR, (@)= > "0,

nea ([Ho.-1)

one easily shows the following proposition.

PROPOSITION 6. The next assertions are equivalent:
(i) AeS;
(ii) VieR: [A 1j(Q)]=I[A, Ol

Let us give some results, independent of the degeneration or not of the spectrum
of Hg, which are used in the following.

COROLLARY 7. The family (T,),>1 of self-adjoint operators, defined by the induc-
tion relations

h=ilHs, Q), Thy1=ilHy, Thl,

satisfies, for all A€ .¥':
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(iii) YVteR,Vn>1: [A,ré(T,,)]:O;
(iv) Vvn>1: [A, T,]=0.

And

COROLLARY 8. The restriction of 1o to . is a C*-automorphism of ..
In particular, the propositions (v) and (vi) are equivalent .

(v) VA€ VteR,¥n>1: [A, 1)(T)]=0;
and
(vi) VAe '  ,¥n>1: [A,T,]=0.

The two following lemmas are taken into consideration for the end of the proof.

LEMMA 9. Let us define the hypothesis (H) . for all n>1, there exists a real num-
ber A, such that

PyOPy=)nP,.
Then, we have
{ry n{oy ={my n{ry.
where each communtant is taken in %($)).

Proof of Lemma 9. 1t is clear that if [A, H]=[A, Q]=0 then A commutes with
any function of two variables H; and Q, in particular with 7.
Inversely, let A be an element commuting with Hy and 7j. Jacobi’s identity

[A, [H;, QN1+ [Hy, [Q, A1+ [0, [A, H,]]=0

gives [Hy, [Q, A]]=0]. But any observable M which commutes with H; has the
form as

M=ZP,1MP",
n

because
0:Pm[Ms Hs]Pn:(En _Em)PmMPn

and n #m implies P,,M P, =0.
Then, we have:

A=) PAP,. [A.Q1=D PilA Q1P
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The hypothesis (H) shows
Pn[Av Q]PnZ[A, PnQPn]Z)\n[A’ Pn]ZO,

thus [A, 0]=0.

LEMMA 10. The hypotheses (H1) and (H 4) imply
{H,} n{o"} =C-1.

Thus, in particular
{H,} n{o} =C1.

Proof of Lemma 10 (H 1) is written as
din)=1, P,=|n><n|

for all n.
Let A be an element commutes with H, and OV,

A=<0]A[0>[0><0|+ > <n|Aln>|n><n|.
n>1
The hypothesis (H 4) gives <n|A|n >=<m|A|lm > for all n and m, because, for
n#m,

0=<nl|[A, QNim>=(<n|Aln>—<m|Alm>) <n|Q"|m > .

Thus : A=<0|A|0> 1.
The inclusion

{#) n{e} c{m} n{e"}
establishes the second point.

Remark that the hypothesis (H 1) implies the hypothesis (H).
The end of the proof of theorem 2 is composed of the six following steps.
Step 1. If Ac.’ then AeC-1, where

t

_ 1 )

A:ll_i)ngoz—t/dsrg(A):Zn:<n|A|n>|n><n )
—t

As 15(A) €.7, the corollary 7 shows [A, T1]=0. Moreover [A, H;]=0 then the
lemma 9 and lemma 10 give the result.
Step 2. We have : VAe.',VneN, <n|Aln>=<0|A|0>.
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Because, for any n, we have
<n|Aln>=<n|Aln >=<0|A|0>=<0]A|0> .
Step 3. For all A€.¥” and for all density matrix p= f(Hy), we have:
w,(A)=<0]A|0>,
where

wp(M)=tr(pM) :Zf(En) <n|M|n> .

n

We have

0p(A) =" f(Eq) <n|Aln>= (Zf(En)) <0[A[0>=1x <0[A[0> .

Step 4. Let A and B be two elements of .#’. For all y > and all n, it comes

Ze—y(Ek—En)<n|A|k><k|B|n >=<n|BAln> . ©)
k

We consider the state w,,, defined by
w,(M)=Z'tre " M), Z, =tr(e7"), (2, <Zg < ).

we 18 a (19, Y)-KMS state. Then, according to proposition 5.3.7 in [2], we know
there exists a complex function F4 p which is analytic on the open strip

2y, ={z;z€C, 0<Im(z) <y},
and bounded and continuous on its closure Z,, such that

Fp (1) =w, (AT)(B)),
Fpp(t+iy)=wy, (t5(B)A),

for all reR.
In particular, on the boundary we have

Fasliy)=wy (A1)’ (B)) =w, (BA).
By Step 3 , the result is that this last equality gives for all integer n:
<n|Az) (B)ln>=<n|BAln>,

for all integer n. Thus the result (9).
Step 5. VA€ ' ,Vk>1=<0|Alk >=0.
The equality (9) gives, in choosing n=0,

<0[A[0><0|B0>+ > e 7 F~F0) < 0|Alk ><k|B|0>=<0|BA|0> .
k>1
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With E, — Eg> E| — Eg >0, for all k> 1 and Cauchy-Schwarz’s inequality, we
obtain

2
‘ Ze—V(Ek—EO) <0|Alk ><k|B|0> )
k>1

< e—2V<E1—E0>(Z|<0|A|k> |2) x (Z| <k|B|0> |2)
k>1 k>1

< o~ 2V(E1—Ey) <0]AA*|0>|x <0|BB*|0> .

And therefore, taking y — 400, we have:
<0]A|0><0|B|0>=<0|BA|0> .

By Step 2, it follows that
<nlAln><n|Bjn>=<n|BA|n>,

for all n. The choice B=A* implies | <0]A|0>|>=<0|A*A|0> and

Ze—VEk|<0|A|k>|2=0.
k>1

Hence : <0|Alk>=0, for all k>1.
Step 6. VA€ ., VY (k,n), k#n=<n|Alk>=0.
Let B=A* |<n|Aln>|>=<n|A*Aln>. The equality (9) gives

> eV ETED | <n|Alk> P =] <n|Aln> .
k>1
Thus
> e ETE <pjAlk>*=0,
k>1,k#n
i.e. <n|Alk>=0, for all (k,n) such that k #n.
So

A=Z| <n|Alk > |n><k|=Z<n|A|n>|n><n

k.n n

=<0|A|0>-Z|n><n|=<0|A|0>~ﬂ.
n

In other words, ./ =C-1.
Finally, the conditions (F 1) and (F 2) of theorem 12 are satisfied.

Remark 11. In adapting these conditions, it will be strongly motivating to extend
the above method when the operators are unbounded. At the start, the operators are
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defined in the weak sense sesquilinear forms in $) . there exists a domain ©, dense
in $ such that

<x|K(A)|y>=<Gx|Ay >+ <x|GAly>+ D < Vix|AVi|ly>,

iel

for all (x,y)e®?.

Appendix

THEOREM 12 [8]. Let t" =exp(tK) be a one-parameter semigroup of B($) where
K has the Lindblad general form :

KA =i[H, A1+ (IV", A1V + VITA, Vi), (10)
iel
for any A€ B($H) where H*=H and V; are in B($) and the series converge ultra-
weakly.

We assume that the following hyotheses hold :

(F 1) the subspace of JB($)) generated by {V,g i€ I} is a self-adjoint set,
(F 2) the commutant {Vi; i EI}/ in B($) is equal to C-1.

Let w be a normal stationary state for t' then
(1) o is faithful;
(i) for all A€ B($), we have : w* —tl_i)rgl<> (A =w(A)- 1.
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