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DETERMINATION OF THE DISTRIBUTION OF HYDROGEN  
NEAR CRACKLIKE DEFECTS 

M. H. Stashchuk  UDC 539.3:620.191.22 

We present the equation of diffusion running in the process of deformation of a body with regard for the 
corresponding hydrogen flow caused both by the external mechanical loads and the stresses induced by 
the hydrogenation of the metal weakened by a smooth (or cracklike) defect.  Closed analytic solutions 
are obtained in the quasistationary case of weakly varying stresses.  We also reveal the redistribution of 
hydrogen initiated by the presence of elliptic holes and cracklike defects with process zones. 
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The problem of hydrogen embrittlement becomes especially urgent in the presence of technological and op-
erating defects in materials [1, 2].  On the other hand, the redistribution of the content of hydrogen [3, 4] stimu-
lated by stress concentrators occurs in hydrogenated bodies due to the action of external loads.  Therefore, it is 
necessary to develop new methods for the investigation of the influence of concentration of stresses on the redis-
tribution of hydrogen and to take into account cracklike defects present in the materials in the evaluation of their 
hydrogen saturation and, in particular, the local concentrations of hydrogen.  Moreover, it is also necessary to 
take into account the initiation of internal stresses by hydrogenation [5].  Note that this specific feature affects 
the general stress-strain state of the material and, hence, the distribution of hydrogen in the vicinities of stress 
concentrators. 

Statement of the Problem 

Consider an elastic body containing a smooth or cracklike defect with plastic or loose process zones at its 
vertices.  It is necessary to determine the distribution of hydrogen in the vicinity of this defect and to estimate 
its relative concentration depending on the stress-strain state of the body and, in particular, on the corresponding 
hydrostatic stresses.  

It is known [6–13] that hydrogen creates hydrostatic stresses in the metal.  In turn, the external loads also 
induce hydrostatic stresses.  Together with hydrogen-induced stresses, these stresses initiate the redistribution of 
hydrogen content near cracklike stress concentrators [12, 14].  The actual cracks in deformed materials are ac-
companied by the presence of process zones, which strongly affect the distribution of hydrogen around them.  
Therefore, in order to evaluate the concentration of hydrogen near cracklike defects in hydrogenated materials, 
it is necessary to consider hydrogen-induced hydrostatic stresses caused by the corresponding concentrators un-
der the action of external mechanical forces and find the relative concentration of hydrogen near cracklike  
defects with regard for the combined action of hydrogen and external mechanical forces.  
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Basic Input Relations 

We refer a metallic body weakened by a smooth or cracklike stress concentrator to a chosen coordinate sys-
tem  q1Oq2 .  Assume that the body is hydrogenated to a certain concentration of hydrogen  C0   and stay in the 
state of plane deformation under the action of external mechanical loads.  In [9–12, 14], the analysis of the influ-
ence of external loads and internal hydrogen stresses on the redistribution of the concentration of hydrogen in 
the metal is reduced to the investigation of the diffusion equation  

 ∂C
∂t

= div D gradC − DVH
RT

C gradσ p + 2αcVHED
9 1− ν( ) RT C gradC⎛

⎝⎜
⎞
⎠⎟

 (1) 

and the hydrogen flow 

 
 

!
JC = − D gradC + DVH

RT
C gradσ p − 2αcVHED

9 1− ν( ) RT C gradC . (2)  

Here,  C   is the concentration of hydrogen atoms in the metallic body,  D  is the diffusion coefficient,  VH   is 
the partial molar volume of hydrogen in the metal [15],  R   is the universal gas constant,  T   is absolute tem-
perature,  E   is Young’s modulus,  ν   is Poisson’s ratio of the material,  αc   is the coefficient of hydrogen con-
centration expansion of the metal [8–12], which reflects the direct proportionality of the concentration of hydro-
gen to hydrogen-induced hydrostatic stresses [16],   

 σ p = 1
3

σ11 + σ22 + σ33( )   

are hydrostatic stresses caused by the external loads [17], and  σ ii   are the principal stresses. 
In order to consider the influence of external loads on the redistribution of hydrogen in the metal, we ana-

lyze Eqs. (1) and (2) for  ∂C /∂t = 0 .  Specifying the boundary conditions, we consider that the concentration of 
hydrogen at the infinitely remote points of the body  q1, q2( )  is constant 

 C q1, q2( ) = C0 . 

We also assume that the hydrogen flow is zero on the contours of defects  Ln ,  i.e., the normal component [18] 

 JCn ξ1, ξ2( ) = 0 ,    where    ξ1, ξ2( ) ∈Ln . 

In view of these boundary conditions, we arrive at the transcendental equation for the redistributed hydro-
gen concentration  C q1, q2( ) : 

 ln C q1, q2( )
C0

+ C0
2αcVHE

9 1− ν( ) RT
C q1, q2( )

C0
− 1⎛

⎝⎜
⎞
⎠⎟
− VH
RT

σ p q1, q2( ) − σ0
p( ) = 0 . 
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Its solution is as follows [14]: 

 C q1, q2( ) = C0 exp k σ p q1, q2( ) − σ0
p( ) + C0Q⎡

⎣
⎤
⎦ 

  × exp − Lambert W C0Q exp k σ p q1, q2( ) − σ0
p( ) + C0Q( ){ }⎡

⎣
⎤
⎦ , (3) 

where  

 k = VH
RT

     and     Q = 2αcVHE
9 1− ν( ) RT . 

Here,  Lambert W x( )  is the Lambert function [19], which can be found as a result of the solution of the equa-
tion  

 x = Lambert W x( ) × eLambert W x( ) 

or, approximately, from the recurrence relation 

 wj+1 = wj −
wje

wj − x

ewj w j +1( ) −
wj + 2( ) wje

wj − x( )
2wj + 2

. 

Here,  

 x = Lambert W x( ) = lim
j→∞

wj .  

In our calculations, we take  w0 = 0. 

Examples of Calculations of the Content of Hydrogen Near Stress Concentrators 

By using the relations presented above, we consider an elliptic hole and a crack with process zones in the 
hydrogenated elastic metallic body. 

 Elliptic Hole.  In the body with elliptic hole under the conditions of plane deformation subjected to the ac-
tion of tensile forces with intensity  p   (Fig. 1), the hydrostatic stresses are given by the formula  

 σ p = 2 1+ ν( )
3

Φ z( ) + Φ z( )( ). (4) 

Here, according to [17, 20],  

 Φ z( ) = m +1( ) p
4m

z

z2 − 4R2m
− p
4m

,      R = a + b
2

,      m = a − b
a + b

,      σ0
p = − 1+ ν( )

3
p ,  
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Fig. 1. Distributions of hydrostatic stresses (a) and the redistribution of the relative concentration of hydrogen  C /C0   (b) on the con-
tinuation of the major semiaxis of the ellipse:  (1)  b /a  = 1/4,  (2) 1/7,  (3) 1/10. 

z = x + iy ,  and  Φ z( )   is the function complex conjugate to  Φ z( ) .  Thus, by formula (3), the concentration of 
hydrogen near the elliptic stress concentrator  

 C r,β( ) = C0 exp k 2 1+ ν( )
3

Φ z( ) + Φ z( )( ) − kσ0
p + C0Q

⎛
⎝⎜

⎞
⎠⎟

 

  × exp − Lambert W C0Q exp k 2 1+ ν( )
3

Φ z( ) + Φ z( )( ) − kσ0
p + C0Q

⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎩

⎫
⎬
⎭

⎡
⎣⎢

⎤
⎦⎥
. (5) 

The results of evaluation of hydrostatic stresses according formula (4) and the corresponding redistribu-
tion of hydrogen concentration on the continuation of the major semiaxis of the elliptic hole by relation (5) for   

 T  = 300°K,    E = 2 ⋅105 MPa ,    ν  = 0.3,    αc = 5.01 ⋅10–6m3/mole ,    and    VH = 1.96 ⋅10–6m3/mole   

are presented in Fig. 1. 
Hence, the character of changes in the relative concentrations of hydrogen for the elliptic hole is the same as 

for the hydrostatic stresses (Fig. 1).  As the ratio  b/a  decreases, i.e., as the elliptic hole approaches the cracklike 
defect, the concentration of hydrogen in the vicinity of the tip of the major semiaxis of the ellipse increases.  
Hence, we obtain the numerical results for the Griffiths pointed cracklike defect [14] by the finite-element 
method. 

Cracks with Process Zones.  We assume that a pressure formed in the crack is constant.  In order to find the 
hydrostatic stresses near the crack with weakened process zones, we take the complex potential [20] 

 Φ z( ) = 1

4π z2 − l2
l2 − t 2 s t( )

t − z−l

l

∫ dt , (6) 
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where, according to [21], we can set  

 s t( ) =
− 2p, − l0 ≤ t ≤ l0,

− 2p + 2σ0, − l ≤ t < − l0, l0 < t ≤ l.

⎧

⎨
⎪

⎩
⎪

 

Integrating relation (6), we obtain 

 Φ z( ) = 1

2π z2 − l2
πp z − z2 − l2( ) + 2σ0 2z arcsin l0

l
− πz + π z2 − l2

⎡

⎣
⎢

⎧
⎨
⎪

⎩⎪
 

  + l2 − z2

2
ln

l2 + zl0 − l2 − z2( ) l2 − l02( )
l2 + zl0 + l2 − z2( ) l2 − l02( )

− ln
l2 − zl0 − l2 − z2( ) l2 − l02( )
l2 − zl0 + l2 − z2( ) l2 − l02( )

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

⎤

⎦

⎥
⎥
⎥

⎫
⎬
⎪

⎭⎪
. 

Taking into account the values of the logarithmic function  

 ln
l2 − zξ − l2 − z2( ) l2 − ξ2( )
l2 − zξ + l2 − z2( ) l2 − ξ2( )

=

ln
l2 − xξ − l2 − x2( ) l2 − ξ2( )
l2 − xξ + l2 − x2( ) l2 − ξ2( )

, z = x ∈ − l, l[ ] ,

− 2i π
2
− arcsin l2 − zξ

l z − ξ( )
⎛

⎝⎜
⎞

⎠⎟
, z ∉ − l, l[ ] ,

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

 

we get the complex potential 

 Φ z( ) = σ0 − p
2

+
πp − 2σ0 arccos

l0
l

2π z2 − l2
− σ0
2π

arcsin l2 − zl0
l z − l0( ) − arcsin l2 + zl0

l z + l0( )
⎡

⎣
⎢

⎤

⎦
⎥ . 

Since [21]   

 l = l0 sec
πp
2σ0

,   

we can write  

 Φ z( ) = σ0 − p
2

+ σ0
2π

arcsin l2 − zl0
l z − l0( ) − arcsin l2 + zl0

l z + l0( )
⎡

⎣
⎢

⎤

⎦
⎥ ,  (7) 

where  σ0   are stresses with which the opposite faces of the process zones near the crack tip attract each other. 
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Fig. 2. Distributions of hydrostatic stresses (a) and the redistribution of the relative concentration of hydrogen  C /C0 (b)  on the con-
tinuation of the crack for different distances from the crack tip:  (1) 0,  (2)  (l − l0 ),  (3)  2(l − l0 ) . 

 

Fig. 3.  Distribution of hydrogen on the continuation of the crack [22]. 

 

Fig. 4. Redistribution of the relative concentration of hydrogen  C /C0   at different distances from the tip and perpendicularly to the 
crack axis:  (1) 0,  (2)  (l − l0 ),  (3)  2(l − l0 ) . 
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Fig. 5.  Distribution of hydrogen in the process zone at a distance of  1.5 mm  from the crack tip [24]. 

The results of calculations of hydrostatic stresses by using relations (4) and (7) and the redistribution of the 
relative concentration of hydrogen  C /C0   caused by these stresses on the continuation of the crack at different 
distances from its tip by using relations (5) and (7) are presented in Fig. 2.  It is easy to see that the concentration 
of redistributed hydrogen is leveled for the triple length of the process zone in the metal. 

The results of calculations of the relative concentration of hydrogen obtained by using the proposed ap-
proach agree with the experimental data [22, 23] (Fig. 3).  The numerical data (Fig. 4) obtained for a model 
crack [21] with process zones also coincide with the corresponding experimental data on the distribution of hy-
drogen [24] (Fig. 5). 

CONCLUSIONS 

On the basis of the equation of diffusion running in the process of deformation of the body weakened by 
smooth or cracklike defects with regard for the corresponding hydrogen flow caused both by the external load 
and by the stresses caused by the hydrogenation of the metal, we deduce the analytic relations for the evaluation 
of the redistribution of hydrogen under the action of external forces.  We computed the changes in the relative 
concentration of hydrogen in the vicinities of the elliptic hole and the crack with process zones.  The obtained 
results are compared with the corresponding experimental data.  
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