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Abstract Using the Kroner—Lee elastic and plastic
decomposition of the deformation gradient, a differ-
ential-algebraic system is obtained (in the so-called
semi-explicit form). The system is composed by a
smooth nonlinear differential equation and a non-
smooth algebraic equation. The development of an
efficient one-step constitutive integrator is the goal of
this work. The integration procedure makes use of an
explicit Runge—Kutta method for the differential
equation and a smooth replacement of the algebraic
equation. The resulting scalar equation is solved by the
Newton—Raphson method to obtain the plastic multi-
plier. We make use of the elastic Mandel stress
construction, which is power-consistent with the
plastic strain rate. Iso-error maps are presented for a
combination of Neo-Hookean material using the Hill
yield criterion and a associative flow law. A variation
of the pressurized plate is presented. The exact
Jacobian for the constitutive system is presented and
the steps for use within a structural finite element
formulation are described .
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1 Introduction

This work deals with finite strain elasto-plasticity.
Finite strain plasticity, see, e.g. Nemat-Nasser (2004),
including any relevant hardening, damage and strain-
rate effects, is a key ingredient in a realistic simula-
tion. The comprehensive discussion by Wriggers
(2008) shows the effects commonly included in the
simulations and the numerical consequences of the
Kroner-Lee decomposition (Kroner 1960; Lee and
Liu 1967; Lee 1969). In the earliest numerical
developments, the multiplicative decomposition was
applied to specific hyperelastic laws and yield func-
tions, see Simo and Ortiz (1985), Simo (1988), Moran
et al. (1990), Lubliner (1990), Simo (1992) and Areias
and Matous, (2008). Currently, most papers and
implementations make use of more general spatial-
configuration approach to finite strain plasticity, which
has been summarized in Wriggers (2008). However,
some limits to the elastic and/or plastic laws still exist
in recent works, such as the restriction to isotropic
hyperelastic laws (the case of Vladimirov et al. 2010
and Areias et al. 2012) or the use of a Kirchhoff/Saint-
Venant elastic law, which is the case of Schroder et al.
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(2002). In certain cases, coaxiality is assumed in the
integrator, see also Eidel and Gruttmann (2003),
resulting in a single scalar equation.

In terms of finite element technology, it is worth
mentioning that mixed and enhanced finite elements
do not always provide the required deformation
gradient to feed the constitutive integrator and this
has been the subject of discussion for a considerable
time (Betsch and Stein 1999). Although some work
exists on the combination of classical multiplicative
plasticity with assumed strain elements, a more direct
approach is to make use of the work by Eidel and
Gruttmann (2003). A purely material configuration is
here adopted and therefore, besides the constitutive
history variables, only the Green—-Lagrange strain E or
the right Cauchy—Green tensor C are required as
sources to the finite strain plasticity integrator.

This results in a differential-algebraic system (cf.
Hairer et al. 1989), with the flow law being a smooth
differential equation for the plastic deformation gra-
dient F,, (which is the differential variable) and a non-
smooth algebraic equation corresponding to the load-
ing/unloading Kuhn-Tucker conditions. The algebraic
variable is the plastic multiplier (or alternatively the
time). In our case, smoothing of the algebraic equation
is performed, as in Areias et al. (2012), a topic which
is further discussed by Scalet and Auricchio (2018).
The following sections of this work discuss the
equations, implementation and error assessment of
the proposed algorithm.

2 Constitutive updating using the elastic Mandel
stress tensor

Hyperelastic laws can directly incorporated in
assumed-strain large deformation element formula-
tions. Inelastic laws often entail technicalities with
respect to the presence of the assumed deformation
gradient (Betsch and Stein 1999) which led to the use
of the Mandel stress tensor approach in the material
setting. A comprehensive description of the arguments
involved is provided by Eidel and Gruttmann (2003).
Note that there is a compromise: the Mandel stress
(Mandel 1973), instead of the Cauchy stress, is present
in the yield function.

We make use of the Kroner-Lee decomposition
(Kroner 1960; Lee and Liu 1967; Lee 1969), whichis a
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multiplicative decomposition of the deformation gra-
dient F, in which a stress-free (“relaxed”) intermedi-
ate configuration is assumed (see also Lubliner 1990
and Menzel 2006):

F =F,F, (1)

This is now relatively standard (Simo and Ortiz 1985),
with F, providing the elastic part of the deformation
and F, being the plastic part of the deformation. That
is, local unloading is obtained by imposing F, = I, see
Lubliner (1990), defining the so-called intermediate
(or unloaded) configuration.

From (1), the velocity gradient is determined by its
definition and then partitioned L =FF~'=
L.+F.L,F,;" with L, =F.F," and L, =F,F,".
Here, L, is defined in the unloaded configuration.
Since the second Piola-Kirchhoff stress is a function of
the elastic part of F by means of C, = F'F, (cf.
Gurtin 1981), the second Piola-Kirchhoff stress at the
intermediate configuration is given by a function
S.(C.) (this form was proved thermodynamically by
Mandel 1974), from which energy consistency results
in the following form for the second Piola-Kirchhoff
stress

_ gl -T
S=F, S.(C.)F, (2)

The flow law follows standard arguments (Eidel and
Gruttmann 2003; Menzel 2006), assuming that the
initial plastic deformation gradient corresponds to the
identity, [F,],=I. Following standard derivations on
plasticity, a yield function ¢ is introduced, as well as a
plastic multiplier y. We summarize the constitutive
system as:

S=F,'S.(C.F," (3)
F, = N(T.)F, (4)
[Folo=1 (5)
<¢(Te)+7 = —=7=0 (6)

with < @ >= %l" being the unit ramp function. In (4),
the elastic Mandel stress (Mandel 1973) T, is defined
as:
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T, = C.S.(C.) (7)

Assuming associativeness of the flow law, we have the
flow vector N(T,) determined from the derivative of

¢(T.):
N(Te) :d¢(Te)/dTe (8)

The Mandel stress tensor is, in terms of plastic
dissipation power, conjugated to L,, which implies
that the flow law (4) is power-consistent. To increase
the conciseness of the constitutive equations, we use
the replacement Q], = F;l and remove C, and T, from
the list of constitutive unknowns, resulting in the more
convenient system:

s=0,5.(0jco, )0} 9)
0, = —ig,N|gice,s.(2)c, )| (10)
2] o=1 (11)

< ¢|orca,s.(gice, )| +i-—i=0  (12)

In Egs. (10-12), Q, and 7 are the constitutive
unknowns. System (10, 12) is a differential-algebraic
system (DAE) with (9) being calculated after its
solution. For the rate-independent case, the system is
autonomous and we can re-write the DAE system in
semi-explicit nonlinear autonomous form:

0,=Y(3,C,0,) (13)

(D(’)},C, Qp) =0 (14)

This is a index-1 DAE, considering y as the algebraic
variable. We note that since in (14), 0®(y, C, Q,) /07 is
non-invertible in general, we cannot use a standard
fully explicit Runge—Kutta (RK) method for this
system, see also Hairer et al. (1989). Since we have an
autonomous system, we consider j as an unknown
parameter and solve the system in a semi-implicit
form. It turns out that, since ¥ is homogeneous of
degree one with respect to 7, this will play a specific
role in numerical integration. With that in mind, we
introduce the following nomenclature:

Qp = '))\P* (Ca Qp) = (15)

40, /dy = ¥a(C,Q,) forj #0 (16)

It is straightforward to write (10-12) as a non-smooth
differential system, and therefore standard ODE
integration analysis is applicable.

3 Integration

A description of the semi-implicit time-integration
algorithm for system (13-14) now follows. Tradition-
ally, when one-step methods are selected to integrate
DAE, fully-implicit RK methods are employed (Pet-
zold August 1986). In alternative, extrapolation
methods such as the one described by Deuflhard,
Hairer and Zugck can be used (Deuflhard et al. 1987).
For our specific system, we can still apply an explicit
RK method for the differential variable. We use
superscripts n and n + 1 to identify two consecutive
time-steps and use Ar as the time-step size. The
number of stages (s) and the corresponding Runge—
Kutta coefficients a,,, b, and ¢, with p,g=1,...,s
define the explicit Runge—Kutta procedure, see Hairer
et al. (2008). Applying the explicit RK integration
with s stages for QP and the backward-Euler method
for the plastic multiplier y results in:

S
O =Qn+ 7" ALY b,y
p=1

p—1
X [pAC +C", Q1 + 7" ALY apgry

g=1
(17)
,ynJrl — ,yn + VA[
~
Ay

(18)

where AC = C""! — C". Note that in (18), a simple
backward-Euler integration is performed, since Ay is
determined implicitly. We now introduce the notation
K, to simplify Eq. (17):

p—1
Ky = Vx| pAC+C", Q) + )J"HAtZaquq
q=1

(19)

By defining the product ¢, = At¢, and making use of
the argument Ay, k, = ,(Ay), the constitutive system
reads:

@ Springer



76

P. Areias

0 = Q1+ AyS by (A7) (20)

p=1
T
=< ¢*{ (QZ-H) 'CI‘H-I . Qz+l . Se

~ |:(Q;+1)T.Cn+l .Q;Jrl] } +Ay = —Ay=0
(21)

Q,=1 (22)

In (20-21) we have used the function k,(Ay) =
Wi |pAC + ", 0 + AQ(AY)] with

AQ)(Ay) = Ay ZZ;} apeks(Ay). We note that
Yy (C, Q) is the following function of C and Q:

¥4 (C,0)=—-Q-N[Q"-C-Q-S.(Q"-C- Q)]
(23)

The second Piola-Kirchhoff stress at step n+ 1 is

T
given by its definition at C, — (Q;“) o

gl Q;+1 .8, |:(Q;+1>T.Cn+l .Q;+l:| . (QZH)T
(24)

With the Eqs. (20-21), the following observations are
in order:

1. The right-hand-side of Eq. (20) is a polynomial of
degree s of Ay.

2. Introducing QI,(Ay) =0+ Ay bk, (Ay)
and C,(Ay,C"") = 0] (A7) - €' Q, (A7) the
resulting non-smooth Eq. (21), can be solved for
Ay, with the argument of ¢, being

C.(Ay, ") -S.[Ce(Ay, €]
3. If Ay =0 and ¢4 (0) <0 then obviously @' =
QZ and (21) is not required.

Focusing on the constitutive unknown, Ay, the residual
corresponding to (21) is written as:

r(Ay,C) =< $4{C.(A).C) - S, [Cc(Ay, C)]}

25
+Ay - —Ay (25)

An implementation of the RK integration (20) has to
be performed. We adopt s = 1, s = 2 and s = 4-stage
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RK integration with one of the following tableaus
(forward-Euler, midpoint and RK4), see Hairer et al.
(2008):

a; = [x] (26)
b, = {1} (27)
C, =0 (28)
*
a=|1 (29)
2
b, ={0,1} (30)
c; ={0,1/2} (31)
* *  x
“= 1(/)2 1(/)2 g G2)
0 0 1
by ={1/6,1/3,1/3,1/6} (33)
c,={0,1/2,1/2,1} (34)

For unit consistency, the yield function ¢ is nondi-
mensionalized. When applying the Newton—Raphson
method to solve (25), we accumulate iterative correc-
tions, which are identified here by 0Ay;, as Ay =

o 6Ay; with iy = 1,.. ., ny. being the iteration

ii=1

counter with n;,, being the number of Newton—
Raphson iterations, are given by (omitting the
arguments):

(=0r/oAy)oAy, =1 & (35)

{1— < ¢y + Ay -

[1 + % (C; ~se+%ce~fge : C‘;)} }5Ayit (36)
=<y +Ay =5 —Ay

In (36) we identify the following terms:
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dS’e (Ce> or — A / /o
%zQT (37) Yol < Px Ay 5 )y
¢ le=c.arcm . 1 ) (44)
(CZ’ ®S. —|—§Ce -6, : CZ)
<X = lin(l) <Xx>p (38)
= with:
’_ ~ ~
Sxmp=d </ (9 e =oc.ay.cr)oc! (45)
'« = dy/dT, 40 S0 fo
Pa =00l R A e (46)
é; = aée(A% CHI)/ 0Ay (41) We can therefore calculate the total derivative of C,

where < x >p is a smooth replacement for the unit
ramp function, with f§ being a smoothing parameter.
This smooth replacement for the ramp function is
defined as (see Chen and Mangasarian 1995, 1996):

x4 o log[l + exp(—owx)] x>0
x+ o {—ox + log[l + exp(ox)]} x<0
(42)

<x>—5:{

with o = log 2/ and f is the residual at the origin, see
Fig. 1. This is in fact a differentiable replacement for
the ramp function satisfying < x == limg_o < x >3,
xeR.

After convergence is obtained in (35), we calculate
the derivative dAy/dC, which is required for the
sensitivity of the solution:

dAy or\'/ or
o= (em) (ee) .

Omitting arguments, we have

0.8

L
-1.0

Fig. 1 Graph of (x), for = 0.1

with respect to C"™! as:

dAy
an-H

€ (Ay, € = Gy, €M) s+ Co(Ay. )
(47)

These quantities are now introduced in the stress
sensitivity, as:

ds
dcrH—l

= 2{ [Q; 'dch"H ® [Se : (QZ*‘)T}

T
1S, {QA; dAv] }

€ =2

’ dcn+l

. [QZH %, : ée@)(A%anLl)} ® (Q;+1)T
(48)

where QA;) :de(Ay)/dAy. It is now required to
specify the derivatives involved in (36):

Cl= (@) e g+ (g) e
(49)

= 2] 2, (50)

The implementation of this algorithm is performed
with Mathematica and AceGen (Wolfram Research
Inc 2007; Korelc 2002). We therefore have the
procedure described in Table 1.

In terms of stability of the RK integration, we can
still use the known results from the literature for the
linear case The linear case is obtained by fixing the
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Table 1 Finite strain
constitutive solution with
semi-implicit RK
integration

Hyperelastic constitutive law
Normalized yield function
Flow vector

Data

Source

History

Initialization

Additional functions
$(C.0) =

¥« (C,0) =

Ky (Ay) =

0,(Ay) =

Ce(Ay, C) =

(jS*(Ay, )=

r(Ay,C) =

Solution

Ay = arg [r(yq,C"H) = 0}

Vg

Q: =0,(Ay)

Output

Sn+l :S<Cn+l Qn+l>
»Zp

o der»l
=240

Required constitutive functions

Se (Ce)

¢*(Te)
N(T.)

Foian i) R R
C" and Q)
Ay=0and Q) =1, C'=1I
Q-5.(0"-C-0)-0
-Q-N[Q"-C-Q-5.(0"-C-0Q)]

W[ AC + €0 + AT ey (89)]
0, +Ay>S, by, (Ay)

0,(Ay)" - C-0,(A)

D2 {Ce(Ay,C) - S, [Ce(Ay, )]}

< $u(A),C) + Ay = —Ay

flow vector N. Using the linearized case, we have a
vector form of Q, and the derivative dQ, /dy as':

dg,/dy = BQ, (51)

where B depends on the flow-vector components N;;:

[Ny Nu Ny 0 0 0 0 0 07
0 0 0 N Nn Ny 0 0 0
0 0 0 0 0 0 Nz Ny Na
Npo  Nn  Np 0 0 0 0 0 0
B=—|Nj3 Ny Nz 0 0 0 0 0 0
0 0 0 Nis Ny Na 0 0 0
0 0 0 Ny Ny Ny 0 0 0
0 0 0 0 0 0 Ni Na Ny
L o 0 0 0 0 0 No  Np  Np|
(52)

The linearized stability condition for the RK methods
is a function of the eigenvalues of B (see, e.g. Hairer
et al. 2010), we obtain a condition for z = AyA with

' Order 11, 22, 33, 12, 13, 23, 21, 31, 32.
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A € C being an eigenvalue of B. For the RK4 method,
we have the A-stability condition

R=sup|l +z+22/2+2/6 +2*/24| <1
Zz

for Re[z] <0 which we assess here. We set R = 0 if
Re[z] > 0.

4 Equilibrium and finite-element implementation

The use of relative strain measures is convenient in
finite elements. Hence, a description is herein pre-
sented on how to use the constitutive algorithm with
these elements. We make use of three configurations,
Qy, Q, and Q.. Configuration € is undeformed, €, is
the reference configuration and €, is the equilibrium
configuration. To these three configurations we asso-
ciate three frames 0, b and a, respectively. We use the
letter R to represent a frame, with each basis vector
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being a column of R. A generic tensor T is written, in
frame c for reference configuration Q, and equilibrium
configuration Q, as T¢,. Whenever it is obvious, we
omit the superscript c. After introducing the relative
deformation gradient between configurations €2, and
Q, as F,, we have:

Fu, = FF,) (53)

The Green—Lagrange strain between configurations
Q, and Q, is obviously E,, = I/Z(ngFab —I) and
therefore we can write E,g = E as:

E. = Ep + F} E,Fp (54)

Change of frame of a given second-order tensor 7 is
obtained in general as: T = R, T ORZ. Polar decom-
position of the deformation gradient F, is obtained
from the rotation and stretch U, (using the previous
notation):

FZO = RZOUZO (55)

where Rj, = RgRb. Having defined the relative
Green—Lagrange strain E,,, which is the traditional
Green—-Lagrange strain assuming that the initial con-
figuration is €, we now use the power conjugacy
between the Green—Lagrange strain rate (E) and the
second Piola-Kirchhoff stress (§ = S,9) to obtain:

/ S : E,0dQy =/ Sap : EapdQy (56)
Qo Qb
In addition, in (56), E, = 1/2(FL,F,} + F,[Fu).

From (56) we obtain the following relation:

1
Sap = J—F;,OSFg0 (57)
b0

where J;0 = det Fy. Generalizing, we have:

Table 2 Properties for the contour plot of < ¢, (C,I) - as a
function of E;; and Ex»

n 1
A 1
ay 3/10
9, I

1
Sac = _FchabFZb (58)
Jcb

In terms of Newton—Raphson iteration, we require the
first variation of (56), the tangent modulus (48) is
employed to read:

( / S : OE,0dQy + 5Ea0:(€:anon>

% % (59)

:Fm-u'—/ S : E,dQy
Q

where F.y, is the external load vector and u is the nodal
velocity vector. In our case, pressure is applied in Sect.
6.

5 Prototype model and results

For the hyperelastic law, we use the compressible
Neo-Hookean with properties u and 4 (analogous to
Lamé parameters in the Hookean case), see Bonet and
Wood (2008) for further details:

S.(C) = uIl — €Y + )vlog{s/det(Ce)} ;' (60)

corresponding to the following strain energy density:

¥(C,) :% [tr(C,) — 3] — plog \/det(C,)

; ) (61)
+ 2 [log \/det(Ce)]
The nondimensional yield function is given by:
T
pa(10) = 20T (62)
Oy

with, as a prototype equivalent stress, a specific Hill-
criterion is adopted (the subscript e of T, is omitted for
conciseness):
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Fig. 2 Representation of <
$y(C.1) = for
B=1x1073 =

1 x 107! and § = 1. Range
is Ey; € [-0.35,40.35] and
Ex» € [-0.35,40.35]. B is
the regularization parameter
for the yield function

@ Springer
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Fig.3 Strain energy density
logarithm, log ¥ in the
elasto-plastic case for § = 0,
p=1x10"3 and
B=1x10"!. Range is

Ey; € [-0.35,40.35] and
Ey € [—-0.35,40.35]. f is
the regularization parameter
for the yield function
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1 27
qu(Te) =7 ATY + 6(Th + T5)) T (T +T3)
9Ty T, + 973, +6(T5; +T5,) + Tii T3
—9T5, T3 + 4733

(63)

From which, N(T,) = d¢x(T.)/dT. is determined as:

Fig. 4 Iso-error maps for Ej € [-0.6,+0.6] and»
Ey € [-0.6,+0.6]. f is the regularization parameter for the
yield function

the flow vector N at the solution. In terms of stability
function R, we show the results for s =4 and f =
1 x 1073 in Fig. 5. It can be observed that it complies

Ty — 9T T 27
8T — 9T + T33 éle 2T,
8 2 8
1 3 18T, — 9Ty, — 9733 3
N(T,)=—— °r : or 64
( ) O—yo'eq(Te) ) 21 ) 23 ( )
27 3 8733 — 9T + T11
—T =T
g 131 5 Tx A

Using the smoothed replacement < ¢ (C,I) > p with
the properties shown in Table 2, the effect of f is
observable, cf. Fig. 2. In this figure, we easily identify
the yield function in the strain space (we adopt the
definition E = 1/2(C —I)). Smaller f results in a
sharper representation of the yield function. In terms
of strain energy density, Fig. 3 shows the results with
s = 4. It is worth noting that a full one-step integration
is required for each pixel in the figure, with the
corresponding calculation of C,. The yield function
curbs the growth of ¥ with E. The effect of f is clear,
with a sharper contour being obtained with smaller f5.
Iso-error maps for the stress are built with the standard
procedure (Simo et al. 2000), but starting from C = I.
Figure 4 presents the three cases s = 1,2 and 4 with
B=1x103,=1x10"2and f=1x10"'. The
smoothing parameter has a clear effect on the shape of
the maps and also the stress error. Larger values of f3
result in larger integration errors. We note that smaller
values than 1 x 10~ do not produce visible differ-
ences with respect to that value. Since ¢* is normal-
ized, we note that this value can be adopted in all
simulations.

In addition, the effect of s is clear from the forward-
Euler to the midpoint rule, with more than double the
error obtained when using the forward-Euler method.
However, between s = 2 and s = 4, some advantage is
observed. Higher order methods also show improved
Newton—Raphson behavior, related to the accuracy of
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with the condition R <1 for positive real parts of the
eigenvalues. Of course, in the elastic region, we have
R=1.

6 Application to an anisotropic elasto-plastic plate
under pressure

We consider the problem of a plate under deformation-
dependent pressure, see Fig. 6. This is an adaptation of
the problem proposed by Buchter et al. (1994) but
with anisotropic laws. Relevant properties are shown
in Fig. 6 along with the effective strain contour plot ¢,.
We adopt a rotation o = n/6 around the z-axis for the
Hill criterion, with the same yield function previously
introduced 63.

For the compressible Neo-Hookean combined with
the Hill yield criterion, Fig. 7 shows the results. We
determine the pressure from the central displacement
by an additional global equation (see, e.g. Areias et al.
2009 where this procedure was introduced). Very
large step sizes are possible and the effect of the order
of the RK method is observable. In terms of the effect
of B, we note that f<1 x 1073, since the yield
function is normalized, are indistinguishable in terms
of results. Figure 8 shows the effect of f§ for Au, = 10
and s = 1. We can observe lower values of pressure
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Fourth-order

/3: 1 x 10*2

06

T

B=1x10""!

'E22
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=

0.960

0.864

0.768

0.672

0.576

0.480

Fig. 5 R values for s =4, E;; € [-0.35,40.35] and Ex €
[—0.35,40.35] (outside these bounds R decreases) and
f =0.001. R = 1 identifies the yield surface

but also a shallower drop for higher values of
displacement.

7 Conclusions

We proposed a one-step semi-implicit algorithm to
solve the finite-strain elasto-plastic DAE. It makes use
of a fourth-order Runge—Kutta method for the differ-
ential part of the system and a Newton—Raphson root
finder for the algebraic term. Since it is not, in general,
possible to transform the constitutive system into a
ODE, we replace the integrated differential equation
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(for dF ;1 /dt) in a smoothed version of the originally
non-smooth algebraic equation.

The effects of (1) order of integration s and (2)
smoothing parameter /5 are studied for a Neo-Hookean
model coupled with the classical Hill yield criterion
with both elastic and plastic finite strains. Iso-error
maps are presented, allowing the following
conclusions:

1. Effect of the smoothing parameter f is significant,
with larger values imposing resulting in a diffuse
elasto-plastic interface. This has been verified in
the yield function and the strain energy density
contour plots. Since ¢ is normalized, values of §
less than 1 x 1073 produce indistinguishable
results.

2. Effect of order s is also important, with a

pronounced difference between s =1 (forward
Euler) and s = 2 (Runge—Kutta midpoint). Iso-
error maps show a much higher error with the
forward-Euler method. However, between s = 2
and s = 4, iso-error maps show some difference
but it is not pronounced. The maximum value of
the error still shows the benefit of higher order.

3. A-stability is verified for the integration of the

flow law and s = 4.

Extensions both in terms of integration algorithms and
also more intricate constitutive laws are not difficult to
envisage, and one-step extrapolation integrators can
replace the classical Runge—Kutta in this work.
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Fig. 6 Square plate under
gfefg;??ig:fi?f;;em T_L‘ p, deformation-dependent
el sin 5y ARRREREREY

(Hill yield criterion and
E(;glelﬁzzlt?cleml\izzglookean r— 1| Compressible Neo-Hookean /Hill (o = 7/6)

| Properties
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Fig. 7 Square plate under Hill yield criterion/Compressible Neo-Hookean

pressure. Effect of step size 4.5 T T T T T T T
and order of the RK Au, =10, s = 1 ==
integrator for the 4r 1
compressible Neo-Hookean/ Au, =10, s = 2 == /
Hill criterion combination. 357 / ]
B=1x1073 Au, =10, s =4 g
3+ ] .
N Au, =4,s=4
o 251 b
Z
S 2r / i
D-‘ -
15} / ]
1r y i
/
05 . - .
0 = 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180

Imposed displacement wu,

Fig. 8 Square plate under Hill yield criterion/Compressible Neo-Hookean

pressure. Effect of 4.5 T T T T T T T
parameter f§ for the B=1x10"* ==
compressible Neo-Hookean/ 4r b

Hill criterion f=1x10"3 =@=
combination. s = 1 357 ]
B=1x10"2
3r i
- B=1x10""
e 251 g
7
S 2r E
a9
1.5 / b
1F - i
051 B _/_/—/ i
0 el i 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180

Acknowledgements The authors acknowledge the support of
FCT, through IDMEC, under LAETA, Project UIDB/50022/
2020.

References

Areias, P., Matous: Finite element formulation for modeling
nonlinear viscoelastic elastomers. Comput. Methods Appl.
Mech. Eng. 197, 4702-4717 (2008)

Areias, P., Dias-da-Costa, J., Alfaiate, Jilio E: Arbitrary bi-
dimensional finite strain cohesive crack propagation.
Comput. Mech. 45(1), 61-75 (2009)

Areias, P., Dias-da Costa, D., Pires, E.B., Infante Barbosa, J.: A
new semi-implicit formulation for multiple-surface flow

@ Springer

Imposed displacement wu.

rules in multiplicative plasticity. Comput. Mech. 49,
545-564 (2012)

Betsch, P., Stein, E.: Numerical implementation of multiplica-
tive elasto-plasticity into assumed strain elements with
application to shells at large strains. Comput. Methods
Appl. Mech. Eng. 179, 215-245 (1999)

Bonet, J., Wood, R.D.: Nonlinear Continuum Mechanics for
Finite Element Analysis, 2nd edn. Cambridge University
Press, Cambridge (2008)

Buchter, N., Ramm, E., Roehl, D.: Three-dimensional extension
of nonlinear shell formulation based on the enhanced
assumed strain concept. Int. J. Numer. Methods Eng. 37,
2551-3568 (1994)

Chen, C., Mangasarian, O.L.: Smoothing methods for convex
inequalities and linear complementarity problems. Math.
Program. 71(1), 51-69 (1995)



One-step semi-implicit integration of general finite-strain...

87

Chen, C., Mangasarian, O.L.: A class of smoothing functions for
nonlinear and mixed complementarity problems. Comput.
Optim. Appl. 5, 97-138 (1996)

Deuflhard, P., Hairer, E., Zugck, J.: One-step and extrapolation
methods for differential-algebraic systems. Numer. Math.
51, 501-516 (1987)

Eidel, B., Gruttmann, F.: Elastoplastic orthotropy at finite
strains: multiplicative formulation and numerical imple-
mentation. Comput. Mater. Sci. 28, 732-742 (2003)

Gurtin, M.E.: An Introduction to Continuum Mechanics, vol-
ume 158 of Mathematics in Science and Engineering.
Academic Press, 111 Fifth Avenue, New York, New York
10003 (1981)

Hairer, E., Lubich, C., Roche, M.: The Numerical Solution of
Differential-Algebraic Systems by Runge—Kutta Methods.
Lecture notes in Mathematics, vol. 1409. Springer-Verlag,
Berlin/Heidelberg (1989)

Hairer, E., Norsett, S.P., Wanner, G.: Solving Ordinary Differ-
ential Equations I. Nonstiff Problems. Springer Series in
Computational Mathematics. Springer, Berlin Heidelberg,
second revised edition (2008)

Hairer, E., Wanner, G.: Solving Ordinary Differential Equa-
tions II. Stiff and Differential-Algebraic Problems.
Springer Series in Computational Mathematics. Springer,
Berlin Heidelberg, second revised edition (2010)

Korelc, J.: Multi-language and multi-environment generation of
nonlinear finite element codes. Eng. Comput. 18(4),
312-327 (2002)

Kroner, E.: Allgemeine kontinuumstheorie der versetzungen
und eigenspannungen. Arch. Ration. Mech. Anal. 4,
273-334 (1960)

Lee, E.H.: Elasto-plastic deformation at finite strains. J. Appl.
Mech. ASME 36, 1-6 (1969)

Lee, E.H., Liu, D.T.: Finite strain elastic-plastic theory partic-
ularly for plane wave analysis. J. Appl. Phys. 38(1), 19-27
(1967)

Lubliner, J.: Plasticity Theory. Macmillan, New York (1990)

Mandel, J.: Foundations of Continuum Thermodynamics,
chapter Thermodynamics and Plasticity, pp. 283-304.
MacMillan, London (1974)

Mandel, J.: Equations constitutives et directeurs dans les mili-
eux plastiques et viscoplastiques. Int. J. Solids Struct. 9,
725-740 (1973)

Menzel, A.: Relations between material, intermediate and spa-
tial generalized strain measures for anisotropic multi-
plicative plasticity. Acta Mech. 182, 231-252 (2006)

Moran, B., Ortiz, M., Shih, C.F.: Formulation of implicit finite
element methods for multiplicative finite deformation
plasticity. Int. J. Numer. Methods Eng. 29, 483-514 (1990)

Nemat-Nasser, S.: Plasticity: a Treatise on Finite Deformation
of Heterogeneous Inelastic Materials. Cambrige University
Press, Cambrige (2004)

Petzold, L.R.: Order results for implicit Runge—Kutta methods
applied to differential/algebraic systems. SIAM J. Numer.
Anal. 23(4), 837-852 (1986)

Scalet, G., Auricchio, F.: Computational methods for elasto-
plasticity: an overview of conventional and less-conven-
tional approaches. Arch. Comput. Methods Eng. 25,
545-589 (2018)

Schroder, J., Gruttmann, F., Loblein, J.: A simple orthotropic
finite elasto-plasticity based on generalized stress-strain
measures. Comput. Mech. 30, 48-64 (2002)

Simo, J.C.: A framework for finite strain elastoplasticity based
on the multiplica tive decomposition and hyperelastic
relations. Part II: computational aspects. Comput. Methods
Appl. Mech. Eng. 67, 1-31 (1988)

Simo, J.C.: Algorithms for static and dynamic multiplicative
plasticity that preserve the classical return mapping
schemes of the infinitesimal theory. Comput. Methods
Appl. Mech. Eng. 99, 61-112 (1992)

Simo, J.C., Hughes, T..R.: Computational Inelasticity.
Springer, corrected second printing edition (2000)

Simo, J.C., Ortiz, M.: A unified approach to finite deformation
elastoplasticity based on the use of hyperelastic constitu-
tive equations. Comput. Methods Appl. Mech. Eng. 49,
201-215 (1985)

Vladimirov, I., Pietryga, M.P., Reese, S.: Anisotropic finite
elastoplasticity with nonlinear kinematic and isotropic
hardening and application to sheet metal forming. Int.
J. Plast. 26, 659-687 (2010)

Wolfram Research Inc. Mathematica (2007)

Wriggers, P.: Nonlinear Finite Element Methods. Springer,
Berlin (2008)

Publisher’s Note Springer Nature remains neutral with
regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	One-step semi-implicit integration of general finite-strain plasticity models
	Abstract
	Introduction
	Constitutive updating using the elastic Mandel stress tensor
	Integration
	Equilibrium and finite-element implementation
	Prototype model and results
	Application to an anisotropic elasto-plastic plate under pressure
	Conclusions
	Acknowledgements
	References




