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Abstract The initial yield envelopes of aluminum

(Al) nanocomposites reinforced with carbon nan-

otubes (CNTs) subjected to biaxial loading are

predicted in the presence of thermal residual stress

(TRS) arising from the manufacturing process.

Micromechanical model based on the unit cell method

is presented to generate the yielding surfaces. The

formation of the interphase caused by the interfacial

reaction between the CNT and Al matrix is taken into

account in the analysis. The effects of several impor-

tant parameters, i.e. the change of temperature, CNT

volume fraction, interphase thickness and Al material

properties on the yielding onset of the CNT/Al

nanocomposite are explored extensively. The results

clearly reveal that the initial yield surfaces of

nanocomposite are dependent on the TRS. Also, the

interphase has a significant influence on the yielding

behavior of Al nanocomposite in the presence of TRS.

The results demonstrate that the size of initial yield

surfaces become minimum with considering the

coupled effects of TRS and interphase. With increas-

ing the temperature variation, interphase thickness,

elastic modulus and coefficient of thermal expansion

of Al matrix, the size of initial yield surfaces reduces.

The present study is consequential for understanding

the key role of TRS on the initial damage of CNT/Al

nanocomposites.

Keywords Carbon nanotubes � Metal-matrix

nanocomposites � Yielding behavior � Residual stress �
Interphase

1 Introduction

Carbon nanotubes (CNTs) possess exceptional com-

bination of mechanical, thermal and electrical prop-

erties with high aspect ratio and low density (Pan et al.

2013; Shindo et al. 2014; Aydogdu and Arda 2016; Xu

et al. 2012; Cai et al. 2010; Liu and Chen 2003; Joshi

et al. 2012). The elastic modulus of CNTs was

estimated to be as high as 1 TPa (Fisher et al. 2002).

Also, it has been reported that the CNTs have a tensile

strength of about 150 GPa (Demczyk et al. 2002).

Furthermore, according to the previous studies, the

range of elastic deformation and fracture strain of

CNTs are exceptionally high (Yakobson et al. 1996;

Belytschko et al. 2002).

Because of their high ductility, high strength/

weight ratio (specific strength) and resistance to

corrosion, aluminum (Al) and its alloys are exten-

sively used as the most important metal matrix

materials in composite structures in the various
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industries, especially in aerospace, electronic packag-

ing, renewable energy and automobiles (Starke and

Staley 1996; Altenpohl 1998; Esawi et al. 2010;

Sharma and Sharma 2016). However, demands on the

Al-based structural materials for a better performance

under more severe loads and environmental conditions

are increasing. One of the ways to enhance the

mechanical properties of Al composites is the addition

of second phase such as CNTs, due to their excellent

properties, into the Al matrix. The experimental

reports indicated that the incorporation of CNTs into

the Al matrix results in the increase in mechanical

properties of Al nanocomposites (Esawi et al. 2010;

Sharma and Sharma 2016; Liu et al. 2014; Bakshi et al.

2009; Park et al. 2015; Ci et al. 2006). Furthermore,

adding CNTs into the Al matrix leads to a reduction in

the value of coefficient of thermal expansion (CTE) of

Al nanocomposites (Sharma and Sharma 2016).

Generally, the mechanical properties of Al

nanocomposites rely on the dispersion, geometry and

volume fraction of the CNTs. Furthermore, the

formation of aluminum carbide (Al4C3) as interphase

between Al matrix and CNT has been confirmed by

experimental observations (Bakshi et al. 2009; Park

et al. 2015; Ci et al. 2006; He et al. 2009; Bakshi and

Agarwal 2011; Zhu et al. 2016) which can play an

important role in the mechanical properties of these

nanocomposites. This interphase is formed due to the

chemical interaction between the Al matrix and the

CNT. The applied load is transferred to the high

strength CNTs through the interfacial layer. It is noted

that a strong interface would make the nanocomposite

very strong, whereas a weak interface would lead to

lower strength. It was reported that Al4C3 layer could

improve the Al-CNT bonding and hinder CNT pull-

out (Esawi et al. 2010; Park et al. 2015; Ci et al. 2006;

He et al. 2009). Consequently, the improvement in

mechanical properties of CNT-reinforced Al

nanocomposites can be attributed to the strong inter-

face layer (Park et al. 2015; Ci et al. 2006; He et al.

2009; Bakshi and Agarwal 2011). In this case, a

comprehensive study has been accomplished by

Bakshi and Agarwal (2011) to show the key role of

Al4C3 layer on the mechanical behavior of Al

nanocomposites. By comparing the tensile data of

CNT/Mg nanocomposites, CNT/Cu nanocomposites

and CNT/Al nanocomposites, they revealed that the

improvement in mechanical properties is not effective

when there is no chemical interaction between metal

matrix and CNT (Bakshi and Agarwal 2011).

There have been many attempts to evaluate the

mechanical properties of the CNT-reinforced Al

nanocomposites by experimental methods (Esawi

et al. 2010; Sharma and Sharma 2016; Liu et al.

2014; Bakshi et al. 2009; Park et al. 2015; Ci et al.

2006; He et al. 2009; Bakshi and Agarwal 2011; Zhu

et al. 2016). For example, Esawi et al. (2010)

conducted some tensile tests to investigate the effect

of CNT content on the mechanical properties of Al

nanocomposites. The experimental observations

demonstrated improvements of up to 50% in tensile

strength and 23% in elastic modulus for Al nanocom-

posite containing 5 wt% CNTs in comparison with

pure Al. Sharma and Sharma (2016) reported the

elastic and thermoelastic properties of Al nanocom-

posites reinforced with CNTs. The experimental

results indicated that with introducing 5 wt%CNTs,

the elastic modulus of the nanocomposite enhances by

20% compared with that of pure Al, whereas the CTE

of the nanocomposite decreases to 70%. Also, the

influences of CNT content and temperature on the

thermo-mechanical properties of Al nanocomposites

were examined (Sharma and Sharma 2016). Also, the

tensile properties of Al nanocomposites with different

CNT volume fractions were evaluated by Liu et al.

(2014). The yield stress and ultimate strength of the Al

nanocomposites containing 1.5 vol% CNTs increased

by about 41 and 25%, respectively, compared with

those of the pure Al matrix. By conducting several

tensile tests, Park et al. (2015) exhibited that the yield

stress and tensile strength of Al nanocomposites

improved by 60 and 23%, respectively, with adding

0.2 wt% CNTs. The experimental observations of He

et al. (2009) also clearly showed that both tensile

strength and elastic modulus Al nanocomposites rise

with increasing CNT weight fraction from 0 up to 5%.

However, since there are struggles with CNTs disper-

sion in the Al matrix and production costs (Park et al.

2015; He et al. 2009), synthesis and test of CNT/Al

nanocomposites is not economical. For this reason,

simulation methods are proper techniques to predict

the overall behavior of these nanocomposites. More-

over, from the viewpoint of experimental, it is very

difficult to achieve comprehensive knowledge on the

effect of the interphase region on the final CNT/Al

nanocomposite effective properties.
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One of the effective tools for analyzing the

mechanical behavior of CNT-reinforced polymer

nanocomposites (Alian et al. 2015a; Wernik et al.

2012; Wernik and Meguid 2011; Tsai et al. 2010; Han

and Elliott 2007) and CNT-reinforced metal matrix

nanocomposites (Meguid and Al Jahwari 2014; Choi

et al. 2016; Song and Zha 2010; Silvestre et al. 2014;

Junfeng et al. 2017) is the molecular dynamics (MD)

simulations. For instance, in the case of metal matrix

nanocomposites, Meguid and Al Jahwari (2014)

developed the MD simulations of pullout tests to

examine the influences of the different parameters on

the interfacial shear strength (ISS) of CNT-reinforced

metal matrix nanocomposites. They studied the effects

of the cell size, cell geometry, and the potential

functions adopted in the MD simulations. The results

indicated that the MD cell length has an unimportant

effect on the pullout force. Also, Choi et al. (2016)

probed the mechanical response of Al nanocomposites

containing different types of CNTs subjected to a

tensile loading condition using MD simulations. Their

outcomes demonstrated that both the elastic modulus

and yield stress of CNT-reinforced Al nanocomposites

significantly rise, even with a small amount of CNT

(Choi et al. 2016). By employing the MD simulations,

Song and Zha (2010) studied the influence of Ni

coating on the CNT surfaces in terms of the mechan-

ical strengthening of CNT/Al nanocomposites.

According to the obtained results, the elastic modulus

of the Ni-coated CNT-reinforced Al nanocomposite

was noticeably larger than that of the uncoated CNT-

reinforced Al nanocomposite (Song and Zha 2010).

Later, Silvestre et al. (2014) analyzed the character-

ization of the mechanical behavior of the Al nanocom-

posites containing CNTs under compression utilizing

the MD simulations. In comparison with pure Al, the

increase in elastic modulus due to the addition of

CNTs ranged from 50 to 100% (Silvestre et al. 2014).

Recently, Junfeng et al. (2017) applied the MD

simulations to characterize the strengthening and the

deformation mechanisms in the case of CNT-rein-

forced Al nanocomposites. The effects of both length

and diameter of CNTs on the tensile properties of the

Al nanocomposites were explored too (Junfeng et al.

2017).

Additionally, the micromechanics approaches have

been successfully applied to predict the mechanical

behavior of CNT-reinforced polymer nanocomposites

(Seidel and Lagoudas 2006; Ray 2010; Ngabonziza

et al. 2011; Alian et al. 2015b; Pantano and Cappello

2008) and CNT-reinforced metal matrix nanocom-

posites (Kashyap et al. 2011; Nouri et al. 2012;

Alfonso et al. 2015; Ansari et al. 2016). For instance,

in the case of Al-based metal matrix nanocomposites,

Kashyap et al. (2011) used the shear lag model to

estimate the stiffness of Al nanocomposite with

different CNT volume fractions. Also, Nouri et al.

(2012) evaluated the stiffness of CNT/Al nanocom-

posites by employing finite element method (FEM).

Alfonso et al. (2015) analyzed the effect of interphase

between the CNT and Al matrix on the stiffness of

CNT/Al nanocomposites using FEM. The influences

of interphase thickness and CNT volume fraction on

the elastic behavior of Al nanocomposite were inves-

tigated. Moreover, Ansari et al. (2016) studied the

stiffness and biaxial initial yield surfaces of CNT/Al

nanocomposites through the unit cell micromechani-

cal model. They examined the influences of interphase

and CNT volume fraction on the mechanical response

of Al nanocomposite. The estimated elastic modulus

from the unit cell micromechanical model showed

good agreement with experimental data. It should be

noted that during the fabrication process, due to

mismatch between the CTEs of the constituents of the

CNT/Al nanocomposites (Park et al. 2015), the

thermal residual stresses (TRSs) can be generated.

According to the literature survey, the effects of TRS

on the yielding behavior of CNT/Al nanocomposites

have not yet been clarified.

The main objective of the present work is to

investigate the role of TRS on the initial yielding

behavior of CNT-reinforced Al nanocomposites. The

remainder of this paper is organized as follows. In

Sect. 2, the representative volume element (RVE) of

the model is described. In Sect. 3, the simplified unit

cell (SUC) micromechanical formulations are pre-

sented. In Sect. 4, the SUC simulation results are

provided. Finally, in Sect. 5, our findings are

summarized.

2 RVE of the model

In the micromechanics modeling of CNT-reinforced

nanocomposites, a RVE is selected to characterize a

small repeatable area of the cross-section of the

nanocomposite with the same material properties as

those of the nanocomposite materials (Zarasvand and
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Golestanian 2016; Herasati and Zhang 2014; Pal and

Kumar 2016; Kiani 2016; Long et al. 2015; Nafar

Dastgerdi et al. 2013). Figure 1 presents the RVE of

the micromechanical unit cell model to simulate the

CNT/Al nanocomposites. In the selected RVE, the

contours of i and j i; j ¼ 1; 2; 3ð Þ stand for the location

of the sub-cell along the x- and the y directions,

respectively. Consequently, each sub-cell is denoted

by ij. Lc and Lr stand for the lengths of RVE in the

x and y directions, respectively. Also, a unit length in

the z direction is considered for the RVE. d and ti
represent the diameter of CNT and the thickness of

interphase, respectively.

The constituents of the nanocomposite system are

the CNT, Al matrix and the interphase region, as

displayed in Fig. 1. The CNT is assumed to be as an

equivalent solid nano-fiber (Tsai et al. 2010; Kundal-

wal and Ray 2011; Shazed et al. 2014; Kundalwal and

Meguid 2015; Kundalwal and Ray 2012a) and aligned

along the z direction. Thus, z and x (or y) directions are

the longitudinal and transverse directions, respec-

tively. According to the previous experimental studies

(Bakshi et al. 2009; Park et al. 2015; Ci et al. 2006; He

et al. 2009), the reaction between the CNT and Al

matrix causes the formation of Al4C3 interphase

region. Herein, the interphase is considered as the

third phase between the CNT and Al matrix, as

illustrated in Fig. 1. Both the CNT and interphase are

treated as the linear elastic materials. The Al matrix is

assumed to be as an elastoplastic material which obeys

the Von-Mises yield criterion. The yielding onset

happens as the loading on the CNT/Al nanocomposites

is enhanced until the most heavily loaded point within

the Al matrix reaches the yield strength (Y). Thus, the

initial yield strength of the nanocomposite can be

expressed as

Y ¼
ffiffiffi

2
p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

rijx � rijy
� �2þ rijx � rijz

� �2þ rijz � rijy
� �2

q

ð1Þ

where rx
ij, ry

ij and rz
ij are the normal local stresses in the

x, y and z directions, respectively, for the sub-cell ij

which is occupied by the Al matrix. To generate the

initial yield envelopes in longitudinal–transverse and

transverse–transverse stress spaces, the RVE is loaded

in z - x (Sz; Sx 6¼ 0 and Sy = 0) and x - y

(Sy; Sx 6¼ 0 and Sz = 0) directions, respectively. Sx,

Sy and Sz are the normal global stresses on the RVE, as

can be seen in Fig. 1.

3 Micromechanical equations

This section presents the SUCmicromechanics model to

evaluate the behavior of the CNT/Al nanocomposite

materials. Assuming the displacement components to be

linear, is the basis for deriving the micromechanical

equations in the analytical unit cell methods such as

method of cell (Kundalwal and Ray 2012b, 2014; Baxter

and Robinson 2011) and SUC (Ansari et al. 2016; Ansari

and Hassanzadeh-Aghdam 2016a, b, c; Mahmoodi et al.

2010). This assumption results in constant stress and

strain state within the sub-cells of the RVE. Moreover,

the local shear stresses are not generated inside the sub-

cells of the RVE due to the applied normal stresses and

vice versa (Ansari et al. 2016; Kundalwal and Ray

2012b, 2014; Baxter and Robinson 2011; Ansari and

Hassanzadeh-Aghdam 2016a, b). The following rela-

tions can be established by satisfying the equilibrium

conditions of the RVE in the normal directions between

the applied global stresses and local stresses

P

3

j¼1

bjr1jx ¼ SxLr

P

3

i¼1

airi1y ¼ SyLc

P

3

j¼1

P

3

i¼1

bjairijz ¼ SzLrLc

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

ð2Þ

a1= X

b2=ti

b3=X CNT

Interphase 

Al matrix 

a3= d/2

b1=d/2

a2= ti

x

y

z

Lc

Lr

1

Sx

Sz

Sy

Fig. 1 RVE of the micromechanical model
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where ai and bj are geometric parameters, as

displayed in Fig. 1. Imposition of the interfacial

traction continuity conditions yields the following

relations

r1jx ¼ rijx i[ 1ð Þ; ri1y ¼ rijy ðj[ 1Þ: ð3Þ

The interface between the constituents of the RVE

must be considered to be perfect. Thus, the compat-

ibility of the displacements within the RVE can be

expressed as (Ansari et al. 2016; Kundalwal and Ray

2012b, 2014; Baxter and Robinson 2011; Ansari and

Hassanzadeh-Aghdam 2016a, b)

P

3

i¼1

aiei1x ¼
P

3

i¼1

aieijx ¼ Lcex j[ 1ð Þ

P

3

j¼1

bje1jy ¼
P

3

j¼1

bjeijy ¼ Lrey i[ 1ð Þ

e11z ¼ eijz ¼ ez i[ 1; j[ 1ð Þ

8

>

>

>

>

>

<

>

>

>

>

>

:

ð4Þ

where ex, ey and ez are the global strains. Also, ex
ij, ey

ij

and ez
ij are local strains within the sub-cell ij. The

constitutive relation for the sub-cell ij is given by

eij ¼ Sij : rij þ aijDT ð5Þ

where rij and eij are the vectors of the normal stresses

and strains of the sub-cell ij, respectively. Also, Sij and

aij are the elastic compliance matrix and the vector of

CTE of the sub-cell ij, respectively. DT is the

temperature change. The following relation can be

obtained by the extension of Eq. (5) for each linearly

elastic isotropic sub-cell ij, as

eijx ¼ 1

Eij
rijx �

vij

Eij
ðrijy þ rijz Þ þ aijDT

eijy ¼ 1

Eij
rijy �

vij

Eij
ðrijx þ rijz Þ þ aijDT

eijz ¼ 1

Eij
rijz �

vij

Eij
ðrijx þ rijy Þ þ aijDT

8

>

>

>

>

>

<

>

>

>

>

>

:

ð6Þ

where E and v are elastic modulus and Poisson’s ratio,

respectively. Then, substituting Eq. (6) into Eq. (4) in

conjunction with Eq. (3) leads to

X

3

i¼1

ai

Ei1
r11x � ai

Eij
r1jx � ai

Ei1
vi1ri1y þ ai

Eij
vijrijy

n

� ai

Ei1
vi1ri1z þ ai

Eij
vijrijz

o

¼ ai a
ij � ai1

� �

DT ðj[1Þ

X

3

j¼1

� bj

E1j
v1jr1jx þ bj

Eij
vijrijx þ

bj

E1j
r11y � bj

Eij
ri1y

�

� bj

E1j
v1jr1jz þ bj

Eij
vijrijz

�

¼ bj a
ij � a1j

� �

DT ði[1Þ

� v11

E11
r11x þ vij

Eij
rijx �

v11

E11
r11y þ vij

Eij
ri1y þ 1

E11
r11z

�

� 1

Eij
rijz

�

¼ aij � a11
� �

DT ði[ 1; j[ 1Þ:

ð7Þ

Considering Eqs. (2), (7), a system of 15 linear

equations with the same number of unknowns is

generated as

A½ �15�15 rf g15�1¼ Ff g15�1 ð8Þ

in which rf g and Ff g are the vectors of stress and the
external load, respectively. A½ � is the coefficients

matrix. By applying the mechanical loading; i.e.

Sz; Sx 6¼ 0, Sy = 0 for generating longitudinal–trans-

verse initial yield envelope or Sy, Sx = 0, Sz = 0 for

generating transverse–transverse initial yield envel-

ope, as well as thermal loading; i.e. DT for considering

the effect of TRS, the values of Ff g are specified.

Also, A½ � is constructed through the geometrical

conditions and material properties of the sub-cells of

the RVE. Then, three stress components for all sub-

cells can be determined by the solution of Eq. (8). It is

noted that the calculated stress components for the Al

matrix sub-cell have to satisfy Eq. (1) for generating a

yielding point in the stress space.

4 Results and discussion

Firstly, a comparison is made between the present

study and the work of Ansari et al. (2016). The elastic

properties of CNT, Al matrix and interphase are

tabulated in Table 1 (Ansari et al. 2016). The values of

Table 1 Elastic properties of CNT, Al matrix and interphase

for comparison purpose (Ansari et al. 2016)

Material E (GPa) V

CNT 1000 0.3

Al 73.4 0.334

Interphase 403.7 0.334
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CNT volume fraction (VF), d, ti and Y are equal to 3%,

20, 10 nm and 56 MPa, respectively (Ansari et al.

2016). Figure 2a, b show the results of two works in

predicting the initial yield envelopes of nanocompos-

ite in transverse–transverse and longitudinal–trans-

verse stress spaces, respectively. It should be noted

that all stresses are normalized with respect to the

yield strength of Al matrix. Two sets of results are in

excellent agreement as clarified in Fig. 2a, b.

To further validate and guarantee accuracy of the

presented model, the results of the presented SUC

model are compared with those of FEM (Aghdam

et al. 2001) for unidirectional silicon carbide (SiC)-

reinforced titanium (Ti) composites. The SiC fiber and

Ti matrix are assumed to be strain free at 930 �C and a

cool down to room temperature at 23 �C which

generates the residual stresses (Aghdam et al. 2001).

The material properties of the constituents of the

composite are given in Table 2 (Aghdam et al. 2001).

Figure 3 shows the initial yield envelope of SiC/Ti

composite in transverse–transverse stress space. The

SiC volume fraction is 35% (Aghdam et al. 2001).

Generally, good agreement exists between the results

of the SUC model and FEM (Aghdam et al. 2001),

validating the micromechanical model developed in

this study.

Now, the role of TRS on the biaxial yielding

behavior of CNT/Al nanocomposite is investigated.

The material properties of the constituents of

nanocomposite are given in Table 3 (Ci et al. 2006;

Bakshi and Agarwal 2011; Alfonso et al. 2015). Also,

the values of d and ti are considered as 70 and 15 nm,

respectively (Alfonso et al. 2015). The CNT volume

fraction is selected as 1% in the analysis. The CNT/Al

nanocomposite system is analyzed under a tempera-

ture decrease of 450 �C due to the manufacturing

process (Ci et al. 2006). Unless otherwise stated, these

values are utilized in order to parametric studies.

Figure 4a, b depict the coupled effects of interphase

region and TRS on the initial yield surfaces of CNT/Al

nanocomposite in transverse–transverse and longitu-

dinal–transverse stress spaces, respectively. As a first

founding, in the absence of TRS, the effect of

interphase on the yielding behavior of nanocomposite

can be neglected. However, regardless of the inter-

phase, the size of initial yield surfaces of nanocom-

posite is highly affected and reduced by the TRS.

According to the results in Fig. 4a, b, with considering

-1.5

-1.1

-0.7

-0.3

0.1

0.5

0.9

1.3
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Fig. 2 Comparison between the results of present study and the work of Ref. (Tsai et al. 2010)

Table 2 Material properties of SiC fiber and Ti matrix

(Aghdam et al. 2001)

Material E (GPa) V a (10-6/K) Y (MPa)

SiC 409 0.2 4.5 –

Ti 107 0.3 10 940
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two factors including TRS and interphase region, the

size of initial yield envelopes of the nanocomposite

becomes minimum. The results reveal that the TRS

shifts the initial yield curve in the transverse plane

towards positive transverse stresses, as shown in

Fig. 4a. Also, in the presence of TRS, the interphase

has the maximum influence on the initial yield

envelope in transverse–transverse stress space when

Sx = Sy\ 0. In the presence of TRS, the yield

strengths of the CNT/Al nanocomposite under uniax-

ial transverse tension (i.e. Sy ¼ 0; Sx [ 0 or

Sx ¼ 0; Sy [ 0) with and without interphase are 150

and 194 MPa, respectively. It is observed from Fig. 4b

that the TRS can shift the initial yield surface in the

longitudinal plane towards negative longitudinal

stress. Also, under uniaxial longitudinal tension (i.e.

Sx ¼ 0; Sz [ 0) and in the presence of the TRS, the

yield strength of CNT/Al nanocomposite with

interphase is significantly lower than that of the

CNT/Al nanocomposite without interphase. However,

under uniaxial longitudinal compression (i.e.

Sx ¼ 0; Sz\0) and in the presence of the TRS, the

effect of interphase on the yield strength is very

negligible. With considering the interphase, the yield

strengths of the CNT/Al nanocomposite under uniax-

ial longitudinal tension in the presence and the absence

of TRS are 141.5 and 288 MPa, respectively, while

yield strengths under uniaxial longitudinal compres-

sion in the presence and absence of the TRS are 374.5

and 293.5 MPa, respectively.

Figure 5a, b show the effect of temperature change

on the initial yield envelopes of CNT/Al nanocom-

posite in transverse–transverse and longitudinal–

transverse stress spaces, respectively. Three different

values, includingDT = -250,-350 and-450 �C are

selected for the analysis. As illustrated in Fig. 5a, b,

the size of initial yield surfaces significantly decreases

with increasing temperature change (DT). It is found
from Fig. 5a that the value of DT has the maximum

effect on the initial yield curve in transverse–trans-

verse stress space when Sx = Sy\ 0. However, when

Sx = Sy[ 0, the variation of DT very slightly affects

the yielding behavior of the nanocomposite in trans-

verse–transverse stress space. Figure 5b shows that

the yielding in the nanocomposite under uniaxial

longitudinal tension occurs at lower applied loads as

the value of DT increases. For instance, the yield

strengths of the nanocomposite under uniaxial longi-

tudinal tension are 217.5, 173 and 141.5 MPa for

DT = -250, -350 and -450 �C, respectively. How-
ever, the influence of the variation of DT on the initial

yield surface in longitudinal–transverse stress space

can be neglected when Sz\0; Sx ¼ 0.

Figure 6a, b illustrate the effect of interphase

thickness on the initial yield envelopes of CNT/Al

nanocomposite in transverse–transverse and longitu-

dinal–transverse stress spaces, respectively. Three

different values, including ti = 10, 15 and 20 nm are

selected for the analysis. The results reveal that the

increase in interphase thickness can decrease the size

of the initial yield surfaces of the nanocomposite.

Interphase thickness has the maximum effect on the

initial yield curve in transverse–transverse stress space

when Sx = Sy\ 0, as can be seen in Fig. 6a. However,

when Sx = Sy[ 0, the initial yield surface in trans-

verse–transverse stress space is independent of the

interphase thickness. It is found from Fig. 6b that
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Fig. 3 Comparison between the results of the presented SUC

model and FEM (Aghdam et al. 2001) for SiC/Ti composite

Table 3 Material properties of the CNT, Al matrix and

interphase (Ci et al. 2006; Bakshi and Agarwal 2011; Alfonso

et al. 2015)

Material E (GPa) V a (10-6/K) Y (MPa)

CNT 680 0.27 1 –

Al 70 0.33 23.6 262

Interphase (Al4C3) 309 0.2 5 –
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yielding of the nanocomposite in uniaxial longitudinal

tension happens at lower applied loads with higher

interphase thickness. However, in uniaxial longitudi-

nal compression, the yielding behavior of the

nanocomposite is not affected by the variation of

interphase thickness.

Figure 7a, b display the effect of CNT volume

fraction on the initial yield envelopes of CNT/Al

nanocomposite in transverse–transverse and longitu-

dinal–transverse stress spaces, respectively. The

results in the absence of TRS are also included in

Fig. 7a, b. It is found that without TRS, the change in

CNT volume fraction can slightly affect the yielding

behavior of CNT/Al nanocomposite. However, when

the TRS is considered in the micromechanical mod-

eling, the initial yield surfaces of the nanocomposite
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are considerably affected by the change in CNT

volume fraction. The results of Fig. 7a demonstrate

that the CNT volume fraction has the highest effect on

the initial yield surfaces in transverse–transverse stress

space when Sx = Sy. As presented in Fig. 7b, with

increasing the CNT volume fraction and in the

presence of TRS, the value of yield strength in

uniaxial longitudinal tension decreases while its value

in uniaxial longitudinal compression significantly

increases.

Figure 8a, b depict the effect of variation in elastic

modulus of Al matrix (Em) on the initial yield

envelopes of CNT/Al nanocomposite in transverse–

transverse and longitudinal–transverse stress spaces,

respectively. Three different values, including

Em = 60, 70 and 80 GPa are selected for the analysis.
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It should be noted that the effects of interphase and

TRS are included in the analysis. The size of initial

yield surfaces is affected and reduced with increasing

the matrix elastic modulus. As can be seen in Fig. 8a,

when Sy ¼ 0; Sx [ 0, the yield strengths of nanocom-

posite are 131, 150 and 165 MPa for Em = 80, 70 and

60 GPa, respectively. It is found from Fig. 8b, when

Sx ¼ 0; Sz [ 0, the yield strengths of nanocomposite

are 160, 141.5 and 120.5 MPa for Em = 80, 70 and

60 GPa, respectively.

Figure 9a, b exhibit the effect of yield strength

of Al matrix on the initial yield envelopes of CNT/

Al nanocomposite in transverse–transverse and

longitudinal–transverse stress spaces, respectively.

Three different values, including Y = 212, 262 and

312 MPa are selected for the analysis. The results

are extracted in the presence and the absence of the

TRS, as illustrated in Fig. 9a, b. It should be noted

that the interphase region is considered in the

modeling of CNT/Al nanocomposite. In the

absence of TRS, the change of yield strength of

Al matrix does not affect the normalized initial

yield surfaces of nanocomposite. However, it is

identified that the normalized initial yield surfaces

to be noticeably insensitive to the change of matrix

yield strength in the presence of TRS. The results in

Fig. 9a, b reveal that in the presence of TRS, the

size of normalized initial yield surfaces of

nanocomposite decreases with decreasing the yield

strength of Al matrix. As shown in Fig. 9a in the

presence of TRS, the change of Y has the highest

and lowest effect on the initial yield curves in

transverse–transverse stress space when Sx = -

Sy\ 0 and Sx = Sy[ 0, respectively. Also, it is

observed from Fig. 9b that in the presence of TRS,

the yield strength of nanocomposite in uniaxial

longitudinal tension (i.e. Sz [ 0; Sx ¼ 0) is signifi-

cantly affected by the change of the value of Y.

However, the effect of Y on the yield strength of

nanocomposite in uniaxial longitudinal compression

(i.e. Sz\0; Sx ¼ 0) can be ignored.

Figure 10a, b illustrate the effect of CTE of Al

matrix (am) on the initial yield envelopes of CNT/Al

nanocomposite in transverse–transverse and longitu-

dinal–transverse stress spaces, respectively. Three

different values, including am = 17.6 9 10-6,

20.6 9 10-6 and 23.6 9 10-6 1/K are selected for

the analysis. As displayed in Fig. 10a, b, the size of

initial yield surfaces decreases with increasing the

value of am. Figure 10a shows that the change of am
has the highest and lowest effect on the initial yield

surfaces in transverse–transverse stress space when

Sx = Sy\ 0 and Sx = Sy[ 0, respectively. The

change in the value of am negligibly affects the yield

strength in uniaxial longitudinal compression, as can

be seen in Fig. 10b. However, the yield strength of
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nanocomposite in uniaxial longitudinal tension

decreases as the value of am increases.

5 Conclusion

The role of TRS on the initial yield envelopes of the

CNT-reinforced Al nanocomposites subjected to

biaxial loading was investigated by using the SUC

micromechanical approach. It was found that the

initial yield surfaces were very sensitive to the TRS.

Moreover, the results illustrated that with interphase

region, the TRS has the highest effect on the yielding

behavior of nanocomposites. The size of initial yield

surfaces was minimum with considering both the

effects of TRS and interphase. Also, the influences of
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several important factors such as temperature change,

interphase thickness, CNT volume fraction and mate-

rial properties of Al matrix on the yielding response of

CNT/Al nanocomposites were explored. It was found

that the size of initial yield surfaces of nanocomposite

decreases with increasing the (1) temperature change,

(2) interphase thickness, (3) Al matrix elastic modulus

and (4) CTE of Al matrix. Furthermore, in the

presence of TRS, the size of normalized initial yield

surfaces increases as the yield strength of Al matrix

increases. It was observed that in the absence of TRS,

the yielding behavior of nanocomposites was slightly

affected by the variation of CNT volume fraction,

while in the presence of TRS, the variation in the value

of CNT volume fraction considerably affects the

initial yield surfaces of CNT/Al nanocomposites.
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