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Abstract In the context of integrated nonlinear

viscoelastic contact mechanics, a nonlinear finite

element model is developed to predict and analyze

the quasistatic response of nanoindentation problems

of an elastically-layered viscoelastic materials con-

sidering the surface elasticity effects. Effects of

surface energy are accounted for by employing the

Gurtin–Murdoch continuum model for surface elas-

ticity. The linear viscoelastic response is modeled by

the Schapery’s creep model with a Prony’s series to

express the transient component in the creep compli-

ance. The viscoelastic constitutive equations are cast

into a recursive form that needs only the previous time

increment rather than the entire strain history. To

satisfy the contact constraints exactly, the Lagrange

multiplier method is adopted to enforce the contact

conditions into the system. The equilibrium indenta-

tion configuration is obtained through the Newton–

Raphson iterative procedure. The developed model is

verified then applied to investigate the quasistatic

nanoindentation response of two different indentation

problems with different geometry and loading condi-

tions. Results show the significant effects of surface

energy and viscoelasticity on the quasistatic nanoin-

dentation response.

Keywords Surface energy � Gurtin–Murdoch

continuum model � Schapery’s viscoelasticity �
Nanoindentation � Finite element method

1 Introduction

Nanoindentations have become one of the most

popular mechanical characterization techniques in

the last decade. These techniques have been widely

used to measure the mechanical properties of different

materials; ceramics (Hainsworth and Page 1994),

metals (Beegan et al. 2007) and metal ceramic

multilayers (Tang et al. 2008). In these techniques, it

was demonstrated that when the indenter size de-

creases to micrometers or nanometers, the indentation

response show a significant dependence on the inden-

ter size Nix and Gao 1998; Huang 2008). Mechanical

behavior of nanostructured materials can be investi-

gated by two basic approaches; experimental methods

and theoretical simulations. The experimental ap-

proach basically yields results reflecting the real

behaviors but it has been found highly dependent on

experimental settings and, generally, expensive. For
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the theoretical approach, though existing molecular

simulations offer advantages in precise response

prediction, they require simultaneously intensive

computational resources associated with the modeling

of a large number of degrees of freedom at a

nanoscale. Due to such highly demanding require-

ment, applications of those techniques to modeling

practical problems have been quite limited. The

continuum based approach is therefore considered as

an attractive alternative since the use of simplified

governing physics dramatically reduces the computa-

tional cost. The classical continuum theory generally

neglects the presence of intrinsic size and thus seems

incapable of demonstrating the size dependent behav-

ior of nanostructured materials. The size dependency

of material behaviors at a nanoscale has been well

recognized due to their relatively high surface to

volume ratio whereas, in the case of soft elastic

materials, the intrinsic length scale, which is defined as

the ratio of surface free energy and Young’s modulus

(Yakobson 2003), is much larger than that of conven-

tional solids and becomes comparable to the charac-

teristic length of the material element in practical

situations (He and Lim 2006).

Real surfaces and interfaces may have much more

complicated morphologies and microstructures which

present as another mechanism of surface effects in

addition to the surface residual stresses. Using both

molecular dynamics and FE simulations, Wang et al.

(2015) investigated the elastic compression of crys-

talline nanoparticles. It was shown that the atomic-

scale surface roughness plays an important role in the

elastic deformation of nanoparticles. As the particle

radius increases from nanometers to micrometers, the

effects of atomic-scale surface steps become negligi-

ble. Chen and Diebels (2014) developed a procedure to

analyze and to characterize polymers from nanoin-

dentation using the FEM based inverse method.

Surface roughness, adhesion force, and the real shape

of the tip are involved in the numerical model.

Comprehensive literature review on the surface

energy effects and the Gibbsian formulation of the

thermodynamics of surfaces can be found in many

researches on surface and interface stresses (Cam-

marata 1994, 1997; Fischer et al. 2008). To study the

mechanical behavior of an immediate neighborhood

of material surfaces through a continuum-based model

(Gurtin and Murdoch 1975, 1978; Gurtin et al. 1998)

developed a mathematical framework to account for

the influence of surface free energy. In that model, the

existing surface is simply represented by thin layer

perfectly bonded to the bulk and its behavior is

governed by a constitutive law different from that of

the bulk. In the study of nanoscale problems, all

material constants in the constitutive model were

commonly calibrated with data obtained from either

experimental measurements (Jing et al. 2006) or

atomistic simulations (Miller and Shenoy 2000;

Shenoy 2005). Upon various verifications and com-

parisons with results predicted by atomistic and

molecular static simulations (Dingreville et al.

2005), Gurtin–Murdoch surface elasticity model has

proven promising and attractive for modeling a variety

of nanoscale problems to account for the influence of

surface free energy. The model has gained rapid

recognition from various researchers and been widely

used in the investigation of mechanical responses of

nanostructures; ultra-thin elastic films (He et al. 2004;

Huang 2008), thin plates (Lu et al. 2006), nanoscale

inhomogeneities (Sharma et al. 2003; Duan et al.

2005; Sharma and Wheeler 2007; Tian and Rajapakse

2007), dislocations (Intarit et al. 2010) and nanoscale

elastic layers (Intarit et al. 2011; Zhao 2009; Zhao and

Rajapakse 2009, 2013). This should additionally

confirm the benefit of employing such alternative

continuum-based model to save the computational

resources with an acceptable level of accuracy gained.

Modeling of nanoindentation problems via the use

of suitable mathematical models offered an attractive

candidate for investigating various aspects and gain-

ing fundamental insight of material properties. Based

on the surface elasticity theory, Huang and Yu (2007)

formulated 3D and 2D surface Green’s function,

respectively. Through the Fourier integral transfor-

mation method, Wang and Feng (2007) derived the

elastic field induced by a concentrated force acting on

a half space with surface tension. Using Stroh’s

formalism, Koguchi (2008) obtained the surface

Green’s function of an anisotropic half space with

surface effects. Chen and Zhang (2010) presented the

corresponding surface Green’s function for anti-plane

shear deformation. Long et al. (2012) formulated the

indention of a 3D contact problem between a sphere

and a half space with surface tension. This work was

extended by Long and Wang (2013) who considered

the axisymmetric contact between a rigid sphere and

an elastic half space. Pinyochotiwong et al. (2013)

proposed a continuum based concepts in the analysis
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of an axisymmetric rigid frictionless indenter acting

on an isotropic, linearly elastic half space. The

influence of surface stresses is considered by employ-

ing a complete Gurtin–Murdoch continuum model for

surface elasticity. Using the general form of the

linearized surface elasticity theory of Gurtin and

Murdoch, Zhou and Gao (2013) derived analytical

solutions for the problems of an elastic half space

subjected to a distributed normal force. Fourier

transforms and Bessel functions were utilized in the

formulation.

Numerical solutions for the nanostructured solids

are obtained by using the FEM. Gao et al. (2006)

developed a FE model to investigate the size depen-

dent mechanical behavior of nanostructures by devel-

oping a kind of surface element to take into account

the surface elastic effect. Wang et al. (2010) investi-

gated the size dependent deformations of two dimen-

sional nanosized structures with surface effects by the

finite element method. Truss element was used to

evaluate the contribution of surface stress to the total

potential energy. Liu et al. (2011) presented a finite

element formulation of a non-classical beam theory

based on the Gurtin–Murdoch model for continua with

deformable elastic surfaces. Considering functionally

graded materials (FGM), Shaat et al. (2013a, b),

developed a finite element model to investigate the

mechanical behavior of nanostructured FGM consid-

ering the surface energy effects. Gad et al. (2014)

proposed a finite element model to solve and analyze

the nanoindentation problems in elastic solids consid-

ering the surface energy effect. The surface energy

effect is modeled by Gurtin and Murdoch theory of

surface elasticity. The proposed model has been used

to study the effects of surface energy, taking into

account the second order displacement gradient, on the

mechanical behavior of nanostructures under inden-

tation test (Attia et al. 2015).

It is important to mention that most of the cited

references in the literature, e.g. (Zhou and Gao 2013;

Long et al. 2012; He and Lim 2006), treated the

nanoindentation contact problem as a stress analysis

problem. Firstly, the analytical contact models such as

Hertz model is firstly exploited to determine the

contact pressure distribution and the contact length.

Those classical models had been developed based on

classical elasticity and ignoring of the surface effects.

Afterwards, the obtained classical contact pressure is

taken as an external applied load to investigate the

indentation response as a stress analysis problem, but

taking surface effect into account.

The main objective of the present paper is to

develop a nonlinear FE model for handling

nanoindentation of elastically-layered viscoelastic

bodies in the framework of integrated contact

mechanics. The model accounts for surface effects

by adopting the Gurtin–Murdoch surface elasticity

model. This integrated model consists of two

consecutive parts; the first one stands as solution

of the contact problem between the indenter and

the indented continuum, to determine contact

pressure distribution and the extension of contact

area. The second part exploits the contact results

to investigate the indentation response of the

continuum subjected to contact pressure distribu-

tion. Both parts of the model have taken surface

effects into account. The Schapery’s single-inte-

gral creep model is adopted to model the linear

viscoelastic response. The Lagrange multiplier

method is used to exactly satisfy contact con-

straints without any insertion of penalty pa-

rameters. The obtained results show remarkable

effects of both surface energy and viscoelasticity

on the quasistatic nanoindentation response of

elastically-layered viscoelastic solids.

2 Formulation of nanoindentation problem

with surface energy effect

Consider a 2D frictionless nanoindentation problem of

an elastically-layered viscoelastic layer intended by a

rigid indenter as shown in Fig. 1. The domain of the

problem is decomposed into two major parts; the

Fig. 1 Schematic representation of an indentation problem
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indenter domain X(1) and the indented body which is

composed of two parts; the elastic domain of the thin

film X(2) and the viscoelastic layer domain X(3).

Moreover, the elastic domain, X(2) is decomposed into

two parts; the bulk of the elastic coating denoted by

X(2)B and the surface denoted by S. A surface S is

defined as a layer of zero thickness located at the top

boundary ofX(2) and perfectly bonded to it. According

to this definition of the surface, the geometry of the

bulk X(2)B[ X(3) is identical to that of X(2)[ X(3). The

top surface of the elastic film possesses a constant

residual surface tension ss in the unstrained state and

surface Lame’s constants ls and ks. The boundary of

the bulk is subjected to the unknown traction tb exerted

directly by the surface S whereas S is treated as a two-

sided surface with the top side compressed by the

indenter and the bottom side subjected to the traction ts

exerted by the bulk. The boundary is decomposed into

three parts Cd, Cf and Cc. Cd and Cf are the two

portions of the boundary on which displacement and

normal traction are prescribed, respectively. On the

other hand, Cc is the portion of the boundary that

contains material surfaces which candidate to come

into contact upon the application of loads. In addition

to the boundary conditions that prescribed on the

boundary Cd, a set of contact constraints should be

imposed throughout the indentation surface Cc. The

behavior of the bulk X(2)B[ X(3) are modeled by a

classical theory of linear elasticity and linear vis-

coelasticity, respectively. Governing equilibrium

equations, constitutive equations, boundary conditions

and contact constraints are expressed as follows:

In the absence of a body force, and for quasistatic

condition, the governing equilibrium equations of the

bulk can be expressed as (Gad et al. 2014):

trBij;j ¼ 0 in X; tð Þ ð1Þ

With small deformation and small rotation, the strain–

displacement relationship is defined as:

teBij ¼
1

2
uBi;j þ uBj;i

� �
ð2Þ

where trBij and
teBij are the bulk stress and strain tensors,

respectively.

The kinematic and kinetic boundary conditions can

be written as:

ui ¼ 0 ðonCd; tÞ and Fi ¼ rijnj ðonCf ; tÞ ð3Þ

Assuming the surface S is adhered perfectly to the bulk

X(2)B without slipping, the displacement and traction

along the interface of the surface and the bulk must be

continuous. This renders the following continuity

conditions:

usi ¼ uijy¼0 ; tsi ¼ �tBi ; tBi ¼ �rBi2
��
y¼0 ð4Þ

The initial conditions can be written as:

uBi ðxk; tÞ ¼ uBoi usi ðxk; tÞ ¼ usoi

rBijðxk; tÞ ¼ rBoij rsijðxk; tÞ ¼ rsoij

)
at t ¼ 0 ð5Þ

In addition to the boundary conditions (3), (4) and

assuming frictionless contact condition, the following

contact conditions must be imposed for all contact

points at the indentation surface, (Pinyochotiwong

et al. 2013):

Gn ¼ un� gn�0; rcn�0; rcnGn ¼ 0

rcT ¼ 0

)
ðonCc; tÞ

ð6Þ

where Gn is the current normal gap function. For

the ith contact pair on the indentation surface Cc,

un is the normal component of the unilateral

displacement, gn is the initial gap measured along

the outward normal, rcn is the normal component of

the contact stress vector while rcT is the tangential

component. Equation (6) describes boundary condi-

tions at the indentation interface, such that, the first

inequality represents the compatibility contact con-

straints, the second inequality states that no tensile

normal stresses can be developed throughout the

indentation interface, while the third condition implies

that the indentation pressure can only be nonzero when

there is contact. The last equation states that no

tangential stress is developed throughout the indenta-

tion interface due to frictionless contact assumption.

The linear elastic response of the bulk of the thin

film is assumed to obey the Hooke’s law. On contrary,

the linear viscoelastic behavior of the viscoelastic

layer is modeled by Schapery’s creep model as

(Schapery 1969, 1984):
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teBij ¼ 1þ mð Þ Do
tSdijþ

Z t

0

DD t� sð Þ
dsSdij

ds
ds

2
4

3
5
B

þ 1

3
dij 1� 2mð Þ

Do
trkk þ

Z t

0

DD t� sð Þd
srkk
ds

ds

2
4

3
5
B

in Xð3Þ; t
� �

ð7Þ

where trkk;andtSdij are used to denote the dilatational

stress and the deviatoric stress tensors, respectively,

Do and DD(t) are the instantaneous and transient

components of uniaxial creep compliance of linear

viscoelasticity, respectively and dij is a Kronecker-

delta. The uniaxial transient compliance can be

expressed using a Prony’s series, such that:

DD tð Þ ¼
XN
n¼1

Dn 1� exp �kntð Þf g ð8Þ

where Dn is the nth coefficient of the Prony’s series,

N is the number of repeated models in Prony’s series,

while kn is the nth retardation time.

The behavior of the surface S is treated by Gurtin–

Murdoch (GM) surface elasticity model. According to

this model, neglecting all rotation terms, as suggested

by Mogilevskaya et al. (2008), the Lagrangian surface

energy is given by Ru (2010):

c ¼ ss 1þ eSaa
� �

þ 1

2
ks þ ssð Þ eSaa

� �2þðls � ssÞ eSabeSab

þ ss
1

2
rsuj j � rsuj j ð9aÞ

Considering a state of plane strain, Eq. (9a) can be

rewritten as, (Gad et al. 2014):

c¼ ss 1þ eSxx
� �

þ 1

2
ksþ ssð Þ eSxx

� �2þ ls� ssð Þ eSxx
� �2

þ 1

2
ss us;xþ vs;x

� �2
ð9bÞ

where ss is the surface energy/tension, kS and lS
are the two surface/interface elastic constants

independent of the initial surface tension ss. It is

noted from Eq. (9b) that the first three terms are

dependent on the 2D surface infinitesimal strains eS,
while the last term expresses the 2nd order

displacement gradient.

The equilibrium conditions on the surface, surface

constitutive relations and strain–displacement rela-

tionship, when specialized to the flat surface, are given

by Gurtin et al. (1998)

rsij;j þ tsi þ toi ¼ 0; ð10Þ

rsij ¼ ssdij þ 2 ls � ssð Þesij þ ss þ ks
� �

eskkdij þ ssu
s
i;j;

i; j; k ¼ 1; 2 ð11Þ

tesij ¼
1

2
uSi;j þ uSj;i

� �
ð12Þ

where the superscript ‘S’ is used to denote the

quantities corresponding to the surface and to denotes

the traction exerted on the top side of the surface by the

indenter (Indentation traction vector). By substituting

(11) and (12) into (10), it leads to the equilibrium

equations of the surface in terms of the surface

displacement as shown below

lsu
s
i;jj þ ss þ ksð Þusj;ji þ tsi þ toi ¼ 0 ð13Þ

3 Finite element formulation

This section presents the finite element model of

nanoindentation problem of viscoelastic layer coated

with an elastic thin film taking into account the

influence of surface energy. To do this, firstly, the

viscoelastic constitutive relations are recast into a

recursive incremental form suitable for the FE imple-

mentation. Secondly, based on the finite element

discretization, the incremental equilibrium equations

are derived.

3.1 The recursive form of viscoelastic constitutive

equations

Generally, working with the constitutive Eq. (7) leads

to the requirement of solving a set of integrals (Zocher

et al. 1997). To overcome this difficulty the constitu-

tive equations are transformed into a recursive incre-

mental form, which will be quite amenable to

implement into a FE model (Haj-Ali and Muliana

2004). Once the time domain is divided into discrete

time intervals Dt, such that tn?1 = tn ? Dt. Recalling
Eq. (7), the strain at time t ? Dt can be expressed as:
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Assuming that both sSdij and
srkk change linearly over

the current time increment, the evaluation of the

integrations in Eq. (14) yields, (Mahmoud et al. 2013):

With

qnij ¼
Z t

0

exp �kn t � sð Þf g
d sSdij

ds
ds ; and

tqnkk ¼
Z t

0

exp �kn t � sð Þf g d
srkk
ds

ds ð16Þ

To obtain the current incremental strain:

tþDtDeBij ¼ tþDt eBij � t eBij ð17Þ

Substituting from Eq. (15) into Eq. (17), the incre-

mental strain can be expressed as:

tþDteBij ¼ 1þ mð Þ Do
tþDtSdij þ

ZtþDt

0

XN
n¼1

Dn 1� exp �kn t þ Dt � sð Þf g½ �
dsSdij

ds
ds

0
@

1
A

B

þ 1

3
dij 1� 2mð Þ DtþDt

o rkk þ
ZtþDt

0

XN
n¼1

Dn 1� exp �kn t þ Dt � sð Þf g½ � d
srkk
ds

ds

0
@

1
A

B

in Xð3Þ; t
� �

ð14Þ

tþDtDeBij ¼ 1þ mð ÞDo
tþDtDSdij þ

1

3
dij 1� 2mð ÞDo

tþDtDrkk

� �B

�
XN
n¼1

Dn exp �knDtð Þ � 1½ � 1þ mð Þ tqnij þ
1

3
dij 1� 2mð Þ tqnkk

	 
� �B

þ
XN
n¼1

Dn 1� 1� exp �knDtð Þ
knDt

	 
� �
1þ mð Þ tþDtDSdij þ

1

3
dij 1� 2mð Þ tþDtDrkk

	 
B

in Xð3Þ; t
� �

ð18Þ

tþDteBij ¼ 1þ mð Þ Do
tþDtSdijþ tþDt Sdij

XN
n¼1

Dn�
XN
n¼1

Dn exp �knDtð Þ tqnij þ
tþDtSdij� t Sdij

n o

knDt
1� exp �knDtð Þf g

0
@

1
A

2
4

3
5
B

þ

1

3
dij 1�2mð Þ Do

tþDtrkkþ tþDt rkk
XN
n¼1

Dn�
XN
n¼1

Dn exp �knDtð Þ tqnkk þ
tþDtrkk� t rkk
� �

knDt
1� exp �knDtð Þf g

	 
" #B

in Xð3Þ; t
� �

ð15Þ
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Based on the incremental form expressed in Eq. (18)

the approximate incremental stress, t?DtDrij can be

expressed as:

with

tþDtTn ¼
XN
n¼1

Dn 1� 1� exp �knDtð Þ
knDt

	 

;

tþDtan ¼ Dn exp �knDtð Þ � 1f g
ð20Þ

Equation (19) can be rewritten in the following form:

tþDtDrBij ¼ tþDtCB
ijrs

tþDtDeBrs þ tþDtDrh
B

ij ð21Þ

where tþDtDrh
B

ij is the stress increment which expresses

the viscoelastic material history.

3.2 Incremental finite element equilibrium

equations

The finite element equilibrium equations can be

obtained by applying the principle of virtual work.

The variational form of the nanoindentation problem

incorporating the surface energy effect can be ex-

pressed as:

Z

XB

deB
T

ij rBijdXþ
Z

Xs

des
T

ij r
s
ijdX�

Z

Cf

duTi Fi dC

þ
Z

Cc

d KnGnð ÞdC

¼ 0 ð22Þ

where the 1st term is the usual virtual work developed

by the internal stresses within the bulk domains, while

the 2nd term denotes to the virtual work due to surface

stresses, finally, the last two terms represent the virtual

work done by the external forces and contact forces,

respectively.

To develop the finite element equilibrium equa-

tions, both the bulk of the indenter and the indented

domains are discretized into finite elements while the

surface of the indented domain is discretized into

surface elements adhered to the boundary element of

the bulk, as shown in Fig. 2. On the other hand, the

contact interface is modeled through node to segment

contact approach (Wriggers 2006). Based on this

idealization of the contact interface, the contact force

at the master node A should be balanced by equivalent

nodal forces at slave segment nodes A1 and A2 as

shown in Fig. 3. Thus one can write:

tþDt ~KnA1
¼ � 1

2
1� tþDtnP
� �

tþDt ~KnA and

tþDt ~KnA2
¼ � 1

2
tþDtnP

tþDt ~KnA ; ð23Þ

where tþDtnP is a parameter identifies the location of

the physical contact point on the slave segment.

Substituting from Eq. (21) into Eq. (22) the first

integral yields:

Z

XB

deB
T

rBdX ¼
Z

XB

d tþDtDuTBT tþDtC B tþDtDu dX

þ
Z

XB

d tþDtDuTBT trB dX

þ
Z

XB

d tþDtDuTBT tþDtDrh
B

dX

ð24aÞ

tþDtDrBij ¼
1

Do þ tþDtTn

tþDtDeij
1þ m

� tþDtDekkdij
m

1� 2mð Þ 1þ mð Þ


 �
þ
XN
n¼1

tþDtan
tqnij þ

1

3
dij

tqnkk


 � !B

in Xð3Þ; t
� �

ð19Þ

Fig. 2 Schematic diagram of mesh map of solid containing

surface elements
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where B is the strain -displacement transformation

matrix.

The second and third integrals of the R.H.S. of

(24a) represent the virtual work due to internal stresses

and material damping. By the same way, the contri-

bution of the surface energy effect can be obtained as:

Z

Xs

des
T

rsdX¼
Z

Xs

d tþDtDusTB0sT tþDtC0s B0s tþDtDus dX

þ
Z

Xs

d tþDtDusTBsT trs dX

þ
Z

Xs

d tþDtDusTBsT ss dX ð24bÞ

where Cs, B0S and Bs are the surface stress–strain

relationship matrix and strain–displacement transfor-

mation matrices, respectively. Using Eqs. (11) and

(12), theses matrices can be obtained as:

C0s ¼
ksþ2ls 0

0 ss


 �
B0s ¼ 1

L

�1 0 1 0

0 �1 0 1


 �

Bs ¼ 1

L
�1 0 1 0½ �

ð24cÞ

The third integral of the R.H.S. of (24b) represents the

virtual work due to surface tension.

The third integral in Eq. (22) which represents the

virtual work due to external surface traction can be

evaluated as:

�
Z

Cf

duT FdC ¼ �
Z

Cf

d tþDtDuT tþDtF dC ð24dÞ

Lastly the contribution of the indentation traction can

be evaluated by substituting from Eqs. (6) and (23)

into the last term in Eq. (22) yields:

Z

Cc

d KnGnð ÞdC¼
Z

Cc

dKnGn dCþ
Z

Cc

KndGn dC

¼
Z

Cc

d tþDtDKT
n

tCT
n
tþDtDu� tgn

� �
dC

þ
Z

Cc

d tþDtDuTn
tKnþ tCn

tþDtDKn

� �
dC

ð24eÞ

Substituting from Eqs. (24a–24e) and setting the

coefficients of d tþDtDu and d tþDtDKn to be zero the

overall equilibrium equations for nanoindentation

problems including the surface energy effect can be

written in the following matrix form:

Fig. 3 Contact forces at a master node A and the corresponding

indented body segment nodes A1 and A2

Fig. 4 Block under Hertzian distributed pressure
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where

KB½ � ¼
Z

XB

½B�T ½C�½B�dX; tfFB
intg

¼
Z

tXB

½B�T tfrgB dXþ
Z

tXB

½B�T tfDrhgB dX;

and tfFs
intg ¼

Z

tXs

½Bs�T tfrsg dX ð26Þ

where b is the surface element thickness and L is the

element length, t?Dt[Cn] is a matrix operator of all

active contact constraints. This operator matrix in-

cludes the constraints of compatible boundary dis-

placements due to contact after time t. This matrix

operator can be expressed as:

tþDt½Cn� ¼ t~nT � 1

2
t~nT 1� tnP
� �

� 1

2
t~nT tnP

� �T

ð28Þ

4 Verification of the model

The developed model is implemented into a displace-

ment–based 2D nonlinear FE program. This integrated

model eliminates both geometrical and boundary

complexity considerations encountered in most theo-

retical studies; (Zhou and Gao 2013; Long et al. 2012;

Long and Wang 2013). For the sake of validation, the

developed indentation model should be tested and

compared. In the real nanoindentation experiment,

real surfaces and interfaces may have much more

complicated morphologies and microstructures which

are different from the ideal surfaces considered in in

most developed theoretical studies which are assumed

to be smooth and clean. In addition to surface

roughness effects, the real tip shape of the indenter,

the interactions with the environment (e.g., the change

of temperature and moisture) and the adhesion force

throughout the indentation interface are considered in

these experiments. All theses sources increase the

systematic error between the experimental responses

and the numerical predictions, (Chen and Diebels

2014). Consequently, for the sake of the model

validation, consider a 2D plane strain analysis of a

block subjected Hertzian pressure distribution, as

shown in Fig. 4. The pressure profile is described by

PðxÞ ¼ Pmax=bð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � x2

p
, where Pmax is the max-

imum pressure intensity and b is the half load span.

Material properties for the bulk and surface are defined

t
½KB þ Ks� ½Cn�
½Cn�T ½0�


 �
tþDt

Du

DKnA

( )
¼

tþDtfFg þ tþDtfFsg � tfFB
intg � tfFs

intg þ t½Cn� t KnAf g
tfGg

( )
ð25Þ

KS½ � �
Z

Xs

½B0s�T ½C0s�½B0s�dX ¼ b

L

ksþ2lsð Þ 0 � ksþ2lsð Þ 0

0 ss 0 �ss
� ksþ2lsð Þ 0 ksþ2lsð Þ 0

0 �ss 0 ss

2
6664

3
7775

and tþDtfFsg ¼
Z

Xs

½Bs�TssdX ¼

bss
0

�bss
0

8>>><
>>>:

9>>>=
>>>;

ð27Þ
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by the dimensionless constants; b = ss/l and

w = (ks ? 2 ls)/l, where l is the shear modulus of

the bulk material.

As shown in Fig. 5, the obtained results by the

developed FE model for the non–dimensional vertical

displacement at the loaded surface are in good

agreement with the analytical solution obtained by

Zhou (2011) and Zhou and Gao (2013). The deviation

between the obtained results and those reported in the

above references may be explained by the half space

assumption on which the analytical solution is based

upon.

5 Numerical results

Within this section the effectiveness of the developed

model is demonstrated by solving two different

nanoindentation problems with different indenter

profile and different material flexibility. In each

problem, the effects of the surface/interface energy

and the second order gradient of surface displacement

on the nanoindentation response are investigated. In

the following analysis, three different models are

discussed; the first is based on the classical linear

elasticity theory (classical) and the other two models

accounted for surface energy effects with and without

the second order displacement gradient term; (SL) and

(SN), respectively.

5.1 Nanoindentation of elastically-layered

viscoelastic layer by a cylindrical rigid

indenter

The influence of surface energy on the quasistatic

plane strain nanoindentation response of an elastical-

ly-layered viscoelastic layer indented by a rigid

cylindrical indenter is investigated, as shown in

Fig. 6. The indenter is subjected to a prescribed

constant downward displacement Dp = 0.025 nm

(relaxation load) over a time period [0, 200] s. The

indented body is composed of an elastic film of 1 nm

thickness and a viscoelastic layer of 9 nm thickness.

Both bulk and surface material constants of the elastic

film are as follows DB = 17. 8 9 10-6 MPa-1, v =

Fig. 5 Non-dimensional vertical displacement at the loaded surface a present FE model, b Zhou and Gao (2013) and Zhou (2011)

Fig. 6 Nanoindentation of composite layer by a rigid cylindri-

cal indenter
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0.25, ss = 0.11 N/mm, ls = 8 N/mm, ks = 7 N/mm,

(Gurtin and Murdoch 1975). The transient component

of the creep compliance of viscoelastic layer is

expressed by nine elements of the Prony’s series with

coefficients in Table 1 and Poisson ratio of 0.4, (Lai

and Bakker 1996). The size dependency on the surface

energy effect is examined considering different in-

denter radii keeping the same indentation depth, Dp.

Distributions of the contact pressure for classical

(without surface effect), linear and nonlinear analyses

with surface effect (SL) and (SN), respectively for

different indenter radii at two different time instants,

are presented in Fig. 7. It is clear that the surface

energy affects both the contact pressure and the extent

of contact area. Due to the influence of surface

stresses, higher values of the instantaneous contact

pressures are obtained with larger extent of the contact

area. This implies that the presence of the surface

stresses make the material more stiff. These results

qualitatively agree well with that reported in Long

et al. (2012). Incorporating the second order displace-

ment gradient term into the surface constitutive

relation (SN) makes the material more stiff thus more

increase in the contact pressure with larger extent of

contact area is obtained comparing with the corre-

sponding linear (SL) case. Moreover the indenter size

has a significant effect on the nanocontact response.

Increasing the indenter radius, lower values of the

contact pressure with larger extent of the contact area

are obtained. Also, the difference between the classi-

cal and the nonclassical contact pressures is decreased

with increasing the indenter radius. Consequently the

effect of surface energy on the mechanical response of

the contacting system discards with increasing the

indenter size. For all indenter radii and with time

marching, the equivalent stiffness of the viscoelastic

layer is decreased due to the damping effect of the

viscoelastic material. Consequently, under such load-

ing pattern (relaxation load type), the contact pressures

are decreased with time.

Figure 8 shows the variations of the central contact

pressures with time for different indenter radius. It is

noted that both the central contact pressure and its

relaxation rate are increased with the presence of

Table 1 Coefficients of the Prony’s series for the viscoelastic material (Lai and Bakker 1996)

N D0 D1 D2 D3 D4 D5 D6 D7 D8 D9

Dn 9 10-6 (MPa-1) 270.90 23.6 5.6602 14.8405 18.8848 28.5848 40.0569 60.4235 79.6477 162.179

kn (s
-1) 0 10-1 10-2 10-3 10-4 10-5 10-6 10-7 10-8 10-9

Fig. 7 Contact pressure distributions for different indenter radius at two different time instants
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surface energy. On the other hand, the indenter radius

has a remarkable effect on the central contact

pressures and its relaxation rates. Both the central

contact pressure and its relaxation rate are decreased

with increasing the indenter size. The relative per-

centage ratio between the instantaneous central

contact pressure and that at the final time instant,

[(Pts - Ptf)/Pts] % reaches 0.66 % for R = 0.625 nm

and 0.424 % for R = 15 nm for the classical material

behavior. This ratio is increased with the presence of

surface energy (SL) and reaches 1 % for R =

0.625 nm and 0.61 % for R = 15 nm. Moreover,

more increase in the relaxation rate is obtained by

incorporating the second order gradient term into the

surface constitutive relation (SN). The percentage

ratio [(Pts - Ptf)/Pts] % for SN reaches 10.93 % for

R = 0.625 nm and 10.87 % for R = 15 nm.

For more illustrations, the influence of the indenter

radius on the central contact pressure and the extent of

the contact area is shown Figs. 9 and 10, respectively.

It is noticeable that the difference between the

classical and the nonclassical central contact pressure

decreases with increasing the indenter radius. More-

over, increasing the indenter radius produces lower

values of the central contact pressure and larger extent

of the contact area. With time marching, lower values

of the central contact pressure are obtained specially

with SN case due to the surface effect and the

viscoelastic material damping.

The effect of the surface energy on the vertical

displacement thorough the indentation interface at

different indenter radii for two different time instants

are depicted in Fig. 11. It is noted that surface energy

affects both the magnitude and the decaying rate of the

vertical displacement throughout the layer length. It is

clear that surface effect produces vertical displace-

ment with slower decaying rate throughout the layer

length compared with the corresponding classical

Fig. 8 Variation of the central contact pressure with time for

different indenter radius

Fig. 9 Variation of the central contact pressure with the

indenter radius for two different time instants

Fig. 10 Variation of the half contact length with the indenter

radius for two different time instants
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case. Moreover incorporating the second order dis-

placement gradient term into the surface constitutive

relation (SN) decreases the material flexibility and

thus producing vertical displacements with slower

decaying rate throughout the layer length compared

with the corresponding linear (SL) case. With time

marching, due to the viscoelastic damping with

surface energy, higher creep rate of the displacement

is obtained while the classical case produces constant

displacement at all-time instants. This is due to the

additional creep load (surface tension) associated with

surface energy. It is also noticed that the indenter size

significantly affects the vertical displacement and its

decaying rate throughout the layer length. Increasing

the indenter radius results in a decrease in the vertical

displacement with faster decaying rate throughout the

layer length.

5.2 Indentation of an elastically-layered

viscoelastic substrate with a viscoelastically-

layered elastic block

Consider the indentation of an elastically-layered

viscoelastic substrate with a viscoelastically-layered

elastic block under the action of uniform pressure of

intensity, Qo = 8 9 10-10 N/nm2 as shown in

Fig. 12. This type of problems pertains to a conform-

ing contact without friction. Due to the symmetry

about the vertical axis, only the right half of the

domain is needed to be modelled with the

corresponding geometry, loads and boundary condi-

tions. The elastic material characteristics reported in

Gurtin and Murdoch (1975) are considered for both

bulk and surface material properties of the elastic

block and the surface layer bonded to the viscoelastic

substrate while the viscoelastic material of the

viscoelastic layer bonded to the elastic block and the

viscoelastic substrate is depicted in Table 1. It is

important to mention that, the effect of surface energy

at the upper surface of the elastic block and upper

surface of the elastic layer, bonded to the viscoelastic

substrate, on the contact configuration is investigated.

The contact pressure profiles for the classical, SL

and SN models are depicted in Fig. 13. It is noticed

that the surface energy has a significant effect on the

contact pressure profile throughout the indentation

Fig. 11 Vertical displacement distributions throughout the contact interface for different indenter radius at two different time instants

Fig. 12 Indentation of an elastically-layered VE substrate by a

viscoelastically-layered VE block
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interface. The surface effect increases the material

stiffness and produces an additional tangential force

vector owing to the initial surface tension ss thus

increases the contact pressure at the right edge of the

block and decreases it at its center. Moreover,

incorporating the second order displacement gradient

term into the surface constitutive relations results in a

more increase in the contact pressure on the right edge

of the block and a more decreases at its center. With

time marching, due to the displacement creep the

contact area is slightly increase which results in a

slight decrease in the contact pressure throughout the

contact interface.

Variations of the central contact pressures with time

for different material responses are depicted in

Fig. 14. It is noted that the surface energy affects both

the magnitudes and the relaxation rate of the central

contact pressure. The relative percentage ratio be-

tween the instantaneous central contact pressure and

that at the final time instant [(Pts - Ptf)/Pts] % is

2.57 % for the classical response. This ratio increases

with the presence of surface energy and reaches 4.2 %

for SL response. Incorporating the second order

displacement gradient term into the surface constitu-

tive relations results in an increase in the central

contact pressure at the beginning of the time domain

due to the increase in the material stiffness associated

with the surface effect. With time marching, owing to

the viscoelastic material damping, the central contact

pressure decreases with time.

Distributions of the normal stress, ryy at the

indentation interface are illustrated in Fig. 15. It is

noticeable that for all models, i.e. classical, SL, and

SN, the normal stresses, ryy have the same trend of the

corresponding contact pressure. It is also found that

the normal stress component, ryy is significantly

affected by the presence of the surface energy.

Variations of the central vertical normal stress, ryy at
the contact interface with time for different material

responses are shown in Fig. 16. As detected in the

contact pressure variation with time, it is noted that the

Fig. 13 Contact pressure distributions at two different time

instants for different material responses

Fig. 14 Variation of the central contact pressure with time for

different material responses

Fig. 15 Vertical normal stress distributions throughout the

contact interface at two different time instants for different

material responses
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surface energy also affects the magnitudes and the

relaxation rate of the vertical normal stress component

with time.

Figure 17 shows the profiles of the vertical dis-

placement at the contact interface. It is depicted that

the surface energy results in a distinct decrease in the

absolute vertical displacement throughout the inden-

tation interface. It is also notable that the second order

displacement gradient term has a remarkable effect on

the profile of the vertical displacement at the inden-

tation interface. With time marching, a significant

increase in the absolute vertical displacement is noted

due to the viscoelastic material damping under such

creep loading. The presence of the surface energy

effect increases the creep in the displacement due to

the additional creep load associated with the surface

tension, ss.
Variations of the central vertical displacement

component with time for different material responses

are illustrated in Fig. 18. It is noted that both the

magnitude and the creep rate of the central vertical

displacement component are significantly affected by

the presence of surface energy. The absolute relative

percentage ratio between the instantaneous central

vertical displacement component at the indentation

interface and that at the final time instant j(uyts - uytf)/

uytsj % is 12.0 % for the classical response. This ratio

increases with the presence of surface effect and

reaches 12.24 % for SL response. Moreover, incorpo-

rating the second order displacement gradient term

into the surface constitutive relation increases this

percentage ratio; 19.6 % for the SN response.

6 Conclusions

In the context of an integrated nonlinear viscoelastic

contact mechanics, a computational model to investi-

gate the nanoindentation response of elastically-layered

viscoelastic solids, is developed. The developed model

accounts for surface effects by adopting the complete

Gurtin–Murdoch surface elasticity model. The

Fig. 16 Variation of the central vertical stress with time for

different material responses

Fig. 17 Vertical displacement at the contact interface for two

different time instants for different material responses

Fig. 18 Variation of the absolute central vertical displacement

with time for different material responses
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developed integratedmodel consists of two consecutive

parts. The first one stands for solution of the contact

problem of the indenter and the indented continuum to

determine the contact pressure distribution and the

extension of contact area. The second part exploits the

results of the contact model to investigate the indenta-

tion response of an elastic/viscoelastic continuum

subjected to the contact pressure distribution. In both

parts of the model the surface energy effect has been

taken into consideration. The frictionless contact con-

straints are established by using the Lagrangemultiplier

method. The Schapery’s single integral creep model is

used to model the linear viscoelastic behavior. The

transient component in the creep function is assumed to

be expanded by a Prony’s series. The equilibrium

configuration is obtained through Newton–Raphson

iterative procedure. The developed model is flexible to

deal with different indenter geometries with different

material flexibility. The model is verified and applied to

detect the quasistatic nanoindentation response of two

different indentation problems with different geometry,

different material flexibility, loading condition (i.e.

relaxation or creep). The following findings are

concluded from the obtained results.

• Surface energy has a remarkable effect on the

quasistatic nanoindentation response of elastical-

ly-layered viscoelastic solids. This effect de-

creased with increasing the indenter size.

• Both the contact pressure profile and the extension

of the contact area throughout the indentation

interface are strongly influenced with the presence

surface energy effect.

• Both stress relaxation and deformation creep rates

are significantly affected with the presence of

surface energy. These rates are increased with the

presence of the surface energy.

• The second order displacement gradient term in

the surface constitutive relation strongly affect the

quasistatic indentation behavior of elastically-

layered viscoelastic solids.
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