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Abstract In the context of integrated nonlinear
viscoelastic contact mechanics, a nonlinear finite
element model is developed to predict and analyze
the quasistatic response of nanoindentation problems
of an elastically-layered viscoelastic materials con-
sidering the surface elasticity effects. Effects of
surface energy are accounted for by employing the
Gurtin—-Murdoch continuum model for surface elas-
ticity. The linear viscoelastic response is modeled by
the Schapery’s creep model with a Prony’s series to
express the transient component in the creep compli-
ance. The viscoelastic constitutive equations are cast
into a recursive form that needs only the previous time
increment rather than the entire strain history. To
satisfy the contact constraints exactly, the Lagrange
multiplier method is adopted to enforce the contact
conditions into the system. The equilibrium indenta-
tion configuration is obtained through the Newton—
Raphson iterative procedure. The developed model is
verified then applied to investigate the quasistatic
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tions. Results show the significant effects of surface
energy and viscoelasticity on the quasistatic nanoin-
dentation response.

Keywords Surface energy - Gurtin—-Murdoch
continuum model - Schapery’s viscoelasticity -
Nanoindentation - Finite element method

1 Introduction

Nanoindentations have become one of the most
popular mechanical characterization techniques in
the last decade. These techniques have been widely
used to measure the mechanical properties of different
materials; ceramics (Hainsworth and Page 1994),
metals (Beegan et al. 2007) and metal ceramic
multilayers (Tang et al. 2008). In these techniques, it
was demonstrated that when the indenter size de-
creases to micrometers or nanometers, the indentation
response show a significant dependence on the inden-
ter size Nix and Gao 1998; Huang 2008). Mechanical
behavior of nanostructured materials can be investi-
gated by two basic approaches; experimental methods
and theoretical simulations. The experimental ap-
proach basically yields results reflecting the real
behaviors but it has been found highly dependent on
experimental settings and, generally, expensive. For
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the theoretical approach, though existing molecular
simulations offer advantages in precise response
prediction, they require simultaneously intensive
computational resources associated with the modeling
of a large number of degrees of freedom at a
nanoscale. Due to such highly demanding require-
ment, applications of those techniques to modeling
practical problems have been quite limited. The
continuum based approach is therefore considered as
an attractive alternative since the use of simplified
governing physics dramatically reduces the computa-
tional cost. The classical continuum theory generally
neglects the presence of intrinsic size and thus seems
incapable of demonstrating the size dependent behav-
ior of nanostructured materials. The size dependency
of material behaviors at a nanoscale has been well
recognized due to their relatively high surface to
volume ratio whereas, in the case of soft elastic
materials, the intrinsic length scale, which is defined as
the ratio of surface free energy and Young’s modulus
(Yakobson 2003), is much larger than that of conven-
tional solids and becomes comparable to the charac-
teristic length of the material element in practical
situations (He and Lim 2006).

Real surfaces and interfaces may have much more
complicated morphologies and microstructures which
present as another mechanism of surface effects in
addition to the surface residual stresses. Using both
molecular dynamics and FE simulations, Wang et al.
(2015) investigated the elastic compression of crys-
talline nanoparticles. It was shown that the atomic-
scale surface roughness plays an important role in the
elastic deformation of nanoparticles. As the particle
radius increases from nanometers to micrometers, the
effects of atomic-scale surface steps become negligi-
ble. Chen and Diebels (2014) developed a procedure to
analyze and to characterize polymers from nanoin-
dentation using the FEM based inverse method.
Surface roughness, adhesion force, and the real shape
of the tip are involved in the numerical model.

Comprehensive literature review on the surface
energy effects and the Gibbsian formulation of the
thermodynamics of surfaces can be found in many
researches on surface and interface stresses (Cam-
marata 1994, 1997; Fischer et al. 2008). To study the
mechanical behavior of an immediate neighborhood
of material surfaces through a continuum-based model
(Gurtin and Murdoch 1975, 1978; Gurtin et al. 1998)
developed a mathematical framework to account for

@ Springer

the influence of surface free energy. In that model, the
existing surface is simply represented by thin layer
perfectly bonded to the bulk and its behavior is
governed by a constitutive law different from that of
the bulk. In the study of nanoscale problems, all
material constants in the constitutive model were
commonly calibrated with data obtained from either
experimental measurements (Jing et al. 2006) or
atomistic simulations (Miller and Shenoy 2000;
Shenoy 2005). Upon various verifications and com-
parisons with results predicted by atomistic and
molecular static simulations (Dingreville et al.
2005), Gurtin—-Murdoch surface elasticity model has
proven promising and attractive for modeling a variety
of nanoscale problems to account for the influence of
surface free energy. The model has gained rapid
recognition from various researchers and been widely
used in the investigation of mechanical responses of
nanostructures; ultra-thin elastic films (He et al. 2004;
Huang 2008), thin plates (Lu et al. 2006), nanoscale
inhomogeneities (Sharma et al. 2003; Duan et al.
2005; Sharma and Wheeler 2007; Tian and Rajapakse
2007), dislocations (Intarit et al. 2010) and nanoscale
elastic layers (Intarit et al. 2011; Zhao 2009; Zhao and
Rajapakse 2009, 2013). This should additionally
confirm the benefit of employing such alternative
continuum-based model to save the computational
resources with an acceptable level of accuracy gained.

Modeling of nanoindentation problems via the use
of suitable mathematical models offered an attractive
candidate for investigating various aspects and gain-
ing fundamental insight of material properties. Based
on the surface elasticity theory, Huang and Yu (2007)
formulated 3D and 2D surface Green’s function,
respectively. Through the Fourier integral transfor-
mation method, Wang and Feng (2007) derived the
elastic field induced by a concentrated force acting on
a half space with surface tension. Using Stroh’s
formalism, Koguchi (2008) obtained the surface
Green’s function of an anisotropic half space with
surface effects. Chen and Zhang (2010) presented the
corresponding surface Green’s function for anti-plane
shear deformation. Long et al. (2012) formulated the
indention of a 3D contact problem between a sphere
and a half space with surface tension. This work was
extended by Long and Wang (2013) who considered
the axisymmetric contact between a rigid sphere and
an elastic half space. Pinyochotiwong et al. (2013)
proposed a continuum based concepts in the analysis
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of an axisymmetric rigid frictionless indenter acting
on an isotropic, linearly elastic half space. The
influence of surface stresses is considered by employ-
ing a complete Gurtin—-Murdoch continuum model for
surface elasticity. Using the general form of the
linearized surface elasticity theory of Gurtin and
Murdoch, Zhou and Gao (2013) derived analytical
solutions for the problems of an elastic half space
subjected to a distributed normal force. Fourier
transforms and Bessel functions were utilized in the
formulation.

Numerical solutions for the nanostructured solids
are obtained by using the FEM. Gao et al. (2006)
developed a FE model to investigate the size depen-
dent mechanical behavior of nanostructures by devel-
oping a kind of surface element to take into account
the surface elastic effect. Wang et al. (2010) investi-
gated the size dependent deformations of two dimen-
sional nanosized structures with surface effects by the
finite element method. Truss element was used to
evaluate the contribution of surface stress to the total
potential energy. Liu et al. (2011) presented a finite
element formulation of a non-classical beam theory
based on the Gurtin—-Murdoch model for continua with
deformable elastic surfaces. Considering functionally
graded materials (FGM), Shaat et al. (2013a, b),
developed a finite element model to investigate the
mechanical behavior of nanostructured FGM consid-
ering the surface energy effects. Gad et al. (2014)
proposed a finite element model to solve and analyze
the nanoindentation problems in elastic solids consid-
ering the surface energy effect. The surface energy
effect is modeled by Gurtin and Murdoch theory of
surface elasticity. The proposed model has been used
to study the effects of surface energy, taking into
account the second order displacement gradient, on the
mechanical behavior of nanostructures under inden-
tation test (Attia et al. 2015).

It is important to mention that most of the cited
references in the literature, e.g. (Zhou and Gao 2013;
Long et al. 2012; He and Lim 2006), treated the
nanoindentation contact problem as a stress analysis
problem. Firstly, the analytical contact models such as
Hertz model is firstly exploited to determine the
contact pressure distribution and the contact length.
Those classical models had been developed based on
classical elasticity and ignoring of the surface effects.
Afterwards, the obtained classical contact pressure is
taken as an external applied load to investigate the

indentation response as a stress analysis problem, but
taking surface effect into account.

The main objective of the present paper is to
develop a nonlinear FE model for handling
nanoindentation of elastically-layered viscoelastic
bodies in the framework of integrated contact
mechanics. The model accounts for surface effects
by adopting the Gurtin—-Murdoch surface elasticity
model. This integrated model consists of two
consecutive parts; the first one stands as solution
of the contact problem between the indenter and
the indented continuum, to determine contact
pressure distribution and the extension of contact
area. The second part exploits the contact results
to investigate the indentation response of the
continuum subjected to contact pressure distribu-
tion. Both parts of the model have taken surface
effects into account. The Schapery’s single-inte-
gral creep model is adopted to model the linear
viscoelastic response. The Lagrange multiplier
method is used to exactly satisfy contact con-
straints without any insertion of penalty pa-
rameters. The obtained results show remarkable
effects of both surface energy and viscoelasticity
on the quasistatic nanoindentation response of
elastically-layered viscoelastic solids.

2 Formulation of nanoindentation problem
with surface energy effect

Consider a 2D frictionless nanoindentation problem of
an elastically-layered viscoelastic layer intended by a
rigid indenter as shown in Fig. 1. The domain of the
problem is decomposed into two major parts; the
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Fig. 1 Schematic representation of an indentation problem
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indenter domain Q" and the indented body which is
composed of two parts; the elastic domain of the thin
film Q@ and the viscoelastic layer domain Q©.
Moreover, the elastic domain, QO@is decomposed into
two parts; the bulk of the elastic coating denoted by
Q?® and the surface denoted by S. A surface S is
defined as a layer of zero thickness located at the top
boundary of Q® and perfectly bonded to it. According
to this definition of the surface, the geometry of the
bulk QPU Q7 is identical to that of QU Q. The
top surface of the elastic film possesses a constant
residual surface tension 7, in the unstrained state and
surface Lame’s constants y, and Z,. The boundary of
the bulk is subjected to the unknown traction ¢” exerted
directly by the surface S whereas S is treated as a two-
sided surface with the top side compressed by the
indenter and the bottom side subjected to the traction #*
exerted by the bulk. The boundary is decomposed into
three parts I'y, I'y and I'.. Iy and Iy are the two
portions of the boundary on which displacement and
normal traction are prescribed, respectively. On the
other hand, I'. is the portion of the boundary that
contains material surfaces which candidate to come
into contact upon the application of loads. In addition
to the boundary conditions that prescribed on the
boundary I'y, a set of contact constraints should be
imposed throughout the indentation surface I'.. The
behavior of the bulk Q@BU QP are modeled by a
classical theory of linear elasticity and linear vis-
coelasticity, respectively. Governing equilibrium
equations, constitutive equations, boundary conditions
and contact constraints are expressed as follows:

In the absence of a body force, and for quasistatic
condition, the governing equilibrium equations of the
bulk can be expressed as (Gad et al. 2014):

‘78 =0 (in Qt) (1)

G

With small deformation and small rotation, the strain—
displacement relationship is defined as:

1
of = 5 (uf + ) (2)

where ! og and’ afj are the bulk stress and strain tensors,
respectively.

The kinematic and kinetic boundary conditions can
be written as:
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;=0 (only,t) and F;,=oayn; (only,1t) (3)

Assuming the surface S is adhered perfectly to the bulk
Q@B without slipping, the displacement and traction
along the interface of the surface and the bulk must be
continuous. This renders the following continuity
conditions:

W=l g, f=—  #=-cbl ()

1 [ 1

The initial conditions can be written as:

u? (X, 1) = u?

oi uf(xkvt) =uy,

ol

at t=0 (5)

oy t) =gy oy t) =0,

ij

In addition to the boundary conditions (3), (4) and
assuming frictionless contact condition, the following
contact conditions must be imposed for all contact
points at the indentation surface, (Pinyochotiwong
et al. 2013):

G,, =u, — 8 <0, 0, <0, O_ann =0

onl,,t
Gur =0 ( )

(6)

where G, is the current normal gap function. For
the i contact pair on the indentation surface I',
u, is the normal component of the unilateral
displacement, g, is the initial gap measured along
the outward normal, o, is the normal component of
the contact stress vector while g.7 is the tangential
component. Equation (6) describes boundary condi-
tions at the indentation interface, such that, the first
inequality represents the compatibility contact con-
straints, the second inequality states that no tensile
normal stresses can be developed throughout the
indentation interface, while the third condition implies
that the indentation pressure can only be nonzero when
there is contact. The last equation states that no
tangential stress is developed throughout the indenta-
tion interface due to frictionless contact assumption.

The linear elastic response of the bulk of the thin
film is assumed to obey the Hooke’s law. On contrary,
the linear viscoelastic behavior of the viscoelastic
layer is modeled by Schapery’s creep model as
(Schapery 1969, 1984):
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B
‘e = (14+v) | D,'S§ + tAD(t— )dfsgd
& = v o' Sij T r T
0
1
+§5ij(1_2v)
[ B
d‘[
D{,takk+/AD(tfr) dakkdr <in Q(3>,t)
T

0

where ‘o, and’Sg- are used to denote the dilatational
stress and the deviatoric stress tensors, respectively,
D, and AD(t) are the instantaneous and transient
components of uniaxial creep compliance of linear
viscoelasticity, respectively and ¢, is a Kronecker-
delta. The uniaxial transient compliance can be
expressed using a Prony’s series, such that:

AD(1) = " Dy{1 — exp(—Jut)} (8)
n=1

where D,, is the nth coefficient of the Prony’s series,
N is the number of repeated models in Prony’s series,
while 4, is the nth retardation time.

The behavior of the surface S is treated by Gurtin—
Murdoch (GM) surface elasticity model. According to
this model, neglecting all rotation terms, as suggested
by Mogilevskaya et al. (2008), the Lagrangian surface
energy is given by Ru (2010):

1
v=1(1+ ) + 5 (s + 1) (65,) + (1 — 10) 565

2
1
+15 |Vsu| - |Vu| (9a)

Considering a state of plane strain, Eq. (9a) can be
rewritten as, (Gad et al. 2014):

1
v (168 A 1) () - ) ()7
2
+ %rs (uyx + v‘fx> (9b)

where 7, is the surface energy/tension, Ag and pug
are the two surface/interface elastic constants
independent of the initial surface tension 7. It is
noted from Eq. (9b) that the first three terms are
dependent on the 2D surface infinitesimal strains &,
while the last term expresses the 2nd order

displacement gradient.

The equilibrium conditions on the surface, surface
constitutive relations and strain—displacement rela-
tionship, when specialized to the flat surface, are given
by Gurtin et al. (1998)
oyt +1] =0, (10)

ijyj

olsj - T‘Yéij T 2(/15 - T‘Y)S?j + (Ts + ;”v) Sikéij + ‘Csu,S'J,

ijk=1,2 (11)
t‘cs _l S + S (12)
i T Upj T Uj;

where the superscript ‘S’ is used to denote the
quantities corresponding to the surface and ¢° denotes
the traction exerted on the top side of the surface by the
indenter (Indentation traction vector). By substituting
(11) and (12) into (10), it leads to the equilibrium
equations of the surface in terms of the surface
displacement as shown below

/'LAvu?‘/j + (TS + /ls)u;‘ji + tliv + t;) =0 (13)

3 Finite element formulation

This section presents the finite element model of
nanoindentation problem of viscoelastic layer coated
with an elastic thin film taking into account the
influence of surface energy. To do this, firstly, the
viscoelastic constitutive relations are recast into a
recursive incremental form suitable for the FE imple-
mentation. Secondly, based on the finite element
discretization, the incremental equilibrium equations
are derived.

3.1 The recursive form of viscoelastic constitutive
equations

Generally, working with the constitutive Eq. (7) leads
to the requirement of solving a set of integrals (Zocher
et al. 1997). To overcome this difficulty the constitu-
tive equations are transformed into a recursive incre-
mental form, which will be quite amenable to
implement into a FE model (Haj-Ali and Muliana
2004). Once the time domain is divided into discrete
time intervals At, such that f,,; = ¢, + At. Recalling
Eq. (7), the strain at time ¢ + Af can be expressed as:

@ Springer
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A od B
t+At B t+Ar od d Sij
g = (1+v)[ DS, + ZDn [1— exp{fﬂhn(tJrAtfr)}]?dr
0 n=1
| t+At N e B
+305(1 = 2v) D NGy + / ; o [1— exp{—in(t + At — 1)}] d":" dt (in Q) t) (14)
Assuming that both °S{; and “g;, change linearly over To obtain the current incremental strain:
the current time increment, the evaluation of the HAIAB _ A Bt B (17)
integrations in Eq. (14) yields, (Mahmoud et al. 2013): L g

{1+At d tSd} B
AR = (1+4v) | Dy TS+ ’+AtSdZD ZD exp(—7nAt) gy, T T exp(—An} +

— An At
1 N N {1+Ato.kk _t O'kk} B
§5ij(1 —20) | Dy G 4 A ZD” - ZD” (exp(—inAt) " +)—At{1 - exp(—i,,At)})
n=1 n=1 ‘n
(in Q) t) (15)
With Substituting from Eq. (15) into Eq. (17), the incre-
, . mental strain can be expressed as:
d*S%
Gn;, = /exp{—),n(l —1)}—"2dr, and
! B
Ok
"G = /exp{—/ln(t -1)} e dt (16)
0
B
AR = {(1 +v)D, "MASS + < 5,,(1 —2v)D, ’+Aankk}
N 1 B
o ZD”{ [exp(—/lnAt) - l] ((1 + V) lq”i/' + §5U(1 - 2V) tank> }
n=1
N ) B
1-— —InAt 1 .
+ ZDn{l - (%) } ((1 +v) PMAS] 42351 — 2v) ’+Aankk> (m Q®, t) (18)
n=1 n
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Based on the incremental form expressed in Eq. (18)
the approximate incremental stress, “"*Ac;; can be
expressed as:

surface of the indented domain is discretized into
surface elements adhered to the boundary element of
the bulk, as shown in Fig. 2. On the other hand, the

N

B
t+Aon_§ _ 1 z+AtA8ij _ t+AtA8 S ; 4 ZHAta tq + l(s'-tq (in Q(3) t)
P D, +AT, \ 1+v KT =20 (1 +v) n| Gy T 30 ;

n=1

(19)

with

N
1 — exp(—A,A¢)
t+At — - —~ = 7
n—ZmO. Y, )’ (20)

n=1

Ay, = D, {exp(—1,At) — 1}
Equation (19) can be rewritten in the following form:

t+At A B __ t+At ~B
AO-ij - Cijrs

t+AtAgB + HA’AG’}.B (21)
rs ij

B . . .
where '+41 Aag is the stress increment which expresses
the viscoelastic material history.

3.2 Incremental finite element equilibrium
equations

The finite element equilibrium equations can be
obtained by applying the principle of virtual work.
The variational form of the nanoindentation problem
incorporating the surface energy effect can be ex-
pressed as:

Qg Q Iy

+/NMQMF
I
0

(22)

where the 1st term is the usual virtual work developed
by the internal stresses within the bulk domains, while
the 2nd term denotes to the virtual work due to surface
stresses, finally, the last two terms represent the virtual
work done by the external forces and contact forces,
respectively.

To develop the finite element equilibrium equa-
tions, both the bulk of the indenter and the indented
domains are discretized into finite elements while the

contact interface is modeled through node to segment
contact approach (Wriggers 2006). Based on this
idealization of the contact interface, the contact force
at the master node A should be balanced by equivalent
nodal forces at slave segment nodes A; and A, as
shown in Fig. 3. Thus one can write:

~ 1 ~
t+AzAnAl _ _5{1 _ t+At€P}z+ArAnA and

~ 1 ~
t+At _ t+At £ t+At
A — _HArE A 4

na, ) na»

(23)

where A&, is a parameter identifies the location of
the physical contact point on the slave segment.

Substituting from Eq. (21) into Eq. (22) the first
integral yields:

/ 5837‘ BdO — / 5t+A1AuTBTr+AtCB f+AtAu 4o
QF Qp
+ / 5t+A1AuTBTtO_B ao
Qp
+ / ) t+AtAuTBT t+AtAO_hR 4o
Qp
(24a)

y,VT
XU

o—o Surface element

AN
A

[] Interior element
Exterior el

Fig. 2 Schematic diagram of mesh map of solid containing
surface elements
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Indenter boundary

Indented boundary segment

Fig. 3 Contact forces at a master node A and the corresponding
indented body segment nodes A; and A,

where B is the strain -displacement transformation
matrix.

The second and third integrals of the R.H.S. of
(24a) represent the virtual work due to internal stresses
and material damping. By the same way, the contri-
bution of the surface energy effect can be obtained as:

/ 585[ & dQ— / ) t+AtAusTB/sTt+AIC/s B/s t+A1Aus 4o
Qq

Q

+ / 5t+A1Au5TBsTtO.s o)

QS

+ / SN AT BT 1,dQ) (24b)

Qs

where C°, B'S and B are the surface stress—strain
relationship matrix and strain—displacement transfor-
mation matrices, respectively. Using Egs. (11) and
(12), theses matrices can be obtained as:

C,X[;ﬁzus 0} Blsl{—l 0 1 o]

0 1 L0 -1 0 1

B=-[-1 0 1 0]

1
L
(24c¢)
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Fig. 4 Block under Hertzian distributed pressure

The third integral of the R.H.S. of (24b) represents the
virtual work due to surface tension.

The third integral in Eq. (22) which represents the
virtual work due to external surface traction can be
evaluated as:

— / ou’ FdI' = — / AN N R T (24d)
Iy Iy
Lastly the contribution of the indentation traction can

be evaluated by substituting from Eqgs. (6) and (23)
into the last term in Eq. (22) yields:

/ 8(A,G,)dl' = / 54,Gydl + / A,6G,dT
I,

T I.

:/5[+AIAA3;(tCZ;I+A[AM7tgn)dF

Ie

+ /5t+AtAu'{(tAn+tCnt+AtAAn) dr
I,

(24e)

Substituting from Eqs. (24a—24e) and setting the
coefficients of ¢ FA"Au and § "TA'A A, to be zero the
overall equilibrium equations for nanoindentation
problems including the surface energy effect can be
written in the following matrix form:
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[ [Ks + K] [Cn}] pa) | [ EY - AEY = HER Y = HELD (G {Aa) (25)
[C)" [0] Al {G}
model eliminates both geometrical and boundary
where complexity considerations encountered in most theo-
retical studies; (Zhou and Gao 2013; Long et al. 2012;
[Kp] = / [B]" [C][BldL, HFo) Long and Wang 2013). For the sake of validation, the
O developed indentation model should be tested and
_ Tir( 1B Tr B compared. In the real nanoindentation experiment,
= / [B] '{a}" dQ+ / [B] {Ad"}" d2, real surfaces and interfaces may have much more
Qs s complicated morphologies and microstructures which
and'{F} } = / [B]""{5*} dQ (26) are different from the ideal surfaces considered in in
Q most developed theoretical studies which are assumed
(/LS+2MV) 0 _(is+2uv) 0
b 0 Ty 0 —Ts
K= [ BV (e =7 | |
o L _(/“s+2.us) 0 (/“s+2.us) 0
0 —T 0 Ty
bt (27)
t+At s1T 0
and {F,}= [ [B] 1dQ =
—bty
Q 0

where b is the surface element thickness and L is the
element length, “**[C,] is a matrix operator of all
active contact constraints. This operator matrix in-
cludes the constraints of compatible boundary dis-
placements due to contact after time t. This matrix
operator can be expressed as:

T
HA[[C,,] — {zﬁT _ tflT(l _ tép) _ zﬁTtgvP}

(28)

| =
N =

4 Verification of the model

The developed model is implemented into a displace-
ment-based 2D nonlinear FE program. This integrated

to be smooth and clean. In addition to surface
roughness effects, the real tip shape of the indenter,
the interactions with the environment (e.g., the change
of temperature and moisture) and the adhesion force
throughout the indentation interface are considered in
these experiments. All theses sources increase the
systematic error between the experimental responses
and the numerical predictions, (Chen and Diebels
2014). Consequently, for the sake of the model
validation, consider a 2D plane strain analysis of a
block subjected Hertzian pressure distribution, as
shown in Fig. 4. The pressure profile is described by
P(x) = (Ppax/b)Vb? — x2, where P, is the max-
imum pressure intensity and b is the half load span.
Material properties for the bulk and surface are defined
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0.5 :
i ; wib=0, B /b=0

04 fereo\i-r----{(@) Present model}----- -y /b=0, B /b=0.5

_ —— yib=0,p/b=2
— y/b=1,p/b=0

E O T e T\ N st S bl [ PR v ib=1, B /b=0.5
S == yb=1,p/b=2
F0.2
N

0.1

0.0
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(/B)

(b) Analytical solution by
Zhou and Gao (2013)

é 03t %, \ fand Zhou (2011).

% )

= [~ ~,

502 i M,

N

0.1
0 £
0 1 2 3 4
(x/b)

Fig. 5 Non-dimensional vertical displacement at the loaded surface a present FE model, b Zhou and Gao (2013) and Zhou (2011)

by the dimensionless constants; [ = t/u and
V= (A + 2 pg)/p, where p is the shear modulus of
the bulk material.

As shown in Fig. 5, the obtained results by the
developed FE model for the non—dimensional vertical
displacement at the loaded surface are in good
agreement with the analytical solution obtained by
Zhou (2011) and Zhou and Gao (2013). The deviation
between the obtained results and those reported in the
above references may be explained by the half space
assumption on which the analytical solution is based
upon.

5 Numerical results

Within this section the effectiveness of the developed
model is demonstrated by solving two different
nanoindentation problems with different indenter
profile and different material flexibility. In each
problem, the effects of the surface/interface energy
and the second order gradient of surface displacement
on the nanoindentation response are investigated. In
the following analysis, three different models are
discussed; the first is based on the classical linear
elasticity theory (classical) and the other two models
accounted for surface energy effects with and without
the second order displacement gradient term; (SL) and
(SN), respectively.

@ Springer

5.1 Nanoindentation of elastically-layered
viscoelastic layer by a cylindrical rigid
indenter

The influence of surface energy on the quasistatic
plane strain nanoindentation response of an elastical-
ly-layered viscoelastic layer indented by a rigid
cylindrical indenter is investigated, as shown in
Fig. 6. The indenter is subjected to a prescribed
constant downward displacement D, = 0.025 nm
(relaxation load) over a time period [0, 200] s. The
indented body is composed of an elastic film of 1 nm
thickness and a viscoelastic layer of 9 nm thickness.
Both bulk and surface material constants of the elastic
film are as follows D® = 17. 8 x 107° MPa_l, V=

Rigid
indenter

Surface effect T
\ <
Y X o
g1 \ Elastic coatin i
=4 . . 4
i vy Viscoelastic layer
m A 4

30 nm

o

»

Fig. 6 Nanoindentation of composite layer by a rigid cylindri-

cal indenter
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Table 1 Coefficients of the Prony’s series for the viscoelastic material (Lai and Bakker 1996)

N D, D, D, Ds D, Ds Ds D, Dy Dy
D, x 1076 (MPafl) 27090 23.6 5.6602  14.8405 18.8848  28.5848  40.0569  60.4235  79.6477 162.179
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Fig. 7 Contact pressure distributions for different indenter radius at two different time instants

0.25, 7, = 0.11 N/mm, g, = 8 N/mm, A, = 7 N/mm,
(Gurtin and Murdoch 1975). The transient component
of the creep compliance of viscoelastic layer is
expressed by nine elements of the Prony’s series with
coefficients in Table 1 and Poisson ratio of 0.4, (Lai
and Bakker 1996). The size dependency on the surface
energy effect is examined considering different in-
denter radii keeping the same indentation depth, D,,.
Distributions of the contact pressure for classical
(without surface effect), linear and nonlinear analyses
with surface effect (SL) and (SN), respectively for
different indenter radii at two different time instants,
are presented in Fig. 7. It is clear that the surface
energy affects both the contact pressure and the extent
of contact area. Due to the influence of surface
stresses, higher values of the instantaneous contact
pressures are obtained with larger extent of the contact
area. This implies that the presence of the surface
stresses make the material more stiff. These results
qualitatively agree well with that reported in Long
et al. (2012). Incorporating the second order displace-
ment gradient term into the surface constitutive

relation (SN) makes the material more stiff thus more
increase in the contact pressure with larger extent of
contact area is obtained comparing with the corre-
sponding linear (SL) case. Moreover the indenter size
has a significant effect on the nanocontact response.
Increasing the indenter radius, lower values of the
contact pressure with larger extent of the contact area
are obtained. Also, the difference between the classi-
cal and the nonclassical contact pressures is decreased
with increasing the indenter radius. Consequently the
effect of surface energy on the mechanical response of
the contacting system discards with increasing the
indenter size. For all indenter radii and with time
marching, the equivalent stiffness of the viscoelastic
layer is decreased due to the damping effect of the
viscoelastic material. Consequently, under such load-
ing pattern (relaxation load type), the contact pressures
are decreased with time.

Figure 8 shows the variations of the central contact
pressures with time for different indenter radius. It is
noted that both the central contact pressure and its
relaxation rate are increased with the presence of
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Fig. 8 Variation of the central contact pressure with time for
different indenter radius

surface energy. On the other hand, the indenter radius
has a remarkable effect on the central contact
pressures and its relaxation rates. Both the central
contact pressure and its relaxation rate are decreased
with increasing the indenter size. The relative per-
centage ratio between the instantaneous central
contact pressure and that at the final time instant,
[(P;s — PplPy] % reaches 0.66 % for R = 0.625 nm
and 0.424 % for R = 15 nm for the classical material
behavior. This ratio is increased with the presence of
surface energy (SL) and reaches 1 % for R =
0.625 nm and 0.61 % for R = 15 nm. Moreover,
more increase in the relaxation rate is obtained by
incorporating the second order gradient term into the
surface constitutive relation (SN). The percentage
ratio [(P,; — P)/P,s] % for SN reaches 10.93 % for
R = 0.625 nm and 10.87 % for R = 15 nm.

For more illustrations, the influence of the indenter
radius on the central contact pressure and the extent of
the contact area is shown Figs. 9 and 10, respectively.
It is noticeable that the difference between the
classical and the nonclassical central contact pressure
decreases with increasing the indenter radius. More-
over, increasing the indenter radius produces lower
values of the central contact pressure and larger extent
of the contact area. With time marching, lower values
of the central contact pressure are obtained specially
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with SN case due to the surface effect and the
viscoelastic material damping.

The effect of the surface energy on the vertical
displacement thorough the indentation interface at
different indenter radii for two different time instants
are depicted in Fig. 11. It is noted that surface energy
affects both the magnitude and the decaying rate of the
vertical displacement throughout the layer length. It is
clear that surface effect produces vertical displace-
ment with slower decaying rate throughout the layer
length compared with the corresponding classical
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Fig. 11 Vertical displacement distributions throughout the contact interface for different indenter radius at two different time instants

case. Moreover incorporating the second order dis-
placement gradient term into the surface constitutive
relation (SN) decreases the material flexibility and
thus producing vertical displacements with slower
decaying rate throughout the layer length compared
with the corresponding linear (SL) case. With time
marching, due to the viscoelastic damping with
surface energy, higher creep rate of the displacement
is obtained while the classical case produces constant
displacement at all-time instants. This is due to the
additional creep load (surface tension) associated with
surface energy. It is also noticed that the indenter size
significantly affects the vertical displacement and its
decaying rate throughout the layer length. Increasing
the indenter radius results in a decrease in the vertical
displacement with faster decaying rate throughout the
layer length.

5.2 Indentation of an elastically-layered
viscoelastic substrate with a viscoelastically-
layered elastic block

Consider the indentation of an elastically-layered
viscoelastic substrate with a viscoelastically-layered
elastic block under the action of uniform pressure of
intensity, Q, = 8 x 107" N/nm® as shown in
Fig. 12. This type of problems pertains to a conform-
ing contact without friction. Due to the symmetry
about the vertical axis, only the right half of the
domain is needed to be modelled with the

iy |
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\* I Ol o
- EL layer 4 | = : layer
h=1.5 mr% s /"/ X
3 > >

15 nm

1
!
i
i VE substrate
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H=
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A A b A
4b=40 nm > !

T

Fig. 12 Indentation of an elastically-layered VE substrate by a
viscoelastically-layered VE block

corresponding geometry, loads and boundary condi-
tions. The elastic material characteristics reported in
Gurtin and Murdoch (1975) are considered for both
bulk and surface material properties of the elastic
block and the surface layer bonded to the viscoelastic
substrate while the viscoelastic material of the
viscoelastic layer bonded to the elastic block and the
viscoelastic substrate is depicted in Table 1. It is
important to mention that, the effect of surface energy
at the upper surface of the elastic block and upper
surface of the elastic layer, bonded to the viscoelastic
substrate, on the contact configuration is investigated.

The contact pressure profiles for the classical, SL
and SN models are depicted in Fig. 13. It is noticed
that the surface energy has a significant effect on the
contact pressure profile throughout the indentation
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Fig. 13 Contact pressure distributions at two different time
instants for different material responses

interface. The surface effect increases the material
stiffness and produces an additional tangential force
vector owing to the initial surface tension t, thus
increases the contact pressure at the right edge of the
block and decreases it at its center. Moreover,
incorporating the second order displacement gradient
term into the surface constitutive relations results in a
more increase in the contact pressure on the right edge
of the block and a more decreases at its center. With
time marching, due to the displacement creep the
contact area is slightly increase which results in a
slight decrease in the contact pressure throughout the
contact interface.

Variations of the central contact pressures with time
for different material responses are depicted in
Fig. 14. It is noted that the surface energy affects both
the magnitudes and the relaxation rate of the central
contact pressure. The relative percentage ratio be-
tween the instantaneous central contact pressure and
that at the final time instant [(P, — Pp/P,] % is
2.57 % for the classical response. This ratio increases
with the presence of surface energy and reaches 4.2 %
for SL response. Incorporating the second order
displacement gradient term into the surface constitu-
tive relations results in an increase in the central
contact pressure at the beginning of the time domain
due to the increase in the material stiffness associated
with the surface effect. With time marching, owing to
the viscoelastic material damping, the central contact
pressure decreases with time.
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Fig. 15 Vertical normal stress distributions throughout the
contact interface at two different time instants for different
material responses

Distributions of the normal stress, o,, at the
indentation interface are illustrated in Fig. 15. It is
noticeable that for all models, i.e. classical, SL, and
SN, the normal stresses, o, have the same trend of the
corresponding contact pressure. It is also found that
the normal stress component, o,, is significantly
affected by the presence of the surface energy.
Variations of the central vertical normal stress, oy, at
the contact interface with time for different material
responses are shown in Fig. 16. As detected in the
contact pressure variation with time, it is noted that the
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Fig. 17 Vertical displacement at the contact interface for two
different time instants for different material responses

surface energy also affects the magnitudes and the
relaxation rate of the vertical normal stress component
with time.

Figure 17 shows the profiles of the vertical dis-
placement at the contact interface. It is depicted that
the surface energy results in a distinct decrease in the
absolute vertical displacement throughout the inden-
tation interface. It is also notable that the second order
displacement gradient term has a remarkable effect on
the profile of the vertical displacement at the inden-
tation interface. With time marching, a significant
increase in the absolute vertical displacement is noted

207
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Fig. 18 Variation of the absolute central vertical displacement
with time for different material responses

due to the viscoelastic material damping under such
creep loading. The presence of the surface energy
effect increases the creep in the displacement due to
the additional creep load associated with the surface
tension, T.

Variations of the central vertical displacement
component with time for different material responses
are illustrated in Fig. 18. It is noted that both the
magnitude and the creep rate of the central vertical
displacement component are significantly affected by
the presence of surface energy. The absolute relative
percentage ratio between the instantaneous central
vertical displacement component at the indentation
interface and that at the final time instant |(uym — Uyl
uy,s| % 1s 12.0 % for the classical response. This ratio
increases with the presence of surface effect and
reaches 12.24 % for SL response. Moreover, incorpo-
rating the second order displacement gradient term
into the surface constitutive relation increases this
percentage ratio; 19.6 % for the SN response.

6 Conclusions

In the context of an integrated nonlinear viscoelastic
contact mechanics, a computational model to investi-
gate the nanoindentation response of elastically-layered
viscoelastic solids, is developed. The developed model
accounts for surface effects by adopting the complete
Gurtin-Murdoch surface elasticity model. The
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developed integrated model consists of two consecutive
parts. The first one stands for solution of the contact
problem of the indenter and the indented continuum to
determine the contact pressure distribution and the
extension of contact area. The second part exploits the
results of the contact model to investigate the indenta-
tion response of an -elastic/viscoelastic continuum
subjected to the contact pressure distribution. In both
parts of the model the surface energy effect has been
taken into consideration. The frictionless contact con-
straints are established by using the Lagrange multiplier
method. The Schapery’s single integral creep model is
used to model the linear viscoelastic behavior. The
transient component in the creep function is assumed to
be expanded by a Prony’s series. The equilibrium
configuration is obtained through Newton—Raphson
iterative procedure. The developed model is flexible to
deal with different indenter geometries with different
material flexibility. The model is verified and applied to
detect the quasistatic nanoindentation response of two
different indentation problems with different geometry,
different material flexibility, loading condition (i.e.
relaxation or creep). The following findings are
concluded from the obtained results.

e Surface energy has a remarkable effect on the
quasistatic nanoindentation response of elastical-
ly-layered viscoelastic solids. This effect de-
creased with increasing the indenter size.

¢ Both the contact pressure profile and the extension
of the contact area throughout the indentation
interface are strongly influenced with the presence
surface energy effect.

e Both stress relaxation and deformation creep rates
are significantly affected with the presence of
surface energy. These rates are increased with the
presence of the surface energy.

e The second order displacement gradient term in
the surface constitutive relation strongly affect the
quasistatic indentation behavior of elastically-
layered viscoelastic solids.
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