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Abstract In this article, nonlinear flexural behaviour
of laminated composite doubly curved shell panel is
investigated under hygro-thermo-mechanical loading
by considering the degraded composite material
properties through a micromechanical model. The
laminated panel is modelled using higher order shear
deformation mid-plane kinematics and Green-La-
grange geometric nonlinear strain displacement rela-
tions. In the present case, all the nonlinear higher order
terms are included in the mathematical model to
obtain the exact flexure of the structural panel. The
nonlinear system governing equations are derived
using variational method and discretised using the
nonlinear finite element steps. Numerical results are
computed through direct iterative method and validat-
ed by comparing with those published results available
in open literature. Finally, wide variety of numerical
examples are computed using the proposed model to
address the effect of hygrothermal conditions, geomet-
rical and material parameters and support conditions
on the flexural behaviour of laminated composite
doubly curved shell panel.
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1 Introduction

Laminated composite structures falls into most active
and revolutionary research fields in recent years. The
reason for that is their suitability to be used for weight
sensitive and high performance applications, as in
civil, mechanical, aeronautical, automobile, petro-
chemical, naval and other engineering industries
(Jones 1975; Fangueiro 2011). The laminated com-
posite structures are exposed to unlike environmental
condition both during manufacturing and their op-
erational life. These structure experience small strain
but large (finite) deformation due to combined action
of hygro-thermo-mechanical loading. It is well known
that, the combined hygrothermal load causes sig-
nificant dimensional change in laminated structure and
geometrical nonlinearity induce subsequently. More-
over, high temperature and moisture generally reduce
the elastic moduli and degrade the strength of
composites (Boukhoulda et al. 2006) due to the
internal/residual stresses and the structure may lead
to failure ultimately. In this regard, it is necessary to
analyse the mechanical responses (bending/vibration/
buckling etc.) of laminated structures carefully for the
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accurate prediction of responses for the final design. It
is also true that the analytical and/or experimental
analysis of such complex situation are not only tough
but also hard to achieve in real life situation.

Finite element method (FEM) is proved to be the
robust and versatile numerical tool for the modelling
and analysis laminated structure of different geome-
tries, support condition and complex loading by taking
the effect of degraded material properties. Many
theories have already been developed in past to
analyse the laminated structure by taking with and/or
without shear deformation into consideration such as
classical laminate plate theory (CLPT), first order
shear deformation theory (FSDT), higher order shear
deformation theory (HSDT) and refined/layer wise
theories (Reddy 2004; Tornabene et al. 2013; Khandan
et al. 2012; Kant and Swaminathan 2001). It is also
noted that the HSDT type of mid-plane kinematics is
more accurate approximation for the transverse shear
stress and strain in laminated structures and also useful
to avoid shear correction factor (Khdeir et al. 1989).

In order to make the article self-standing few recent
and earlier studies are discussed in the following line
regarding the mid-plane kinematics (HSDT and
FSDT), nonlinearity (Green—-Lagrange and von-Kar-
man) and/or degraded composite properties under
combined hygro-thermo-mechanical load. Zhang and
Kim (2006) developed two displacement based 4-n-
oded quadrilateral elements (20 and 24 degrees of
freedom) using the FSDT kinematics and von-Karman
type nonlinearity to analyse the geometrical nonlinear
bending behaviour of thin to moderately thick
laminated composite plates. A simple C° isoparamet-
ric finite element formulation based on the refined
HSDT is developed to investigate the bending be-
haviour of laminated composite and sandwich plates
by Tu et al. (2010). Baltacioglu et al. (2011) presented
nonlinear static behaviour of rectangular laminated
thick plates resting on elastic foundation using discrete
singular convolution method in the framework of the
FSDT and von-Karman nonlinear kinematics. Doxsee
(1989) developed a HSDT model to investigate
axisymmetric composite shells with and without soft
core under hygrothermal load. Ram and Sinha (1991)
examined the linear bending characteristics of
laminated composite plates by considering hygrother-
mal dependent composite material properties using the
FEM. Parhi et al. (2001) studied hygrothermal free
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vibration and the transient responses of multiple
delaminated doubly curved composite shell using
quadratic isoparametric finite element (FE) formula-
tion based on the FSDT. Patel et al. (2002) presented
FE solutions of static and dynamic behaviour of thick
laminated composite plate based on the modified
HSDT kinematics under hygrothermal load by taking
the temperature and moisture dependent properties.
Rao and Sinha (2004) developed a micro mechanics
model to investigate the static behvaiour of multidi-
rectional composites under temperature and moisture
environments. Naidu and Sinha (2005) developed a
mathematical model based on the FSDT and Green—
Lagrange nonlinear kinematics to investigate the large
deflection bending behaviour of laminated composite
shell panel under hygrothermal environment. Kundu
et al. (2007) analysed bending behaviour of laminated
composite shells under hygrothermal environment
using the FSDT mid-plane kinematics through
geometrically nonlinear FE model. Lo et al. (2010)
developed a global-local HSDT model to study the
responses of laminated plate under hygrothermal
environment by including temperature and moisture
dependent material properties. Nanda and Pradyumna
(2011) examined nonlinear dynamic behaviour of
laminated shell panel under hygrothermal load by
taking temperature and moisture dependent material
properties. They have developed the numerical model
based on the FSDT mid-plane kinematics and von-
Karman type nonlinearity. Zenkour (2012) developed
a refined (sinusoidal) shear deformation model to
study the bending responses of angle-ply laminated
composite plate subjected to hygrothermal loads by
considering temperature and/or moisture-dependent
material properties. Bending behaviour of multilay-
ered composite and sandwich shells under hygrother-
mal environment has been analyzed by Brischetto
(2013) using Carrera’s unified formulation. Sharma
et al. (2013) presented analytical solutions of flexural
behaviour of laminated composite doubly curved shell
panel using FSDT mid-plane kinematics.

Few attempts have already been made in past by
various researchers (Huang et al. 2004; Shi et al. 2014;
Parhi and Singh 2014; Kumar et al. 2014; Shen 2001,
2002; Upadhyay et al. 2010; Lal et al. 2011) to
investigate the structural responses (bending, vibra-
tion, buckling) of laminated composite plate/shell
under the influence of coupled (hygro-thermo-
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mechanical) loading by taking the hygro-thermal
dependent composite properties based on a microme-
chanical model approach. Thermal post-buckled vi-
bration and thermal free vibration behaviour of
single/doubly curved shell panel have been investi-
gated using HSDT mid-plane kinematics and Green—
Lagrange nonlinearity (Panda and Singh 2011; Panda
and Mahapatra 2014) by taking temperature invariant
composite properties. However, to the best of the
authors’ knowledge, no study has been reported yet in
open literature on the geometrically nonlinear flexural
analysis of laminated composite doubly curved shell
panel under combined hygro-thermo-mechanical
loading by using HSDT mid-plane kinematics with
Green—Lagrange nonlinearity and hygrothermal de-
pendent composite material properties through a
micromechanical model.

The motivation of the present study is to analyse the
geometrically nonlinear bending behaviour of shear
deformable laminated composite doubly curved shell
panel under hygro-thermo-mechanical loading with
temperature and/or moisture dependent material prop-
erties. A general nonlinear FE model for laminated
composite doubly curved shell panel based on the
HSDT mid-plane kinematics and Green—Lagrange
type geometric nonlinearity under combined hygro-
thermo-mechanical loading is developed for different
shell geometries. The degraded composite material
properties are included using a micromechanical
model for the elevated temperature and moisture
concentration. The material properties of the compos-
ite constituents are evaluated in terms of the **fibre
and matrix properties and volume fractions of each
constituent as well. In addition, all the nonlinear
higher order terms are incorporated in the mathema-
tical model to achieve the exact flexural behaviour of
the structure under hostile environment. The system of
governing equation is obtained through variational
approach and discretised using nonlinear FEM steps.
The desired nonlinear bending responses are comput-
ed through a direct iterative method. The convergence
behaviour of the newly developed model has been
checked and validated by comparing the responses
with those available published results. Finally, effect
of geometries, material properties and support condi-
tions on the nonlinear flexural responses of laminated
composite doubly curved shell panel under coupled

hygro-thermo-mechanical loading are highlighted by
solving several numerical illustrations.

2 General theoretical formulation

Figure 1 shows the geometry of typical laminated
doubly curved shell panel with dimension say,
length a, width b and thickness ‘h’. It is assumed
that the panel is consist of ‘N’ number of uniformly
thick layer and layer details as shown in the figure.
In this present analysis, the laminated composite
panel is assumed to be made of parallel fibres
embedded in a matrix material. The composite
constituents are considered as macroscopically ho-
mogeneous, orthotropic, and made of linearly elastic
material. The fibres in each layer are assumed to be
follow a constant angle with their coordinates. The
intrinsic geometry of the shell is identical to its
plane projection. Z; and Z;_, are the top and bottom
layer in the Z direction of any kth lamina. R; and R,
are the principal radii of curvature defined at the
mid-plane (z = 0) of the shell panel, which are
considered to be constant throughout the analysis.
The mid surface describe the geometries of various
shell panel and defined based on the curvature say,
spherical (R; = R, = R), cylindrical (R, =R;
R, = o0), elliptical (R; = 2R; R, = R), hyperboloid
(R =R and R, = —R), and flat (R; = R, = o0).
The present study also assume uniform hygrother-
mal load along with uniform lateral load on the shell
panel.

2.1 Displacement field and strain displacement
relation

In order to derive present mathematical model, the
HSDT type displacement field is considered, where
the transverse shear strains are assumed to be
parabolically distributed across the shell thickness. It
is also possible to expand the displacement field in
terms of the thickness coordinate up to any desired
degree to achieve better accuracy. However, to avoid
algebraic complexity and computational cost for very
insignificant gain in accuracy, the present displace-
ment field is assumed as follows (Szekrenyes 2014;
Aragh et al. 2013):
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Fig. 1 Geometry of laminated doubly curved shell and layer details
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where, (i, v,w) are the displacements of any point
within the shell panel along x, y and z directions.
(u,v,w) are displacements of any point in the mid-
plane of the panel, ¢, and ¢, are the rotations of
normal to the mid-plane in the directions of y and x-
axis, respectively. The kinematic model also contain
the functions V, ¥,, 0, and 0,, are the higher order
terms of Taylor series expansion defined at the mid-
plane and it account the parabolic distribution of shear
stress.

2.2 Green-Lagrange strain—displacement relation

The Green—Lagrange strain—displacement relation is
employed for the laminated composite doubly
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curved shell panel to compute the nonlinear distor-
tion. The total strain corresponding to the displace-
ment field is expressed as follows (Panda and
Mahapatra 2014).

Exx Iz,x
foh = m p =4 (@ +7)

Vaz (i, 4+ W)

Vye V.4 wy)
1
3 { () (7)™ (W,x)z} (2)
1
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Now, using Eq. (1) in Eq. (2) the strain displace-
ment relation of the laminated spherical shell is given
by
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where, [H], and [H],, are the linear and the nonlinear
thickness coordinate matrices. {&} and {&y.} are the
mid-plane linear and nonlinear strains and functions of
x and y only. The superscripts 0-3 and 4-10 are the
extension, bending, curvature and higher order terms
associated in the linear and the nonlinear strain
vectors, respectively. The expanded form of each
individual strain terms can be seen in Panda and
Mahapatra (2014).

2.3 Hygro-thermo-elastic constitutive relation

In the present study, plane stress state is considered
and both the temperature and moisture are assumed to
be uniformly distributed over the panel geometry. In
addition, the strains occurring due to temperature and
moisture changes are assumed to be uncoupled. The
hygro-thermo-elastic constitutive relation of any gen-
eral kth composite lamina with arbitrary fibre orien-
tation angle 6 under uniform hygrothermal load can be
written as:

{Gij}k: [Q—ij]k{gij - OfijAT - ﬁUAC}k

where,

(5)

{O’ij}k: {61 0y 0O 05 64}T and
{aij}k: {e1 & & & e} are the stress and
strain vectors respectively for any kth layer. @}k is
transformed reduced stiffness matrix for any kth layer.
{oc,-j}k: {og o 204 }T is the thermal expan-
sion/contraction coefficient vector and { ﬂij}k:

{ B

By 2P1n }T is the moisture expansion/contrac-

K] }T

qRY
KKK

KKK
KO g0 g0

are the linear and nonlinear mid-plane strain vectors,
respectively.

The Eq. (3) can be rearranged in the following
form:

{6} = B, () + 5 [Hly, fowe) @

tion coefficient vector. Similarly, AT and AC are the
temperature/weight percentage of moisture incre-
ments (difference between applied temperature/mois-
ture, 7/C to the reference temperature/moisture, T/Cy).

Now, Eq. (5) can be expanded as in the following
form:
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2.4 Micromechanical model for property
evaluation

The hygro-thermo-elastic properties of the composite
lamina are influenced due to changes in temperature and/
or moisture content and affect the final stiffness of the
laminated structure. In order to include exact behaviour
of laminated structure due to combined hygrothermal
loading, the degraded material properties are evaluated
based on the micromechanical model as in (Shen 2002).
The individual parameter associated with composite
properties are evaluated using the following relations.

The longitudinal and transverse thermal expansion
coefficients are (Shen 2002):

ViEroly + VipEp oy,
V/E; + ViEn ™)
a2 = (1 +v) Vi + (1 + vi) Vintoy — vizot1n)

o =

Similarly, the longitudinal and transverse coeffi-
cients of hygroscopic expansion of the composite
lamina can be computed as:

_ VfEfomﬁf + VmEmﬁm
11 Ell(prfom + Vmpm)

_ Vf(l + Vf)Cfmﬁf + Vm(l + Vm)ﬁm
= prfcﬁn + Vmpm

p —viafi

(8)
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The p, p; and p,, are the mass densities of the
composite lamina, fiber and matrix materials, respec-
tively, and are related by simple rule of mixture
(Voigt’s rule) as follows:

P =V + VP 9)

The hygro-thermo elastic constants due to coupled
temperature and moisture effect are evaluated as
follows:

E = VfEf + V,.E,

1 - \ + Vin v, V_%Em/Ef + anEf/Em — 2V Vi,
Ey E E, Jrm V/E; + ViuEn
1L Vi Va
Gn G; ' G,
vi2 = Veve + Vigow (10)

In Egs. (7)-(10) volume fraction of each con-
stituents have been utilized based on the following
assumption:

Vit V=1 (11)

where, V, E, G, v, o and ¢ are volume, Young’s
modulus, shear modulus, Poisson’s ratio, coefficient of
thermal expansion, moisture concentration ratio.
Similarly, /5 is the hygroscopic expansion coefficient
and the subscripts “f” and “m” are used for fiber and
matrix materials, respectively.

In the present analysis E,, is assumed to be function
of temperature and weight percentage of moisture
concentration, so that oy, 022, B11, 225 E11, E22, G12,
G113 and Gp3 are also functions of temperature and
moisture. The final constitutive equation as in Eq. (6)
has been evaluated by using the Egs. (7)—(11).

2.5 Strain energy of the shell panel

The strain energy of the doubly curved shell panel
under combined hygro-thermo-mechanical loading
can be expressed as

U= %//{;N‘:/ {s}iT{ai}dz}dxdy (12)

Now substituting the strain and resultant stress from
Egs. (4) and (5), the strain energy expression may be
rewritten as
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//{ A,{S} {s}dz}dxdy
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(13)
Now, Eq. (13) can be further modified as
— [ i )aa
+§Auqﬁwmmgﬁwmﬁwmqh
l{gNL}.T[D4]{sNL}-)dA —U +Un  (14)
where, Z S = ] dz, [Da] = E L
mmmwwzzh H) e, D] =

0 H|y, dz.

> il

2.6 Work done expression

Total work done due to the external applied uniformly
distributed transverse static load g can be expressed as

W:/{é}quA (15)

where, the intensity of transverse static load is expressed
in terms of the applied uniform lateral load as:

_ Oh'Eny
="

; (16)

3 Solution methodology
3.1 Nonlinear finite element implementation

FEM is a versatile and powerful numerical tool and
suitably adopted for the analysis of structure and/or
structural component with complex geometry, mate-
rial and loading conditions. The present nonlinear
model is discretised using a nine noded isoparametric
quadrilateral Lagrangian element with nine degrees of
freedom per node (u, v, w, ¢, py, ¥y, Vs, 01,602). The
details of the element and the interpolation functions
can be seen in (Cook et al. 2009).

The domain is discretized by employing the FEM
steps and the displacement vector over each of the
element may be expressed as follows:

9 9 9
u= E Niu;,v = E Nyvi,w = E Niw;,
i1 py =1

9 9
b, = ZNidhn ¢y = ZNi¢2i7
i=1 i=1

(17)

9 9
¥y = ZNile ¥y = ZNﬂPzn
i=1 i=1

9 9
01 =Y Nithi,00=> Nty
i=1 i=1

This equation can be rewritten in any general form
as:

{07} = [Ni{d}; (18)

where, [N]; and {J}, are the nodal shape function matrix
and displacement field vector for any itk node, respec-
tively. {0} ={u v w ¢ &y ¥y Wy 01 02} s
the displacement vector for any general node.

Substituting the corresponding shape functions of
the nodal displacement variable in the strain displace-
ment relation of Eq. (4) and conceded as:

{e} = [Bil{o:} (19)

where, [B;] is the multiplication form of operator
matrix and corresponding shape functions.

Now, substituting Eq. (19) into Eq. (14), the strain
energy expression can be rewritten as:

{6°} B} [D1][B1] 6"},
+5 {5} [BL); [D,][A],[G]{5"},

1
1 dA
2/A —|—%{5*}?[G][T[A],T[D3}[BL]i{é*}i

+ (Y GITAT DAL 61467,
— {Far + Fac}; (20)

where, {e};= [Br]{0"};, {en};=7[Bn(9)]{0"},=
3[A(9));[G]{07}; and {FAT+FAC},— D] [{e};, {3}
AT — {BYAC] = [, [BL)] {Nar + Nac}dA. [B;] and
[G] are the product form of the differential operator
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and nodal shape function matrices in the linear and the
nonlinear strain terms, respectively. [A] is the lin-
earized form of the nonlinear strain matrix which is
coupled with displacement terms and associated with
nonlinear stiffness matrices. The expressions and
individual terms of [A] and [G] can be seen in (Panda
and Mahapatra 2014). {Far + Fac} is the hygrother-
mal load vector due to combined temperature and
moisture effect.

3.2 System of governing equation and solution

The governing equation of laminated composite
doubly curved shell panel under hygro-thermo-me-
chanical loading is obtained by minimizing the total
energy expression. This results in

S =0 (21)

where, IT = (U — W)

Using, Egs. (15) and (20) in Eq. (21) the final
system governing equation can be expressed as using
the steps as in (Rajasekaran and Murray 1973):

[K[{0} = {q} or |

(I + 5l 5l ) 0} = gy @2
where, [K.] is the global linear stiffness matrix, [Kyz],
and [Ky.|, are the nonlinear coupled stiffness matrices
which depend on the displacement vector linearly and
quadratically, respectively.

Finally, Eq. (22) is solved through a direct iterative
method (Reddy 2004) and the detailed solution steps
are discussed in the following line:

Step-1  As a first step, stiffness matrices and force
vectors over each element are evaluated by
using the FEM concept.
The elemental matrices are assembled and
the global stiffness and force vector are
calculated.
By using the static equilibrium equation and
dropping the nonlinear stiffness terms, linear
response is obtained.
The previous stiffness matrices are
normalized and scaled up for finding and
updating the nonlinear stiffness matrices.
Step-5 The iteration steps will be repeated until the
two consecutive iterations achieve the
tolerance limit (~1072).

Step-2

Step-3

Step-4
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4 Results and discussion

A FE computer code has been developed in MATLAB
environment using the proposed nonlinear model of
laminated composite doubly curved shell panel under
combined hygro-thermo-mechanical loading. Firstly,
the model has been validated by comparing the
responses with those available published result and
subsequently the model is employed to compute new
responses. The effect of different parameters on the
nonlinear flexural behaviour of laminated composite
doubly curved shell panel is highlighted. For the
computational purpose, Graphite/epoxy composite
properties have been utilized for throughout the
analysis. The composite properties under unlike
environmental condition are evaluated using the
micromechanics model as discussed earlier by setting
the initial properties (Tp = 25 °C and Cy = 0/wt%
H,0) same as in (Shen 2002):

Ef =230 GPa, Gy = 9.0 GPa, vy = 0.203, v, =
0.34, oy = —0.54 x 107°°C, p; = 1750 kg/m’, o,
=45.0 x 107°/°C, p,, = 1200 kg/m’, V; = 0.6, ¢z,
=0, f,, = 2.68 x 10~°wt% H,0 and E,, = (3.51 —
0.0037—0.142C) GPa, where T=Ty,+AT, and
C=Co+AC.

To avoid rigid body motion and to reduce the
number of unknowns from final form of equation the
following constraint conditions are used in the present
analysis.

(a) Simply support (SSSS):
v=w=¢@, =¥, =0, =0atx = 0,a and
u=w=o, =¥, =0, = Oaty = 0,0
(b) Clamped condition (CCCC):
uzv:W:<P1=(P2=‘P1:‘P2:91:02
=0 forboth x = 0,aandy =0,b.
(c) Hinged support (HHHH):

u=v=w=9¢,=¥,=0,=0atx=0,a and
M:V:W:@]:qjlzglzoaty:()’b

For the computation of new results five different

load parameters (Q = 100, 200, 300, 400 and 500) are
used in the present analysis. The linear/nonlinear
transverse central deflections are nondimensionalised
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using the relations Q = (¢/E) * (a/h)* and weemra =
wm - respectively for throughout the analysis if not
stated otherwise.

4.1 Convergence and comparison study

In this section, the convergence and comparison study
of the present FE model has been established by
solving some examples with different available ge-
ometries and support conditions. The convergence
behaviour of flat/curved panels are computed for
different mesh sizes are tabulated in Tables 1, 2 and 3.
In addition to that, the results are also compared with
those available references. The material and geomet-
rical properties are taken to be same as the references
for the computational purpose. Tables 1 and 2, present
the nondimensional linear/nonlinear centre deflections

of square anti-symmetric angle-ply ([£45°],) and
cross-ply ([0°/90°],) laminated flat panels, respective-
ly. The results are obtained for two different thickness
ratios (a/h = 10 and a/h = 20), two support condi-
tions (SSSS and CCCC), two sets of hygrothermal
loads (AT = 300 °C, AC =3 % and AT = 100 °C,
AC =1 %) and four mechanical load parameters
(Q = 50, 100, 150, and 200) by setting V= 0.6. In
addition, a square simply supported anti-symmetric
angle-ply ([£45°],) laminated composite spherical (R/
a = 5) shell panel (a/h = 15, V;= 0.5) under con-
stant transverse load parameter (Q = 150) and two
unlike hygrothermal load (4T = 50 °C, AC =1 %;
AT =50 °C,AC = 1.5 %; AT = 100 °C, 4C =1 %
and AT = 100 °C, AC = 1.5 %) is also examined and
presented in Table 3. It is clear from the each table
that, the present model is converging well with mesh

Table 1 Convergence and comparison study of nondimensional nonlinear central deflection of simply supported antisymmetric

[45/-45], laminated composite flat panel (a/h = 10 and V; = 0.6)

Mesh density AT =300, AC=3 %

50 100 150 200

wi Wni wi Wal wi Wl wi Wai
3x3 0.6379 0.5536 1.2757 0.856 1.9136 1.0619 2.5514 1.364
4 x4 0.4981 0.452 0.9963 0.7183 1.4944 0.8951 1.9926 1.0511
5x5 0.4718 0.4245 0.9436 0.6898 1.4154 0.8643 1.8872 0.9993
6 x6 0.4726 0.4265 0.9452 0.6753 1.4178 0.844 1.8904 0.9748
7 x7 0.4711 0.4209 0.9421 0.6649 1.4132 0.8372 1.8843 0.9651
Shen (2002) - 0.4021 - 0.6240 - 0.7698 - 0.8839
Difference (%) - 5.7209 - 7.5966 - 8.7915 - 9.3250

Table 2 Convergence and comparison behavior of linear/nonlinear central deflections of clamped cross ply [0/90], laminated

composite flat panel (a/h = 20 and V; = 0.6)

Mesh density AT =100, AC=1%

50 100 150 200

wi Wi wi Wal wi Wal wi Wal
3x3 0.6665 0.5373 1.333 0.8677 1.9995 1.0948 2.666 1.296
4 x 4 0.5449 0.4561 1.0898 0.7471 1.6348 0.9528 2.1797 1.1147
5x5 0.5174 0.437 1.0348 0.7212 1.5522 0.9215 2.0696 1.081
6 x6 0.5207 0.4375 1.0414 0.7186 1.5621 0.9185 2.0828 1.0723
7 x17 0.5235 0.4387 1.0471 0.7197 1.5706 0.9197 2.0942 1.0741
Upadhyay et al. (2010) - 0.4473 - 0.7267 - 0.9198 - 1.0662
(%) Difference - —2.2448 - —1.1255 - —0.1415 - 0.56887
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Table 3 Convergence and comparison behavior of linear/nonlinear central deflections of simply supported antisymmetric [45/-45],
laminated composite spherical (R/a = 5, a/h = 15, Q = 150 and V; = 0.5)

Mesh density

AT =50, AC=1%

AT =50, AC=15%

AT =100, AC=1%

AT =100, AC =15 %

wi W w Wi wi Wl Wi Wl

3x3 1.2344 0.7784 1.2458 0.7815 1.3131 0.8025 1.3361 0.8081
4 x4 0.9747 0.6543 0.9836 0.6574 1.0366 0.6742 1.0547 0.6794
5x5 0.9228 0.6274 0.9314 0.6305 0.9824 0.6475 0.9997 0.6528
6 x6 0.9279 0.6231 0.9365 0.6262 0.9878 0.6434 1.0052 0.6489
7 x7 09116 0.6146 0.9207 0.618 0.975 0.6368 0.9935 0.6327
Lal et al. (2011) 0.9576 0.5144 0.9583 0.5299 1.0287 0.5659 1.0287 0.5869
Difference (%) —3.2008 17.4450 —2.3278 15.3785 —4.0696 12.0454 —2.3378 9.5546
refinement for all types of support conditions, com-
bined loading and panel geometries. It is also observed c 190 a/h=°10 SSSS V=07 [45/-45], ]
that the nonlinear bending responses are in good ‘% iT:FO F?;:?eﬁce 27] ﬂffefif;?cﬁ 27]
agreement with that of the references. Based on the % . o Present It
convergence, a (6 x 6) mesh is used to compute the £
responses for further analysis. 8

In order to build more confidence on the present 8 100
nonlinear model few more comparison studies on flat 5
and curved panels are discussed in this section. The g
nondimensional nonlinear central deflections of anti- % 075
symmetric angle-ply [£45°], laminated composite £
plate under different hygrothermal load and support s
conditions are computed and compared with those of 0.50

50 100 150 200 250

the references (Kumar et al. 2014; Upadhyay et al.
2010). The material properties, geometrical pa-
rameters and volume fractions are taken same to be
as in the references. The central deflections are plotted
against two sets of transverse load parameter
(Q = 100, 150 and 200 and Q = 0, 50, 100, 150 and
200) and presented Fig. 2a, b, respectively. The
comparison study is further extended for one more
simply supported square anti-symmetric angle-ply
([£45°],) laminated spherical shell panel with R/
a=235, alh =15 and Q = 150 under combined hy-
grothermal environment. The responses are computed
using the material and geometrical properties same as
to be the reference (Lal et al. 2011) and presented in
Table 4 for two volume fractions (V; = 0.4 and 0.6). It
is clearly observed that the difference between the
results increase as the volume fraction increases.

Itis understood that the present model is converging
well with mesh refinement and also well agreement
with available analytical and/or numerical responses.
The difference between the results indicate the effect of
HSDT mid-plane kinematics with Green—-Lagrange

@ Springer

Load parameter

(a)

alh=10 CCCC V=06 [45/-45],

AT=50 AC=0.5%
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Nondimensional nonlinear central deflection
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0 50 100 150 200 250
Load parameter

(b)

Fig. 2 a, b Comparison study of nonlinear hygro-thermo-
mechanical bending responses of laminated composite flat
panels
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Table 4 Comparison study of nondimensional nonlinear bending behaviour of laminated composite spherical shell panel

AT AC V=04 Difference (%) Vy=0.6 Difference (%)
Present Lal et al. (2011) Present Lal et al. (2011)
50 0.5 0.6637 0.5552 16.347 0.5879 0.4756 19.102
1 0.6674 0.5746 13.905 0.5901 0.4864 17.573
1.5 0.6711 0.5921 11.772 0.5976 0.4891 18.156
100 0.5 0.6857 0.6245 8.925 0.6076 0.5129 15.586
1 0.6917 0.6416 7.243 0.6118 0.5155 15.740
1.5 0.6981 0.6583 5.701 0.6163 0.5258 14.684

type nonlinearity instead of von-Karman nonlinear
equations as adopted in all the references. The
comparison study also reveals the effect and necessity
of all the nonlinear higher order terms under combined
action of loading in hostile environment of laminated
structure with corrugated material properties.

4.2 Additional numerical illustrations

The present nonlinear model has been further extend-
ed to analyse the effect of geometrical and material
parameters, hygrothermal conditions and support
conditions on the bending behaviour of laminated
composite doubly curved shell panel with degraded
material properties through some numerical ex-
perimentation. For the computational purpose each
of the ply of laminated shell is assumed to be of equal
thickness by setting the total thickness as # = 5 mm.
In addition, the panel is exposed to uniform rise in
temperature and moisture concentration and through
the thickness as well.

4.2.1 Effect of hygro-thermal conditions

The effect of percentage of moisture concentrations
(4C = 0,0.5,1.0,1.5,2.0,2.5 and 3.0 %) and uniform
temperature increments (47 = 100 °C, AT = 200 °C
and AT = 300 °C) on the nonlinear bending responses
of single/doubly curved panel is presented in Fig. 3.
The responses are computed for square simply sup-
ported anti-symmetric cross-ply laminated composite
curved panel under uniform transverse load (Q = 400)
by setting R/a = 40, a/h = 20 and V; = 0.6. It is
observed that, the nondimensional nonlinear bending
responses are decreasing monotonously with increase
in temperature and moisture concentration for all types
of shell geometries. This is due to the fact that the

R/a=40 a/h=20 a/b=1 SSSS Q=400 [0/90], V{=0.6

AT=100 AT=200 AT=300
—a— Cylindrical —w— Cylindrical —— Cylindrical
2.10 , —@— Eliptical —<— Eliptical —e— Eliptical

—4A— Hyperboloid

—»— Hyperboloid

—&— Hyperboloid

2.05

1.90

1.85

Nondimensional nonlinear central deflection
ps
a

1.80
0 1 2 3

% of moisture concentration

Fig. 3 Effect of hygral and thermal loading on the nonlinear
centre deflection of laminated composite doubly curved shell
panel

combined hygrothermal load not only induces high
initial stress but also reduces the elastic strength of the
laminated structure.

4.2.2 Effect of panel geometry

It is well known that, the shell panels are classified
based on the curvature rather than their load bearing
capacity. It is also true that the panel curvature
regulate largely the membrane strength behaviour and
play a key role in deformation analysis of curved panel
structural component. The present example is to study
the effect of various shell geometries on the nonlinear
flexural behaviour of laminated composite shell panel
under combined hygro-thermo-mechanical loading.
For the present investigation, five different geometries
(spherical, cylindrical, elliptical, hyperboloid and flat)
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of square simply supported antisymmetric cross ply
([0/90],) laminated composite shell panel are analysed
under four different hygrothermal loads (AT = 0 °C,
AC =0 %; AT = 100 °C, AC =1 %; AT = 200 °C,
AC =2 % and AT = 300 °C, AC = 3 %) and five
mechanical load parameters (Q = 100, 200, 300, 400
and 500) by setting a/h = 100, R/a =40 and
Vi = 0.6. The responses are presented in Fig. 4a—d
for all four sets of hygrothermal load in conjunction
with the mechanical load. It is interesting to note that
the nondimensional central deflection of each panel
are increasing in a sequence of spherical, elliptical,

. 4T=0, AC=0
: R/a=40 a/h=100 a/b=1
s | SSss [0/90], V{=0.6
g
QD 2.0
ko)
kel
8
€
8 1.5
]
[}
=
=
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(2] n
S 054 —w— Hyperboloid
I —<— Flat
=
c
(e}
z
0.0 T T T T T T T T T T
0 100 200 300 400 500
Load parameter
(a)
2.5 - AT=200, AC=2%
R/a=40 a/h=20 a/b=1
s SSSS [0/90], Vi=0.6
3 20 A
=
© ~
s =
z -~
8 1.5
]
Q
£
c
S 1.0 ]
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5] g
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< .
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S —<— Flat
c
o
z
0.0 T T T T T T T T T T
0 100 200 300 400 500

Load parameter

(c)

cylindrical, hyperboloid and flat panel. It is also
interesting to note that all the panels show soft spring
type behaviour as the hygro-thermo-mechanical load
increases.

4.2.3 Effect of curvature ratio

In this present example, the effect of radius of
curvature on the nonlinear bending responses of
laminated composite doubly curved shell panel under
hygro-thermo-mechanical load is examined. For the
computation, clamped square anti-symmetric angle-

AT=100, 4C=1%

259 R/a=40 alh=20 a/b=1
SSSS [0/90], V4=0.6
c
2 g
B —
9D 2,04 e
K g
hd _—
s Z
€
8 154
©
[}
£
S 104 —a— Spherical
c - —e— Cylindrical
T —A— Eliptical
3 —v— Hyperboloid
& 054 —<—Flat
£
el
c
(e}
z
0.0 T T T T T T T T T T
0 100 200 300 400 500
Load parameter
(b)
257 AT=300, 4C=3%
c R/a=40 alh=20 a/b=1
2 SSSS [0/90], V4=0.6
[$]
Q 2.0
K5
o
S
<
g 1.5
©
Q
£
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5 —4A— Eliptical
] —w— Hyperboloid
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=
=
(e}
4
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(d)

Fig. 4 a-d Effect of panel geometries and hygrothermal load on the nonlinear centre deflection of laminated composite doubly curved

shell panel
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ply ([£45°],) laminated composite doubly curved
shell panel (a/h = 80) under three distinct environ-
mental conditions (4T =0 °C, AC =0 %; AT =
100 °C, AC =1 %; and AT = 200 °C, AC = 2 %)
are investigated for three curvature ratios (R/a = 10,
50 and 100). The responses are plotted in Fig. Sa—c for
three different geometries (cylindrical, hyperboloid
and elliptical) of shell panel and five different
mechanical load parameters (Q = 100, 200, 300,
400 and 500). It is clear from the figures that the
nondimensional central deflections of each panel
increase with increase in curvature ratios and decreas-
es as the hygrothermal load increases. It is also
interesting to note that the responses are very distinct
for each shell geometries for R/a = 10 and the
differences very small for other two curvature ratios.

alh = 80, V; =0.6 and CCCC R/a=10

Cylindrical Elliptical Hyperboloid
7| —=— 4T=0, AC=0%  —%— AT=0, AC=0%  —4— AT=0, AC=0%
—e— AT=100, 4C=1% —<4— AT=100, AC=1% —e— AT=100, 4C=1%
i —A&— AT=200, 4C=2% —»— AT=200, AC=2% —e— AT=200, 4C=2%

0.8

0.6

0.2

Nondimensional nonlinear central deflection

0.0

0 160 260 3(')0 4(')0 5<')o
Load parameter
(a)
alh =80, V, =0.6 and CCCC R/a=100

Elliptical Hyperboloid
—v—AT=0,AC=0%  —4—AT=0, AC=0%

Cylindrical
1.00 1 —m— AT=0, AC=0%

0.75
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0.25

Nondimensional nonlinear central deflection

0.00

T T T T T
0 100 200 300 400 500
Load parameter

(c)

—o— AT=100, AC=1% —4—AT=100, AC=1% —e—AT=100, AC=1%
—4A— AT=200, AC=2% —»— AT=200, AC=2% —e— AT=200, AC=2%

It is important to note that the deflections are higher
and lower for hyperboloid and elliptical panels,
respectively whereas the cylindrical panel shows an
in between value for each analysis.

4.2.4 Effect of thickness ratio

The effects of thickness ratio (a/h) on the nonlinear
hygro-thermo-mechanical bending behaviour of
square, symmetric cross-ply ([0°/90°]s) laminated
composite doubly curved shell panel (R/a = 20) with
CSCS support condition and V; = 0.6 is analysed in
this present example. Figure 6 present bending re-
sponses of doubly curved shell panel against load
parameters for three different thickness ratios (a/h
= 10, 50 and 100). The nondimensional deflections

alh =80, V,=0.6 and CCCC R/a=50

Cylindrical Elliptical Hyperboloid
1.00 7 —m— AT=0, AC=0%  —%— AT=0, AC=0%  —4— AT=0, AC=0%
—8— AT=100, AC=1% —4— 4T=100, 4AC=1% —e— AT=100, 4C=1%
—A— AT=200, AC=2% —»— AT=200, AC=2% —&— AT=200, 4C=2%

0.75

0.50

0.25

Nondimensional nonlinear central deflection

0.00

T T T T T
0 100 200 300 400 500
Load parameter

(b)

Fig. 5 a—c Effect of curvature ratio on the nonlinear centre deflection of laminated composite doubly curved shell panel
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are decreasing monotonously as the thickness ratio
and the hygrothermal load parameters are increasing.
It is also clearly observed that the thick shells are less
sensitive to environmental effect in contrast to thin
shell panel. In addition it is also noticed that the thin
shell panels are showing soft spring type behaviour for
each set of hygrothermal load.

4.2.5 Effect of aspect ratio
It is well known that the aspect ratio plays a vital role in
design and analysis of the laminated structure and it

inevitable when subjected to large deformation under
hostile environment. In this example the effect of

Cylindrical (R/a=20, V,=0.6, [0/90];, CSCS)
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aspect ratio on nondimensional central deflection of
symmetric angle-ply ([£45]s) laminated composite
curved panel (a/h = 100, R/a = 50 and V; = 0.6) is
examined. Numerical results are presented in Fig. 7a—c
for three different geometries at three aspect ratios
(a/b =1, 1.5 and 2) and three sets of hygrothermal
(AT =0°C, AC =0 %; AT =100 °C, AC =1 %;
and AT = 200 °C, AC = 2 %) load. It is observed
that, the nonlinear central deflections decrease mono-
tonically as the aspect ratio and hygrothermal load
increases. It is because as the aspect ratio increases the
load per unit area decreases subsequently and corre-
sponding the structural strength increases. However, it
is also observed that the nonlinearity is more

Elliptical (R/a=20, V;=0.6, [0/90],, CSCS)
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Fig. 6 a—c Effect of thickness ratio on the nonlinear centre deflection of laminated composite doubly curved shell panel
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Cylindrical (R/a=50, a’h=100, V/=0.6, [+45];, CSCS)
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Fig. 7 a-c Effect of aspect ratio on the nonlinear centre deflection of laminated composite doubly curved shell panel

pronounced in case of square panels instead of
rectangular for each shell geometries (cylindrical,
elliptical, hyperboloid) investigated in this example.

4.2.6 Effect of lamination scheme

It is well known that, the laminated structural
stiffness properties tailored according to the lamina-
tion scheme through the orthotropic constitutive
relation and which in turn affects the bending
behaviour considerably. In this regard lamination
scheme is one of the key factor in strength design
while the elastic properties vary with unlike

environmental condition. The nondimensional non-
linear centre deflection of fully clamped square,
laminated doubly curved shell panel (R/a = 30, a/h
=60 and V; = 0.6) for four different lamination
schemes (symmetric/anti-symmetric, cross-ply/an-
gle-ply) under hygro-thermo-mechanical load are
computed and presented in Fig. 8. It is observed that
the symmetric laminations are less affected under
hygrothermal loads in comparison to anti-symmetric
laminations irrespective of the type of panel ge-
ometries. However, soft spring type of behaviour is
also noticed for each lamination scheme in the
present example.
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Fig. 8 a-—d Effect of lamination scheme on the nonlinear centre deflection of laminated composite doubly curved shell panel

4.2.7 Effect of support condition

Figure 9 present the effect of restrained conditions on
the nondimensional nonlinear central deflection of
square anti-symmetric angle-ply ([£45],) laminated
curved shell panel (R/a = 10, a/h = 20 and V; = 0.6)
under combined hygro-thermo-mechanical load. The
responses are computed for four different support
conditions (SSSS, CCCC, SCSC and HHHH) under
two sets of hygothermal load (47 = 0 °C, 4C =0 %
and AT = 300 °C, AC = 3 %) and five mechanical
load parameters (Q = 100, 200, 300, 400 and 500). It
is noted that the nondimensional nonlinear central
deflections are lower and higher for CCCC and SSSS
support conditions, respectively. It is interesting to

@ Springer

note that, the shell panel exhibit soft spring type
behaviour for all support conditions irrespective of
panel geometry except HHHH support at higher
mechanical load parameter. The simply support con-
ditions are following the same type of behavior as in
HHHH at ambient condition.

4.2.8 Effect of volume fraction

It is true that the laminated structural strength is
majorly governed by the fiber volume fraction and
inevitable if the structure working under a hostile
environment. In this present investigation the struc-
tural properties are evaluated through a micromechan-
ics model by taking the matrix properties, fibre
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Fig. 9 a—c Effect of support conditions on the nonlinear centre deflection of laminated composite doubly curved shell panel

properties and fibre volume fractions to achieve a real
life situation. The effect of fibre volume fraction on the
linear/nonlinear bending behaviour of square simply
supported anti-symmetric [£45], angle-ply laminated
doubly curved shell panels (R/a = 15 and a/h = 50)
under four sets of hygro-thermo-mechanical loading is
analysed by taking QO = 300 and the responses are
presented in Table 5. It is interesting to note that as the
fibre volume fraction increases both the nondimen-
sional linear and nonlinear bending responses (w; and
wy) decrease from Vy= 0.4-0.5 and then gradually
increase up to V, = 0.7. This is because of the fact that
the structural strength greatly affected due to matrix
dominant properties at lower fibre volume fraction
(Vs =0.4) and which in turn reduces the elastic
strength of the composite.

5 Conclusions

In this present article, the geometrical nonlinear
flexural behaviour of single/doubly curved laminated
composite shell panel is investigated using Green—
Lagrange nonlinearity in the framework of HSDT
kinematics under combined hygro-thermo-mechanical
loading. In addition to that all the nonlinear higher
order terms are included in the present model and a
micromechanics model employed to incorporate the
lamina degraded properties due to hygrothermal load.
The nonlinear governing equation of laminated curved
panel is obtained using variational principle and
discretised using FE steps. The desired nonlinear
solutions are computed using a direct iterative method
and the comprehensive testing of the developed model
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Table 5 Effect of volume fraction on the linear/nonlinear centre deflection of laminated composite doubly curved shell panels under

hygro-thermo-mechanical loading

Hygrothermal condition Geometry Cylindrical Elliptical Hyperboloid
Vr wy Wi wy Wi wy Wi
T=0,C=0 0.4 1.9987 1.1125 1.8588 1.0337 2.1276 1.2712
0.5 1.9261 1.0789 1.7859 1.0004 2.056 1.2359
0.6 1.9834 1.0827 1.8335 1.0019 2.1232 1.2413
0.7 2.2006 1.1288 2.0281 1.0491 2.3621 1.295
T=100,C=1 0.4 1.7829 1.048 1.6587 0.9718 1.8975 1.2035
0.5 1.7165 1.0148 1.5919 0.9355 1.832 1.1678
0.6 1.768 1.0199 1.6345 0.9414 1.8922 1.1734
0.7 1.9648 1.0654 1.811 0.9876 2.1087 1.2239
T=200,C=2 0.4 1.5589 0.9722 1.4506 0.8964 1.6586 1.1234
0.5 1.4993 0.9399 1.3906 0.8647 1.5999 1.0901
0.6 1.5444 0.9464 1.428 0.8713 1.6528 1.0966
0.7 1.7191 0.9917 1.5847 0.916 1.8449 1.1473
T =300,C=3 0.4 1.3258 0.8858 1.2304 0.8121 1.4104 1.0265
0.5 1.2738 0.8547 1.1815 0.7818 1.3592 0.9946
0.6 1.3122 0.8593 1.2132 0.785 1.4044 1.0039
0.7 1.4627 0.906 1.3483 0.8311 1.5698 1.0557
has been checked with those available literature. hygro-thermo-mechanical loading in contrast to
Finally, the effect of hygrothermal conditions, the other type of support conditions.
material properties, the support conditions, the aspect (d) Itisalso seen that the symmetric laminations are
ratios, the thickness ratios, the curvature ratios and the less susceptible under hygrothermal load in
fibre volume fractions on the nonlinear bending comparison to the anti-symmetric laminations.
responses of laminated composite doubly curved shell (e) It is interesting to note that the spherical
panel have been highlighted through numerical ex- geometries are most efficient under combined
perimentation. The specific conclusions are summa- hygro-thermo-mechanical load as compared to
rized in the following lines. the other geometries and the strength of the
(a) The flexural responses are significantly influ- panel d'e creases 1n a decl1r.1e manner as ellipti-
.. cal, cylindrical, hyperboloid and flat.
enced by hygrothermal conditions and hy-
grothermal dependent thermal and mechanical
properties irrespective of the geometry of the
strueture. References

(b) The nonlinear transverse central deflections
increase with curvature ratios whereas, decrease
with the thickness ratios and aspect ratios
irrespective of the type of geometry, hygrother-
mal load and support conditions. However, the
responses may not follow a monotonous trend
for volume fractions of composite constituents.

(c) It is understood from the support condition
analysis that the nonlinear transverse central
deflection decreases as the number of constraint
increases monotonically. However, HHHH type
of support does not follow the same trend under
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