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Abstract This paper presents a theoretical study of

the in-plane behavior of Smart Shape Memory Alloy

Woven Composites (SSMAWC) under biaxial

loading by developing an integrated micromechanical

constitutive model. The model studied in this

research is established on the geometric parameters

of fibers, metal layers, unit cell, the material constants

of composite constituents, and the orientation of

fibers, in which the fibers in one direction are SMA

ones. The Helmholtz free energy of a Shape Memory

Alloy, in 3-Dimensional and 1-Dimensional applica-

tions is derived. Using mechanical energy of matrix

and elastic yarns, the constitutive relations are

developed with the use of strain energy approach

and energy variation theorem. The kinetic relations of

SMA depicted by Brinson is coupled with the final

governing equation of the composite to predict the

stress history in smart shape memory alloy woven

composites. The deflection of the structure, subjected

to uniform biaxial loading is studied numerically. It is

found that the effect of Shape Memory Effect (SME)

of the SMA wires on the behavior of plain woven

flexible fabric composite is significant.

Keywords Smart shape memory alloy woven

composite � Helmholtz free energy �
Strain energy

1 Introduction

In recent years, many researchers have devoted their

attentions on a special class of material, the shape

memory alloy (SMA). As is well known, if the alloy

is trained to have a particular shape in austenite

phase, it is capable of memorizing this shape. A large

plastic deformation can be produced when the alloy is

subjected to external force due to martensite trans-

formation. If it is then heated above the austenite

transformation temperature and restrained to contract,

a large recovery force arises out of the phase

transformation from martensite to austenite. Because

of this unique property, SMA is prospective in many

exciting and innovative engineering applications such

as structural vibration control, buckling control, and

shape control.

Many researchers have conducted investigations of

the basic performances and applications of shape

memory alloys (SMAs). Therefore, there have been

many results of research on SMAs (Gao et al. 2000a,

b; Gao and Catherine 2002; Brinson et al. 1999;

Brinson and Lammering 1993; Brocca et al. 1999). A

general 3-D multivariant micromechanical model for

shape memory alloy constitutive behavior was
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developed by Gao et al. (2000a, b) and Gao and

Catherine (2002). Brinson et al. (1999) studied the

evolution of temperature and deformation profiles

seen in SMA wires under specific thermal and

mechanical boundary conditions using a macro-scale,

phenomenological constitutive model for shape

memory alloys in conjunction with energy balance

equations. She, also, developed a nonlinear finite

element procedure which incorporates a thermo-

dynamically derived constitutive law for SMA mate-

rial behavior (Brinson and Lammering 1993). Brocca

et al. (1999) proposed a model for the behavior of

polycrystalline memory alloys (SMA), based on a

statically constrained microplane theory.

Additionally, advances in design and manufactur-

ing technologies have greatly enhanced the use of

advanced composite materials for aircraft and aero-

space structural applications. Due to their structural

advantages of high stiffness-to-weight strength-to-

weight ratios, composite materials can be used in the

design of smart structures and hence significantly

improve the performance of aircraft and space struc-

tures. In recent years, some researchers have studied

shape memory alloy composites (SMACs), which

consist of SMA reinforcement and a metal or polymer

matrix (Lagoudas et al. 1994; Kawai et al. 1999;

Murasawa et al. 2004; Khalili et al. 2007a, b; Yon-

gsheng and Shuangshuang 2007; Zhou et al. 2004;

Dano and Hyer 2003). In particular, considerable

attention has been paid to development of several

analytical and numerical models for the laminated

composite structures with integrated SMA sensors and

actuators. Lagoudas et al. (1994) and Kawai et al.

(1999) proposed the constitutive equation of SMAC to

predict its mechanical behavior. The present authors

(Murasawa et al. 2004) reported the fracture behavior

under uniaxial tension and the deformation behavior

under thermo-mechanical loading on NiTi fiberrein-

forced polycarbonate composites. Khalili et al.

(2007a, b) investigated the effect of some important

parameters on low-velocity impact response of the

active thin-walled hybrid composite plates embedded

with the SMA wires employing the first-order shear

deformation theory as well as the Fourier series

method. Yongsheng and Shuangshuang (2007) stud-

ied the free and forced vibration of large deformation

composite plate embedded with SMA fibers with use

of thermo-mechanical constitutive equation of SMA

proposed by Brinson et al. (1999). Zhou et al. (2004)

investigated through-the-thickness mechanical prop-

erties of smart quasi-isotropic carbon/epoxy laminates

and Dano and Hyer (2003) developed a theory and

designed experiments to study the concept of using

shape memory alloy (SMA) wires to effect the snap-

through of unsymmetric composite laminates.

In addition, over the last four decades or so, a great

number of micromechanics models have been pro-

posed in the literature in order to investigate the

behavior of woven composites. Surveys about these

models can be found, among others, in Refs. (Chamis

and Sendeckyj 1968; Hashin 1979; Hashin 1983;

Halpin 1992; McCullough 1990). Most these models

can be used to accurately estimate the linear elastic

property of a fibrous composite. The complex rela-

tionship between the fiber properties and the

composite behavior has been explored through many

theoretical studies as well as experimental ones.

Among approaches investigated are the 3D finite

element method in conjunction with a micromechan-

ical model (Boisse et al. 1997; Kollegal and

Sridharan 2000) and the homogenization method

(Hsiao and Kikuchi 1999; Peng and Cao 2002). Luo

and Mitra (1995a, b) and Luo and Chou (1986),

presented a comprehensive model for woven fabric

flexible composites based on the fiber diameter, fiber

length in the unit cell, fiber physical property and

matrix viscosity. In this model, constitutive relations

are derived by means of strain–energy approach and

energy variation theorem. Luo’s model can serve as

an important guide to further modeling.

Although the laminated composite structures with

integrated SMA fibers has been taken up by many

aforementioned researchers (Lagoudas et al. 1994;

Kawai et al. 1999; Murasawa et al. 2004; Khalili

et al. 2007a; Khalili et al. 2007b; Yongsheng and

Shuangshuang 2007; Zhou et al. 2004; Dano and

Hyer 2003), no work is available on the modeling of

smart shape memory alloy woven composites and

even that is limited to the modeling of woven fabric

composites under large deformation; namely; Luo

and Mitra (1995a) and Xue et al. (2005). One means

of generating relevant design data is to investigate

prototype structures. It is well recognized, however,

that prototype testing can be expensive, particularly if

it involves the destruction of the test component.

Recently, there has been a growing interest in the use

of modeling methods to understand and foreseen the

behavior of engineering structures.
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This paper aims to develop an integrated micro-

mechanical constitutive model to predict the in-plane

behavior of SSMAWCs under biaxial loading based

on the geometric parameters of fibers, metal layers,

unit cell, the material constants of composite constit-

uents, and the orientation of fibers. The modeling

strategy starts with developing 1D Helmholtz free

energy relation for SMA fibers. In this way, based on

the first and second law of thermodynamics and

Maxwell relations, variations of main parameters

about some equilibrium (initial) values will be

examined by using a Taylor series approximation.

Then, the strategy follows with a geometric descrip-

tion of the yarn and fibers are assumed to be in

sinusoidal shape. Following the prospects of Luo and

Mitra (1995a, b) and Luo and Chou (1986), the strain

energy of consistent are calculated and based on

strain energy approach and energy variation theorem,

the constitutive equations are derived for SSMAWCs.

By such an analysis it is intended to form an opinion

about thermo-elastic behavior of laminated plates

used in engineering problems associated with such

structural designs. Finally, with use of constitutive

kinetic relations of SMA fibers, developed by Brinson

(1999) and Brinson and Lammering (1993), a

numerical study is carried out in order to solve the

final constitutive equations in some arbitrary cases.

The comparison between numerical and FEM results

show good agreement.

2 Definition of the problem

The selection of the unit cell is essential for an

appropriate description of composite structures by a

micromechanical model. To describe a woven metal

laminate composite a 3D unit cell seems to be most

suitable because the waviness of the fibers in both

directions can be taken into account using this cell. If

a reliable constitutive equation for a unit cell is

established, the force-deformation of the whole

composite’s structures can be determined. Consider-

ing the fiber arrangement to be periodical, the unit

cell of Fig. 1 can be used to characterize a 3D woven

composite. The unit cell comprises wavy SMA and

elastic fibers which lie in x and y directions respec-

tively and soft matrix surrounding the fibers.

2.1 Biaxial deformation of a unit cell

The position of the central line of a yarn is

mathematically presented as

z ¼ an sin
2pn
Ln

� �
ð1Þ

here n refers to x or y direction. an and Ln represent

the amplitude and wavelength of the curved yarn in n
direction. The total length of the unit wavelength in n
direction can be expressed as

Sf ¼
ZL

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2pf

Lf

� �2

cos2
2pn
Lf

� �� �s
dn ð2Þ

For mathematical simplicity (Luo and Chou 1986)

S

L
¼ 1þ 9:6

a

L

� �2

�49:2
a

L

� �2
� �2

ð3Þ

The overall in-plane deformation of the unit cell in

Lagrangian strains (Ugural 1990) are:

E11 ¼
1

2
g2

11 þ g2
21 � 1

� 	

E22 ¼
1

2
g2

12 þ g2
22 � 1

� 	

E12 ¼ E21 ¼
1

2
g11g12 þ g21g22ð Þ

ð4Þ

and the gij are deformation gradients that are

expressed as:

Fig. 1 3D illustration of arrangement of SMA and nylon

fibers in the matrix
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g11 ¼ Lx=Lx0
; g22 ¼ Ly



Ly0
; g12 ¼ g21 ¼ 0 ð5Þ

where Ln and Ln0 are the dimensions of the unit cell

before and after deformation.

With above equations, the current total length Sn of

a deformed yarn can be defined by its current

amplitude anð Þ and wavelength Lnð Þ. Thus, the average

axial engineering strain of the yarn is expressed as:

ef f ¼
Sn � Sn0

Sn0

¼ Ln

Sn0

1þ 9:6
an

Ln

� �2

�49:2
an

Ln

� �4
" #

� 1 ð6Þ

in which

ax ¼ ax0 1þ ezð Þ � d

ay ¼ ay0 1þ ezð Þ þ d
ð7Þ

and d is the displacement of contact point of warp and

yarn.

The mid-plane lateral deflection (w) of the unit cell

may be described by a double sine function:

w ¼ d sin
2px

Lx0

� �
sin

2py

Ly0

� �
ð8Þ

3 Theoretical analysis

In fact, the condition of a material can be described

totally in terms of intensive and extensive parameters.

The condition of SMA material can be described in

terms of three extensive parameters that are entropy,

strain and Martensite fraction. There are extensive

parameters (in front of each extensive) that can be

used instead of extensive parameters (i.e., tempera-

ture, stress field, and phase transformation field).

The Brinson model is based on Tanaka and

Nagaki’s model. Tanaka and Nagaki developed a

model with using of thermodynamical concept of

Helmholtz Free Energy. Therefore, we use the Helm-

holtz Free Energy in which the independent variables

are T (temperature), rij (stress) and f (martensite

fraction). Here, the procedures are following: The first

law of thermodynamics is given by the following:

dU ¼ dQþ dW ; ð9Þ

where dQ is the heat given to the unit volume of the

crystal and dW is the work done on a unit volume of

the crystal. The internal energy (U) is defined by the

total amount of energy unaccounted for by gravita-

tional potential energy and kinetic energy. The

second law of thermodynamics states that the

following is true:

dS� dQ

T
ð10Þ

where T is the absolute temperature and S is the

systems’ final entropy. The greater sign is used for an

irreversible process while the equal to sign is used for

a reversible process. The work term is the amount of

work done on a crystal by both deformation and

phase transformation. The work can be written as:

dW ¼ rij deij þ w df ð11Þ

where rij deij is the work done by deformation and

w df is the work done by phase transformation. rij, eij,

w, and f are the stress field, strain, transformation

field and Martensite fraction respectively. Substitut-

ing Eqs. 10 and 11 into 9 and considering a reversible

process gives the first law of thermodynamics for a

SMA material.

dU ¼ TdSþ rijdeij þ w df ð12Þ

Since the internal energy is an exact (or perfect)

differential it can be written as the following:

dU ¼ oU

oS

� �
dSþ oU

oeij

� �
deij þ

oU

of

� �
df ð13Þ

Comparing Eqs. 12 and 13 yields;

T ¼ oU

oS

� �
eij; f

rij ¼
oU

oeij

� �
S; f

w ¼ oU

of

� �
eij; S

ð14Þ

The subscripts indicate the variables to be held

constant during the differentiation. Thus when a

system is described by independent variables (S, eij,

and f) the other variables can be given by first

derivatives of the internal energy (U). In general all

of the energy functions are properties because they

are sums of properties. Since a property can be

represented by an exact differential, it can be written

in terms of partial derivatives of the appropriate

variables. Considering the Helmholtz free energy (A)

we have the following:
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dA ¼ oA

oT

� �
dT þ oA

oeij

� �
deij þ

oA

of

� �
df ð15Þ

Since dU ¼ dAþ d TSð Þ, therefore, the differential

of the Helmholtz free energy, can also be expressed as

dA ¼ dU � TdS� SdT ð16Þ
Substituting the first law of thermodynamics

Eq. 12 into Eq. 16 yields

dA ¼ �SdT þ rijdeij þ w df ð17Þ

If we hold the strain and the martensite fraction

constant then those terms in Eq. 15 vanish. We can

then equate the remnants of Eq. 15 to 17. This yields

the following relationship.

�S ¼ oA

oT

� �
eij; f

ð18Þ

Similarly, the other expressions can be calculated

rij ¼
oA

oeij

� �
T ; f

w ¼ oA

of

� �
eij; T

ð19Þ

In addition, the Maxwell relations can be calcu-

lated as well.

3.1 Linear parameter relationships

Now that we have shown how to relate the variables

to the appropriate energy function, we can now derive

the shape memory alloy constitutive relationships

directly. We can use a Taylor Series approximation to

examine variations of these values about some

equilibrium (or initial) value. In the way we will

use three variables to describe A.

where T0 ; f0 and eij0 are the equilibrium values of

change in temperature, martensite fraction and strain

respectively and are represented by Q0. It should be

noted that all of the derivative terms are evaluated at

the equilibrium state Q0 and thus they are constant

terms. Therefore, the coefficients of the change in

temperature, strain and martensite fraction are given

by equation

�SjQ0
¼ oA

oT

� �
Q0

¼ �S0; rij

��
Q0
¼ oA

oeij

� �
Q0

¼ rij0; wjQ0
¼ oA

of

� �
Q0

¼ w0 ð21Þ

This means that the linear terms in Eq. 20 will go

to zero or a constant. We can now apply Eqs. 18, 19,

and 21 to Eq. 20 to obtain

oA

oT
¼ �S

¼ �S0 þ
o2A

oT2

� �����
Q0

T � T0ð Þ

þ o2A

oToeij

� �����
Q0

eij � eij0

� 	

þ o2A

oTof

� �����
Q0

f� f0ð Þ ð22Þ

Simplifying yields

�ds ¼ �Sþ S0

¼ o2A

oT2

� �����
Q0

T � T0ð Þ þ o2A

oToeij

� �����
Q0

eij � eij0

� 	

þ o2A

oTof

� �����
Q0

f� f0ð Þ ð23Þ

Applying the second and third terms in Eq. 21

gives

A ¼ A0 þ
oA

oT

� �
Q0

T � T0ð Þ þ oA

oeij

� �
Q0

eij � eij0

� 	
þ oA

of

� �
Q0

f� f0ð Þ

þ 1

2

o2A

oT2

� �
Q0

T � T0ð Þ2þ o2A

oeijoekl

� �
Q0

eij � eij0

� 	
ekl � ekl0ð Þ þ o2A

of2

� �
Q0

f� f0ð Þ2
" #

þ o2A

oToeij

� �
Q0

T � T0ð Þ eij � eij0

� 	
þ o2A

oeijof

� �
Q0

eij � eij0

� 	
f� f0ð Þ þ o2A

oTof

� �
Q0

T � T0ð Þ f� f0ð Þ
" #

ð20Þ
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rij¼
oA

oeij

� �
¼ rij0þ

o2A

oToeij

� �����
Q0

T�T0ð Þ

þ o2A

oeijoekl

� �����
Q0

ekl� ekl0ð Þþ o2A

oeijof

� �����
Q0

f� f0ð Þ

ð24Þ

w ¼ oA

of

� �
¼ w0 þ

o2A

oTof

� �����
Q0

T � T0ð Þ

þ o2A

oeijof

� �����
Q0

eij � eij0

� 	
þ o2A

of2

� �����
Q0

f� f0ð Þ

ð25Þ

3.2 The energy relations for a SMA wire in 1D

To model SMA fibers in the composite, we use 1D

model of Brinson, in which stress and strain are

functions of ‘‘x’’. Therefore, Eq. 20 can be reduced to:

Also for Eqs. 23, 24, and 25 we have:

�S¼ oA1�D

oT

� �
¼�S0þ

o2A1�D

oT2

� �����
Q0

T�T0ð Þ

þ o2A1�D

oToex

� �����
Q0

ex�ex0ð Þþ o2A1�D

oTof

� �����
Q0

f�f0ð Þ

ð27Þ

rx¼
oA1�D

oex

� �
¼ o2A1�D

oe2
x

� �����
Q0

ex� ex0ð Þ

þ o2A1�D

oexof

� �����
Q0

f� f0ð Þþ o2A1�D

oToex

� �����
Q0

T�T0ð Þ

ð28Þ

w¼ oA1�D

of

� �
¼ o2A1�D

oTof

� �����
Q0

T�T0ð Þ

þ o2A1�D

oexof

� �����
Q0

ex� ex0ð Þþ o2A1�D

of2

� �����
Q0

f�f0ð Þ

ð29Þ

where it is assumed that the stress and transformation

field are zero at the equilibrium state and they are

chosen as a starting point.

4 Calculation of total energy of a smart unit cell

Due to the nonhomogenous deformation within the

unit cell, the strain energy stored in fiber and matrix

are calculated separately in terms of overall defor-

mation of the unit cell d; Ly; Lx

� 	
.

Utot ¼ UMt þ UMb þ Uft þ Ufb þ Ust þ Usb ð30Þ

Since Ust ¼ 2AsSx0 A1�Dð Þ in the unit cell, then:

Utot¼UMtþUMbþUy
ftþUy

fbþ2AsSx0�A1�DþUx
sb

¼ EmV0

2ð1�l2
mÞ

E2
11þE2

22þ2lmE11E22

� 	

þ2Dp4 1

L2
x0

þ 1

L2
y0

 !2

Lx0Ly0d
2

þ2Af Sy0

1

2
Ef e

2
fyþ

1

4
Ef 3e

4
fyþ

1

6
Ef 5e

6
fy

� �

þ768
Ef If

S3
y0

d2þ2AsSx0 A1�Dð Þþ768
ESIS

S3
x0

d2 ð31Þ

where UMt, UMb, Uy
ft, Uy

fb, and Ux
sb, are tension strain

energy in matrix, bending strain energy in matrix,

A1�D ¼ A0 þ
oA1�D

oT

� �
Q0

T � T0ð Þ þ oA1�D

oex

� �
Q0

ex � ex0ð Þ þ oA1�D

of

� �
Q0

f� f0ð Þ

þ 1

2

o2A1�D

oT2

� �
Q0

T � T0ð Þ2þ o2A1�D

oe2
x

� �
Q0

ex � ex0ð Þ2þ o2A1�D

of2

� �
Q0

f� f0ð Þ2
" #

þ
"�o2A1�D

oToex

�
Q0

�
T � T0Þ

�
ex � ex0

	
þ
�o2A1�D

oexof

�
Q0

�
ex � ex0

	�
f� f0

	

þ o2A1�D

oTof

� �
Q0

T � T0ð Þ f� f0ð Þ

� ð26Þ
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tension strain energy in elastic yarns, bending strain

energy in elastic yarns and bending strain energy in

SMA fibers neglecting thermal and phase deforma-

tion effects. As is the cross sectional area of a SMA

wire and A1�D is total Helmholtz free energy for a

SMA wire per unit volume (Eq. 26).

5 Constitutive equations for a smart unit cell

Using Principle of Total Potential Energy (Ugural

1990), we have:

P11 ¼
1

V

oUtot

og11

; P22 ¼
1

V

oUtot

og22

; and 0 ¼ oUtot

od

ð32Þ

where Pij are the Lagrangian Stress components and

V ¼ Lx0Ly0t0.

Therefore:

P11 ¼
1

V

oUtot

oefx

oefx

og11

þ oUtot

oefy

oefy

og11

� �
ð33aÞ

P22 ¼
1

V

oUtot

oefx

oefx

og22

þ oUtot

oefy

oefy

og22

� �
ð33bÞ

0 ¼ oUtot

od
ð33cÞ

then

then

P11 ¼
1

V
2As

oA1�D

oefx

� �
oSx

og11

� �
þ oUMt

oE11

� �
:g11

� 


ð35aÞ

P22 ¼
1

V

1

Sy0

oUft

oefy

� �
oSy

og22

� �
þ oUMt

oE22

� �
:g22

� 


ð35bÞ

0 ¼
(

2As
oA1�D

oefx

oSx

od
þ 1

Sy0

oUft

oefy

oSy

od

oUfb

od
þ oUsb

od
þ oUMb

od

) ð35cÞ

and the final constitutive equations for SSMAWC

obtained as:

P11 ¼
1

V
aS:

oSx

og11

þW11g11

� 

ð36aÞ

P22 ¼
1

V
by

oSy

og22

þW22g22

� 

ð36bÞ

0 ¼ aS
oSx

od
þ by

oSy

od
þ 1536

Ef If

S3
y0

þ ESIS

S3
x0

 !
d

þ 4Dp4 1

L2
x0

þ 1

L2
x0

� �2

Lx0Ly0d ð36cÞ

in which:

aS ¼ 2AS
oA1�D

oefx

� �
¼ 2As

oA1�D

oex

� �
ð37Þ

From Eq. 26:

as¼2AS rxð Þ¼2AS
oA1�D

oex

� �
¼2AS

�
o2A1�D

oe2
x

� �����
Q0

� ex�ex0ð Þþ o2A1�D

oexof

� �����
Q0

� f�f0ð Þþ o2A1�D

oToex

� �����
Q0

T�T0ð Þ



ð38Þ

P11 ¼
1

V

oUMt

oE11

oE11

og11

þ oUMt

oE22

oE22

og11

þ oUft

oefx

oefx

og11

þ oUft

oefy

oefy

og11

þ 2AsSx0

oA1�D

oefx

oefx

og11

þ oA1�D

oefy

oefy

og11

� �� 

ð34aÞ

P22 ¼
1

V

oUMt

oE11

oE11

og22

þ oUMt

oE22

oE22

og22

þ oUft

oefx

oefx

og22

þ oUft

oefy

oefy

og22

þ 2AsSx0

oA1�D

oefx

oefx

og22

þ oA1�D

oefy

oefy

og22

� �� 

ð34bÞ

0 ¼ oUMb

od
þ oUft

oefx

oefx

od
þ oUft

oefy

oefy

od
þ oUfb

od
þ oUsb

od
þ 2AsSx0

oA1�D

oefx

oefx

od
þ oA1�D

oefy

oefy

od

� �� 

ð34cÞ
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we know from Brinson’s formulation (Brinson 1999)

that:

o2A1�D

oe2
x

� �����
Q0

¼ E e; T ; fð Þ ¼ E fð Þ

¼ EA þ f EM � EAð Þ ð39Þ

o2A1�D

oToex

� �����
Q0

¼ h e; T; fð Þ ¼ h ð40Þ

o2A1�D

oexof

� �����
Q0

¼ w e; T ; fð Þ ¼ �eLE fð Þ ð41Þ

So we have:

aS ¼ 2AS

�
E fð Þ � ex � ex0ð Þ � eL � E fð Þ

� f� f0ð Þ þ h T � T0ð Þ
� ð42Þ

and:

by ¼
1

Sy0

oUft

oeft

� �
¼ 2Af Ef efy þ Ef 3e

3
fy þ Ef 5e

5
fy

� �

ð43Þ

oSx

og11

¼ Lx0 1� 9:6
ax

Lx

� �2

þ 147:6
ax

Lx

� �4
 !

ð44Þ

oSy

og22

¼ Ly0 1� 9:6
ay

Ly

� �2

þ147:6
ay

Ly

� �4
 !

ð45Þ

oSx

od
¼ 19:2

ax

Lx

� �
� 196:8

ax

Lx

� �3

ð46Þ

oSy

od
¼ 19:2

ay

Ly

� �
� 196:8

ay

Ly

� �3

ð47Þ

W11 ¼
EmV0

1� l2
m

� 	 E11 � lmE22ð Þ ð48Þ

W22 ¼
EmV0

1� l2
m

� 	 E22 � lmE11ð Þ ð49Þ

6 Case studies, results and discussions

The developed nonlinear equation does not have

closed form solution. It contains three nonlinear

equations and seven variables: Lx; Ly; d;
Q

11;
Q

22;

T ; and f. Two variables T and f are defined using

constitutive relations for SMAs depicted by Brinson

(1999) and Brinson and Lammering (1993). Thus,

once any other two of these variables are specified, the

remaining three unknowns can be solved numerically.

A computer program has been developed using

Matlab workspace to solve these equations. The

program uses the material and geometrical properties

of the constituents within the composite as well as

temperature as input arguments. During the run time,

the Lagrangian stresses components are accepted as

inputs. A modified version of this program accepts

deformation gradients (or strain components) to solve

for the Lagrangian stress components. The material

parameters of the matrix, Nylon fibers and SMA in the

numerical example are listed in Tables 1 and 2. The

material properties of the constituents are listed in

Tables 3 and 4. In order to solve the above relations,

in this section, a smart shape memory alloy woven

unit cell (Fig. 1) is considered under two types of

applied uniform loadings, namely: uniform biaxial

loading (case I) and uniform uniaxial loading (case II).

The results for the unit cell starts at initial

temperature of 5�C. By increasing temperature in

each case, deformation of composite according to

applied uniform load and temperature was plotted,

that are shown in following figures. Increasing the

temperature results a Martensite–Austenite transfor-

mation from the temperature below the As (Austenite

start) up to Af (Austenite final). Martensite Fraction

Coefficient fð Þ varies during temperature raising

(Martensite to Austenite transformation) that is

shown for all cases in Fig. 2 by continuous line.

The dashed line illustrates the Martensite Fraction

Coefficient fð Þ when temperature is decreased (Aus-

tenite to Martensite transformation).

As it can be inferred from Fig. 2, Martensite–

Austenite transformation has been completed above

the Af temperature and 18% tension and 18%

compression can be seen in both x and y directions.

The dashed lines illustrate the unit cell behavior when

temperature is decreased (Austenite to Martensite

transformation). A 3D illustration for the deformation

of the unit cell under temperature and uniform

Table 1 Material properties for matrix (SILGARD-184)

Em (MPa) 1.69

q (kg/m3) 1050

ry/sy (MPa) 108/0.104

Elongation (%) 100

Useful temperature range (�C) -55–200

mm 0.46
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uniaxial loading variation (Martensite to Austenite

transformation), is demonstrated in Figs. 3 and 4.

For the second loading condition (case II) the result

is shown in the Fig. 5. in this case uniform uniaxial

stress is applied in x direction. The Martensite

Fraction Coefficient versus temperature is shown in

Fig. 2. Although the phase transformation tempera-

ture varies vs. applied stress, but the stress variation is

less than that the phase transformation temperature

could affect the results (Brinson 1999 and Brinson and

Lammering 1993). Therefore, it is assumed that Fig. 2

is valid for all stress ranges. From Fig. 2, it can

be inferred that this variation is less than one

centigrade degree per 1 MPa. Since no external

loading is applied in y direction, therefore, only the

Table 2 Mechanical properties for shape memory alloy (Nitinol) (Brocca et al. (1999))

Module density Transformation temperatures (�C) Transformation constants Other

Da ¼ 67� 103 MPa Mf ¼ 9 CM ¼ 8 MPa=�C Max. residual strain eL ¼ 0:067

Dm ¼ 26:3� 103 MPa Ms ¼ 18:4 CA ¼ 13:8 MPa=�C Resistivity qe ¼ 0:9� 10�6

U ¼ 0:55 MPa=�C As ¼ 34:5 rcr
s ¼ 100 MPa Specific heat Cp ¼ 920 J=kg

�
C

q ¼ 6500 kg=m3 Af ¼ 49 rcr
f ¼ 170 MPa Conductivity v ¼ 18 W=m

�
C

Table 3 Material

properties for elastic fibers

(Nylon 728)

Ex1 (MPa) 1200

Ex1 (MPa) 2270

Ex1 (MPa) -151,000

mf 0.40

Table 4 Geometrical

properties for unit cell
ax0 (mm) 0.287

ay0 (mm) 0.258

Lx0 (mm) 2.254

Ly0 (mm) 2.342

t (mm) 1.65

rx (mm) 0.254

ry (mm) 0.255

Sx0 (mm) 2.275

Sy0 (mm) 2.558

V0 (m3) t 9 Lx0 9 Ly0

Fig. 2 Martensite fraction versus temperature

Fig. 3 Temperature dependent strains diagram for both x and

y directions obtained by raising temperature under uniform

biaxial loading

Fig. 4 3D illustration for the deformation of the unit cell

under temperature and uniform biaxial loading variation

(Martensite to Austenite transformation), yellow diagram for

x direction and green one for y direction, Stress (MPa), Temp

(C), Strain (%)
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displacement of contact point causes the deformation

in the y direction.

To validate the numerical results of Eq. 36, a 3D

finite element model for unit cell was developed in

ANSYS workspace. Using element Link185 and

generating an ANSYS program, results under uniax-

ial loading was obtained. The results in the case in

which
Q

22 ¼ 0 (uniaxial loading) are illustrated in

Table 5 (temperature is considered to be con-

stant = 7�C \ Af & Ms). As one can see from

Table 5, the obtained results from the proposed

analytical method correspond closely with the results

of the presented FEM solution. Furthermore, the

maximum difference between the analytical solution

and FEM is about 15.7% for fill (x) direction and

11.9% for warp (y) direction. In order to illustrate

these results, Fig. 6 also shows the stress–strain

curves of the composite under the above mentioned

conditions.

7 Conclusions

A theoretical micro-mechanical model is developed

in the present paper for SSMAWCs under combined

biaxial tensile deformation. The framework of the

approach consists of the geometric model of a unit

cell, and the strain energy based constitutive equa-

tions under large deformation.

The modeling strategy starts with a geometrical

description of the yarn and the unit cell. The shape

and the area of the cross section of fibers are assumed

Fig. 5 3D illustration for the deformation of the unit cell

under temperature and uniform uniaxial loading variation

(Martensite to Austenite transformation), positive data for x
direction and negative data for y direction Stress (MPa), Temp

(C), Strain (%)

Table 5 Deformation of

composite under uniaxial

loading in both fill and warp

direction

Stress (MPa) Present FEM Present analytical Difference (%)

Strain (%) Strain (%) Strain (%) Strain (%) Fill

direction

Warp

directionfill (0�) warp (90�) fill (0�) warp (90�)

0.00 0.0000 0.0000 0.0000 0.0000 0.0 0.0

0.10 0.6158 -0.6103 0.7210 -0.5500 15.7 10.4

0.25 1.4228 -1.3940 1.5600 -1.5380 9.2 9.8

0.40 2.2744 -2.1960 2.3900 -2.3920 5.0 8.5

0.50 3.0640 -2.8168 3.3900 -2.5000 10.1 11.9

0.60 3.6859 -3.3610 3.2500 -3.7220 12.6 10.2

0.75 4.1596 -4.0060 4.3200 -4.4300 3.8 10.1

0.90 4.7197 -4.6690 4.4400 -4.2350 6.1 9.7

1.00 5.1158 -5.1103 5.3910 -5.5700 5.2 8.6

-8.0

-6.0

-4.0

-2.0

0.0

2.0

4.0

6.0

0 0.1 0.25 0.4 0.5 0.6 0.75 0.9 1

Stress (MPa)

S
tr

ai
n

 (
%

)

Analytical (x)

Analytical (y)

FEM (x)
FEM (y)

Fig. 6 Strain–Stress diagram, comparison between analytical

and FEM results (temperature is considered to be

constant = 7�C)
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to be the same along the yarn direction in sinusoidal

shape. Yarns are pinned together at the crossover

points and the matrix and metal layers are completely

stuck. In addition, no friction is assumed between

yarns. Under these assumptions, the micromechanical

analysis of the unit cell is provided. One-dimensional

Helmholtz free energy relation for SMA fibers are

developed. In this way, based on the first and second

law of thermodynamics and Maxwell relations,

variations of main parameters about some equilib-

rium (initial) values, were examined by using a

Taylor series approximation.

By such an analysis it is intended to form an

opinion about thermo-elastic behavior of laminated

plates used in engineering problems associated with

such structural designs. Using kinetic relations of

SMA fibers, depicted by Brinson (1999) and Brinson

and Lammering (1993), some numerical studies are

carried out in order to solve the final constitutive

equations, in some arbitrary cases.
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