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Abstract

In the present paper we propose an asymptotic formula for R(H, k), the number of triples
of positive integers x, y, z < H such that x> + y2 + z% + 1, x% + y? + z% + 2 are k-free
with k > 2. Especially, in the case of k = 2 we prove that R(H, 2) = oo H> + O (H%/**%),
where o, is an absolute constant and ¢ is an arbitrary small positive number, which improves
the error term O (H7/31¢) given by Chen (Indian J Pure Appl Math, 2022. https://doi.org/10.
1007/513226-022-00292-z). The key point of the new result is a refinement of Dimitrov’s
method.

Keywords K -free number - Asymptotic formula - Gauss sum - Salié sum

1 Introduction

For a natural number k > 2, we say an integer n is k-free if p* t n for any prime p. The
distribution of k-free numbers is an important theme for number theory scholars. It is well
known that

_ X 1/(k+1)+e
> i(n) = o T ow ).

n<x
proved by Montgomery and Vanghan [13], where w(n) denotes the characteristic function
of the k-free integers and ¢ (k) is the usual Riemann zeta function. There also exist many
articles that consider the k-free values of polynomials. In the case of k = 2, we mention
Estermann’s work [8], where it is showed that for an absolute constant a

> PP+ 1) =aH+ 0(HY). (1.1)

1<x<H
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Heath-Brown [9] obtained (1.1) with the error term replaced by O (H 7/12+ey 1n 1932, Carlitz
[2] considered the polynomial x (x + 1) and he proved

Yo e+ =[] (1 — %) H + O(H*3%%). (1.2)

1<x<H p

Later, the exponent 2/3 4 ¢ was improved to 7/11 4 ¢ by Heath-Brown [10] using the square
sieve, and to (26 + @)/81 + ¢ by Reuss [15].

Evaluating square-free values of the polynomial in multiple variables is an essential gen-
eralization that has attracted many authors, including Dimitrov, Tolev, Zhou and Chen. In
2012, Tolev [16] studied the square-free values of the polynomial x% + y?+ 1, and he proved

2
Yo ey =[] (1 - A;’Z )) H? + O(HY/*),

l<x,y<H r

where A(q) is the number of the integer solutions to the following congruence equation:
x2+y2+150(m0dq), 1<x,y<g.

Recently, by using Tolev’s method and some estimate for the Salié sum, Zhou and Ding [17]
got an asymptotic formula for Ty <y y ;<p 12 (x?+y? 422 +k). On the other hand, motivated
by Carlitz’s result (1.2), consecutive square-free values of polynomials in multiple variables
have also been considered. Dimitrov [6, 7] found asymptotic formulas for consecutive square-
free numbers of the form x% + y2+ 1, x% + y2 42 and respectively of the form x% + 1, x> +2.
Chen [3] considered the consecutive square-free numbers xl2 +- x,f +1, xf 4+ +x,§ +2
and showed

1 1
Yo WA A DO X +2) = cHY 4 O(H TR (13)

for any given integer k > 3 and an absolute constant c.
For the k-free values of polynomials, the classical problem is to study the following:

SK(H) = Y i )pa(x + 1),

x<H
In 1932, Carlitz [2] obtained
Sk(H) = 1 H + O(H>k+D+e),

where the exponent 2(k + 1) + ¢ may be considered as trivial. Later on, Brandes [1] derived
an improvement upon the trivial exponent which is of order 1/k* as k — oc. Using the
approximative determinant method of Heath-Brown, Dictmann and Marmon [5] obtained
the exponent 14/9k + &, which sharpens previous bound for k£ > 6. The k-free values of the
polynomial (x + ap)(x + az) were considered by Mirsky [12]. Recently, Chen and Wang [4]
studied the r-free values of x> 4+ y* + z2 + k and gave an asymptotic formula.

Let

RH )= Y m+y" +2+Du@®+y* +27+2) (14)
I<x,y,z<H
and
Mqr,qzim,n, 1) = > eg1qp (mx + ny +I2). (1.5)

1=<x,y,25q192
x24y?4+2%4+1=0 (mod q)
x2+y2+2242=0 (mod q2)
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For simplicity, we also define
r(q1, q2) = A(q1,42; 0,0,0), A(q1, g2; m) = A(q1,g2;m, 0, 0) (1.6)
and
Mqr, g2; m,n) = A(q1, q2;m, n, 0).

Inspired by the above results, we shall study the k-free values of the polynomials x2 +
y2 4+ 72 + 1 and x% + y? + z% + 2 by following the method in Dimitrov [6] and pruning
some details referring to Chen and Wang [4]. The key ingredient is still the estimation of
A(q1, q2; m, n, 1), which we give with the help of the elementary properties of Gauss sums
and Salié sums. We prove the following.

Theorem 1.1 For any given integer k > 2, the asymptotic formula

R(H., k) = o, H3 + O(H3 3%+ + H?)

A(PF, 1) + A1, phy
o = l_[ <1 — Pt ) .
p

holds. Here

In the case of k = 2, we obtain from Theorem 1.1 the following:

Theorem 1.2 Ife > 0 is an arbitrary positive number, then

2 2
RH.2) =]] (1 M 1);_6/\(1’ b )> H? + O(H?/**),
p

Theorem 1.2 improves upon (1.3) with k = 3.

2 Notations and preliminary lemmas

Throughout this paper, H is a sufficiently large positive number and m, n, [ denote integers.
By ¢ we denote an arbitrary positive number which may have different values in different
places. As usual, p(n) denotes the Mobius function; 7 (n) and w(n) represent the number of
positive divisors of n and the number of distinct prime factors of n, respectively. Instead of
m = n (mod d) we write for simplicity m = n (d). (m, n, l) denotes the greatest common
divisor of m, n, [ and ||&|| denotes the distance from £ to its nearest integer. We write e(t) =
exp(2mit) and e, (t) = e(t/q). For any x and ¢ such that (x, g) = 1, we denote by X, the
inverse of n modulo ¢g. If we can understand the value of the modulus from the context, then
we write for simplicity x. For any odd ¢, ( 3) is the Jacobi symbol.

‘We define the Gauss sum and the Salié sum as follows:

Glgin.m)= Y eqnx>+mx), Glgin)= Y  egnx?) 2.1

I<x=q I<x=q

and, for odd integers ¢,

S@inmy =Y <2) eq(nx + m¥). 2.2)
l<x=q

(x,q)=1
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In what follows, we present some lemmas used in the proof of the theorems. First we
quote some important properties of the Gauss sum.

Lemma 2.1 For the Gauss sum, the following hold:
(1)If(q1,q2) = 1, then

G(q192; miq2 + magi, n) = G(q1; mig3, n) G(qz; magi, n).
(2)If (g, m) =d, then

dG(q/d;m/d,n/d), ifd|n,

G(g;m,n) =
(g:m.n) :o, if d fn.

(3)If (q,2m) = 1, then
Gg; m.m) = eq (~Gmin?) (%) Gg: ).
Proof See Lemma 3.1 of [6]. m}
In the next lemma, we present the upper bound result of the Salié¢ sum.
Lemma 2.2 Ifq is an odd integer, then

| S(q; n, m) |<2°9 /q.

Proof See p. 524 in [11]. O

Lemma 2.3 If (q1q1, ¢54%) = (4. q)) = (¢}, 45) =1, then

Maiaf asassm.n. 1) = 2 (a1, a5 m(@TaD) 1 m@TaD) 1 (0D 1)

X A (Qilv qg? m(é]{é]ﬁ)qi/qg, n(CI{QQ)qifqé/, l(q;Qﬁ)qi/qé/) .
Proof Let

X =x191q5 +X29195, ¥y = V19195 + 29195, = = 219193 + 224195,

where 1 < x1, y1,21 < ¢jq5and 1 < x2, y2, 220 < ¢{q5.

From the Chinese remainder theorem, we obtain

P, _ 2 :
A (qlql » 42925 m,n,l) - eqiqi/qéqé/(mx +’1y +ZZ)
1<x,5,241q{ 9245
x24y242241=0 (q147)

x2+y2+2242=0 (g543)

= E eqlq,(mx1 + nyr +1z1)
1<x1.y1.21<¢ 4}
" n " 1" " n

(@a5x0)>+(@] a) yD)*+(q] 4y 21)*+1=0 (q})
(q]ayx1)* 4] ay y)>+(q] 45 21)*+2=0 (¢5)

x Z eqrqy (mxy +nyr +122).
1<x2.y2.22<q{q}
(q}5%2)>+(q]452)*+(q; gh22)*+1=0 (g})
(q]45x2)*+(q) 5 y2)*+(q} g522)*+2=0 (g})
2.3)
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On the consecutive k-free values for certain... 29

By using the substitutions ¢{'q5x1 — x1, g{q}y1 = y1, q{q5z1 — z1, we infer

> eql g, (mxy +nyy +1z1)
1=<xi, }'lq21<‘11‘12

(q]g5x1)*+(q) ay y1)>+(q] ¢y 21)*+1=0 (q})
(q]q5 x>+ (] a5 y1)*+(q] 4§ 21)*4+2=0 (¢5)

= > eq1q, (M(@745) g1y ¥1 + 100G q3) 0 V1
@743y 447110 g1 5 115195 41 1 214142

x12+)12+zl+150 (q)
Xy 4+2=0 (g5)

" n " 1" "1

170D gy 1) = (41 @5 M@ D) g W0 g gy 1Dy y) - @)
Similarly,

Z €4l (mxy + nyy +122)

1=x2,y2,22<q] ¢}
(41 a5x2)*+(q] 452> +(q] 4572)*+1=0 (q])
(4} 45%2)*+(q} 45 y2)*+(q} ghz2)*+2=0 (¢}

= A <q;/, Q2’ m@lqz) // //, n(qlqz)q// "y l(qlqz)q// //) . (25)

Thus, Lemma 2.3 follows immediately from (2.3)—(2.5). ]

Now we give an upper bound estimate of A(g1, g2; m, n, l) by applying Lemmas 2.1, 2.2
and 2.3.

Lemma 2.4 If81tqiq2 and (q1, q2) = 1, then
AMqr, g2im,n, 1) < 644192 T(q1g2) 2227 (q1g2, m, n, ).

Proof Case 1.2 1 qi1q>.
In view of the orthogonality relations

1 5 eq(ht):{l’ if1=0(g),

15h%g 0, otherwise,
we obtain from (1.5), (2.1) and Lemma 2.1
rMq1, q2;m,n, 1)

1
= — Z eq1q,(mx +ny +1z)
19 1=x.y,2=q192

XY eGP+ H 4D Y e + 3P+ 27 +2)

1<hi=q 1=h2=q>
1
=—— > eqh) Y ep(2h2) G(qiga; higa + hagi, m)
19 I<hi=q1 I<hy=q>

x G(q1q2; h1g2 + h2q1, n) G(q192; h1g2 + haq1, D)

1
=—— Y eq(h)G(qi; g3, m) Gqi; higz, n) G(qi; hig3, 1)
N9 1<hi1<q
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X Z eq,(2h2) G(g2; hagi, m) G(q2; hagi . n) G(qa; hagi. 1)

I<hy=q>
eq (1) G(q1; h1g3, m) G(q1; hig3, n) G(q1; hig3, D)

-—y ¥

11492 lilgy  1shi=q

(hI:QI):?TI
x 3N ey, (2h2) Glgas hagl.m) G(qas hag?.n) G(ga: hag, D)
Llg2 1<hy<qr

(h2.q2)=%

Since (q1, q2) = 1, (gi, hi) % | gi and 2 { q1g2, by Lemma 2.1

A(q1, g2 m,n, 1)
1 _
=qiq; Y 5 > e )Gz rig3. mhgy )

llay -
Limnpy iD=
- 1
x G(1;r1g3. nhgy ) GUirgd thay ) Y . Y e
blay 2 1<r <l
%l(m,n,l) (r2,12)=1
X G(l2;Vlez,mhqz_l)G(lz;rquz,nlzqz—l)G(lz,rzq] gy "
G3(; 1) )3 )
=qia; ) N 2 n e,l( — @rig})m? +n® + P)liq] 2)
111 1 1<r <l 1
L im.n.l) (ri.=1
2 -2
249> )

G3(l; 1 m\>
Y CED S () o (2n - Graghon® + 07 + Py
Iy 15
hlay l<ry<ly
92 \(m,n 1) (r2,)=1
2
3 .
(15 1) —_— -
S1; 1, —(4g)(m? +n* + 1)1}q;?)

G
22
= 4192 Z -5
l1lq1 1
9L \(m,n,l)

G3(; 1

Y EED S0 1~ o + P
hlay 2
%\(m,n,l)

It is well known that |G (1, 1)| = 4/I1, thus, by Lemma 2.2
Aqi,q2;m,n,l) K q%qzz Z 11_3/22‘”(10111/2 Z 173290 1/2

-2
§QQ ).

Ilay blay
q
2 |Gn.n.D)

q—'l(m,n,l)
PR D DI

< qi qzzw(‘ll)za)(‘h)
l@umnly  Zlq.mnD

>ooa'n Y a'n

r2|(q2,m,n,l)

< qi q22w(ql)2w(qz)

ril(gi,m,n,l)

< q1927(q192)2° 229D (q1g5, m, n, 1)
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On the consecutive k-free values for certain... 31

Case 2. g1 = 2"g|, where 2{¢|,h <2and 2} ¢>.
By Lemma 2.3, we have

1Qhq. gz mon. 1) = 2 (2" 1 m@]g2) . n(@[a2) 0 1@]92)1)

Ik
X)L<CI1»‘I2”"2 ajg2> " qqz’lz qlqz)'

A combination of the trivial estimate A (2h, 1; m(q1q2) yn» 1(q192) 50 » l(qiqg)zh) < 8" and
(2.6) yields

22"q}. g2 m.n. D) < 8'q1q27(q1g202" D27 (g1ga.m2 gy 121, 1201 ,)
L 649192 T(q192) 222 P (q1g2. m . m, ]).

Case 3. q» = 2hq§, where 2{ ¢}, h <2and21tq;.
Similarly to Case 2, we obtain

Agt, 2" gy mon, 1) < 64 q1g2 T(q1g2) 2290229 (g1 ga, m, n, D).

Combining the estimates for the three cases gives the proof of Lemma 2.4. O

Lemma 2.5 If 8t q1q2 and (q1, q2) = 1, then for the sums

AMaqr, g2, m) Aq1,q2; m,n)

l<m<H 1<m,n<H
and
Z Mai, qa;m,n, )

V =
3 mnl

1<m,n,l<H

we have the estimates
Vi K (%qz)HEHS, V) K (q]qz)lJrEHa’ V3 < (qqu)lJrng.
Proof By Lemma 2.4,

(9192, m)

i< @)'™ Y S

1<m<H

< (qig)'te Z r Z

rlqi1g2 m<H
m=0 (r)

1
1+e¢
< 1 -
(g™ Y 1> ;
rlgiqz t<H/r
< (q192)' T H".
In a similar way, using Lemma 2.4 we obtain

(9192, m, n)

V< (g Y -

1<m,n<H

(q192, m)(q192, n)
< (q1g2)'** Z 9192, m)q192, 1)

mn
1<m,n<H

@ Springer
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<L (i)' H®
and

Z (q192,m,n, 1)

Vi < (q1g2)' —"

1<m,n,l<H

5 s ,l
< (@'t Y (9192, m)(q192, 1) (q192, [)

mnl
1<m,n,l<H

<L (qig)" T HE.

Lemma 2.6 For any real number o and positive integers N1, N> with N1 < Na, we have

Z e(on) < min{N, — Ny, lo]| ™"}

Ni<n<N>

Proof See Lemma 4.7 of [14].

3 Proof of Theorem 1.1

Upon using the well-known identity

p(n) =y p(d),

dk|n

we find by (1.4) that

RH, k)= Y wud)u(d) > 1

dy,dy 1<x,y,z<H
(d1,d2)=1 x24y? 422 4+1=0 (@)
x24y?4+2242=0 (df)

= R{(H)+ Ry(H),
where

Ri(H)= Y u(d)uid) S(H;df,d5),

dydy <&
(dy,d2)=1

Ry(H) = Y uld)u(dy) S(H: df,db),

dydy>§
(d1,dr)=1

S(H; d¥, d¥) = > 1
1<x,y,z<H
2y2 422 41=0 (@h)
x24+y? 422 42=0 (df)

& is a parameter to be chosen so that HYk < E< H/k,

@ Springer
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On the consecutive k-free values for certain... 33

3.1 Estimation of R1(H)

To estimate the contribution of Rj(H), we suppose that g1 = d{‘ s Q2 = d§ , Where dy and d;
are square-free, (¢1,¢2) = 1 and d1dp < &.
We first analyze S(H; q1, g2). Define

S(Hoqi,q0) = Y. 1L
h<H
h=x(q192)

By orthogonality, ¥(H, g1, g2, x) may be written as

S(H.q1.q2.0) = (@g) ™" Y Y. eqg(th—x))

I<h<H 1<t=qi192

:((ZIQZ)_I Z eqlqz(_)”) Z eqqu(l’l[)

1<t<qiq> I<h<H
=Hqa) '+ @@ D eqp(=xt) Y egght). (34)
1<t=qiq>—1 I<h<H

From the definition of S(H; q1, ¢q2), we easily see that

S(H:q1,q2) = > X(H.q1.92.x)X(H. q1, 92, y)X(H, q1,92,2), (3.5)

I=<x,y.z=q192
24y +224+1=0 (q1)
4y2 422 42=0 (g2)

which combined with (3.4) yields

H3 H? H
S(H:q1,q2) = > 5 +3 sWi+3—Wo+ W3], (3.6)
er (9192) (9192) 0192

=X,¥,2=4192

x24+y2 422 +1=0 (q1)
X242 +2242=0 (q2)
where

1
Wi = Wilxi g g H) = — Cqran(=x1) Y eqq(h),
N2 oy 2grgr-1 1<h<H

Z eqlqz(_th - yt2)

1<t1,h<q1q2—1

Wy i=Walx,yiq1.92. H) = —
(q192)

2

Xl_[ Z eqqr (hiti) |

i=1 \1<h;<H

W3 :=Ws(x, y,z:q1, 92, H) = > €qigo (—Xt1 — yt2 — 213)

1<t1,0,63=q192—1

(192)?

3

<1l D eqgp(hits)

i=1 \1<h;<H
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34 H. Fan, W. Zhai

By exchanging the order of summations and noting the definitions of A(q1, g2; m, n, ), we
obtain

Z Wl:i Z Aq1, q2; —1) Z €q1q, (h1)

1<x,y.25q14 N9y gigp—1 \<h<H
x24+y2+22+1=0 (q1)
x24y2+2242=0 (¢2)

= Li(q1,q2; H),

Z Wy = L Z Aq1, q2; —t1, —12)

2
1=<x,y.z<q192 (q192) I<n,n=q1q2—1
x24+y2+22+1=0 (q1)
x24y242242=0 (¢2)

2
<1l D eqgnthiti)

i=1 \1<hj<H
= La(q1,q2; H),

1
Z W3=—— Z rMqr, q2; —t1, —t2, —13)

3
1<x,y,2=q192 (@192) 1<t1,,13=q192—1
X242 422 +1=0 (q1)
x24y2 422 42=0 (q2)

3
X 1_[ Z €q1q2(hil‘,‘)

i=1 \1<h;<H

= L3(q1, q2; H).
Now we treat L1(q1, q2; H). Employing Lemma 2.6 we get
—1

t
eq1qp (M) K Hi
> Cas v

I<h<H

Hence by Lemma 2.5, it follows that

Mg, qa; —1)
Li(q1,92; H) K Z P < (q1q2)1+6-
1<t<qig2—1

The same estimates hold for L2(q1, g2; H) and L3(q1, g2; H). Gathering the estimates
for L1(q1, q2; H), L2(q1, q2; H) and L3(q1, q2; H) and noting (3.6), we arrive at
3

H
S(H; q1,q2) = Wuql,qz) + O(H*(q192) """ + H(q192)* + (q192)' ™). (3.7)

According to (3.2) and (3.7), R1(H) can be estimated as follows:

(]7 2)

3
(dd )3k H

Ri(H)= )" pldp(d) —-—=¢
dydy<§
(d1,dr)=1

+0| Y (did) ™ H? + H(didy)® + (did2)* )
dydy <&
(d1,d2)=1
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On the consecutive k-free values for certain... 35

oo
r(df . db) -
= 2. nd)uid) 7 dld)fk H + O(H%' 754 4 12 614040 (3.8)
@y

In the last step above, we can check that by using Lemma 2.4
MY, db)

Y pdnpld) —= WAL

dydy>§&
(d1,d2)=1

(d1d2)2k+£
< X g Z
Pyt (d1d) il
(dlxdz)il

1- k+£

Put

L~ pd)u(dy) Mdf, d5)
ox = Z AL . (3.9)

dydy=1
(d1,dr)=1

From (1.6), Lemma 2.3 and (dy, d») = 1, we get
AdY, dYy = adf, 1) a1, db). (3.10)

Combining (3.9) and (3.10) we obtain

oo k 00 k
p(dr) A(dy, 1) w(dr) 1(1,d%)

Ok = Z PEL ! Z PRz 2284, (dn), (3.11)

di=1 1 dr=1 2

where
1, if(d,dr) =1,

5y, (dy) =
i (42) {0, i (di. dy) > 1.

Since the function

p(d)A(1, db)

e 84, (d2)

is multiplicative with respect to d>, we have the Euler product representation:

>\ w(d)r(1, d% A1, p*
Z . z)dz(k 2)5‘11(‘12) = 1_[ (1 - (psf )>

dry=1 2 ptdi
_ M p )) (1 _ A(l,p’w)‘l i1
H( p* ]!;[1 p* -G

From (3.11) and (3.12) we infer

ju(dy) Mk, (1, phy a1, poy !
_Z d%k H(l_ p3k )H(l_ p3k )

di=1 p pld
m p) . u(dy) M(d¥, 1) a1, po\ !
_1_[( )Z 43k H(l_ p3k )
di=1 1 pld
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36 H. Fan, W. Zhai

(1, ph) APk, ) M1, p\
:H(l_ 3k )H(l_ Pk (1_ Dk )
p

( A(pt, 1)+A<1,p’<)>
= ] l - 3k :
p

p

3.2 Estimation of Ry (H)

From (3.3), we derive by a splitting argument

Ry(H) < (log H)* )~ > > > 1,

D1 <dy<2Dy Dy<dy<2Dy r<(3H2+l)a’7k 1<x,y,z<H
Tk L x24y222=tdf —1
tdi+1=0 (d3) 1

where

<Di,Dy <(BH*+2)% D, Dy > %.

N =

We therefore obtain

Ry(H) < H* Z Z Z Z 1

D <d<2D; t§(3H2+l)Drk Dr<dr<2D; .v5(3H2+2)D;k
tdf +1=sdX

<H' Y Y tdi+D

D1<d<2D; t§(3H2+1)Drk

<H' Y > 1< H™D{
D1 <d|<2D; t§(3H2+1)ka

Similarly, one can obtain
Ry(H) < H* D)7k,

Hence from (3.14) to (3.16) we get
Ry(H) < H*"*£171,
Combining (3.1), (3.8), (3.13) and (3.17) gives
R(H) = oy H? + O(H*" ™% + H? + £1TF¢),

where oy is defined in (3.13).
3
Now we obtain Theorem 1.1 by choosing & = H 2.

(3.13)

(3.14)

(3.15)

(3.16)

3.17)
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