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Abstract

Let X be a Banach space over the field F (R or C). Denote by B(X) the set of all bounded
linear operators on X and by F(X) the set of all finite rank operators on X. A subalgebra
A € B(X) is called a standard operator algebra if F(X) C .A. Suppose that § is a mapping
from A into B(X). First, we prove that if § is a Lie triple derivation, then § is standard.
Next, we show that if § is a local Lie triple derivation and dim(X) > 3, then § is a Lie triple
derivation. Finally, we prove that if § is a 2-local Lie triple derivation, then § = d + 1, where d
is a derivation, and 7 is a homogeneous mapping from A into F/ such that t(A+ B) = 7(A)
for each A, B in A where B is a sum of double commutators.

Keywords Lie triple derivation - Local Lie triple derivation - 2-Local Lie triple derivation -
Standard operator algebra

Mathematics Subject Classification 46157 - 47B47 - 47C15 - 47135

1 Introduction

Let A be an associative algebra over the field F (R or C) and M be an A-bimodule. A
linear mapping é from A into M is called a derivation if §(AB) = 6(A)B + A§(B) for
each A, B in A, and § is called an inner derivation if there exists an element M in M such
that 6(A) = AM — M A for every A in A. Clearly, every inner derivation is a derivation. In
[13, 24], Kadison and Sakai independently proved that every derivation on a von Neumann
algebrais inner. In [6], Chernoff proved that every derivation from a standard operator algebra
Ainto B(X) is inner for a Banach space X. In [8], Christensen showed that every derivation
on nest algebras is inner.
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In 1990, Kadison [14], Larson and Sourour [15] independently introduced the concept of
local derivations. A linear mapping 6§ from .4 into M is called a local derivation if for every
A in A there exists a derivation § 4 (depending on A) from 4 into M such that §(A) = §4(A).
In [14], Kadison proved that every continuous local derivation from a von Neumann algebra
into its dual Banach module is a derivation. In [15], Larson and Sourour proved that every
local derivation on B(X) is a derivation for a Banach space X. In [12], Johnson proved that
every local derivation from a C*-algebra into its Banach bimodule is a derivation. In [29],
Zhu and Xiong proved that every local derivation from a unital standard operator algebra .4
into B(X) is a derivation.

In 1997, Semrl [25] introduced the concept of 2-local derivations. A mapping (not nec-
essarily linear) § from A into M is called a 2-local derivation if for each A, B in A, there
exists a derivation 84 g (depending on A, B) from A into M such that §(A) = §4 p(A) and
8(B) = 84,5(B).In[25], Semrl proved that every 2-local derivation on B() is a derivation
for a separable Hilbert space H. In [2], Ayupov and Kudaybergenov proved that every 2-local
derivation on a von Neumann algebra is a derivation. In [10], we showed that every 2-local
derivation from a standard operator algebra A into B(X) is a derivation.

A linear mapping § from A into M is called a Lie derivation if 5([A, B]) = [§(A), B] +
[A, 6(B)] foreach A, B in A, where [A, B] = AB — BA is called a commutator on A. A Lie
derivation 4 is said to be standard if it can be decomposed as § = d+ 1, where d is a derivation
from A into M and 7 is a linear mapping from A into Z(M, A) with t([A, B]) = 0 for
each A, B in A, where Z(M, A) ={M € M : MA = AM for every A in A}.

An interesting problem is to identify those algebras on which every Lie derivation is
standard. In [22], Mathieu and Villena proved that every Lie derivation on a C*-algebra is
standard. In [7], Cheung characterized Lie derivations on triangular algebras. In [20, 21],
Lu studied Lie derivations on CDCSL algebras and reflexive algebras, respectively. In [3],
Benkovi¢ proved that every Lie derivation on a matrix algebra M, (A) is standard, where
n > 2 and A is a unital algebra.

Similarly to local derivations and 2-local derivations, in [4], Chen et al. introduced the
concepts of local Lie derivations and 2-local Lie derivations. A linear mapping § from A
into M is called a local Lie derivation if for every A in A there exists a Lie derivation 4
(depending on A) from A into M such that §(A) = §4(A). A mapping (not necessarily
linear) § from A into M is called a 2-local Lie derivation if for every A, B in A there exists
a Lie derivation 84 p (depending on A, B) from A into M such that §(A) = §4,5(A) and
5(B) = 84.5(B).

In [4], Chen et al. study local Lie derivations and 2-local Lie derivations on B(X). In [5],
Chen and Lu proved that every local Lie derivation on nest algebras is a Lie derivation. In
[18, 19], Liu and Zhang proved that under certain conditions every local Lie derivation on
triangular algebras is a Lie derivation, and every local Lie derivation on factor von Neumann
algebras with dimension exceeding 1 is a Lie derivation. In [9], He et al. proved that every
local Lie derivation on some algebras such as finite von Neumann algebras, nest algebras,
Jiang—Su algebras and UHF algebras is a Lie derivation, and every 2-local Lie derivation on
on some algebras such as factor von Neumann algebras, Jiang—Su algebra and UHF algebras
is also a Lie derivation. In [16, 17], Liu proved that under certain conditions every local
Lie derivation on generalized matrix algebras is a Lie derivation, and he showed that every
2-local Lie derivation of nest subalgebras of factors is a Lie derivation.

A linear mapping § from A into M is a Lie triple derivation if §([[A, B],C]) =
[[6(A), B], C1+[[A, 8(B)], C1+I[[A, B], 6(C)]foreach A, Band C in A. Wecall[[A, B], C]
a double commutator on A. It is clear that every Lie derivation is a Lie triple derivation. A
Lie triple derivation § from .4 into M is said to be standard if it can be decomposed as
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8 = d + 7, where d is a derivation from A into M and t is a linear mapping from A into
Z(M, A) with T([[A, B], C]) = 0 for each A, B and C in A.

Similarly to Lie derivations, the authors always consider the problem of identifying those
algebras on which every Lie triple derivation is standard. In [23], Miers proved that if A is a
von Neumann algebra with no central abelian summands, then every Lie triple derivation on .A
is standard. In [11], Ji and Wang proved that every continuous Lie triple derivation on TUHF
algebras is standard. In [28], Zhang et al. proved that if A is a nest on a complex separable
Hilbert space H, then every Lie triple derivation on the nest algebra Alg A\ is standard. In [27],
Yu and Zhang studied the Lie triple derivations on commutative subspace lattice algebras. In
[3], Benkovi¢ showed that if A is a unital algebra with a nontrivial idempotent, then under
suitable assumptions every Lie triple derivation d on A is of the formd = A 46 + 7, where
A is a derivation on A, § is a Jordan derivation on A and 7 is a linear mapping from A into
its center Z(.A) that vanishes on [[A, A], A]. In [1], Ashraf and Akhtar proved that every Lie
triple derivation on a generalized matrix algebra is standard. In [26], Wani proved that every
Lie triple derivation from standard operator algebra into itself is standard.

Now we give the concepts of local Lie triple derivations and 2-local Lie triple derivations.
A linear mapping § from A into M is called a local Lie triple derivation if for every A
in A there exists a Lie triple derivation §4 (depending on A) from A into M such that
8(A) = 84(A). A mapping (not necessarily linear) § from A into M is called a 2-local Lie
triple derivation if for every A, B in A there exists a Lie triple derivation §4, p (depending
on A, B) from A into M such that 6(A) = §4,p(A) and 6(B) = 64,5(B).

In this paper, we always suppose that X is a Banach space over the field F (R or C).
Denote by B(X) the set of all linear mappings on X and by F(X) the set of all finite rank
operators on X. A subalgebra A C B(X) is called a standard operator algebra if F(X) C A.
Suppose that § is a mapping from .4 into B(X). In Sect. 2, we prove that if § is a Lie triple
derivation, then § is standard. In Sect. 3, we prove that if § is a local Lie triple derivation and
dim(X) > 3, then § is a Lie triple derivation. In Sect. 4, we prove that if § is a 2-local Lie
triple derivation, then § = d + 7, where d is a derivation and 7 is a homogeneous mapping
from A into F/ such that (A + B) = t(A) for each A, B in A where B is a sum of double
commutators.

We shall review some simple properties of rank one operators and finite rank operators.
Denote by X* the set of all bounded linear functionals on X. For each x in X and f in
X*, one can define an operator x ® f by (x ® f)y = f(y)x for every y in X. Obviously,
x ® f € B(X). If both x and f are nonzero, then x ® f is an operator of rank one. The
following properties are evident and will be used frequently in this paper.

Proposition 1.1 Suppose that X is a Banach space and A C B(X) is a standard operator
algebra. Foreach x,y in X, f, g in X* and A, B in B(X), the following statements hold:

D @ NA=x@(fA) and A(x® [) = (Ax) ® f;

2 xNHHY®e =fMHxeyg),
3) Z(B(X), A) =FI.

2 Lie triple derivations
In this section, we choose xop € X and fy € X™ such that fy(xg) = 1, and denote by I the

unit operator in B(X). For the convenience of expression, we give some symbols firstly. Let
P1 = x0® foand P, = I — Pj.Itis easy to see that Py and P, are two idempotents in B(X).
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46 G.Anetal.

Denote P; AP; and P; B(X)P; by A;; and B(X);;, respectively, denote P;AP; by A;; for
every Ain A, where 1 <i, j <2.

Lemma2.1 PiAP; = fo(Axo)P1 = fo(P1AP1x0) P for every A in B(X). Moreover,
B(X)11 is commutative.

Proof For every A in B(X), by Proposition 1.1 (1) and (2), we have
PIAP; = x0 ® foAxo ® fo = fo(Axo)xo ® fo = fo(Axo)P1. (2.1
Replacing A by P{A P in (2.1), we get
PiAPy = P\P{AP P, = fo(P1AP1x0)P.
It follows that B(X); is commutative. O

Lemma 2.2 (1) If BAy; = 0 for every Asy in A3y, then BP, = 0.
(2) If A12B = 0 for every Ayp in Ay, then P,B = Q.

Proof (1) Let Ay = Prx ® fo P, where x is an arbitrary element in X. We obtain
0= BPx ® foP1xo = fo(P1x0)BPx = BP)x.

It follows that B P, = 0.
(2) Let A1p = Pixo ® f P>, where f is an arbitrary element in X*. We obtain

0=Pixo® fP2Bx = f(P,Bx)P1xo = f(P2Bx)xo

for every x in X. It follows that f(P»Bx) = 0 for each f € X* and x in X. Thus, P,B = 0.
]

Next we consider Lie triple derivations from a unital standard operator algebra A into
B(X). The following theorem is the main result in this section.

Theorem 2.3 Let X be a Banach space and A C B(X) be a unital standard operator algebra.
If § is a Lie triple derivation § from A into B(X), then § is standard.

Before we prove Theorem 2.3, we present some lemmas.
Lemma24 §(/) € FI.

Proof Let P be an idempotent in .A. We have
0=46([Z, P]l, P]) =1[l6U), P], P]=[8(I)P — P5(I), P]=8()P + P5(I) —2P5(I)P.

Multiplying the above equation by P from the right, we obtain P5(I)P = §(I) P. It means
that (I — P)S(I)P = 0. Thus, P1§(1) P, = P,6(I)P; = 0; it follows that §(I) € B(X)11 +
B(X)2. By Lemma 2.1, we know that .4;; is commutative, so [§(/), A11] = O for every
Ajp in Apg. In the following, we show

[6(1), An] =[8(I), A2l = [6(]), A21] =0

for every Az in Az, Az in Ajp and Apg in Ajg.
For each A, B in A, we have

[[A, B], 8()] = 8([[A, B], I]) — [[A, 8(B)], IT—[[6(A), B], I] = 0.
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By A1p = [P1, A12] and Ay = [A21, P1], we have
[6(1), A2l = [6(1), A21] = 0. (2.2)
By (2.2), it follows that
0=1[8(), AxaB21] = [8(I), A22]1B21 + Ax2[8(1), B21] = [6(1), A2l B21

for every Aj; in A and Bjp in Aj;. By Lemma 2.2, we have [§(/), A»]P> = 0. By
8(I) € B(X)11 + B(X)22, we obtain [§(]), Axp] € B(X)2», it follows that [§(1), Ay] = 0.
Hence by Proposition 1.1 (3), we have 6(/) € Z(B(X), A) =FI. ]

Lemma25 P;§(P)P1 + P6(Py)P, e FI.

Proof By Lemma 2.1, we know that P;§(P;) Py = APy, where . = fo(P18(P1)Pixg) € F.
Let x bein X and let Pox ® foP1 = Az;. It follows that

—38(A21) = 8([[ P2, A21], P2])
= [[6(P2), A21], P21+ [[P2, 8(A21)], P2l + [[ P2, A21], 6(P2)]
= —A218(P2) Py — P28(P2)A21 + A218(P2) +2P28(A21) Po
—38(A21) P2 — P28(Az1) + A218(P2) — 8(P2)Ax. (2.3)

Multiplying (2.3) by P, from the left and by P; from the right, we obtain
P3(P) Az = A2 8(P) Pr.
That is,
P3(P2)Pax @ foP1 = Pax ® foP13(P2) Py 24
By letting both sides of (2.3) act on xp in X, we have
Jo(P1xo) P28(P2) Pax = fo(P18(P2) Prxo) Pax.
Since fo(P1x9) = fo(xp) = 1, it follows that
Py8(P2) Py = fo(P16(P2) Pixo) Pa. (2.5
By Lemma 2.4, we know that §(7) € FI. It follows that
Py3(I) Py = 8(1) Py = 8(1) folxo) P2 = fo(8(1)x0) P2 = fo(P18(1) P1xo) Pa.
Now replacing §(P>) by §(1) — §(Py) in (2.5), we obtain
Py (P1) P2 = fo(P16(P1) Pixo) P = AP,.
This implies P1§(P1) Py + P25(P1) P> = A(P1 + P2) = Al. O
Let G = P16(P1) P, — P>8(Py) Py and define a mapping A from A into B(X) by
A(A) =68(A) —[A, G]
for every A in A. Obviously, A is also a Lie triple derivation from A into B(X). Moreover,
A(P) =38(P1) — [P1, Gl = Pis(P) P+ P28(P1) P
and, by Lemma 2.5, we know that A(P;) € F/. In Lemmas 2.6, 2.7 and 2.8, we show some

properties of A.
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48 G.Anetal.

Lemma2.6 A(A;j) € B(X);j, wherel <i,j <2andi # j.

Proof Since A(P;) € FI, for each Ay, in A, we have

A(A12) = A([[A12, 1, 1D
= [[A(A12), P1], Pi]l + [[A12, A(PD], Pi] + [[A12, Pi], A(P1)]
= [[A(A12), P1], Pi]
= PIA(A1R) Py + P2A(A) Pr. (2.6)

In the following, we show that P,A(A12) P1 = 0.
Let By be in Aj3, then [A12, B12] = 0. Thus,

0= A0) = A([[A12, B12], C]) = [[A(A12), B12], C]1 + [[A12, A(B12)], C]
= [[A(A12), Bi2]l +[A12, A(B12)], C]

for every C in A. It means that J/ = [A(A12), B1a] + [A12, A(B12)] € FI. Since Ajp =
[Py, Aq2], we have

[A(A12), Bi2l =J —[A12, A(B12)] = J — [[P1, A12], A(B12)]
=J = (A([[P1, A12], Bi2]) — [[A(P1), A12], Bi2] — [[P1, A(A12)], B12])
=J +[[P1, A(A12)], Bi2].

By (2.6), we have

[PIA(A12) Py + PA(A1R) Pr, Biol = J + [[P1, PIA(A1) P> + P,A(A12) P1], Br2]
=J+[PIA(A12) P, — P,A(AR) Py, B2l

Hence
1
[P2A(A12) Py, B2l = 5] eFI.

It is well known that [P, A(A2) P1, Biz2] = 0. Thus, Py A(A12)B12 = BioA(Ap)Pr =0
for every B, in Ajp. By Lemma 2.2, we know that P,A(A12) Py = 0. Similarly, we have
A(Az1) € B(X)21- O

Lemma2.7 A(A;;) CFI.
Proof For every Aj; in Ajq, by Lemma 2.1, we have
A(A1) = A(P1ANL P = A(fo(Anixo) P1) = fo(A1ixo) A(Py).
Since A(Py) € FI, it follows that A(Aqy) € FI. O

Lemma 2.8 A(A2) — fo(A(Axn)xp)l € B(X) for every Az in Apy. In particular,
A(P2) = fo(A(P2)xo)l.

Proof Through simple calculation, we get
0= A([P1, A2l, P1]) = [[P1, A(A22)], Pl = —P1A(A) Py — PA(An) Pr.
It follows that A(A22) € B(X)11 + B(X)22. By Lemma 2.1, we obtain

A(A2) = PIA(An) P + P A(An) Py = fo(A(Axn)xg)Pr + PA(A2) P,
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that is,
A(An) — fo(A(An)x0)] = — fo(A(A2)x0) P2 + P2A(A2n) P2 € B(X)2.
Since A(Py) = A(I) — A(Py) € FI, we have
A(P2) — fo(A(P2)xo)] € FI N B(X)2 = {0}.
Thus, A(P2) = fo(A(P2)xo)]. m]

Proof Define two mappings t and D on from A into B(X) by

In the following, we prove Theorem 2.3.

T(A) = fo(P1AP1x0)A(P1) + fo(A(P2AP)x0)1

and

D(A) = A(A) — 7(A)

for every A in A. It is clear that 7 is a linear mapping from A into Z(B(X), .A) and D is
a linear mapping from A into B(X). Moreover, according to the previous lemmas and the
definitions of T and D, we have

() D(A;j) = A(A;j) € B(X);j forevery A;j in A;;, where 1 <i,j <2andi # j;

2
3)
4)

D(Py) = D(P>) = D(I) =0;
D(A11) =0 forevery Aqq in Ajp;
D(A2) € B(X)2; for every A in A.

To prove that A is standard, it is sufficient to show that D is a derivation and 7 ([[A, B], C]) =
0 for each A, B and C in A.

In the following we show

D(AijBsk) = D(A;ij)Bsik + Aij D(Bsk)

for every A;; in A;; and By in Ay, where 1 < i, j, s,k < 2.

Since D(A;;) € B(X);j, we have

D(A;jBsi) = D(A;j)Bsi + Aij D(Bsk)

for j # 5. Thus, we only need to prove the following 8 cases:

(D
2
3)
“4)
)
(6)
(7
®)

D(A11B11) = D(A11) By + At D(B11);
D(A11B12) = D(A11)B12 + A11 D(By2);
D(A12B2) = D(A12) B + A12D(B22);
D(Az1B11) = D(A21)B11 + A21 D(B11);
D(A2Bz1) = D(A») B2 + AnD(Bay);
D(A2By) = D(Axn)Bx + AnD(B);
D(A12B21) = D(A12)B21 + A12D(B2y);
D(A21B12) = D(A21)B12 + A21 D(By2).

Since D(A11) = 0 for every A1y in Ajq, case (1) is trivial.
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50 G.Anetal.

For each A, B in A, by A(A) — D(A) = 1(A) € Z(B(X), A), we have [A(A), B] =
[D(A), B]. Therefore

D(A11B12) = A(A11B12) = —A([[P1, Bi2], A11D)
= —[[P1, A(Bi2)], Auil = [[P1, Biz2], A(A1)]
= —[A(B12), A11] — [Bi2, A(A1D]
= [Ay1, D(B12)] + [D(An), Biz2]
= A1 D(Bi2) + D(A11)Biz

for each A1y in A1 and Bjy in Ajy. Thus, case (2) holds. The cases (3), (4) and (5) are
similar to case (2), so we omit the proofs.
For every C»; in A1, according to case (5), we have the following two equations:

D(A2 B2 C21) = D(A2B22)Co1 + A2 B2 D(Cayp) (2.7)
and

D(A2 B2 Co1) = D(A2) B Cry + A D (B2 Ca1)
= D(A2)B»nCo1 + A2 D(B2)Ca1 + AxnB» D(Cay) (2.8)

for each Ay, By in Aj. Comparing (2.7) and (2.8), we have
D(A2B2)Ca1 = D(A22)B2nCoy + A D(B22)Car.

It follows that (D (A2 By) — D(A2)Byy — A2 D(B2))Ca1 = 0 for every Co in Apj. By
Lemma 2.2 and D(A»;) € Ajp», we know that

D(A2B2) — D(A2)By» — AnD(By) =0.

Finally, we show cases (7) and (8). Let Ay, be in A7 and By be in Ay . Through simple
calculation, we obtain

A([[A12, P2], B21]) — D([[A12, P2, 1, Bai])
= [[A(A12), P2], B21] + [[A12, P21, A(B21)] — D([[A12, P2, 1, B21])
= [A(A12), Bai] + [A12, A(B21)] — D[A12, Bail
= [D(A12), B21]l + [A12, D(B21)] — D(A12B21 — B21A12)
= D(A12)By1 — B21 D(A12) + A12D(B21) — D(Ba1)A12 — D(A12B21) + D(B21A12)
= (D(A12) Bo1+A12D(B21) — D(A12B21)) +(D(B21A12) — Bo1 D(A12) — D(B21) A12).

Since A([A12, B21]) — D([A12, B21]) belongs to F7, we may assume that
A([A12, B21]) — D([A12, B21]) = A1
holds for some A in F. That is,

M = (D(A12)B21 + A12D(B21) — D(A12B21))
+ (D(B21A12) — B2 D(A12) — D(Ba)Ar). (2.9)

Since D(A;;) € B(X),;, we get
D(A12)B21 + A12D(B21) — D(A12B21) € B(X)11
and

D(B1A12) — B2o1D(A12) — D(Ba1)Ar2 € B(X)2.
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Lie triple derivations of standard operator algebras 51

Multiplying (2.9) by P; and P, respectively from the right, we obtain the following two
equations:

D(A12B21) = D(A12)Ba1 + A12D(Ba1) — AP (2.10)
and
D(By1A12) = Bo1D(A12) + D(Bo1) A2 + AP, (2.1
By case (2) and equation (2.10), we obtain
D(A12B21A12)
= D(A1pB21)A12 + A12B21 D(Ay2)
= D(A12)B21A12 + A1aD(B21)A12 — AA12 + A1 Ba1 D(App). (2.12)
By case (3) and equation (2.9), we obtain
D(A12B21A12)
= D(A12)B21A12 + A12D(B21A12)
= D(A12)B21A12 + A1aD(B21) A1z + A12 B2 D(A12) + AAp. (2.13)

Comparing (2.12) and (2.13), we have AA1> = 0. Thus, A = 0. By (2.10) and (2.9), cases
(7) and (8) hold.

By cases (1)—(8), this implies immediately that D is a derivation. Now we show that
T([[A, B], C]) = 0 foreach A, B and C in A. Indeed,

t([[A, B], CD) = A([[A, B], C]) — D([[A, B]. C])
= [[A(A), B], C1+[[A, A(B)], C1 +[[A, B], A(O)] — D([[A, B], C])
= [[D(A), B], C1 + [[A, D(B)], C1+ [[A, B], D(C)] — D([[A, B], C])
= 0.

It follows that A(A) = D(A) + t(A) is a standard Lie triple derivation from .4 into B(X).
Define a linear mapping from A into B(X) by

d(A) = D(A) + [A, G]
for every A in A. Thus, we have
3(A) =AA)+[A,G]l=D(A)+1(A) +[A,G] =d(A) + t(A),

where d is a derivation from A into B(X) and 7 is a linear mapping from A into Z(B(X), A)
such that T ([[A, B], C]) = 0 foreach A, B and C in A. O

For a non-unital standard operator algebra, the following result holds.

Corollary 2.9 Let X be a Banach space and A C B(X) be a non-unital standard operator
algebra. If § is a Lie triple derivation § from A into B(X), then § is standard.

Proof Denote the unital algebra 4 @ FI by A. Thus, A is a unital standard operator algebra.
Define a linear mapping é from A into B(X) by

S(A+Al) = 8(A)

for every A in A and X in F. Through a simple calculation, it is easy to show that Sisalsoa
Lie triple derivation. By Theorem 2.3, we know that § is standard, and so is §. O
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3 Local Lie triple derivations

In this section, we study local Lie triple derivations and the following theorem is the main
result.

Theorem 3.1 Let X be a Banach space of dimension at least 3 and A € B(X) be a unital
standard operator algebra. If § is a local Lie triple derivation § from A into B(X), then § is
a Lie triple derivation.

Proof For every A in B(X), there is a Lie triple derivation §4 from A into B(X) such that
8(A) = 84(A). By Theorem 2.3, we know 84 (A) is standard, then there exist a derivation
dy from A into B(X) and a scalar operator t4(A) in F7 such that §(A) = da(A) + t4(A).
By [6, Corollary 3.4], we know that d4 is an inner derivation, then there exists an element
T4 in B(X) such that d4(A) = [A, T4]. Thus, we have

8(A) = da(A) = [A, Tal + ta(A).
We claim that 74 (A) is unique. In fact, if
8(A) =[A, Sal+ 1) (A)
for some S4 in B(X) and 7/ (A) in F/, then
[A, S4 — Tal = TA(A) — T4 (A) = Al

for some X in . It is well known that 74 (A) = r;‘ (A). Hence we can define a mapping from
A into FI by

T(A) = tA(A)

for every A in A. Moreover, by the definition of t and Theorem 2.3, we know that 7(A) =
T4(A) = 0if A is a sum of double commutators.
For each x in X and f in X*, define ¥ (x, f) = 7(x ® f). Then we have

sx® ) =& f. Trgrl + ¥ (x, f) @3.D

for some 7y r in B(X). In the following we show that v (x, f) is a bilinear mapping.
Firstly, we show the homogeneity of ¥. For each x in X, f in X* and A in F, by (3.1), we
have

e ® ) =xQ f. Txgrl+ ¥(x, f) and §(Gx ® f) = [Ax ® f, Tixg ] + ¥ (Ax, f).
Byd(lx ® f) = Ad(x ® f), we infer

[)\.X ® f’ Tx®f - T)»)C@f] = 1//()\.)(, f) _)"w(x’ f) € FI

Thus, A (x, f) = ¥ (Ax, f). This proved that i is homogenous in the first variable. In the
same way, we can show that ¥ is homogenous in the second variable.
Secondly, we show that ¥ (x, f) is biadditive. We note that ¥/ (x, f) = 0 for x in X and
f in X* with f(x) = 0. Indeed, we may choose an element z in X such that f(z) = 1, then
xQf =[x® f,z® f], z® f]is adouble commutator and hence ¥ (x, f) = 1(x® f) = 0.
Let x1, x2 be in X and f be in X*. If both x; and x; belong to ker f, then

Yxy, /) =¥, f)=v¢xr+x, f)=0
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and so

Vxr+x2, f) =¥ (x1, )+ ¥x, f).

If one of x; and x» is not in ker f, then dim(span{xy, xo} Nker f) < 1. Since dim(X) > 3,
we know that dim(ker f) > 2. Thus, we can take y € ker f such that y ¢ span{xj, x2}. By
(3.1), we have the following equations:

§x1® fly=v(x1, Ny +pixt (2 ® fly =v(x2, /y + Haxo
and
3((x1 +x2) ® fly =¥ (xi +x2, fy + plxi +x2)
for some pu, w1, wo € FF. Since § is an additive mapping, we know that
W (xr+x2, f) =¥ (x1, ) — (2, )y = pixr + poxa — w(xr +x2).
Since y ¢ span {x1, x>}, it follows that
Vxr+x2, f) =¥, )+ ¥, ).

It means that v is additive in the first variable.
Let f1, f> bein X* and x be in X. If x € ker f] N ker f3, then

Yx, i+ o) =v&, fi) =¥, 2)=0
and so
Yx, f1+ f2) =¥, f1) + ¥, f2).

If x ¢ ker fi N ker f>, then we can take z € ker f; N ker f> which is linearly independent of
x, By (3.1), we have

Sx® fz=vx, foz+ x & ® fz=¥x, f2)z+ lx
and

Sx @ (fi+ Nz=vx, fi+ f2)z+Aix

for some A, A1, A2 € F. Since § is an additive mapping, we know that

W, fi+ f2) =¥, f1) =¥, 2)z= 01+ 22— A)x.

Since z and x are linearly independent, it follows that

Vx, fi+ f2) =9, 1)) + ¥, f).

The next goal is to show that there is an element J in B(X) such that

Sx@ N =k f.J1+v¥(x, [

for every rank one operator x ® f in B(X).
For each x in X and f in X*, define

¢, l=x® f. Tigrl =8xQ f) = ¥ (x, f). (3.2)
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It is easy to see that ¢(x, f) is a bilinear mapping and ¢ (x, f)ker f < Fx. Hence by
[21, Proposition 1.1], there are two linear mappings 7 : X — X and S* : X* — X* such
that

. ) =1x® [, Toof ] =Tx® f +x @ S*f (3.3)
for each x in X and f in X*. It follows that
(T+Tg)x® f=x® (Tjg; — S f (3.4)

for each x in X and f in X*.

We claim that S* = —T*. We only have to show that S* f(x) = — f (T x) for each x in X
and f in X™*. Itis trivial if one of x and f is zero. Suppose that neither of x and f is zero. If
both sides of (3.4) are zeros, then

(T + Tegp)x = (Tigy — Sf =0.

It follows that

S*f() =Tl f(X) = f(Tegyx) = —f(Tx).
If both sides of (3.4) are not zeros, then we have

(T + Thg)x ® 1P =[x ® (Tjy; — SH) T,
that is,
FUT + T )T + Teg)x ® £) = (T s — SHH@ (x ® (T s — S 1)
It follows that
FUT + Tegp)x) = (T, — S ()

and then S* f(x) = — f (T x). Consequently, we always have $* = —T*. By (3.2) and (3.3),
we have

Sc®N=Tx@f+x@S"f+ ¥, f)=x®f, -TI+ ¥, f)
foreveryx ® fin A.Let J = —T and by ¥ (x, f) = t(x ® f) € FI, we obtain
3(A) =T[A, J]1+ ral (3.5)
forevery A =x ® f in A and some L4 € F. Finally, we show that
3(A) =[A, J]+2al

holds for every A in A. Suppose that P, Q are two idempotents of rank one and let P+ =
1—P, QL = I — Q. By Proposition 1.1(1) and (3.5), it follows that

8(A) =8(PA+ PLAQ + PTAQY)
=8(PA) +8(PTAQ) + 8(PTAQ")
=[PA, J1+rpal +[PTAQ. J1+ Apiol +[PHAQT, Tpippil+Apisprl
=PAJ —JPA+ PYAQJ — JPTAQ + [PTAQ Tpiypi ]+ hal
= PAJ —JAQ + PLAQJ — JPAQ™ + [PTAQ*, Tpispi]+ Aal, (3.6)
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where Ag = Apa +Apiag +Apigpr. Multiplying (3.6) by P on the left and by Q on the
right, we have

P5(A)Q = P[A,J]Q +APQ,
that is,
P(A) —[A, J]—AraD)Q =0.

By the arbitrariness of P and Q, it follows that §(A) = [A, J] + X a1, where J is a fixed
element and X 4 is depends on A. By the uniqueness of 7, we know that 7(A) = A/ and
7 is a linear mapping from A into '/ vanishing on every double commutator, which means
that § is a Lie triple derivation. O

Corollary 3.2 Let X be a Banach space of dimension at least 3 and A C B(X) be a non-unital
standard operator algebra. If § is a local Lie triple derivation § from A into B(X), then § is
a Lie triple derivation.

Proof Denote the unital algebra A @ F/ by A. Thus, A is a unital standard operator algebra.
Define a linear mapping é from A into B(X) by

S(A+ A1) =58(A)

forevery Ain Aand A in F.

Since § is a local Lie triple derivation from A into B(X), foreach A € A and A € F, there
exists a Lie triple derivation §4 such that §(A) = §4(A). Define a linear mapping 54 from
Ainto B(X ) by

SA(B +1I) = 84(B)

forevery B in A and A in F. It is easy to show that § , is also a Lie triple derivation. Moreover,
we have

S(A+ A1) = 8(A) = 84(A) = 84(A + D).

It means that 3 is a local Lie triple derivation from A into B(X). By the result of the case
that A contains the unit, § is a Lie triple derivation. Hence § is also a Lie triple derivation. O

4 2-Local Lie triple derivations

In this section, we study the 2-local Lie triple derivations and the following theorem is the
main result.

Theorem 4.1 Let X be a Banach space and A C B(X) be a unital standard operator algebra.
If § is a 2-local Lie triple derivation from Ainto B(X), then § = d+7t, where d is a derivation
and t is a homogeneous mapping from A into FI such that t(A + B) = t(A) for each A, B
in A where B is a sum of double commutators.

Proof Similarly to the proof of Theorem 3.1, we can show that § has a unique decomposition
at each point A in A, i.e.

8(A) =84(A) = da(A) + T4(A),
where 4 is a Lie triple derivation, d4 is a derivation and 74 is a linear mapping from A into

I such that T4[[X, Y], Z] = 0each X, Y and Z in A.
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Thus, we can define
d(A) =da(A) and 1(A) = 14(A)

for every A in A.
In the following we show that d is a derivation and 7 is a homogeneous mapping. Given
A and B in A, there exists a Lie triple derivation 64, g from A into B(X) such that

8(A) =64,8(A) =da,p(A) + 14,8(A),
and
8(B) = 8a,8(B) = da,p(B) + ta,5(B),

where d4 g + T4, p is the standard decomposition of 64 p. By the uniqueness of the decom-
position, d(A) = da p(A) and d(B) = ds g(B). Hence d is a 2-local derivation and by [10,
Theorem 3.1], we know d is a derivation from A into B(X).

For every A in A and A in T, there exists a Lie triple derivation 64,34 from A into B(X)
such that

8(A) =64,4(A) and S(AA) =64,24(AA).

It follows that § is homogeneous, and so is T.
Moreover, for each A, B in A where B is a sum of double commutators, there is a linear
mapping 74,4+ from A into [F/ vanishing on every double commutator such that

T(A+ B) =14,44B(A+ B) = 14, 448(A) = 1(A).
u]
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