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Abstract We determine a 2-codimensional CR-structure on the slit tangent bundle 7o M
of a Finsler manifold (M, F') by imposing a condition on the almost complex structure
W associated to F when restricted to the structural distribution of a framed f-structure.
This condition is satisfied when (M, F) is of scalar flag curvature (particularly flat). In
the Riemannian case (M, g) this last condition means that g is of constant curvature. This
CR-structure is finally generalized by using one positive parameter but under more difficult
conditions.
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1 Introduction

Finsler geometry is very rich in remarkable tensor fields ¢ of (1, 1)-type and associated
structures. More precisely, there are: an (almost) tangent structure ((p2 = 0), an almost
complex one (¢* = —1I) and also an almost product structure (¢* = I). In [1] another well-
known type of structures, namely an f-structure (9> 4+¢ = 0) is obtained in this geometry. In
fact, this f-structure belongs to a very interesting particular case which is called framed f-
structure and has, in addition to ¢, a set of vector fields and differential 1-forms interrelated.
Moreover, a conformal deformation of the Sasaki type metric can be added in order to obtain
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a metric framed f-structure. This metric framed f-structure of M. Anastasiei was recently
generalized in [8, 15].

The present note concerns yet another kind of structures, namely the CR-structures, with
an important role at the border between differential geometry and complex analysis, as it
is pointed out in [7]. We restrict ourselves to the real case; more precisely, based on a
relationship between framed f-structures and CR-structure established in [2, p. 130] we
found a CR-structure on the slit tangent bundle Ty M of a Finsler manifold (M, F'). This CR-
structure is constructed with the above almost complex structure denoted by W in Sect. 3
and its existence is constrained by one condition expressing the vanishing of the Nijenhuis
tensor of Wr on the structural distribution of the framed f-structure from [1]. The above
condition is expressed as a relation between the curvature of the Cartan nonlinear connection
and the Jacobi endomorphism and is satisfied in dimension two or if (M, F) is of scalar flag
curvature which in the particular case of Riemannian geometry (M, g) means that the metric
g has a constant curvature. Several important classes of Finsler manifolds with scalar flag
curvature are discussed in Chapter 7 of [5].

Inspired by [15] we generalize this CR-structure using a real parameter 8 > % but with
more difficult conditions. More precisely, we take into account the same vector fields and
1-forms as in the previous framed f-structure but deform the metric and the almost complex
structure on both horizontal and vertical directions. At 8 = 1 we recover the previous CR-
structure.

Finally, let us note that our CR-structures are of codimension 2 and the (complex) geometry
of these structures was studied in [11,12] and recently in [9, 10]. But for the Riemannian case
the only studies until now are on hypersurfaces of Sasakian manifolds [13,14] and not on
(slit) tangent bundle. The para-CR version of this study is the paper [6].

2 CR-structures from framed f-structures

Framed f-structures constitute a particular case of f-structures. A detailed study of this class
of tensor fields of (1, 1)-type, especially from a local point of view, can be found in [16].

Let N be a smooth (2n + s)-dimensional manifold with n, s > 1 and fix a distribution D
of dimension 2n on N. Considering D as a vector bundle over N let I'(D) be the module
of its sections. Supposing D is endowed with a morphism J : D — D of vector bundles
satisfying J2 = —1I where I is the identity (Kronecker) morphism on D, the pair (D, J) is
called almost complex distribution.

The first main notion is given in [2, p.128].

Definition 2.1 If for all X, Y € I'(D) we have

[[JX,JY]—[X, Y] eT(D) 2.1

N;y(X,Y)=[JX,JY]-[X,Y]-J(X,JY]+[JX,Y]) =0,

then (D, J) is a CR-structure on N and the triple (N, D, J) is a CR-manifold.
A second main notion is that of a framed f-structure.

Definition 2.2 Let ¢ be a tensor field of (1, 1)-type and s pairs (&,, n%), 1 < a < s of vector
fields and 1-forms on N. If

(i) ¢+ ¢ =0, rank ¢ =2n,
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(i) ¢? = =1+ 20 0" ®&ar 9(6a) = 0, 0" (&) = 85, 1" 0 9 =0,
then the data (¢, &,, n?) is called a framed f-structure.

Following [2, p. 130] we associate to a framed f-structure
(1) the (1, 2)-type torsion tensor field

S=N,+2) dy* @&, (2.2)

a=1

(2) the structural distribution
D={Xel(TM);n'(X)=..=7"(X) =0} = Ny _; kern®. (2.3)
For a 1-form n we use the differential
2dn(X,Y) = X)) —Y(n(X)) —n([X, YD. 2.4

These notions lead to

Definition 2.3 The framed f-structure is called D-normal if S vanisheson Di.e. S(X,Y) =
Oforall X,Y € I'(D).

The relationship between the above structures was pointed out by A. Bejancu in Proposi-
tion 1.1 of [2, p. 130].

Proposition 2.4 If (¢, &,, n%) is a D-normal framed f-structure, then (D, J = ¢|p) is a
CR-structure.

Proof The restriction J of ¢ to D is obviously an almost complex structure. Conditions (2.1)
result from the fact that for X, Y € I'(D) we have

S(X,¥) =0=[JX, JY]1+¢*(IX, Y]) — (X, Y]+ [JX, Y] = D n*(X, YD,
a=1

(2.5)

For other details see the cited reference. ]

3 A metric framed f-structure on the tangent bundle of a Finsler manifold

Let M be now a smooth m-dimensional manifold withm > 2 and 7 : TM — M its tangent
bundle. Let x = (x%) = (x', ..., x™) be local coordinates on M and (x,y) = (x!, y’) =
(xl, LLx™ yl, ...., y"") the induced local coordinates on 7M. Denote by O the null-section
of .

Recall after [5] that a Finsler fundamental function on M is amap F : TM — Ry with
the following properties:

(F1) F is smooth on the slit tangent bundle 7oM := T M \ O and continuous on O,
(F2) F is positive homogeneous of degree 1: F(x, Ay) = AF(x, y) for every A > 0,
(F3) the matrix (g;;) = (% %) is invertible and its associated quadratic form is positive
definite.
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The tensor field g = {g;j(x, y); 1 < i, j < m} is called the Finsler metric and the homo-
geneity of F implies:
F2(xey) = gijy'y) = vy, 3.1
where y; = g;;y/. The pair (M, F) is called Finsler manifold.
On ToM we have two distributions:

(i) V(T M) := ker m,, called the vertical distribution and not depending of F. It is inte-

grable and has the basis {%; 1<i< m} A remarkable section of it is the Liouville
vector field ' = y' %
. . . S . 0 nJ 0
(i1) H(T M) with the basis [W = gy N; 37 }, where
. 1 yi
Ni = - 1% 32
§=33y] (3.2)

with y}, = ;ﬁ 47 y* built from the usual Christoffel symbols

L a (98ak | 08ja 08k
i _ ° _ia _
YVie= 38 (axf ook T axe ) (3-3)

H (T M) is often called the Cartan (or canonical) nonlinear connection of the geometry
(M, F) and a remarkable section of it is the geodesic spray

;8
Sp =y —. 3.4
F=Y s (3.4)
In particular, if g does not depend on y, we recover Riemannian geometry.

The dual basis of the above local basis {557, %} of I'(ToM) is (dx', 8y' = dy' +N;dx/ ).

On Ty M we have a Riemannian metric of Sasaki type

Gr = gijdx' @ dx/ + g;;8y' ® 8y7. (3.5)
Another Finslerian object is the tensor field of (1, 1)-type W : I'(ToM) — I'(ToyM)
8 0 0 )
ox! ay! ay! ox!

It results that W is an almost complex structure and the pair (Wr, G r) is an almost Kihler
structure on Ty M.

In order to obtain a framed f-structure on ToM associated to the Finslerian function F,
the following objects are considered in [1]

&1 =8r6=T,

n' = Hyidx', n? = {%y,ﬁyi,
p=Vr+1n'®8& -0 @&,
G= %Gp.

(3.7

Then the main result of [1] is that the data (¢, &1, &2, nl, nz) is a framed f-structure on To M
with n¢ the G-dual of &, 1 < a < 2 and, moreover

Gp9)=G-n'®@n' —n* ®@n". (3.8)
Also, &, are unitary vector fields with respect to G and (G, ¢, &, n*) is a metric framed

f-structure.
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4 Putting all together

The last paragraph of the previous section provides the ingredients of Sect. 2 with N = Ty M,
s =2 and n = m — 1, which motivates our choice m > 2. Then the structural distribution is

D = kern' Nker n? = (£1}19 N {670 = {£/1167 n (&) 107, 4.1

where {X}1C is the G-orthogonal complement of span{X}. We have Dr = (span{é,
£1)19F and this implies that D has dimension 2m — 2. For a geometrical meaning of the
distribution span{é, &} in [1] is defined the differential 2-form wF, naturally associated to
the metric framed f-structure

wr =G(, ), 4.2)

and it follows that span{&, &} is the kernel of wg. Also, the homogeneity of F implies the
homogeneity of Sr = &, which means

[T, Srl = [&2. &1] = &1, (4.3)

and thus span{&;, &} is an integrable distribution; see also Theorem 3.15 of [3, p. 236].
A concrete expression of D appears in [4, p. 11]. More precisely, consider after the cited
paper

(i) the horizontal vector fields

8 1
and the corresponding (m — 1)-distribution H,,—; = span{h;; 1 <i < m},
(ii) the vertical vector fields
9 1
v = 87yl — ﬁyiF, 4.5)

and also the corresponding (m — 1)-distribution V,,_1 = span{v;; 1 <i < m}.
We have
Dr =Hpy—1 ® Vi1, (46)

and the same Theorem 3.15 of [3, p. 236] proves the integrability of V,,_1; see also
[4, p. 12].
Regarding the integrability of the nonlinear connection H (7T M) we have

IR 4.7
Sxi’ oxk | T Tikgyi” '
where
4 SNi  sNi
i ) Tk
[l VR 4.8)

A

i, j, k < m} is called the curvature of the Cartan

The tensor field R = {R;k(x, y); 1
nonlinear connection and

R := R y* (4.9)

are the components of the Jacobi endomorphism & = R; a[;" ® dx/, [4, p. 5]. Now we are
ready for the first main result:
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Theorem 4.1 If the curvature tensor of (M, F) has the form
Riy =+ (X} = Xiw) (4.10)
with A a smooth function on ToM and the tensor field {X; (x,y); 1 <1i,j < m]} satisfying
yiXi=yj (4.11)
foralli, j € {1, ...,m}, then the pair (D, Jr = Wr|p,) is a CR-structure on ToM.

Proof We express the Nijenhuis tensor field of W as

Ny (X,Y) =[VrX, VY] - [X, Y] - Vr(AX,Y)) = B(X,Y)
—VUr(A(X,Y)) 4.12)

with A(X,Y) .= [X, VY] + [VYrX,Y]and B(X,Y) = [VrX, VY] — [X, Y]. It follows
that B(X,Y) = A(Wr X, Y) and then

Ny, (X, Y) =ANrX,Y) - VroA(X,Y). (4.13)

We prove firstly that A is a Dp-valued (0, 2)-tensor field. From (4.7) and

5 ING & %y, 9
LA s B (I (4.14)
8xJ’ dyk ayk dyi dyJayk 9y
we obtain
a2 Y oa (2 2 Y 2o, a2 )i D (4.15)
Sxi’ sxk ) ayl T ayk ) T Sxi”ayk ] T Tikgyir ’
which means that ' 0 A = 0 and
i j k 9
A = Rjpdx! ASy" ® oy (4.16)
A main identity in Finsler geometry is
ViRl =0, @17)

and then n% o A = 0, which conclude the first part of the proof.
Secondly, we search for the framework of Proposition 2.4. The torsion tensor S on D is

S(X.Y) = No(X.Y) =0 (IX. YD& — 11°(IX. Y D&
with
Ny(X,Y) =[VpX, VpY] + P*([X,Y]) —po AX,Y).
Since ¢ is an element of a framed f-structure, we get
Ny(X,Y) = [WpX, WpY] = [X. Y]+ 7' (X, YD& + 0’ (X, YDE — ¢ 0 A(X. Y)
and from the definition (3.73) of ¢ it follows

S(X,Y) = [VpX, WpY] = [X,Y]— (Yr+n' @& — 1> ®&) o AX, Y)
= Ny, (X,Y). (4.18)
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In local coordinates we have

9
Ny, = R%;8y7 A sy* ® 5 (4.19)

and then Ny, has components only when applied on the pair (v,, vp). A long but straight-
forward computation yields

i d
Ny (va, vp) =2 [Rl 2(Rayb - Rbya)] oyl (4.20)
and therefore the normality condition is
F?R, = Rjya — RLyp, 4.21)
which can be expressed as
2 a
Ny, =n" A 6y ® F . (4.22)
Relation (4.10) yields
Ri = (F Xi—y Xayk) 4.23)

and then both sides of (4.21) areequal to A F' 2(x }( yi—X ; Vi), which gives the final conclusion.
Condition (4.11) corresponds to relation (4.17).

Let us also point out that condition (4.10) gives the following expression for the Nijenhuis
tensor

2.2 i 0
P =207 A X458y © 3 ) (4.24)

which yields again the vanishing of Ny, on Df due to the presence of n?. Concerning the
tensor field A we have

_ 21 1 igooj 9 8
A=x1F? |t A X5y : X'd An? (4.25)
J 8y’ a

which proves the relations nNoA=n20A=0. m]

Example 4.2 Recall that in dimension 2 the Nijenhuis tensor field of any almost complex
structure vanishes. Then every 2-dimensional Finsler manifold (M 2| F) satisfies the condition
of Theorem 4.1. Let V(T M) be spanned by the vector fields I" and V respectively, H (T M)
be spanned by the vector fields Sg and H. Then Dr is spanned by V and H and

Jr(H)y=-V, Jp(V)=H. (4.26)

We have that H is a linear combination of /; and s, while V is a linear combination of v
and v,. O

In order to consider examples in any dimension we remark that a solution of condition
(4.11) is

Xt = st + (1 —u)y Bl 4.27)

again with u a smooth function on Ty M.
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Example 4.3 1If @ = 1 then Xﬂ. = 8’}. and the Finsler manifold (M, F) is of scalar flag
curvature A since '

Riy =+ (8 = 8iwe) (4.28)
and then
Rl =2 (57>~ yiwe). (4.29)

Corollary 4.4 If (M, F) is of scalar flag curvature, then (Dp = (span{Sg, TN CF, Jr)is
a CR-structure on ToM.
Remark also that the hypothesis of scalar flag curvature yields

Ny, = 2)»F2772 AN TTV(TM)» (4.30)

where 1y (T m) is the projector on the vertical part in the G g-orthogonal decomposition
T(ToM) =H(TITM)®V(ITM)ienyrm =38y ® aivi' However, W is integrable only in
the flat case (i.e. . = 0) since Ny, (I", v,) = 20 F2v,. The integrability of Y as a tensor

field of (1, 1)-type is equivalent with the integrability of the Cartan nonlinear connection of
(M, F) and then (ToM, VY F, GF) is a Kdhler manifold.

Particulqr case 4.5 (Riemannian space) Let g = (g;;(x)) be a Riemannian metric on M.
Then y ; () = I‘;.  (x) are the Riemannian Christoffel symbols and

Rl (x.y) = Rij ()Y 4.31)
where R, = (R; o) 18 the Riemannian curvature tensor of g. It results that a Riemannian
geometry (M, F = (g;;(x) yiy/ )%) is of scalar flag curvature if and only if g is of constant
curvature. Therefore on the slit tangent bundle of a space form (M, g) there exists a CR-
structure on the distribution complementary (with respect to the Sasaki lift of g) to the
distribution generated by the Liouville vector field and the geodesic spray S,. O

Example 4.6 Returning to the general non-Riemannian case (4.27) with u = 0 we get

X’ﬂ:yiyj

=" 4.32)

and then R’}. « = 0, which means that (M, F) is flat, a situation belonging also to Example 4.3
for vanishing scalar curvature. O
For the general « we have

Nup = 20F0* A[umy iy + (= n> @ T] = 20 F* 0> A pry . (4.33)

S A 1-parametric generalization

Let > 0 and B > 0 be two positive numbers. Following the approach of [15], let v :
TM — R be a function of the form v = 9 o T where 7 = FZ and ¥ : [0, +00) — Ris a
smooth function. Supposing that

a+2t5(t) > 0 (5.1)
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forany ¢ € (0, +00), in the cited paper, the smooth functions w : [0, +00) - R,w : TM —
R

v(t
w(t) = —L(_) and w=wor, (5.2)
o+ tu(t)
and the Riemannian metric on Ty M
G = G,jdx" ® dx’/ + H;;8y' ® 8y’ (5.3)
are defined, where
1
[ Gij = 58ij + 35V (5.4)
Hij = Bgij + woty;y;.

Inspired by [15] we define also

&1 =B+ w_T)SF, £ =T =&, _
nl=Llydx =n', 7’ 23(5 + w)y;y’, (5.5)

To( by — il I b
\I"F(g) _G? 9y \I”F ayi) H[amv
where the lift of indices in the third line is constructed with g~! = (g®). In fact, the only

difference between us and [15] is with respect to 1-form #'; in order to reobtain that of
Sect. 3 we divide with 7 the 1-forms of Peyghan—Zhong. With a computation similar to that
of Theorem 4.8 of Peyghan—Zhong we derive that (G, ¢, &,, n%) with

o=V +7' @56 -P Q& (5.6)

is a metric framed f-structure on 7o M if and only if

B+tw(@) =1. (5.7)
From this condition we get that &, = &, and 7% = 5“. From (5.2) and (5.7) we obtain
5(t) = @ W(t) = tﬂ. (5.8)

In the particular case « = f = 1 we recover the metric framed f-structure of Anastasiei
since v =w = 0.
Now, under condition (5.7) we have the same structural distribution D but the expression
of the tensor field
AKX, Y) =X, UpY]+ [¥rX, Y] (5.9)

is more complicated. More detailed

AGYy. xk)=(‘§%—i%"+G5‘3ﬁf Gi o) 7o
i o= (5 = ) v+ (55 = ) e S0
Al ) = S (Hk R, + afk .

where, with (5.7)
Gij = p8ij + g vivi, Hl/ = Bsij + liﬁy"yf
G“ _ 15q ﬂﬂzly yj, Ig(ga : y y] (5.11)
\pr(ﬁ :_EE‘L ﬁf Ei, ‘I'F(ayl) ﬁéx’ fﬂ S
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It results that « disappears and this motivates the title of this section, namely 1-parametric

generalization and not 2-parametric. Note that Up (hi) = —%vi and U (v;) = Bh;.
Then
Ar_S § N B—1 ) i)
AGL, ax—k) = B2 52 (") = 55 00 | 5
AGL, ) = a-p [W(M)—ﬁ 5| 52 (5.12)
108D 1- =1 9 (yi»y' 9
A s = 258 ) e + [ BRY + Sy RY, + B3 (22)] 55

Choosing o = 1 the second main result is

Theorem 5.1 Let § > 5 and the smooth functions v(t) = —w(t) = # If for any
X,Y € Dr we have

(1) A(X,Y) € Dr, o
(2) Nq,F(X, Y) =0, then (Dr, Jr = VF|p) is a CR-structure on ToM.

Proof The condition in 8 follows from (5.1). Exactly as in the proof of Theorem 4.1 we
have

S(X.Y) = Ny, (X.Y) = n' (AKX, ))& + n* (A(X, V))& (5.13)

and the conclusion follows directly. Let us note that 1) corresponds to condition (2.17)
while 2) corresponds to condition (2.15). O

Let us remark that

YA ) - $ 0 ) d
2
Al—,—)=n oA Al —, — 14
P ((le’(?xk) 77 ((Sx/ y") 77 ° (5 k> 8y1)’ .14

)
57 3y o

) implies the vanishing of > o A ( 8 ) The

Sxir §xVv

and then the vanishing of n' o A (

vanishing of the former expression means that y, is an eigenvector for 57}

SVk N¢yq
i =(— all G (5.15)
and then yy is an eigenvector for the geodesic spray
N;?yj)’a
Sr) =\ ==z | (5.16)

Such condition holds in the Euclidian space (R™, g;; = §;;) but here the expression n? o
8 ) is non-vanishing since

SxJ> éyk
 (yiy’ yiyk
v () =0 — 2 %0 (5.17)

and then it remains an open problem to find Riemannian and/or Finsler manifolds satisfying
the conditions of Theorem 5.1 with 8 # 1.
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