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Abstract Let P > 3 be an integer and let (U,) and (V) denote generalized Fibonacci and
Lucas sequences defined by Up =0,U; = 1; Vo =2,V = P,and U,y = PU, — U, 1,
Voyr = PV, — V,_y for n > 1. In this study, when P is odd, we solve the equation
U, = wxZ+1forw=1,2,3,5,6,7, 10. After then, we solve some Diophantine equations
utilizing solutions of these equations.

Keywords Generalized Fibonacci numbers - Generalized Lucas numbers - Congruences -
Diophantine equation

Mathematics Subject Classifications 11B37 - 11B39 - 11B50 - 11B99 - 11D41

1 Introduction

Let P and Q be nonzero integers. Generalized Fibonacci sequence (U,,) and Lucas sequence
(V,)) are defined by Up(P, Q) = 0, U (P, Q) = 1; Vo(P, Q) = 2, Vi(P,Q) = P, and
Unt1(P, Q) = PUn(P, Q) + QUy—1 (P, Q), Vyst1 (P, Q) = PV, (P, Q) + QVp_1(P, Q)
forn > 1. U,(P, Q) and V,,(P, Q) are called n-th generalized Fibonacci number and n-
th generalized Lucas number, respectively. Generalized Fibonacci and Lucas numbers for
negative subscripts are defined as U_, (P, Q) = —(—Q) "U,(P, Q) and V_, (P, Q) =
(=) "V, (P, Q), respectively.
Since

Un(—=P, Q) = (=1)""'Ux(P, Q) and V, (=P, Q) = (—=1)"V,(P, Q),
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it will be assumed that P > 1. Moreover, we will assume that P2+4Q >0.ForP =0 =1,
we have classical Fibonacci and Lucas sequences (F},) and (L,). For P =2and Q = 1, we
have Pell and Pell-Lucas sequences (P,) and (Q}). For more information about generalized
Fibonacci and Lucas sequences one can consult [1-4].

Generalized Fibonacci and Lucas numbers of the form kx> have been investigated since
1962. In [5], the authors solved U, = x2,V, = x2, U, = 2x%, and V, = 2x2 for odd
relatively prime integers P and Q. The reader can consult [6] or [7] for a brief discussion of
the subject.

In [8], the authors showed that when a # 0 and b are integers, then the equation
U,(P,x1) = ax? + b has only a finite number of solutions #. In [9], Keskin solved the
equations V, (P, —1) = wx? + 1 and V,(P,—1) = wx? — 1 forw = 1,2,3,6 when
P is odd. In [10], Karaatli and Keskin solved the equations V,,(P, —1) = 5x2 + 1 and
V,(P, —1) = 7x* + 1. Similar equations are tackled in [11] by using very different meth-
ods (see also [12-14]). In this study, we solve the equation U, (P, —1) = wx? + 1 for
w=1,2,3,5,6,7, 10.

We will use the Jacobi symbol throughout this study. Our method is elementary and used
by Cohn, Ribenboim and McDaniel in [15] and [16] , respectively.

2 Preliminaries

From now on, instead of U, (P, —1) and V,,(P, —1), we sometimes write U,, and V,,, respec-
tively. Moreover, we will assume that P > 3.
The following lemmas can be proved by induction.

Lemma 2.1 Ifn is apositive integer, then U, = n(=1)"*t' P (mod P?) and Uyy1 = (—1)"
(mod P?).

Lemma 2.2 [fnisapositive integer, then Vo, = 2(—1)" (mod P?) and Vope1 = (D" 2n+
1)P (mod P?).

The following theorems are given in [9].
Theorem 2.3 Let P be odd. If V,, = kxzfor some k|P withk > 1, thenn = 1.
Theorem 2.4 Let P be odd. If V,, = 2kx? for some k| P with k > 1, then n = 3.

Theorem 2.5 Let P be odd. If U, = kx? for some k|P withk > 1, thenn =2 orn =6
and 3| P.

Theorem 2.6 Let P be odd. If k|P with k > 1, then the equation U, = 2kx?* has no
solutions.

Theorem 2.7 Let P be odd. If k| P with k > 1, then the equation U, = kx> + 1 has only
the solution n = 1.

The following theorem is given in [10].
Theorem 2.8 Let P be odd. If V,, = 7kx2for some k|P withk > 1, thenn = 1.
Now we give some known theorems from [5], which will be useful for solving the equation

U, = wx? + 1. We use a theorem from [17] while solving V,, = 2x2.
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Theorem 2.9 Let P be odd. If V,, = x? for some integer x, then n = 1. If V,, = 2x? for
some integer x, thenn = 3, P = 3,27.

Theorem 2.10 Let P be odd. If U, = x?* for some integer x, thenn = 1 orn =2, P =0
orn =6, P =3.1fU, = 2x? for some integer x, then n = 3.

The following lemma is a consequence of a theorem given in [18].

Lemma 2.11 All positive integer solutions of the equation 3x> — 2y?> = 1 are given by
(x,y) = (Un(10, =1) = Up—1 (10, =1), U (10, =1) 4+ U,—1 (10, —1)) withn > 1.

The proof of the following lemma is easy and will be omitted.

Lemma 2.12 All positive integer solutions of the equation x> — Ty* = 2 are given by
x,y) =B Un4+1(16 — 1) — Uy (16, -1)), 17U, (16, —1) — Up,—1 (16, —1)) with m > 0.

The following theorems are well known (see [19-22]).

Lemma 2.13 All positive integer solutions of the equation x> — (P> — 4)y? = 4 are given
by (x,y) = (Vo (P, =1), Up(P, =1)) withn > 1.

Lemma 2.14 All positive integer solutions of the equation x> — Pxy + y* = 1 are given
by (x,y) = (Up(P,=1), Uyp—1 (P, —1)) withn > 2.

The following two theorems are given in [23].

Theorem 2.15 Letn € NU{0}, m, r € Z and m be a nonzero integer. Then

Usmntr = Uy (modUy,) . (2.1

Theorem 2.16 Letn € NU{0} and m, r € Z. Then
Uzpntr = (=1)" Uy (modV,,) . (2.2)

If n =2 -2%a + r with a odd, then we get

Un = U2-2ka+r = —Ur (mOdVZk). (23)
by (2.2).
When P is odd, since 8|Us, using (2.1) we get
Usg+r = U, (modUs3) 24
and therefore
Usg+r = Uy (mod8). 2.5)

From Lemma 2.1 and Lemma 2.2, it follows that if ¢| P with ¢ > 1, then

q|Vy & nisoddand ¢|U, < niseven. (2.6)
If P2 = —1(mod5), then 5|Us. 2.7
If P is odd, then 2|V,, & 2|U, < 3|n. (2.8)
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Now we give some identities concerning generalized Fibonacci and Lucas numbers:

U_,=-U,and V_, =V,

Uyt1 — 1 = Uy Vg, 2.9)
Uy, = U, Vp, (2.10)
V2 (P?—4U? =4, (2.11)
Vo = V2 2. (2.12)

Letm = 2%, n =2%1, kand ! odd, a, b > 0, and d = (m, n). Then (see [24])
LR A O ar

From (2.11) and Lemma 2.2, it follows that

5|V, < 5|P and n is odd. (2.14)

An induction method shows that
Vok = 7 (mod8)

and thus 5
— ) =1 2.15
(Vzk) @19
and )
) =—1 2.16
(Vzk) ( )
forall k > 1.

Lemma 2.17 Let P be odd. Then
P—1 P+1
( ):( +):1 2.17)
Vzk Vzk

forallk > 1. Moreover, if 31 P, then
3
(7) =1 (2.18)
V2k
forallk > 1.

Proof 1f3 1 P, then P2=1 (mod3) and therefore V, = P2—2 = —1 (mod3). An induction
method shows that Vyx = —1 (mod3) since Vyx = (Vzk—l )2 — 2 by (2.12). Thus

(2)--(5)-- ()

Since V, = P? —2 = —1 (modP? — 1), it follows that Vyx = —1 (modP? — 1). Thus
Voi = —1 (modP — 1) and Vox = —1 (modP + 1). Let P — 1 = 2"a with @ odd. Then we

get
t
(-G (2) () -()-= (%) om
V2k V2k V2k Vzk V2k a

since ( A) 1 by (2.15). By using the fact that V,x = —1 (moda), we get (b) =
%

Vok
- (;) = 1 by (2.19). Similarly, it is seen that (P“) =1. O

a
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When P is odd, it can be shown that

5 —1 ifP?2=-1 (mod5),
(W) - [ 1 if P2 = 1 (mod5) (2.20)
and , 2
| =1 if P? =4 (mod7),
(@) B [ 1 if P2 = 1 (mod7) .21)
forall k > 1.

3 Main theorems

From now on, we will assume that # is a positive integer and P is an odd integer.

Theorem 3.1 IfU, = 2kx? + 1 with k|P andk > 1, thenn =1o0orn =>5.

Proof Assume that U, = 2kx? 4 1 for some integer x. Then n is odd by Lemma 2.1. It is
clear that n = 1 is a solution. Assume that n > 1. Then we have n = 2m + 1 withm > 1.
Thus, we get U, Vi1 = Uspp1 — 1 = 2kx? by (2.9). It can be seen that m is even by (2.6).
Thus, (U, Vin+1) = P by (2.13). Then it follows that

Un = kiPa®> and  Vy = 2k Pb?

or
Up =2kiPa®> and V41 = ko Pb?

for some natural numbers a and b with k = kjk,. Thus, it is seen that
Up = ut® and V1 = 2vs> (3.1)

or
Up =2ut’> and V4 = vs> (3.2)

for some natural numbers u, v, s, ¢ with u|P and v|P. Assume that (3.1) is satisfied. By
using Theorems 2.4 and 2.10, it is seen that m = 2. Therefore n = 5. The identity (3.2) is
impossible by Theorems 2.6 and 2.10.

Theorem 3.2 Let w = 1,2,3,6. If U, = wx? + 1 for some integer x, then (w,n) =
(1,1),,2),2,1),(2,2),3,1),(3,2), (6, 1), (6,2), (6,5).

Proof Assume that U, = wx? + 1 for some integer x. Let n > 3. Then n = 4¢ + r for some
g > 0withO <r <3.Thenn =2.2%q 4+ r with a odd and k > 1. Thus,

wa =—1+ Un =—1- Ur (modek)
by (2.3). This shows that
wx? = —1,-2, —(P + 1), —P? (mod V).

. 2 -1 P+1
Since{ — ) =1,{ — ) = -1, and = 1 by (2.15), (2.16), and (2.17), respec-
V2k V2k V2k

tively, we get
)= (3.3)
V2k N ' '
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If w =1, 2, then (3.3) is impossible. Let w = 3, 6. If 3 1 P, then again (3.3) is impossible

3

since (V—) = 1 by (2.18). Therefore n < 3incase3{ P and w = 3,6. Butn = 3 isnota
2k

solution in this case. If w = 6 and 3| P, then by Theorem 3.1, we getn = 1 or n = 5. Thus,

n =1, 5 for the case w = 6 and 3| P. If w = 3 and 3| P, then by Theorem 2.7, we getn = 1.
O

Theorem 3.3 If U, = 5x> + 1 for some integer x, thenn = 1 orn = 2.

Proof Assume that U, = 5x% 41 for some integer x. If 5| P, then by Theorem 2.7, n = 1.
Assume that 5t P. Let n > 2 and n be even. Now we divide the proof into two cases.

Case I. Let P2 = 1 (mod5). Since n is even, n = 4¢ + r for some positive integer ¢ with
r=0,2. Thus, n = 2 - 2Xg + r with @ odd and k > 1. Then

5x2 = =1+ U, = —1 — U, (mod V)

by (2.3). This shows that
5x% = —1, —(P + 1) (modVy),

—1 P+1 5
which is impossible since (—) = -1, ( + ) =1, and (—) = 1by (2.16), (2.17),
Vzk Vzk V2k

and (2.20), respectively.
CaselIL. Let P2 = —1 (mod5). We get 5x2 = —1 (modP) since P|U, when n is even. This

T 0-0-6)

which implies that P = 3,7 (mod8). Since n is even, we getn = 6q +r,r = 0,2, 4. Then
5x241= U, (mod8) by (2.5).If r = 0, then we get 5x2 = —1 (mod8), which s impossible.
Let r = 2. Then 5x? +1 = U, (mod8) by (2.5), which shows that 5x> +1 = P (mod8). But
this is impossible since P = 3,7 (mod8). Letr = 4. Thenn = 12t +4 or n = 12t + 10 for
some integer 7. Let n = 12¢ + 10. Then n = 12q; — 2 with g; > 0. Thus, n = 2 - 2¥a — 2
with a odd and £ > 1. Then it follows that

5x2 = =1+ U, = —1—U_» (modVy)

by (2.3), which implies that
5x2 = P — 1 (modVy).

This is impossible since (PV : ) = land (Vi) = —1by (2.17) and (2.20), respectively.
2k 2k
Let n = 12t + 4. Since 16|Us, we get 5x% + 1 = U, = Uy (mod16) by (2.1). A simple
computation shows that 5x24+1 = 1,5,6, 14 (mod16) and therefore Uy = 1,5,6, 14
(mod16). Moreover, we have 5x2 + 1 = U, = Uy = —P (mod8) by (2.5). Using the fact
that 5x2 +1=1,5,6, 14 (mod8), we see that P = 3,7 (mod8). Since P = 3,7 (mod8)
and P3 —2P = Uy = 1,5, 6, 14 (mod16), it is seen that P = 3, 15 (mod16). Let P = 3
(mod16) and P = 3 (mod5). Since n is even, n = 10g +r, r € {0, 2, 4, 6, 8}. Using 5|Us,
we get 5x24+1=U, = U, (mod5) by (2.1). A simple computation shows that r = 4. Since
n = 10q + 4 and n = 12t + 4, we get n = 60k + 4 for some natural number k. Thus, by
using (2.2), it is seen that
Uy = Ugok+4 = Us (modVs),
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which implies that
5x2=P3—2P — 1 (modP* — 5P% +5)

since Vs = P(P* — 5P + 5). This shows that
5 _(PP—2P—1Y\ ((PP-2P—1)/4
Pt—5pP24+5) \pPt-5P2+5) \ P4—-5P245 )
By using the facts that (P3 — 2P — 1)/4 = 1 (mod4), P* — 5P2 +5 = 1 (mod5),
P*—5P2 4+5=09(modl6), and —3P% 4+ P + 5 = 13 (mod16), we get

1_( 5 )_( P*—5P*+5 )_(—3P2+P+5)
P4 —5P2 45 (P3—2P —1)/4 (P3—2P —1)/4
(P3—2P—1)/4 P3—-2pP—1 9P3—2P—1)
:(m):(—3P2+P+5):(—3P2+P+5)
—2(P +2) -2 P+2
:(—3P2+P+5)=(—3P2+P+5)(—3P2+P+5)

B P+2 (3PP + P45\ -1\ _ .,

- \=3P24+pP+5) P+2 o\pP+2) 7
a contradiction. Let P = 3 (mod16) and P = 2 (mod5). Then (P — 1)/2 = 3 (mod5) and
(P —1)/2 =1 (mod8) and therefore

($) = —1and (_72) =1. (3.4)
(P—1))2 (P—1))2

5x2=—14U,=—-1+Uipps=—1+Us = P> — 2P — 1 (modU3)

Moreover,

by (2.1). This implies that
5x2= P> —2P — 1 (modP — 1).

This shows that
5x2 = =2 (mod(P — 1)/2),

which is impossible by (3.4). Let P = 15 (mod16). Then (P? —3)/2 = 3 (mod5) and
(P?2 —3)/2 =7 (mod8). Moreover, we get

5x2=—14U,=—-1+Uppss=—1+Us = P> —2P — 1 (modV3)

by (2.2). This shows that
5x2= P — 1 (mod(P? —3)/2)

5 _ P—1
(P2-3)2)  \(P2-3)2)"
This is impossible since

i (P2—3)/2)_( 5 )_((P—l)/z) 2
_( 5 S \2=-3)2)  \(P2-3))2 ((P2—3)/2)

_((P—l)/2)__ (P2—3)/2)__( -1 )_1
S \(P2-3)2) ((P—l)/z o \wP-nr2)

and therefore
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Now assume that n > 3 and n is odd. Then n = 2m + 1 with m > 1. Therefore Uy, 41 =
5x2 4 1, which implies that 5x> = Uapy1 — 1 = Uy Vips1 by ( 2.9). Let m be odd. Then
(Um, Vins1) = 1 by (2.13) and ( 2.8). Thus,

Upn=a’> and Vi = 5b> (3.5)

or
Up =5a*> and Vi = b? (3.6)

for some integers a and b. The identities (3.5) and (3.6) are impossible by (2.14) and Theorem
2.9, respectively. Let m be even. Then (U,,, V,+1) = P by (2.13). Thus,

Uy = Pa® and V| = 5Pb? (3.7)

or
Uy = 5Pda” and V4 = Pb> (3.8)

for some integers a and b. The identities (3.7) and (3.8) are impossible by (2.14) and Theorem
2.3, respectively. Therefore n < 3. If n = 3, we get P2—1= Us = 5x2 + 1, which implies
that P2 = 2 (mod5). This is impossible. Thus, n = 1 or n = 2. u]

Theorem 3.4 If U, = 7x* + 1 for some integer x, thenn = 1,2, 3.

Proof Assume that U, = 7x2 +1 for some integer x. If 7|P, then by Theorem 2.7, n = 1.

Assume that 71 P. Let n > 2 and n be even. Then 7x2 + 1 = 0 (modP). This shows that
7 —1 P

(F) = (?) , which implies that (7) = 1. Therefore P = 1, 2,4 (mod7). Now we

distinguish three cases.

Case L. Let P = 1 (mod7). Since n is even, n = 4¢q + r for some ¢ > 0 with » = 0, 2. Thus,
n=2-2% +r with a odd and k > 1. Then we get

Tx} = -1+ U, = —1 — U, (modVy)
by (2.3), which implies that

Tx? = —1, —(P + 1) (modVy).

T . . —1 P+1 7
This is impossible since { — ) = —1, =1,and | — ) = 1 by (2.16), (2.17),
Vzk V2k Vzk

and (2.21), respectively.
Case II. Let P = 4 (mod7). Then 7|V, and

7x% = 14+ U, = —1 4 Usyyr = —1 £ U, (modV3)
by (2.2). This is impossible since 71 (—1 £ U;.) forr =0, 2.

CaseIIL Let P = 2 (mod7). If n = 4g + 2, thenn = 4(g + 1) =2 =2 - 2¥a — 2 with a
odd and k > 1. Thus, we get

x> = —14U, = —1 — U_» (modVy)
by (2.3), which implies that
7x? = P — 1 (modViy).
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P—1 7

But this is impossible since ( ) = 1land (—) = —1 by (2.17) and (2.21), respec-
Vzk Vzk

tively. Let n = 4q. Then n = 12t + r with r = 0, 4, 8. Assume that n = 12¢. Since P is

odd, we can write P> — 1 = 2"a with a odd. Thus,

7x% = —14 U, = —1 + Uy (modU3)

by (2.1), which implies that
7x% = —1 (moda).

7 —1
This shows that (f) = (—) and therefore (E) = 1. Thus,
a a 7
1= (@)= (2 = (E = (3) =
7 7 7 7
a contradiction. Assume that n = 12¢ + 4. Since 16|Ug, we get U,, = Us (mod16) by (2.1).

This shows that 7x2+1 = P3—2P (mod16). Since 7x24+1 = 0, 1, 8, 13 (mod16), a simple
computation shows that P = 11, 15 (mod16). Let P = 11 (mod16). Then

132 =—14U,=-1+Uips= -1+ Uy = P> — 2P — 1 (modU3)

7
by (2.1), which shows that 7x2 = —2 (modP — 1). Thus, we get (7) =

(P—-1)/2
(P—1/2 2 o S
Z = . But this is impossible since

-2
—— ) and therefore
(P—-1/2 (P-1)/2
(P—1)/2 =5 (mod8) and (P —1)/2 = 4 (mod7). Let P = 15 (mod16). By using a similar

argument, it is seen that 7x2 = P — 1 (mod P? — 3). This shows that

(@wn) = (==52) (@=5n)
(P2-3)/2)  \(P2-3)/2 (P2-3)2)°

Since (P% — 3)/2 = 4 (mod7), (P2 — 3)/2 =7 (mod8), and (P — 1)/2 = 7 (mod8), we
get

_1_( 7 )_((P—l)/z)__(<P2—3>/2)__( -l )—1
) \er=3p) " \e-n2) " " \e-n2) ="

a contradiction. Assume that n = 12¢ + 8. Then we can write n = 12m — 4. A simple
computation shows that P = 1, 5 (mod16) in this case. Let P = 1 (mod16). Then

T2 =—14U,=-14Upms=—-14U_4=—(P>=2P + 1) (modU3),

which implies that 7x% = —2 (mod P + 1). Thus, we get

(7 vo7) = (50)
(P+1/2)  \P+12)

Therefore by using the facts that (P + 1)/2 = 1 (mod8) and (P + 1)/2 = 5 (mod7), we get

L (PEDL2Y 2 .
_‘( 7 )_((P+1)/2)"

a contradiction. Let P = 5 (mod16). Then

x> =-14U,=-14Uppa=—14+U_g=—(P>—2P + 1) (modV3)
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by (2.2), which implies that 7x> = —(P + 1) (mod P> — 3). By using the facts that (P2 —
3)/2 = 4 (mod7), (P2 —3)/2 = 3 (mod8), and (P + 1)/2 = 3 (mod8), we get

7 -1 (P+1))2 2
1 =
((P2 - 3)/2) ((P2 - 3)/2) (<P2 - 3)/2) ((P2 - 3)/2)
B ((P2 —3)/2) ( (P+1)/2 ) o ( (P + 1)/2)
7 (P2—-3)/2)  \(P2-3)/2
(520 ()
S \e+ne2) \e+np2) v
a contradiction. Thus, we conclude that n < 2. Now assume that n is odd. Thenn = 2m + 1

with m > 0. Thus, Usyny1 = 7x2 + 1, which implies that 7x2 = Usyq1 — 1 = U, Viug by
(2.9). Let m be odd. Then (U, Vjy+1) = 1 by (2.13) and (2.8). Thus,

Up=a> and Vi =7b° (3.9)

or
Unp=7a> and Vyp = b* (3.10)

for some integers a and b. Assume that (3.9) is satisfied. Then by Theorem 2.10, we get
m = 1 and therefore n = 3. The identity (3.10) is impossible by Theorem 2.9. Let m be
even. Then (U,,, Viy+1) = P by (2.13). This implies that

Upn = Pa® and V4 = 7Pb> (3.11)

or
Upn = TPa* and Vyy = Pb°. (3.12)

for some integers a and b. By using Theorems 2.3 and 2.8, we have in both cases that
m + 1 = 1 and therefore n = 1. Consequently, we have n = 1, 2, 3. O

Theorem 3.5 If U, = 10x2 + 1 for some integer x, thenn = 1, 2.

Proof 1f 5| P, then by Theorem 3.1,n = 1 orn = 5. Assume that 5 P . Letn > 2 and n
be even. Then 10x2 + 1 = 0 (mod P) since P|U, when n is even. Therefore

5 (2
r) \r)
If P = +£1 (mod5), then P =1, 3 (mod8). If P = £2 (mod5), then P = 5, 7 (mod8). The

remainder of the proof is split into two cases.

Case L. Let P = +1 (mod5). Since n is even, we get n = 4g + r for some positive integer
g withr =0,2. Thus,n =2 - 2kq + r with @ odd and k > 1. Then

10x%? = =14 U, = —1 — U, (mod Vy)
by (2.3). This shows that
10x% = —1, —(P + 1) (mod V),

o oo 2 —1 P+1 5
which is impossible since { — ) =1, { — ) = —1, =1l,and{ — ) = 1by
Vzk V2k Vzk Vzk

(2.15), (2.16), ( 2.17), and (2.20), respectively.

Case II. Let P = +2 (mod5). Since n is even, we get n = 6q + r with r = 0,2, 4.
Then 10x2 + 1 = U, (mod8) by (2.5). If r = 0, then we get 10x2 = —1 (mod8), which
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is impossible. Let r = 2. Then 10x2 +1 = U, (mod8), which shows that 10x2 +1 = P
(mod8), which is impossible since P = 5, 7 (mod8). Let r = 4. Then eithern = 127410 or
n = 12t 4+ 4 for some nonnegative integer t. Assume thatn = 12¢ + 10. Thenn = 12q; — 2
with g1 > 0. Thus,n =2 - 2kg — 2 with @ odd and k > 1. This shows that

10x> = =14 U, = —1 — U_3 (mod Vs)

by (2.3), which shows that
10x% = P — 1 (mod V).

2 P—1 5
This is impossible since (—) =1, ( ) =1, and (—) = —1 by (2.15), (2.17),
2k Vzk V2k

and (2.20), respectively. Assume that n = 12¢ + 4. It can be seen that U, = 10x> + 1
= 1,9, 11 (mod16). Moreover, we get U,, = Uy (mod16) by ( 2.1) since 16|Ug. A simple
computation shows that P = 7, 13, 15 (mod16) since P = 5,7 (mod8) and Us = pP3-2p.
Let P = 7,15 (mod16). Then (P? — 3)/2 = 3 (mod5) and (P2 — 3)/2 = 7 (mod8).
Moreover, we get

10x2= 14U, =—1+4Upysa =—1+Us = PP —2P — 1 (modV3)

by (2.2). This shows that
10x% = P — 1 (mod(P? — 3))

and therefore
5x2 = (P — 1)/2 (mod(P? — 3)/2).

Ihls 1S lmp()SSII)le since

L (P2 —3)/2\ _ 5 (=12
"_( 5 )_QW—Sﬂ)_QW—Sﬂ)

(P32 —1 _
__(w—nﬂ)__(w—wﬂ)_'

Let P = 13 (mod16) and P = 2 (mod5). Then

Then we get

(P —1)/4 =4 (mod5S) and (P — 1)/4 = 3 (mod4)
and therefore s »
(m) =1 and (m) =—-1 (3.13)
Moreover,
10x> = =1+ U, = =1+ Ujpiga = =1 + Us = P> — 2P — 1 (modU3)
by (2.1). This implies that
10x* = P? —2P — 1 (modP — 1).
This shows that

10x% = —2 (mod(P — 1)/2)
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and therefore
5x2 = —1 (mod(P — 1)/4),

which is impossible by (3.13). Let P = 13 (mod16) and P = 3 (mod5). Since n is even,
n = 10g + r with r € {0, 2,4, 6, 8}. Since 5|Us by (2.7), we get 10x24+1=U, = U,
(mod5) by (2.1). A simple computation shows thatr = 4. Sincen = 10g+4andn = 12¢t+4,
we get n = 60k + 4 for some natural number k. Thus, by using (2.2), it is seen that

Uy = Usok+4 = Ug (modVs),

which implies that
10x2= P> —2P — 1 (modP* — 5P2 +5)

since Vs = P(P* — 5P + 5). This shows that

5x2 = (P? —2P — 1)/2 (modP* — 5P% +5)

5 _((PP=2P—1)/2
P4-5P2+5) \ P*-5P2+5 )’
Since (P? —2P — 1)/2 = 5 (mod8), P* —5P2 +5 = 1 (mod5), P* —5P?> +5 =9
(mod16), and —3P%2 + P + 5 = 7 (mod16), we get

P*—5P2+5 5 (P> —2P -1)/2
1: = — -
5 P4 —5P2 45 P4 —5P2 45

—5P*+5 ) ( —3P>+P+5 )_((P3—2P—1)/2)

and therefore

(P3—2P—1)/2 (P3—2P—1)/2 —3P24+P+5

—2P -1 2 _( PP-2P—1
3P2+P+5 —3P24+P+5) \=3P24+P+5

9(P3 — 2P—1)) ( —2(P+2) )

—3P24 P45 —3P24 P +5

P+2
3P2+P+5 —3P2+P+5
P+2 (3PP +P+5 -1 |
—3P24+P+5) P+2 P+2 ’
a contradiction. Now assume that n > 1 and n is odd. Then n = 2m + 1 with m > 1.

Therefore Usyyy 1 = 10x2 + 1, which implies that 10x% = Uspy1 — 1 = Uy, Vipy1 by (2.9).
Let m be odd. Then (U, Viut1) = 1 by (2.13) and (2.8). Thus,

Uy = a® and Vyp = 1062, (3.14)

Uy, = 10a® and V1 = b2, (3.15)

Up = 2a* and Vyyy = 5b%, (3.16)
or

Up = 5a% and V41 = 2b> (3.17)

for some integers a and b. The identity (3.15) is impossible by Theorem 2.9. The identities
(3.14) and (3.16) are impossible by (2.14), and (3.17) is impossible by Theorem 2.9. Let m
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be even. Then (U,,, V;y+1) = P by (2.13). Thus,

Upn = Pa* and V41 = 10Pb, (3.18)

Upn = 10Pa”* and V,, 41 = Pb, (3.19)

Up = 2Pa® and V,, = 5Pb, (3.20)
or

Uy = 5Pa”* and Vi, q1 = 2Pb? (3.21)

for some integers a and b. The identities (3.18) and (3.20) are impossible by (2.14), and
(3.19) is impossible by Theorem 2.3. Assume that (3.21) is satisfied. Then by Theorem 2.4,
we get m = 2 and therefore n = 5. Consequently, we have n = 1, 2, 5. But it can be seen
that 5 is not a solution and therefore n = 1, 2. O

By using MAGMA [25], it can be shown that the equation 2Px2+1 = Us = P*—3P%+1
has only the solution P = 3. Therefore we can give the following corollary by using Theorem
3.1 and Lemmas 2.13 and 2.14.

Corollary 3.6 The equations x> — (P2 —4)2Py*+1)2 = 4and 2Px*+1)2— PQ2Px%+
1)y + y2 = 1 have positive integer solutions only when P = 3. The solutions are given by
(x,y) = (123, 3) and (x,y) = (3, 21), respectively.

Corollary 3.7 Let k = 1,2,3,5, 10. The equations x> — (P> — 4)(ky> + 1)> = 4 and
(kx® +1)% — P(kx*> 4+ 1)y 4+ y? = 1 have positive integer solutions only when P = ka® + 1
for some integer a.

Corollary 3.8 The equations x> — (P2 — 4)(6y* + 1)> = 4 and (6x* + 1) — P(6x* +
D)y + y% = 1 have positive integer solutions only when P = 6a* + 1 for some integer a or
P =3U,10,—-1)4+U,-1(10, —1)) for some m > 1 and there is only one solution in each
case.

Proof In order to prove the corollary we must solve the equation 6x2 + 1 = Us = P* —
3P% 4+ 1. Since 6x2 + 1 = P* —3P2 4+ 1, it is seen that P = 3a and x = 3b for some
integers a and b. Then we get a®(3a”> — 1) = 2b>, which implies that 3a> — 1 = 2v?. This
shows that 3a% — 2v2 = 1. Thus, by Lemma 2.11, we geta = Uy, (10, —1) — U,,_1 (10, —1)
for some m > 1. Since P = 3a, the proof follows. O

From Theorem 3.4 and Lemma 2.12, we can give the following corollary easily.

Corollary 3.9 The equations x> — (P> — 4)(7y> + 1)> = 4 and (7x*> + 1) — P(7x* +
1)y + y* = 1 have positive integer solutions only when P = Ta® + 1 for some integer a
or P =3Uyu+1(16 — 1) — Uy, (16, —1)) for some m > 1 and there is only one solution in
each case.
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