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Abstract The celebrated construction by Munn of a fundamental inverse semigroup Tg
from a semilattice E provides an important tool in the study of inverse semigroups and
ample semigroups. Munn’s semigroup 7 has the property that a semigroup is a fundamental
inverse semigroup (resp. a fundamental ample semigroup) with a semilattice of idempotents
isomorphic to E if and only if it is embeddable as a full inverse subsemigroup (resp. a full
subsemigroup) into Tx. The aim of this paper is to extend Munn’s approach to a class of abun-
dant semigroups, namely abundant semigroups with a multiplicative ample transversal. We
present here a semigroup T(; A, ge,p) from a so-called admissible quadruple (I, A, E°, P)
that plays for abundant semigroups with a multiplicative ample transversal the role that Tg
plays for inverse semigroups and ample semigroups. More precisely, we show that a semi-
group is a fundamental abundant semigroup (resp. fundamental regular semigroup) having a
multiplicative ample transversal (resp. multiplicative inverse transversal) whose admissible
quadruple is isomorphic to (I, A, E°, P) if and only if it is embeddable as a full subsemi-
group (resp. full regular subsemigroup) into T(;, A, ke, py. Our results generalize and enrich
some classical results of Munn on inverse semigroups and of Fountain on ample semigroups.

Keywords The Munn semigroup of an admissible quadruple - Multiplicative ample
transversal - Fundamental abundant semigroup
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1 Introduction

Let S be a semigroup. We denote the set of all idempotents of S by E(S) and the set of
all inverses of x € § by V(x). Recall that V(x) = {a € S|xax = x,axa = a} for all
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x € S. A semigroup S is called regular if V (x) # ) for any x € S, and a regular semigroup
S is called inverse if E(S) is a commutative subsemigroup (i.e. a subsemilattice) of S, or
equivalently, the cardinal of V (x) is equal to 1 for all x € S.

Recall that a regular semigroup S is fundamental if the largest congruence contained in H
on S is the identity congruence. Structure theorems for certain important subclasses of the
class of fundamental regular semigroups are already known. The first initiating the work in this
direction is due to Munn [19]. He proved that given a semilattice E, the Munn semigroup Tg, of
all isomorphisms of principal ideals of E is “maximal” in the class of all fundamental inverse
semigroups whose semilattices of idempotents are E, that is, every semigroup belonging to
this class is isomorphic to a full inverse subsemigroup of Tr. Further from Munn [19] if S is
an inverse semigroup such that E(S) is isomorphic to a given semilattice E, then there exists
a homomorphism f : § — Tg and the kernel of f is the largest congruence contained in H
on S.

The pioneering work of Munn was generalized first by Hall in 1971 to orthodox semi-
groups (i.e. regular semigroups whose idempotents form subsemigroups) in [17] in which
the Hall semigroup Wp of a band B was constructed. Recall that a band is a semigroup
in which every element is idempotent. The Hall semigroup Wp has properties analogous
to those described above for Tx (see Hall [17] for details). As another direction, Fountain
[10] generalized Munn'’s result to a class of non-regular semigroup, namely adequate semi-
groups, by considering Green’s *-relations £* and R* on semigroups. Let S be a semigroup
and a, b € S. Then a and b are L*-related if and only if they are £-related in an oversemi-
group of §; the relation R* can be defined dually. It is obvious that £* and R* are a left
congruence and a right congruence, respectively. We denote the £*-class (resp. R*-class) of
S containing a € S by L% (S) (resp. R¥(S)). A semigroup S is abundant if each £*-class and
each R*—class of S contains an idempotent and an abundant semigroup S is called adequate
if E(S) is subsemilattice of S. If S is adequate, the £L*-class (resp. R*-class) of a € S contains
a unique idempotent, denoted by a* (resp. a™). From Proposition 1.6 in [10], if S is adequate,
then for all a, b € S, we have aL*b (resp. aR*b) if and only if a* = b* (resp. a™ = b™),
moreover,

(ab)* = (a*b)*, (ab)™ = (@b, aT(ab)T = (ab)", (ab)*b* = (ab)*. (1.1)

If S is a regular semigroup, then £* = £ and R* = R. Obviously, regular semigroups are
abundant and inverse semigroups are adequate. Moreover, for an inverse semigroup S and
a € S,wehave a* = a 'a and at = aa~". For an abundant semigroup, let H* = £* N R*
and let D* be the smallest equivalence containing £* and R*. An abundant semigroup S is
called fundamental if the largest congruence s contained in H* is the identity congruence.
From Proposition 2.1 in [7], for an abundant semigroup S and a, b € S, we have

augh ifand only if eal*eb and aeR*be foralle € E(S). (1.2)

In [10], Fountain shows that if S is an adequate semigroup and satisfies the following
condition
(Va € S)(Ve € E(S)) ea = a(ea)*, ae = (ae)Ta, (1.3)

then there is a homomorphism f : S — Tg(s) whose kernel is the largest congruence
contained in H* on S. Such a semigroup is called fype A by Fountain in [10] and called
ample by Gould in [14]. Obviously, an inverse semigroup is ample.

Following the above direction, Fountain et al. [11] and Gomes and Gould [12] investigate
other classes of non-regular semigroups having a semilattice of idempotents by using Munn’s
approach. More recent developments in this area can be found in the survey articles of Gould
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[15] and Hollings [18]. Furthermore El-Qallali et al. [9], Gomes and Gould [13] and Wang
[21] go a step further to extend Hall’s approach for orthodox semigroups to some classes
of non-regular semigroups having a band of idempotents. From the above texts, we can see
that the approaches of Munn and Hall can be extended to some generalizations of inverse
semigroups and orthodox semigroups, respectively.

On the other hand, Blyth and McFadden [3] introduced the concept of inverse transversals
for regular semigroups. A subsemigroup S° of a regular semigroup § is called an inverse
transversal of S if V (x) N §° contains exactly one element for all x € S. Clearly, in this case,
S° is an inverse subsemigroup of S. Since an inverse semigroup can be regarded as an inverse
transversal of itself, the class of regular semigroups with inverse transversals contains the
class of inverse semigroups as a proper subclass. Regular semigroups with inverse transversals
are investigated extensively by many authors (see Blyth [4] and Tang [20] for details), and
some generalizations of inverse transversals are proposed (see [5,8,22,23]). In particular,
El-Qallali introduced adequate transversals and ample transversals for abundant semigroups
in [8]. It is well known that both adequate semigroups (resp. ample semigroups) and regular
semigroups with inverse transversals are abundant semigroups having adequate transversals
(resp. ample transversals). Adequate transversals of abundant semigroups have been studied
by several researchers and some meaningful results are obtained, see [1,2,6,16] and their
references.

Inspired by the above facts, the following problem is natural: Can we study abundant
semigroups with an adequate transversal by Munn’s approach? In this paper, we shall initiate
the investigation of the above question by extending Munn’s approach to abundant semi-
groups with a multiplicative ample transversal. We present here a semigroup T(; A E°,p)
from an admissible quadruple (I, A, E°, P) (see Definition 3.1) that plays for abundant
semigroups with a multiplicative ample transversal the role that the Munn semigroup Tg
plays for inverse semigroups and ample semigroups. More precisely, for a given admissible
quadruple (I, A, E°, P), we show that a semigroup is a fundamental abundant semigroup
(resp. fundamental regular semigroup) having a multiplicative ample transversal (resp. mul-
tiplicative inverse transversal) whose admissible quadruple is isomorphic to (I, A, E°, P)
if and only if it is embeddable as a full subsemigroup (resp. full regular subsemigroup) into
T(1,A,E°, P)- Moreover, some further properties of admissible quadruples are also explored.

2 Preliminaries

This section gives some useful results related to ample transversals which will be used
throughout the paper. We begin with the following alternative description of £*, which may
be found in Fountain [10].

Lemma 2.1 Elements a, b of a semigroup S are L*-related if and only if, for all x, y € S,
ax = ay if and only if bx = by.

Let S be an abundant semigroup and U an abundant subsemigroup of S. If there exist an
idempotent e € L} (S)NU and an idempotent f € R*(S)NU foralla € U, then U is called
a x-subsemigroup of S. It is well known that U is a x-subsemigroup if and only if

LXU)=LS)N WU xU), R*U)=R*S)NWU x U).

It is obvious that a regular subsemigroup of a regular semigroup S is always a
x-subsemigroup of S. From El-Qallali [8], an adequate *x-subsemigroup S° of an abundant
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semigroup S is called an adequate transversal of S if for each element a € S, there are a
unique element @ in S° and u, v € E(S) such that

a =uav, whereula”, vRa* and a',a* e E(S°). 2.1

In this case, u, v are uniquely determined by a and so we denote them by u, and v,
respectively. An adequate transversal S° of S is called an ample transversal if S° is also an
ample semigroup. Let S be an abundant semigroup with an ample transversal S°. Denote

15 ={ugla € S}, AS={vsla €S}

The following lemma characterizes the relations £* and R* on an abundant semigroups
having an ample transversal.

Lemma 2.2 (Proposition 2.3 in [6]) Let S be an abundant semigroup with an ample transver-
sal S° and a, b € S. Then aR*b (resp. aL*b) if and only if u, = uy (resp. v, = vp).

Recall that a subsemigroup U of a semigroup S is full if E(S) C U.

Lemma 2.3 Let S be an abundant semigroup with an ample transversal S° and U a full
subsemigroup of S. Then U is an abundant semigroup with an ample transversal S° N U.
Moreover, we have IS = IV and AS = AY.

Proof Since S is abundant, S° is an ample *-subsemigroup of S and U is full, by Lemma 2.1
and its dual, we can easily show that U is abundant and S° N U is an ample *-subsemigroup
of U. Now, leta € U. Since U is full, a = ugav, and ug, ve, a*,at € E(S), we have

+ aa* e U (2.2)

a=ataa* =a uzav,a* =a"t

by (2.1). This yields that the equality a = u,av, holds in U, whence S° N U is an ample
transversal of U and I = IV, AS = AV, O

An ample transversal S° of an abundant semigroup S is multiplicative if fg € E(S°) for
all fe ASandg e IS, or equivalently, if v,up € E(S°) foralla, b € S.

Corollary 2.4 Let S be an abundant semigroup with an ample transversal S° and U a full
subsemigroup of S.

(1) If S° is multiplicative, then S° N U is also multiplicative.
(2) If S° is fundamental, then U is fundamental.

Proof Item (1) follows from the fact 15 = IV and AS = AV obtained by Lemma 2.3. Now
we prove the item (2). Let a, b € U and apuyb. Then aH*b in U. By Lemma 2.2 and (2.1),
we have @t Lu, = upLh and @Ruv, = vyRb" whence @ = b' and @ = b". Since
apyb, we have
@ = @aa)py® b =b

by (2.2). In view of the fact (1.2), we have eaL*eb and @eR*be in U for all e € E(U). Since
U is full, we have E(S°) C E(U) and so eaL*eb and aeR*be in U for all e € E(S°). This
implies that eaL*eb andaeR*be in S°NU foralle € E(S°) since S°NU is a *-subsemigroup
of U. Observe that S° N U is an ample subsemigroup of the ample semigroup S°, it follows
that eaL*eb and aeR*be in S° for all e € E(S°). In view of the fact (1.2) again, we have
auseb. This givesa = b since S° is fundamental. This implies thata = u,av, = upbv, = b.
Thus, U is fundamental. O
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To give further properties of abundant semigroups with an ample transversal, we need the
following notion. Let S be an abundant semigroup and B the subsemigroup generated by
E(S). For e € E(S), we denote the subsemigroup of e Be generated by the idempotents of
eBe by (e). From El-Qallali and Fountain [7], we say S is idempotent-connected (IC for short)
ifforallu € R}(S) N E(S) and v € L%(S) N E(S), there is an isomorphism « : (1) — (v)
satisfying xa = a(xa) for all x € (u). On IC abundant semigroups, we have the following.

Lemma 2.5 Let S be an I1C abundant semigroup and a € S. Ifu, v € E(S) and uR*aL*v,
then there exists a unique isomorphism o« from (u) onto (v) such that a(xa) = xa for all
x € (u). This isomorphism is called the idempotent-connected isomorphism from (u) onto

(v).

Proof Let o and B be two isomorphisms satisfying the conditions given in the lemma. Then
for all x € (u), we have a(xa) = xa = a(xf). Since aL*v and xa, xB € (v), we have
xo =v(xa) = v(xB) = xp by Lemma 2.1. ]

Combining Lemmas 2.1 and 4.1 in El-Qallali [8] and Proposition 3.1, Lemma 6.12 in Guo
[16], we have the following lemma.

Lemma 2.6 ([8,16]) Let S be an abundant semigroup with a multiplicative ample transversal
S°. Then S is an 1 C abundant semigroup. Moreover, for a, b € S and x € E(S), we have
(1) ugR*aLl*v,. o ) B

() wap = uq(@oaup)™, ab = avqupb, vap = (Vaupb)*vp, ¥ = viuyx € E(S°).

3) Uy, = Ug, Ug = at = Uy, » Uy, = a* =7y, Uy, = Vq.

Corollary 2.7 Let S be an abundant semigroup with a multiplicative ample transversal S°
and x € E(S). Then x = uyvy.

Proof If x € E(S), then by Lemma 2.6(2), X € E(S°). This implies that x™ = x. Therefore
X = U XUy = Uy X U = Uy vy, by (2.1). ]

Recall that a band B is called left normal (resp. right normal, normal) if ef g = egf (resp.
efg = feg,efge =egfe)foralle, f, g € B.

Lemma 2.8 (Lemma 2.1 and Proposition 2.6 in [6]) Let S be an abundant semigroup with

a multiplicative ample transversal S°. Then

(1) ISNAS = E(5°).

(2) IS = {e € E(S)|there exists a unique ¢° € E(S°) such that eLe®}, AS = {f €
E(S)| there exists a unique f° € E(S°) such that fR f°}.

(3) IS (resp. AS) is a left normal band (resp. a right normal band).

To end this section, we explore the relationship between transversals. As usual, if S is
a regular semigroup with an inverse transversal S°, then we denote the unique element in
Vso(a) = V(a)NS°bya® foralla € S, moreover, let (a°)° = a°°. From the remarks before
Example 2.2 in [8] and Corollary 2.7 in [22], we have the fact below.

Lemma 2.9 ([8,22]) Let S be a regular semigroup and S° a subsemigroup of S. Then S°
is an inverse transversal of S if and only if S° is an ample transversal of S. In this case,
ug, = aa®,a = a°° and v, = a®a foralla € S. As consequence, we have 15 = {aa®|a € S}
and AS = {a°ala € S).

For multiplicative inverse transversals of bands, we have the following result.

Lemma 2.10 ([3]) Let B° be an inverse transversal of a band B. Then B° is multiplicative
if and only if B is normal.
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3 The Munn semigroups of admissible quadruples

In this section, a generalization of the Munn semigroup of a semilattice, namely the Munn
semigroup of an admissible quadruple, is constructed. Moreover, we show that this semi-
group is a fundamental regular semigroup with a multiplicative inverse transversal. We first
introduce admissible quadruples, which is inspired by Lemma 2.8.

Definition 3.1 Let / (resp. A) be a left normal band (resp. a right normal band), E° = I N A
a subsemilattice of 7 and A, and P = (Py,g)ax7 be a A x I-matrix over E°. The quadruple
(I, A, E°, P) is called admissible if for all g € I and f € A, there exist g°, f° € E° such
that g£g°, fRf° andforalli, j € E°,

iPrg = Pifg, Prgj=Prgjs Prj=1/fj Pig=ig. (3.1)
Remark 3.2 On admissible quadruples, we have the following remarks.

(1) Since E° is a subsemilattice, the elements g° and f° in Definition 3.1 are uniquely
determined by g and f, respectively. In particular, i € E° if and only if i® = i. Thus,
P]?,g = Pygforall f e Aandg e 1.

(2) If Sisanabundant semigroup with a multiplicative ample transversal S°, then it is obvious
that (IS, AS, E(S°), PS) is an admissible quadruple by Lemma 2.8, where Pﬁg is equal
to the productof f and gin S forall f € A andg € I.Inthis case, (IS, AS, E(S°), PS) is
called the admissible quadruple of S.If U is a full subsemigroup of S, then by Lemma 2.3
and Corollary 2.4(1), S°NU is a multiplicative ample transversal of U and the admissible
quadruples of S and U are equal.

To construct the Munn semigroup of an admissible quadruple, we need some preliminaries.
First, we have the following basic facts on admissible quadruples.

Lemma 3.3 Ler (I, A, E°, P) be an admissible quadruple and e, g € I, f,h € A. Then
eg =eg°, (eg)° =¢€°¢°, fh=f°h, (fh)° = f°h°.

Moreover, we have eE°e = eE° and fE° f = E° f, which are subsemilattices of I and A,
respectively.

Proof Since gLg° and [ is a left normal band, we have eg = egg® = eg°g = eg®. This
implies that e°g = ¢°g°, and so egLe°g = €°g° € E° by the fact that eLe®. This yields that
(eg)° = e°g°. Finally, it follows that e E°e = ¢ E° by the fact that [ is a left normal band.
Moreover, for i, j € E°, we have

(ei)(ej) = (eie)j = eij = eji = (eje)i = (ej)(ei),

whence ¢ E° is a subsemilattice of /. The remaining facts of this lemma can be proved by
symmetry. m}

Remark 3.4 Let I (resp. A) be aleft normal band (resp. aright normal band), and E° = I NA
be a subsemilattice of / and A. Suppose that foreache € I and f € A thereexiste®, f° € E°
suchthateLe® and fR f°, respectively. Thenby Lemma 3.3 itis easy to see that (1, A, E°, Q)
forms an admissible quadruple, where Q s, = f°g°forall f € Aand g € I.This admissible
quadruple is called the normal admissible quadruple determined by I, A and E°.
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Let (I, A, E°, P) be an admissible quadruple and e € I, f € A.If eE® is isomorphic to
E° f, we write eE° = E° f, and denote the set of isomorphisms from eE° to E° f by T, .
Moreover, we denote

U={(e, f) el x AleE° = E°f}, Ty E.p) = U Te,r-
(e.eU

Obviously, the elements in the Munn semigroup Tk of the semilattice £° are contained
in T(y, A, ke, py. The following proposition provides some other elements in T(; A ge, p). AS
usual, we use t)s to denote the identity transformation on the non-empty set M.

Proposition 3.5 Let (I, A, E°, P) be an admissible quadruple and g € 1, f € A. Define
Tfe:8PpgE® = E°Prof, x> x°Pyr,f.
Thenmyg € Tgp;, p; . and the inverse mapping of my,q is
Ty E°Prof — gPrgE°, y > gPrg)°.
In particular, we have
Mo g 8E® — E°g°, x> x°g°, mpypo: f°E° = E°f, x> x°f
and Ti,j = LjE°, TWi,i = LiE° forall i,j € E°.

Proof Clearly, 7y, is well defined. Let x € gPfE° and y € E° Py, f. Then by condition
(3.1) and Lemma 3.3, we have

8Prg(x°Pr g [)°=8Prgx Prof® = gf Prox°=gPpofex® = gPfex° = gPpex =x.

Dually, we can obtain that (g Pf,y°)° Py, f = y. Moreover, for x1, x, € gPf,cE®, by
Lemma 3.3 and fRf°, we have (x1x2)7 s,y = (x1X2)° Pr,q f = x{x3 Pf¢ f and

(17 g) (27 fe) = (X7 Prg f)X3 Prg f) = X7 Pro(fX5) Pro f
=X Prog(f X)) Prof = x1x3 Pro(f°f) = x{x3 Py f = (x1x2)7 5.

This implies that the first part of this lemma holds. The remaining part follows from the
fact that

Pgo,gzgogzgo, Pf.fo =ffo=fo’ Pi7j=ij,x°=x
forallgel, f € Aandi, j,x € E°. O

The following results give some simple but useful properties of the elements in the set
T(1,a,E0,P)-

Lemma 3.6 Let (I, A, E°, P) be an admissible quadruple, a € T, y and x € eE°,y €
E°f.

(1) eax = f and o' is an isomorphism from E° f onto e E°.

(2) xE®)a = E°(xa) and (E°y)a~' = (ya~ ") E°.

B) (xa)° = (xa)f°and xaa = (xa)°f.

@) (ya™h° =e°(ya™") and ya=! = e(ya")°.

Proof (1) This is obvious.
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(2) Letxi € xE®,i € E°. Since [ is a left normal band, we have xix = xi and so
(xDHa = (xix)a = (xi)a - (xa) = (xi))a)°(xa) € E°(xa)

by Lemma 3.3. Conversely, let u’ € E°(xa). Since xa € E° f, we obtain that u’ € E° f
whence ' = ua for some u € ¢E°. Observe that [ is a left normal band and A is a right
normal band, it follows that

uoe = (ua)(xa) = (xa)(ua)(xa) = (xux)a = (xu)a.

Noticing that « is injective, we get u = xu = xu° € x E° by Lemma 3.3. This implies
that u’" = ua € (x E°)a. The other identity can be proved by similar methods.
(3) Since xa € E°f C A, we have xa = (xa) f = (xa)° f whence

(xa)® = ((xa) f)° = (x)° f° = (x) f°

by Lemma 3.3.
(4) This is the dual of item (3). O

Now, let (I, A, E°, P) be an admissible quadruple, « € T, ¢, B € T, ;. Consider the

composition an; i, B in the symmetric inverse semigroup on the set / U A. Since
dom(r; ,B) = (gPfgE° N gE)ms = (gPfgE°)m g = E°Prg f,
it follows that
dom(ar ;4 B) = (E°f NE°Pygfla™' = (E°Pygfla™" = (Prgfla™ E°
and
ran(art ;) = (E°Prg )7 ;o8 = (gPrg EV)B = E°(gPr)B
by Lemma 3.6(2). Thus, we have
ar B €Tk, j=Prgfa"", k= (gPsg)B. (3.2)

In view of the above discussions, we can define a multiplication “o” on T(; A, e, p) as
follows: Fora € T, ¢, B € T p,

aof = om;lﬂ,
where n';gl, is defined as in Proposition 3.5.

“_

Lemma 3.7 The set T A, Eo,p) forms a semigroup with respect to the multiplication “o
defined above.

Proof Now,leta € T, 7, B € Tgp, v € Ty, and
aoBeTjr, (@oB)oy €Tun, BoyeTyy, ao(Boy)e Tup,
where

Jj=Preat, k=(gPre)B. p=(Push)B". q=(Puyy,
m=(Psk)aoB)™", n=GPy)y, a={Prpfla”t, b= (pPs,)Boy).

On one hand, in view of the fact k € E°h and Lemma 3.3, we have k = kh = k°h. By
condition (3.1) and h°Rh,
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Prs = Props = k°Pps = k° Ppop.s = k°h° Pys = k° Py sh°. (3.3)
Since h°k = hk (by Lemma 3.3), k°Rk and A is a right normal band, this implies that
Py sk = k° Py sh®k = k° Py, shk = k°(pB)k = (pP)k°k = (pP)k = (pgPre)B-
By Lemma 3.3, condition (3.1) and the fact that g£g°, we have
m = (Pesk)(@oB) = (Prsk)p ' mpga”
= (pgPro)B)B ' wpga™" = (pgPro)myga™" = (pgPrg)° Prgfla
= (P°8°PrgProf)a! = (P°Preg® Mo = (p°Prgge N = (p°Pre o
On the other hand, by Lemma 3.3 and the fact p € gE°, we have
8p° =8P =p, Prp=Pprgpe = Ppep® = p°Prg (3.4)
by condition (3.1), which implies that Py, , f = p° Py, f and so
a=(Prpfat = (p°Prgfla” =m.

Dually, we can obtain that n = b.
Take x € aE° = mE® and denote y = x«. On one hand,

x(@oB) = (xa)w; B =y7; B =(gPrgy)B. (3.5)
Since both k and x(« o B) are in A, and ran(« o ) = E°k, by Lemma 3.3 we have
k°(x(a o) = (x(eoB)-k)° = (x(x o B))° (3.6)

Combining the identities (3.3), (3.6) and (3.5), we obtain

x[(@op)oy] =(x(ao ﬂ))ﬂk_,sly = (sPrs - (x(a 0 £))°)y
= (sk®Pps - (x(a 0 B)°)y = (s Py - k°(x (a0 ))°)y
= (sPps - (x(@oB))y = (sPhs - ((8Prgy)B)°)y.

On the other hand,
x[a o (Boy)l = (xa)m, B, v = yu; B, v = (pPr,y°)Bm, 7.

Observe that gp°® = p (by (3.4)) and y°p = y°p° (by Lemma 3.3), it follows by the
identity (3.4) that

(pPrpy)B = (8P°Prgy)B = (8Prey°P°)B
= (gPrgy°P)B = (gPrgy°)B(PB) = (gPrgY°)B - Phsh.
By Lemma 3.3 and condition (3.1),
x[ao (Boy) = (pPrpy° )P, v = (8Prgy*)B - Phsh)m, v

= (sPpys - ((ng,gyo)ﬂ : Ph,sh)o))/ = (sPps - hOPh,s : ((gP_f,gy°)ﬂ)°))/
= (sPhs - Pron,s - ((Prgy)B))y = (sPhs - ((gPfgy)B))y.

Hence, (¢ o B) oy = a o (B oy)and so T(; a, ko, py forms a semigroup with respect to
the multiplication “o”. O
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Let (I, A, E°, P) be an admissible quadruple. If I = A = E°, then it is easy to check
that the semigroup 7(;, A, g, py coincides with the Munn semigroup 7o since n; &1, = LfgE°
forall f € A and g € I in the case. Thus, the semigroup 7(; A, g°,p) can be regarded as a
generalization of the Munn semigroup of a semilattice and will be called the Munn semigroup
of the admissible quadruple (I, A, E°, P).

Theorem 3.8 The semigroup T(1 a. ko, p) is a regular semigroup with a multiplicative inverse
transversal

Tge ={a € Ty a o p)la € Tpy, p.g € E°}.

Proof For a € T, r, let a° = n‘f,foa’lneo,e, where 7y, ro and 7. . are defined as in
Proposition 3.5. It is routine to check that «® € Ty .o and so a® € Tgo. Furthermore, we
have

aoa’ = an;}oa" = aﬂ;}oﬂf!foa_]n'eo!e = Teoe. 3.7)

Similarly, we can prove that 7.0 , 0o @ = o and «° o 7m0 , = @, which implies that «° is
an inverse of « in Tgo.

Now, let B € T, ;, (p,q € E°) be an inverse of o € T,  in Tgo. We have to show that
B=a LetaoBeTjrandBoa €T, ,. ThenaoBoa=a e T, . Moreover,

j= (Pf,pf)of1 € doma = ¢E°, k= (pPys,)B eranf = E°q C E°.
Similarly, we can obtain that v € ranae = E°f andu € pE°® C E°. It follows that
e=(Prufla”' = (fuf)a™' = @fla~', f= (P = (cke)a = (ek)a

by condition (3.1) and the fact that 7 is a left normal band and A is a right normal band,
respectively. This implies that uf = ea = f and ek = fa~! = e. Since u € pE° and
k € E°q, we have pu = u and kq = k whence puf = uf = f and ekq = ek = e. This
yields that pf = f and eq = e. Consider Boa o 8 = B € T 4. Then we have

p= P i)B " =(qipB™ = @HB™", g =(pPyp)B = (pvp)B = (vp)B.

This implies that ¢j = pB = g and vp = gB~! = p. Observe that j € ¢E° and [ is a left
normal band, it follows that j = ¢j = e¢je whence je = j and ge = gje = gj = q. Similar
discussion gives fp = p. Therefore fRp and eLg. Observe that p, g € E°, it follows that
p = f°and g = e° by the definition of admissible quadruple, whence B € Ty .-. Moreover,
by simple calculations, we can see that

—1
B = ,Bﬂeo_gngo’e =pfompe,=Pfono of
by the identity (3.7) and so
a®°=a’oaoBoaoa’=0a’ocunocp.

This implies that «°LB in T(; A, g-, p). Dually, we can obtain «°R S in T(; A, g°, p) and so
a®HpB in T(y A, ke, py. However, both «° and B are the inverses of «, and hence 8 = a°.

By the above discussions, we have shown that Tg- is an inverse transversal of T(; A ge, p).
To see Tk- is multiplicative, we take o € T, r and B € T, ;. Then by the identity (3.7) and
its dual, and vy = a® o, ug = B o B° (by Lemma 2.9), we have

vgoug=0o’oaofof’=myfoomg €T
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where

J= (Pf,gf)n;}o € rann;;o = f°E° C E°
and

k = (gPfg)Tgo,q € ranmge o = E°g° C E°,

whence vy o ug € Tgo. This implies that Tk is a multiplicative inverse transversal of
T, A E°,P)- O

The following corollary characterizes the idempotents in 7(; A ke, p).

Corollary 3.9 Leta € T, . Then o € E(T(y a ko, p)) if and only if

fC=Pre=e" and e(xa)°=x forallx € eE®.

Proof Leta € E(T). Then o o = o, whence dom(« o @) = dome and ran(« o o) = ranc.
This implies that (Pf,ef)ot’1 = e and (ePf.)a = f, which gives Py, f = ea = f and
ePr.=f a~! = e. Moreover, by Lemma 3.3 and condition (3.1) we have

fPre=fPre= Proge=Pre
and
Pfoe = Pfoe® = Prow = Pp.

Therefore eL Py, € E° and fRPf, € E° andso f° = Py, = e°. On the other hand,
for x € eE°, we have

xa=x(xowa)= ((xa)n;i)a.
Since « is bijective, it follows that
X = (xa)n;,; = (ePfe)(xa)® = ee®(xa)® = e(xa)°.

Conversely, if the given condition in the corollary holds, then we can deduce that o €
E(T(1,A,E°, p)) by the above discussions. m]

Corollary 3.10 If (I, A, E°, Q) is the normal admissible quadruple determined by I, A
and E°, then the Munn semigroup NT = T A E°,) is an orthodox semigroup with a
multiplicative inverse transversal Tgo such that E(NT) forms a normal band.

Proof Leta, B € E(NT) where € T, s and 8 € Ty j,. Then by Corollary 3.9, we have
f°=e¢° and e(xa)°=x forallx € e¢E® (3.8)

and
h°=g° and g(yB)° =y forally e gE® (3.9)

Denote o o 8 € T} x, where
J=Qrefa =g Ha " =g fa

and k = (gQy.0)B = (8f°g°)B = (gf°)B. Take x = (g° f)a~! in (3.8). Then by Lemma
3.6(4), we have

J=@ e =e(((¢° N Ha)® = e(e°f)° = ef°g° = ee°g® = eg®, (3.10)
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which implies that j° = (eg®)° = ¢°g°. Similarly, we can show that k° = ¢°g° by (3.8) and
(3.9). This gives that j° = Qy j = j°k° = k°. On the other hand, for x € jJE° = eg°E° C
eE°, we have
X(@oB) = (xa)m; B = (2Q ¢ (xa)*)B = (¢f°8°(x)°)B
= (88" f*(xa))B = (g [ (xa)*)B = (g((x) /)°)B = (g(x)°) B.

Since eg® = eg (by Lemma 3.3), ege = eg (as [ is a left normal band) and jx = x, this
implies that

Jx(@op)® =eg®(gxa)?)B)° = e - g((g(xa)*)p)°
—eg(xa)® = ege(xa)® —egx —eg’x = jx = x

by (3.10), (3.9) and (3.8). Again by Corollary 3.9, we have a o § € E(NT). This implies
that NT is orthodox, and so E(Tg-) is a multiplicative inverse transversal of E(NT) by
Theorem 3.8. In view of Lemma 2.10, E(NT) is a normal band. ]

The following example illustrates Theorem 3.8 and Corollary 3.10.

Example 3.11 Let I = {0, e, g} and A = {0, e, f} be a left normal band and a right normal
band, respectively, and their multiplication tables are:

o O OO
QX O
~ <~ O

Then it is routine to check that (I, A, E°, P) is an admissible quadruple and
0E° ={0}, eE°={0,¢}, gE°={0,g}; E°0={0}, E°e=1{0,¢}, E°f={0, f}.
This implies that
U={0,0), (e, e), (e, ), (8., (g, )}

and |T; ;| = 1 foralli € [ and A € A. Moreover, if we denote the unique element in 7; ; by
a; 3, then we have the multiplication table of T(; a e, p)

o ‘ 0,0 Qe Qe f Uge Og f
@0,0 @0,0 @0,0 ©0,0 @0,0 @0,0
Uee 0,0 e e Qe, f Ue.e Ue, f
Qe f 0.0 Qe Qe f €00 0,0
Qge | @00 Qge Ogf Oge Ogf
Qg f @0,0 Qg e Qg f @0,0 @0,0

In this case, we have

VTEo (0[0,0) = {050,0}, VTEo (Ole,e) = VTEo (O[e,f) = VTEo (ag,e) = VTEo (Olg,f) = {ae,e}
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and
T T T ;T
I" = {000, s O‘g,e}v A" = A{ao,0, de,e, ae,f}s A 1" = Tgeo,

this shows that Tge = {00, @} is a multiplicative inverse transversal of T(; A ke p).
Observe that E(T(I,A,E",P)) is not a band (since UgeOQe f=0g f ¢ E(T([yA,Eo’p))).

Now, we consider the Munn semigroup 7(; A, ge, ¢) of the normal admissible quadruple
determined by /, A and E°, where the A x I-matrix Q over E° is defined by

Then we can obtain the multiplication table of T(; A o 0):

o ‘ Q0,0 Uee Qe f Oge Og f
@0,0 @0,0 @0,0 ©0,0 @0,0 @0,0
Uee 0,0 e e Qe, f Ue.e Ue, f
Qe f 0.0 Qe Qe f Qee U f
Qge | @00 Uge Ogf Oge Ogf
Gg.f | ¥00 Pge Cgf COge Ogf

In this case, T( A.E°, @) forms a normal band with a multiplicative inverse transversal
Tge = {@0,0, @e,e}-

The following corollary gives some useful information about the semigroup T(; A, g°, p)
which will be used in the next sections frequently.

Corollary 312 Leta € Te,f, B e Tg,h and T = T(I,A,E",P)-
1

1) «° = JTf,foOl*lJTeo,e €Tpo e, @ =0 = 7TE_O7ELYJT.Z}O € Teo fo.
Q) uy = ao0a® = M, Vg = a°oa = 7y o and so IT = (e cle € I} and AT =
{JTf,fo|f € A}

(3) aRp (resp. «LP) in T if and only if e = g (resp. f = h).

Proof Ttem (1) follows directly from the proof of Theorem 3.8 and Lemma 2.9, and item (2)

follows from Lemma 2.9 and the identity (3.7) and its dual. Item (3) follows from Lemma 2.2,

Lemma 2.9, item (2) above and the fact that £ = £* and R = R* on a regular semigroup.
O

We say that two admissible quadruples (I, A, E°, P) and (J, I1, F°, R) are isomorphic
if there exist an isomorphism ¢ from 7 onto J and an isomorphism v from A onto IT such
that

@lee = Ylge, E°@=F° Prgp = Ryppqy

for all f € A and g € [I.If this is the case, then one can easily show that T(; A ge p) is
isomorphic to T(y 1, re, g). Moreover, we have the following.

Corollary 3.13 Let (I, A, E°, P) be an admissible quadruple. Then (I, A, E°, P) is iso-
morphic to the admissible quadruple of T = T(j A E°, p). In particular, if (I, A, E°, Q) is the
normal admissible quadruple determined by I, A and E°, then (I, A, E°, Q) is isomorphic
to the admissible quadruple of the normal band E(NT), where NT is the Munn semigroup
T(1.A.E°,0)-
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Proof By Corollary 3.12(2), we can define the mappings
(p:I—>IT, e > Teo e, W:A—>AT, [y .

By Lemma 3.3, condition (3.1) and Proposition 3.5, it is routine to check that the above
mappings are isomorphisms such that

¢lge = Vlge, E°p=E(Tge), Proy =P, .

For the normal admissible quadruple (I, A, E°, Q), E(NT) is a normal band by Corol-
lary 3.10 and so E(NT) is a full subsemigroup of NT. By Remark 3.2(2), E(Tg-) =
Tge N E(NT) is an inverse transversal of E(NT) and the admissible quadruples of NT
and E(NT) are equal. By the first part of this corollary, (1, A, E°, Q) is isomorphic to the
admissible quadruple of E(NT). O

Remark 3.14 The above Corollary 3.13 shows that admissible quadruples come from regular
semigroups with multiplicative inverse transversals and normal admissible quadruples come
from normal bands with inverse transversals, respectively.

Now, we are a position to give the main result of this section.

Theorem 3.15 Let (I, A, E°, P) be an admissible quadruple and U a full subsemigroup
of Ty, A, E°,p). Then U is a fundamental abundant semigroup with a multiplicative ample
transversal TgoNU whose admissible quadruple is isomorphicto (I, A, E°, P). Inparticular,
if U is also regular, then U is a fundamental regular semigroup with a multiplicative inverse
transversal Tge N U. As a direct consequence, T a o, p) itself is fundamental.

Proof By Theorem 3.8 and Lemma 2.9, Tgo is a multiplicative ample transversal of
T(1. A, E°, p)- Since the Munn semigroup Tg- of the semilattice E° is fundamental, it follows
that U is a fundamental abundant semigroup with a multiplicative ample transversal Tgo N U
whose admissible quadruple is isomorphic to (/, A, E°, P) by Lemma 2.3, Corollary 2.4,
Remark 3.2(2) and Corollary 3.13. The remaining result now follows from Lemma 2.9. O

4 A Munn type representation of abundant semigroups with a
multiplicative ample transversal

In this section, we always assume that S is an abundant semigroup with a multiplicative ample
transversal S°. By the previous section, we have the Munn semigroup T(;s ss g(se),ps) Of

the admissible quadruple of S, where P]‘?, ¢ is equal to the product of f and g in S for all

f e ASand g € IS (see Lemma 2.8 and Remark 3.2). The aim of this section is to show
that there is a homomorphism p : S — T(;s as_g(se), psy Whose kernel is j5. For simplicity,
we write £(S°) as E°. To accommodate with the notations of Sect. 3, we use the notations
in Sect. 3 for the admissible quadruple (/ S AS,E(S°), PS) throughout this section.

In view of Lemmas 2.5 and 2.6, S is IC and for every a € S, there exists a unique
idempotent-connected isomorphism from (u,) onto (v,). We denote this isomorphism by A,
in the sequel. For all a € §, denote the restriction of A, to u, E° by pg, thatis, p, = Ag|y, Eo.
Recall that a(xA,) = xa foralla € S and x € (u,). By the definition of p,, we have
a(xpg) =xaforalla € Sand x € uy E°.

Lemmad4.1 p, € T,, ., foralla € S.
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Proof Clearly, we have u, E° = u,E°u, < (u,) = doma,. Take x = u,i € ugE°,i € E°.
Then a(x\,;) = xa. Since a = uyav,, we have ugzav,(xry) = ugiugav,. Observe that
ugLatR*aandati = ia™, it follows that

avg(xhg) = atugavg(xig) = a ugiugav, = iav,.

Because S° is ample, we have ia = a(ia)*, (ia)* € E° by the identity (1.3). This implies
that av,(xX,) = a(ia)*v,. By Lemma 2.1 and the fact that aL*a*Rv, (see (2.1)) and
xiq € (vg4), we obtain that

Xhg = Vg(xhg) = @*vg(xAy) = a*(ia)*v, = (ia)*a*v, = (ia)* v, € E°v,. 4.1)
Dually, we can see that A;l | Eov, 1S @ mapping from E°v, to u, E°. Thus, p, € Ty, v, O
Lemmad.2 p, 0 pp = pap foralla,b € S.
Proof Since p, € Ty, v, and pp € Ty, v,, we can assume that p, o pp € T x where

J=P) va)ps ' = @aupva)pg . k= pPy )6 = WUpvalty)pp.

We first show that j = u,p and k = vgp. In fact, by Lemma 2.6(2), we have u,, =
ug(@vaup)™ € uy E°. Since S° is an ample semigroup and v,u, € E°, we get (av,up)ta =
avgup by (1.3). In view of the identity (4.1), it follows that

UahPa = ((avaub)+a)*va = (Evaub)*va = (E*Ua”b)*va = (Uaub)*va = VUqUpVq

by the identity (1.1) and the fact that v,R*a™ and v,u, € E°. This implies that j =
(vaubva)pa_1 = ugp. Dually, we can prove that k = vgp.
Finally, let x € domp,. On one hand,

X(Pa © Pb) = XPaTty, by, 05 = (b Py, (x0a)*)Pb = (upVatty(xpa)°) po-
On the other hand, since v, up € E° C AS, Xpg € AS, we have
(xpa)o € Eo’ (X,Oa)o *VglUp = VqUp * (X,Oa)o, (xpa)(va“b) = (xpa)o(vaub)

by Lemma 3.3. Observe that AS is a right normal band, it follows that v,up(xp,)vaup
= (xpg)vqUp, Whence

ab - x(pq o pp) = ab - (upvaup(xpa))pp = a - [b - (upvattp(xpa)°) pp]
=a - upVaup(Xpa)°b = a - up(xpa) Vaupb = avy - up(xpa)°vautph

= a - vaup(xpa)vaupb=a(xpy) - vaupb = xa - vgupb=xab=ab - (xpyp).
Since abL*v,, and
xX(pa © Pp)s  Xpab € ranpep = E°vap = vap E°vap,
we have
x(pa © Pb) = Vab - X(Pa © Pb) = Vab * XPab = XPab
by Lemma 2.1. Thus p, o pp = pap- ]

Lemma 4.3 us = {(a,b) € S x S|pa = p»}-
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Proof Denote § = {(a,b) € S x S|pa = pp}. By Lemma 4.2, § is a congruence on S. If
Pa = pb, then domp, = domp, and ranp, = ranpp, which implies that aR*u, = upR*b
and aL*v, = vpL*b by Lemma 2.6, and so aH*b. Thus § C H*.

On the other hand, let o be a congruence on S such that 0 € H* and (a, b) € o. Then
(a,b) € H* and so

vaLral*bLF vy, u,R*aR*BR*uyp

by Lemma 2.6. Since I° is a left normal band and AS is a right normal band, we have
atLu, = ubﬁg+ and a*Rv, = vaB* by (2.1), and so at = EJr anda* = b". Since aob,
it follows that @ = a+taa*ob bb" = b by (2.2). Let

x € domp, = dompp, = u, E° = upE°.

Observe that a(xp,) = xa, b(xpp) = xb and ao b, it follows that a(xp,) = xa o xb =
b(xpp) and so @+ a(xpa)o b b(xpp). Because

XPa, Xpp € E°vy = E°vp = a*E°vy = b E°vp, aob,
we have
_ o _ —+ —t — _
a(xpg) = aaa* (xpy) = ata(xpa)ab b(xpp) = bbb (xpp) = b(xpp)oa(xpp),

which implies that a(xp,)oa(xpp) and so a(xp,)L*a(xpp) by o € H*. Since aL*a*, we
have

Xpa = @ (Xpa) La* (xpp) = Xpp.

Observe that AS is a right normal band, it follows that xp, = xpp. This implies that
Pa = pp- Thus, 8 is the largest congruence contained in H* on S. That is to say, § = ug. O

Theorem 4.4 Define p : S — T = T(ys zs p(se),ps)> @ +> pa- Then p is a homomorphism
whose kernel is 5. Moreover, p satisfies the following conditions:

(1) pl;s (resp. p|ps) is an isomorphism from IS onto IT (resp. AT).
(2) S°p € Tgo and p|ge is an isomorphism from E° onto E(TEgo).
(3) plEs) is a bijection from E(S) onto E(T).

Proof The first part follows from Lemmas 4.1, 4.2 and 4.3.

(1) By Corollary 3.12, IT = {eo cle € I5}. We first show that p, = oo foralle € I5.
In fact, since e = ee®e® and eLe°Re® € E°, we have u, = e, v, = ¢° by (2.1), and
S0 pe € Ty,v, = To oo 3 Teoo. Let x € domp, = domm,e ., = eE°. Then we have
e(xp,) = xe, xp, € ranp, = E°e° and so

xpe = €°(xpe) = e®e(xp,) = e°xe.
Since I is a left normal band, it follows that
e°xe =e%ex = e°x = e°x° = x°€° = XM 0

by Lemma 3.3 and Proposition 3.5. This yields that p, = 7eo . forall e € 1 5. By the
above discussions and Lemma 4.2, p|;s is a homomorphism from 75 onto /7. Since the
kernel of p is ug, it follows that p|;s is injective. The result for p| s can be proved by
symmetry.
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(2) If a € S°, then u,, v, € E°. This implies that p, € T, ., € Tgo by Lemma 4.1 and
Theorem 3.8. The remaining result follows from item (1) by considering the restriction
of p|;s to E°.

(3) Since p is a homomorphism whose kernel is g, we have E(S)p € E(T) and p|g(s) is
injective. Leta € T, f, e € 15, f € ASanda € E(T). Thenwoo = o, whence dom(co
«) = doma. This implies that (P}, f)a~" = e, which gives fef = P}, f = ea = f
by Lemma 3.6(1). Thus, (ef)? = e(fef) = ef € E(S). Moreover, by Corollaries 2.7,
3.12, the fact that po = 70 ¢, pf = 7, yo and Lemma 4.2, we have

¥ =Ug OVy = T e OTLf, fo = Pe O Pf = Pef,
whence p|g(s) is also surjective. ]
Combining Theorem 3.15 and Theorem 4.4, we obtain the main result of this paper.

Theorem 4.5 Let (I, A, E°, P) be a given admissible quadruple. Then a semigroup S is a
Sfundamental abundant semigroup (resp. fundamental regular semigroup) having a multiplica-
tive ample transversal (resp. multiplicative inverse transversal) whose admissible quadruple
is isomorphic to (I, A, E°, P) if and only if it is isomorphic to a full subsemigroup (resp.
full regular subsemigroup) of T(j a o, p).

5 Properties of some special admissible quadruples

In this section, we consider some special admissible quadruples. An admissible quadruple
(I, A, E°, P)is called rigid if |T, ¢| = 1 for all (e, f) € U.

Proposition 5.1 Anadmissible quadruple (I, A, E°, P) is rigid ifand only if H* is a congru-
ence on every abundant semigroup with a multiplicative ample transversal whose admissible
quadruple is isomorphic to (I, A, E°, P).

Proof Let S be an abundant semigroup with a multiplicative ample transversal S° whose
admissible quadruple (IS, AS, E(S°), PS) is rigid. By Theorem 4.4,

P S — T(IS,AS,E(SO),PS)’ a = Pq

is a homomorphism whose kernel is 5. If (a, b) € H*, thenu, = up and v, = v, by Lemma
2.2. This implies that p4, pp € Tu, v, = Tu,,v, and p, = pp since (IS, AS, E(S°), P5) is
rigid. This gives H* C ug and so H* = ug is a congruence on S.

On the other hand, by Theorem 3.8, Lemma 2.9 and Corollary 3.13, T(; Ak, p) is an
abundant semigroup with a multiplicative ample transversal whose admissible quadruple
is isomorphic to (I, A, E°, P). If the relation H* on T(; A, ge,p) is a congruence, then we
have s = H*. Observe that T(; A go, p) is fundamental by Theorem 3.15, it follows that
H* is the identity congruence on (s s, ge, p). This gives |T, ¢| = 1 for all (e, f) € U by
Corollary 3.12(3). That is, (I, A, E°, P) is rigid. O

We call an admissible quadruple (7, A, E°, P) uniform if (e, f) € U for all e € I and
f € A. On uniform admissible quadruples, we have the following.

Proposition 5.2 Let S be an abundant semigroup with a multiplicative ample transversal S°.
If S is D*-simple (i.e. any two elements in S are D*-related), then its admissible quadruple
is uniform. On the other hand, if an admissible quadruple (I, A, E°, P) is uniform, then
T(1, A, E°, Py is D-simple (and also D*-simple since T(j A, Eo,p) is regular).
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Proof Let ug € IS and v, € AS where a, b € S. If S is D*-simple, then u,D*v}, and so
there exist ¢y, ¢2, ..., ¢, € S such that u,R*c1L*c2R*c3 -+ - ¢, R*vp. By Lemma 2.2 and
Lemma 2.6(3), we have

Ug = Uy, = Ucys Vep = Veys, Uy = Ucyy vy Ve = VU Ue, = Uy, Uy, = Vp.

n

This implies that ,ocl,oc_zl,oc3 ~~,oc_nl,ovb is an isomorphism from u, E° onto E°v; by
Lemma 4.1 and so (u,, vp) € U. Thus, the admissible quadruple of S is uniform.

On the other hand, let (I, A, E°, P) be uniform and @ € T, s and B € Tg; be two
elements in 7(; a o, p). Since (I, A, E°, P) is uniform, we can take y € T, ;. Then we have
aRy LB and so aDP by Corollary 3.12(3). Thus T(; a, k-, p) is D-simple. O

Finally, an admissible quadruple (7, A, E°, P) is called left anti-uniform (resp. right anti-
uniform) if (e, f) € U implies that f = e° (resp. e = f°) foralle € I and f € A. To give
some properties of left anti-uniform and right anti-uniform admissible quadruples, we need
some notions and facts. Recall the an abundant semigroup S is called superabundant if every
‘H*-class of S contains an idempotent. We call a superabundant semigroup S is a left normal
(resp. right normal) superabundant semigroup if E(S) forms a left normal band (resp. right
normal band).

Lemma 5.3 Let S be an abundant semigroup with a multiplicative ample transversal S° and
a € S.If S is a left normal (resp. right normal) superabundant semigroup, then aH*u, (resp.
aH*v,).

Proof Since E(S) is aleft normal band and v, Ra* by (2.1), we have v, = a*v, = a*v,a™ =
a*. On the other hand, since S is superabundant, it follows that aH*e for some ¢ € E(S).
Since at Lu,R*aL*v, = a* by (2.1) and Lemma 2.6(2), we have @ Lu,ReLv, = a*. This
implies that a*Ra*u, Lug La™ . Observe that a*u, € E(S°)I5 € IS € E(S)by Lemma 2.8,

it follows that a*LaTa*Ra’ whence a© = a*. Thus, u,R*al*v, = a* = a' Lu,,
which gives aH*u,. Dually, we can prove that aH*v, if S is a right normal superabun-
dant semigroup. O

Proposition 5.4 An admissible quadruple (I, A, E°, P) is left anti-uniform (resp. right anti-
uniform) if and only if every abundant semigroup with a multiplicative ample transversal
whose admissible quadruple is isomorphic to (I, A, E°, P) is a left normal (resp. right
normal) superabundant semigroup.

Proof Let (I, A, E°, P) be left anti-uniform and S be an abundant semigroup with a mul-
tiplicative ample transversal whose admissible quadruple is isomorphic to (I, A, E°, P).
Then (IS, AS, E(S°), PS) is left anti-uniform. By Lemma 4.1, for every a € S, we have
(Ua, va) € U and v, = uS = a* since u,La™ by (2.1). This implies that u,R*aL*v, =
u, = atLu, by (2.1) and Lemma 2.6(1), and hence a’H*u,. Therefore S is superabundant.
Moreover, for e € E(S), we have ¢ € E(S°) by Lemma 2.6(2), and so v, = e = e. This
implies that e = u,ev, = uce € I5. Thus E(S) = I° is a left normal band by Lemma 2.8.
Conversely, let (I, A, E°, P) be not left anti-uniform. Then there existe € [ and f € A
such that (e, f) € U and f # e°. Thus there exists € T, r suchthatuy, = € oa® = meo , €
Te,eo in T(y A, go,p) by Corollary 3.12(2). Since o« € T, r, uy € T eo and f # e°, it follows
that o and u,, are not L*-related in T(; A, go, py by Corollary 3.12(3). In view of Lemma 5.3,
T(1,A,E°, p) 18 not a left normal superabundant semigroup. The case for right anti-uniform
admissible quadruples can be proved by symmetry. O
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