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Abstract In this paper, we study a special class of Finsler metrics, («, 8)-metrics, defined by
F = a¢(B/a), where « is a Riemannian metric and 8 is a 1-form. We find an equation that
characterizes Ricci-flat («, f)-metrics under the condition that the length of 8 with respect
to « is constant.
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1 Introduction

Riemannian metrics on a manifold are quadratic metrics, while Finsler metrics are those with-
out restriction on the quadratic property. The Riemannian curvature in Riemannian geometry
can be extended to Finsler metrics as a family of linear transformations on the tangent spaces.
The Ricci curvature is the trace of the Riemann curvature. It is a natural problem to study
Finsler metrics with isotropic Ricci curvature Ric = Ric(x, y) and

Ric = (n— 1)TF? (1.1)

where T = t(x) is a scalar function on the n-dimensional manifold and F'(x, y) is a Finsler
metric. Such metrics are called Einstein Finsler metrics.

In this paper, we consider Einstein metrics defined by a Riemannian metric & and 1-form
B in the following form: 5

F=a¢p(s), s=—, (1.2)
o
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where ¢ = ¢(s) is a positive smooth function. Finsler metrics defined in (1.2) are called
(o, B)-metrics.

The simplest (o, 8)-metrics are Randers metrics also defined by F = o + B. In [1],
Bao—Robles find equations on « and B that characterize Randers metrics of constant Ricci
curvature. There are many Randers metrics of constant Ricci curvature. Thus one just needs
to focus on Ricci-flat (¢, B)-metrics. In [4] and [5], the authors obtained equations on «,
and ¢ that characterize Ricci-flat (o, 8)-metrics of Douglas type. In [6], the authors obtained
equations on «, 8 and ¢ that characterize Ricci-flat («, 8)-metrics which is not of Douglas
type. In this paper, we show that there are some more Ricci-flat (o, §)-metrics.

In this paper, we prove the following theorem.

Theorem 1.1 Let F = a¢(s), s = B/a be an («, B)-metric on an n-dimensional manifold
M where « = \/a;;y'y/ is a Riemannian metric, B = biy'is a I-form and ¢ = ¢(s) is a
positive C* function. Suppose that a, B and ¢ satisfy the following conditions:

(a) *Ric = (n — )(c1e* + 2897,

(b) rij =0,

(c) sj =0,

(d) tij = (c1 + 2b?)(bib; — a;jb?)T,

(e) ¢ satisfies

2 32
0=(c1+c252)+(c1 +c2b?) [2% (Q’—Q2+sQQ’)+Q2b2+2Qs} . (1.3)

where b 1= | /a"./'b,'bj, c1 and ¢y are constants, T = T(x) is a scalar function, t;; := sims;.”

and
/
Q = L/
¢ —s¢
Then F is Ricci-flat.

The equation (1.3) is an ordinary differential equation. It is of first order in Q and second
order in ¢. According to the ODE theory, the local solution of (1.3) exists nearby s = 0 for
any given initial conditions. But we are unable to express it in terms of elementary functions
and we are unable to show that the solution is defined on an interval containing [—b, b] . Thus
the (a, B)-metric F = a¢(B/a) defined by ¢ might be singular. We can give the following
example taking co = 0 in Theorem 1.1, then o, B satisfies Theorem 1.1 (a)—(e). Then for any
¢ = ¢ (s) satisfying (1.3), we obtain a (possibly singular) Ricci-flat (o, B)-metrics.

Example 1.2 Let F = a + f be the family of Randers metrics on $3 constructed in [2] (see
also [7]). It is shown that 7;; = 0 and s; = 0. Thus for any C*° positive function ¢ = ¢ (s)
satisfying (2.2), the («, f)-metric F = a¢(f/a) has vanishing S-curvature.

2 Preliminaries
A Finsler metric on a manifold M is a nonnegative scalar function ¥ = F(x,y) on the

tangent bundle 7'M, where x is a pointin M and y € T, M is a tangent vector at x. In local
coordinates, the geodesics of a Finsler metric F = F(x, y) are characterized by

d%xt : dx
— +2G'{x,— ) =0,
dr? + (x dt)
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where |
G i= 28" e {IF 2y ey = P ) . @1

and g;; = %[F 2]},,- yi- The local functions G on T M define a global vector field

d

i

a
— —2G'—.
ax! ay!

i

G=y

The vector field G is called the spray of F and the local functions G’ = G’ (x, y) are called
spray coefficients of F.

For any x € M and y € T, M\{0}, the Riemann curvature R,:T, M — T, M is defined
by Ry (u) = R, (x, y)u* |, where

aG' 3G e °G' 3G aGg™
y

Ri, =2~ — -
k oxk  xmayk dymoyk  9ym gyk

Then the Ricci curvature is given by

3G! 92G1 932Gt Gt aG™
Ric = - Y™ 4 2G" -
1 ax’ meay’y + ay™mayt  9y™ 9Jy!

An (o, B)-metric on a manifold M is a scalar function on T M defined by

F:=ap(s), s= é
o

where ¢ = ¢ (s) is a C* function on (—=bo, bo), & = ,/ajj (x)y'yJ is a Riemannian metric
and B = bi(x)y' is a 1-form with b(x) := ||Bclla < bo. It can be shown that for any
Riemannian metric & and any 1-form 8 on M with b(x) < bg the function F = a¢ (/) is
a (positive definite) Finsler metric if and only if ¢ satisfies

() >0,  P(s)—s5¢'(s)+ (p* —5H9"(s) >0,  (Is] < p < by). 2.2)
Let

1 1
rij =5 bij+bji).sij =5 big = bji),

. i . i
rj = b'rij, sj:=Db'sjj,

where ”|” denotes the covariant derivative with respect to the Levi-Civita connection of «.
By (2.1), the spray coefficients G' of F are given by the following Lemma.

Lemma 2.1 [3] For an («, B)-metric F = a¢(s), s = B/a, the spray coefficients of F are
given by

i

G' =G +aQs} + O {roo — 2Qaso} )j; + W {roo — 2Qaso} b', (2.3)
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where “G* are the spray coefficients of a,

_ 9
0= 55"
O — Q;SQ/7

2A
o= g,
2A

A=1+s0+ B> —s5HQ
and sij = aikskj, sij = aihs;’. The index ”0” means contracting with y, for example,

s'y = s’jy~’, so = 8;y', 8ijy! 1= si0, 8ijy" 1= s0i, roo == rijy'y’.

3 Proof of Theorem 1.1

In this section we prove Theorem 1.1. Throughout this section, we assume that the dimension
is greater than two. First we give the following Lemma.

Lemma 3.1 Let F = a¢(B/a) be an (a, B)-metric on an n-dimensional manifold M, n > 3.
Suppose that « = \/a;j(x)y'y/ and B = b; (x)y' satisfy the conditions of Theorem 1.1 (b)
and (c), then the following equations are satisfied:

Sohm = (= D)(c1 + c2b)TB (3.1)
where T = t(x) is a scalar function and c| and c; are constants.
Proof By Ricci identities, we have
o
bijjik — bijkij = ™ Rimjk.
o
—byi|j + brjjli = —b™ Rimij
o
bjikii = bjjie = ™ Rjmki-
On the other hand,

bikj + brii|j = 2rik|j
=bk|jli = bjiki = =2rkjji-

Adding all the equations above, we get

1 o
Sijik = 5 (il + bjiin) = —b™ Rimij + Tiklj — Tkjli- (3.2)
The condition (b) in Theorem (1.1) helps one to rewrite the above equation as follows:
1 o
Sijk = 5 (Biljik + bjii) = —b"™ Rimij- (3.3)
Hence,
sgfm =b" Ricyuo+ r,";lo - rg‘lm. (3.4)

The condition (b) in Theorem 1.1, (3.4) implies the following:

Sitm = b Ricpo. (3.5)
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The condition (a) in Theorem (1.1) implies the following

[*3 10[
RiC,‘j = (5 Ric) -
y'y

=n- 1)(01a,~j + Czb,‘bj)‘[, 3.6)

and we obtain:
P Ricmo = (n — 1)(c1 + c2b?®)TB. (3.7)
Hence, the equation in (3.1) follows from equations (3.5) and (3.7). ]

Next, we compute the Ricci curvature of the (¢, 8)-metric under the conditions (a) — (e)
of Theorem 1.1. By Lemma 2.1, the spray coefficients of F can be written as

G = *G+T!, (3.8)

where . .
T' =aQs. 3.9)

It is well known [3] that the curvature tensor can be written as
R, =* R. + Hf, (3.10)

H{ :=2T) — T\, y) + 27T =TTy, (.11

and ”.” and ”|” mean vertical covariant derivative and horizontal covariant derivative with

respect to «, respectively. Then '
Ric = “Ric + H/, (3.12)

where “Ric denotes the Ricci curvature of o and
Hf :=2T — T/, ,y/ + 2T/ T, - T, T (3.13)
To compute the Ricci curvature under the conditions r;; = 0 and s; = 0, we need:

bijj =sij. yisg=0.  yisg; =0, sijy'y =0,

y,-s(’)lj =0, bis;=0, b,'s_’,» =0, bi56|j = —5ij8- (3.14)
We also easily get
b; i : 1
si=— —sy—;, sibt = = (% =57,
o a a
i
. . . SiiS
siy' =0, s5=0, 5-i56|j = —%. (3.15)
Qs as a a
. Ky L s .
5.8 = ——55j0, s.j.,-s(’)sé = ——zsjos(j). (3.16)
a a
$0i i i Sij 50, Vi
S‘i = ;, sliyl = 07 S‘[bl = Oa sl[l = E - a3 ’
i
F_SijS) », S
8j.i80 = ot 5..i808) = —Esjoso. (3.17)

@ Springer



156

E. S. Sevim, S. Ulgen

Using the above identities in (3.17), the equation T’ =aQ’ S‘,SO + “Qsoh is simplified to

Tllz = Q/Sol's(i) + OlQS(i)“.
The identities in (3.16) and (3.17) are used in

. L .
T"] =aQ's;jsy+ oth(’)lj,

T|l]z = —Q 5150 +aQ"sis|jso+ Qs jisy +aQ'sjs; + EQS(’)U

+aQ's,; SOU +aQsl|],

to get the following simplified equations:
T, = aQ’sigfs(i) - aQ/sigl—sé,
Tjj.: = 0.
Ty = 0.
We further have

T'] = &Qs(i) +aQ/s. ~s(i) + aQs’:,

i dij Vi)
Ti, = ( ij iyj
o

+aQ/s.j4is0 +aQ s.jsl- + ngj +aQ’ s.,'sj,

YIYJ

TjTi-- =aQs ( ]
s o
+aQ's.jish+aQ's sl + %Qs§ + aQ's.,-s§ ]

Using the identities in (3.14), (3.15), (3.16) and (3.17), we get:

TjTZ = Q sloso—sQQ sjoso + Q sosj —-sQ0

Using the fact that s? = —s0, we obtain the following simple equation:

T'T},; =0.
After multiplying the following equations:
T = ;Qs[‘) +aQ's.jsy+ aQs},
T = 205 + aQsis] +a0s],
o

and then simplifying them we get

i J 2 | i 2120 J
T:liTi =20%s0isy, — 250 Q'soisy + a0 s;-sl. )

Plugging (3.18), (3.19), (3.20) and (3.21) into (3.13), we obtain

H =2(0' — 0* + 500100 — &> Q%) + 20 Qsly.,
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(3.18)

(3.19)

)Q 50 + 2 Q’s.isé + %Qslg + %Q’s.jsé +aQ"s.s.jsh

(3.20)
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where fop = tijyiyj, too = (c1 + c2b?)(s® — b*)ta?. Hence Hl.i and also Ric are expressed
as follows:

H =(c +czb2)r[2(g’— 0> +500) (s> —b?)+(n—1)Q?b* +2(n — 1)sQ}a2. (3.23)
and
Ric = “Ric + oI (3.24)
where
r=( + czbl)[z(Q/ — 0?4500 =Y + (n— 1)Q2* +2(n — l)sQ]. (3.25)
Thus Ric = 0 if and only if
(n—1D(c1+cs)+T =0 (3.26)
We can rewrite (3.26) as (1.3). ]
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