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Abstract In this paper the definition of n-th differential modules is introduced. It is shown
that an n-th differential module (M, 8y, n) is Gorenstein projective (resp. injective) if and
only if M is Gorenstein projective (resp. injective). It is established that the relations between
Gorenstein homological dimensions of an n-th differential module and the ones of its under-
lying module.
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1 Introduction

The concept of a differential module was introduced by Cartan and Eilenberg (see [3]), which
is a module equipped with a square-zero endomorphism. It is found that differential modules
have closely related to commutative algebras, algebraic topology and differential geometry.
Many people are interested in differential modules in rencent years. Levin defines a special
type of reduction in a free left module over a ring of difference-differential operators. He
applies the idea of the Grobner basis to determine the Hilbert function of a finitely generated
difference-differential module equipped with the natural double filtration (see [11]). Zhou
and Winklerb [18] introduce a series of algorithms to construct Grobner bases for a class
of difference-differential modules. Wu in [16] generalizes the Beke—Schlesinger algorithm
that factors differential modules. The authors in [1] establish lower bounds on the class—a
substitute for the length of a free complex, and on the rank of a differential module in terms
of invariants of its homology.
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Gorenstein theory for n-th differential modules 113

Enochs and Jenda introduced the notion of Gorenstein projective modules over an arbi-
trary ring, which is a generalization of finitely generated modules of G-dimension zero over
a two-sided noetherian ring. However, not much is known about concrete construction and
computation of Gorenstein projective modules in general. Cheng and Zhu in [4] generalized
some results of Gorenstein projective objects in the category of R-modules and its chain com-
plex category Ch(R). In the paper [17], Zhang introduced compatible bimodules, described

. L . . AM

the Gorenstein-projective modules over an upper triangular matrix algebra A = ( 0 B ) ,
where M is a compatible A—B-bimodule. Moreover, the author proved that if A is Gorenstein,
then M is compatible. Ringel and Zhang in [14] proved that some deep results for the category
of perfect differential modules of a path algebra. They also gave the relations between its
stable category and the orbit category. Wei in [15] verified that a differential module is Goren-
stein projective (resp. injective) if and only if its underlying module is Gorenstein projective
(resp. injective). In this paper we introduce the definition of n-th differential modules. It is
noted that 2-th differential modules are just the usual differential modules. For an associative
ring R with an identity, we prove that an n-th differential module (M, 8§y, n) is Gorenstein
projective (resp. injective) if and only if M is projective (resp. injective). Moreover, we also
describe the relations between Gorenstein homological dimensions of an n-th differential
module and the ones of its underlying module.

The paper is organized as follows. In Sect. 2, we give some notations and some defini-
tions. In Sect. 3, we study the Gorenstein projective and Gorenstein injective theory for n-th
differential modules.

2 Preliminaries

Throughout this paper, the ring R is always assumed to be an associative ring with an identity,
R-modules are left modules. The notation ()7 denotes the transpose of vectors or matrices.
Firstly, we give some definition and basic results in this section.

Definition 2.1 Let M be an R-module, and § : M — M be an endomorphism of M. If
8" =0, then we call (M, §, n) an n-th differential module.
If n = 2, then (M, §, n) is a usual differential module. So, we always assume thatn > 2.

Definition 2.2 Let (M, &7, n), (N, 8y, n) be two n-th differential modules, f be the homo-
morphism of R-modules from M to N.If féy = §n f, we call f the homomorphism of n-th
differential modules.

Let X be an R-module. It is easy to check that (X @, n) is an n-th differential module,
where « is the endomorphism of X®" induced by the matrix

00 O - 0

10 0 -+ --- 0

01 0 0
A=

00 0 --- 1 0

nxn.

Such n-th differential modules are called contractible n-th differential modules. The notation
Hompg ((x), C) (or Homg(/, (x)) means that the functor Homg(—, C) (or Homg (I, —) is
applied to a complex (x).
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114 H. Xu et al.

Definition 2.3 Let 7 be a family of R-modules. A proper F-resolution of an R-module M
is an exact sequence

o> Cr>C—>Co—>M—-0 2.1

where C; € F for all i > 0, and Hompg (C, (2.1)) is exact for any C € F.
A proper F-coresolution of an R-module N is an exact sequence

0>N—->Cy—Ci—>Cyr— --- (2.2)
where C; € F for alli > 0, and Hompg ((2.2), C) is exact for any C € F.

Definition 2.4 An R-module M is called Gorenstein projective if there exists an exact
sequence of projective R-modules

v >Ph—> P —>Py—> P 1> Pyr—--- 2.3)

such that M >~ Im(P; — Py) and Hompg ((2.3), P) is exact for any projective module P.
An R-module N is called Gorenstein injective if there exists an exact sequence of injective
R-modules

e hbh>hLh—->1g—> 11 —>17— - 24

such that N >~ Im(lp — I_-1) and Homp (I, (2.4)) is exact for any injective module /.

In the following we denote the category of R-modules by R-mod, the category of n-th
differential modules by Diff(R, n)-mod. Itis noted that Diff (R, n)-mod has enough projective
(resp. injective) objects, this result will be given in Proposition 3.5.

3 Gorenstein projective (resp. injective) theory

In this section we describe the main results for the Gorenstein projective (resp. injective) n-th
differential modules.

Some lemmas are given firstly in the following.
Lemma 3.1 Let (M, §, n) be an n-th differential module and X € R-mod.

(i) Let f € Homg(M, X®"). Then f € Hompitt (g, (M, 8, 1), (X®" o, n)) if and only
if there exists g € Homgp (M, X) such that f = (g, g8, g8, ..., g8" ).

(ii) Let f € Homg(X®", M). Then f € Hompigrg.n)(X®", a, n), (M, §,n)) if and only
if there exists g € Homg (X, M) such that f = (8" 'g, 8" 2g,....8g.¢)".

Proof (i) (=) Let f(m) = (p1(m), ..., p,(m)) € X®" form € M. Since f is the homo-
morphism of n-th differential modules, so «f = f§. We calculate

O[f(m) = (Pl(m)7 PZ(m)’ ctt Pn(m))A
= (PQ(””)v P3(m)7 cet pn(m)s 0)
fé(m) = (p18(m), p28(m), ..., pad(m)).

Hence, we have the following equations

p18(m) = pa(m)
p28(m) = p3(m)

Pn—18(m) = p,(m)
p118(m) =0.
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Gorenstein theory for n-th differential modules 115

Set g = pi. Then we have f = (g, g8, g82, ..., g8" 1.
(<) Let f = (g, g8, g8%, ..., g8" 1. By calculating, we have
f8(m) = (g8(m), ..., g8" ' (m), g8"(m))
= (g8(m), g8%(m), ..., g8" ' (m), 0).
af (m) = (g(m), gs(m). ... g8" ' (m))A
= (g8(m), g8%(m), ..., g8" ' (m),0).

So we obtain f§ = af. Hence, f is a homomorphism of n-th differential modules.

(ii) (=) Let f be a homomorphism from n-th differential module (X®", a, n) to n-th dif-
ferential module (M, §, n). Set f = (p1, p2, .- -, p,,)T. Then

8f (x1, X2, .oy xp) = 8(p1(x1) + p2(x2) + -+ + pu(xn))
= dp1(x1) +dpa(x2) + -+ + Spu(xn).
foa(xy, x2, ..., x0) = f((x1,x2,...,x,)A)
= f(x2,x3,...,%x,,0)
= p1(x2) + p2(x3) + -+ + pp—1(xn).

So we get the following equations

3pn = pn—1
pn—1 = pn—2
3p2 = pi

ép1 = 0.

Set g = py,. Then we can obtain f = (8" g, 8" %g,...,8g,8)".
(<) Let f = (8""'g,8" 2g,...,8g,g)". We have
falxi,x2, ..., xp) = f(x2,x3.-+ ,x,,0)
=8""g(2) + 8" 2g(x3) + - + 8g ().
Sf (1 X2, oy xn) = 88" g (k1) + 8" Pg(x2) + - 4 88 (xu1) + g0a))
=8"g(x1) + 8" ' g(x2) + - + 87g (1) + 82 (xn)
= 048" g(x2) +8"2g(x3) + - + 8g(xn).

So fa = §f. Thatis, f is a homomorphism of n-th differential modules.
The proof is finished O

Lemma3.2 Let f : (M,8y,n) —> (N, S8y, n) be a homomorphism of n-th differential
modules and X be an R-module.

(i) Homg(f, X) is an epimorphism if and only if Hole:ff(R,n)(f’ (X®" o, n)) is an
epimorphism.

(ii) Homg (X, f) is an epimorphism if and only ifHomDiﬁc(R’n)((X@”,a, n), f) is an
epimorphism.

Proof (i) (=) Assume that Hompg (f, X) is an epimorphism. Let ¢ be a homomorphism from
(M, 8y7,n) to (X", @, n). By Lemma 3.1, we know that there exists g € Homg (M, X)
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116 H. Xu et al.

such that ¢ = (g, géum, g8,2v1, o gS"M_l). Since Homg (f, X) is an epimorphism, there is
h € Hompg (N, X) such that g = hf. Set v = (h, hén, ..., h8”N71). It is easy to know that
¥ is a homomorphism of n-th differential modules by Lemma 3.1. We also get

(8, 88, -, 883 ) = (hf. hfSu, . hfSN)
= (h, hdn, ..., h8% ) f
in view of f8) = Sy f. Hence, HomDiff(R,n)(f» (X®" &, n))isan epimorphism.
(<) Assume HomDiff(R,n)(f’ (X®" a, n)) is an epimorphism. Let g : M — X be a homo-
morphism of R-modules. By Lemma 3.1, there exists ¢ = (g, gém, gé%,,, R gB’,{,,_l) €
Hompy;tf g .,y (M, 8u, n), (X®", @, n)). Since Hompifgg ) (f, (X", @, n)) is an epimor-
phism, there exists ¢ : (N, én,n) — (X®" «, n) such that v f = o. By Lemma 3.1,
we know that there exists an R-modules homomorphism # : N — X such that =
(h, 8y, hé%, ..., hs%™"). Hence,
(8, 80m, .-, 881 ) = (h, hén, ... h8l D f
= (hf. hoN f ... BN )
= (hf, hfSu, - hFSH).

It follows that i f = g and Hompg (f, X) is an epimorphism.
(ii) The proof is similar to (i).
The proof is finished. O

We denote the sequences of R-modules and the sequences of n-th differential modules by
the same notations if there is no confusion.

Proposition 3.3 Lert
0— (M, dép,n) — (N,dy,n) > (L,5,n) = 0 3.1
be an exact sequence of n-th differential modules, and X be an R-module. Then the following
statements hold.
(i) HomDiff(R,n) (3.1, (X®", a, n)) is exact if and only if Hompg ((3.1), X) is exact;
(ii) Hole-ﬁc(R’n)((X@”, a,n), (3.1)) is exact if and only if Homg (X, (3.1)) is exact.

Proof 1t is easy to see by the left exactness of Hom functors and Lemma 3.2.
The proof is finished. O

By Proposition 3.3, we get that a contractible n-th differential module (X o1 w,n) is
projective (resp. injective) object in Diff(R, n)-mod if and only if X is projective (resp.
injective) as an R-module.

Lemma 3.4 Let (M, §p1, n) be an n-th differential module, and F be a family of R-modules
which is closed under direct sums. Let

0>L5CcEM—0 (32)
be an exact sequence of R-modules, where C € F. If

Hom(c’ ») Hom(c’,n)
_— _

0 — Hom(C', L) Hom(C', C) Hom(C',M) -0  (3.3)

is exact for any C' € F, then there exists an exact sequence of n-th differential modules
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Gorenstein theory for n-th differential modules 117

0—> (C¥ gL, Scen-1gy, 1) 5 (C®" a, n) EN (M, 8p,n) — 0, (3.4)
where T = (8" 'xn, ..., 8%%, 87, m)7,

1 h 0 ---0

0 —1 h 0

S =

-1 h

0 0 A

nxn,

i Scean—l@L(Xl) = X2 — l’l(X])
Scon-1gr (x2) = x3 — h*(x1)

Scon-1gr (Xn—2) = Xp—1 — h""2(x1)
dcen-1gr (Xn—1) = —hn_l(xl) — ()
[ Scon-1g () = A1 (x1) + hA(y)

forany (x1,...,Xp—1,y) € C®1a L and h € EndgC such that

(i) HomDijf(R,n)((C/@n’ a, n), (3.4)) is exact for any C' € F;
(ii) Hompg ((3.2), X) is exact if and only ifHomDiﬁ‘(R,n) ((3.4), (X®", a, n)) is exact for
any R-module X.

Proof Since Hompg (C’, (3.2)) is exact for any C’ € F, we have Homy (C, (3.2)) is exact.
So Hom(C, ) is an epimorphism. Hence, there exists # € EndgC such that 7h = ém. We
claim that the following diagram commutes

0——L 45 Cean—l @ L nﬂ. C@n —0 (3.5)
bk
A
0 L C M 0
where
/ot 1

c=0.....0.1), w=]| : n=

h 1

A 0

It is obvious that left square is commutative. In fact, the right square is also commutative.
Indeed, let (x1, X2, ..., Xn—1, ¥) € C¥"~1 @ L. We calculate
Tn(xr,x2, ..y Xp—1,¥) = T(x1, X2, ..., Xp—1,0)

= 8" () + 8" 2w (x2) 4 -+ ST (1) T O (X1, X2, -y X1, V)

=a(h" 7 () + AT 0) 4+ ho1) + M)

=ah" ) +Th" 2 (x) 4+ -+ Th(xe—1) +0

=8"""w(x1) + 8" 2w (x2) + - + 87 (X 1).
Hence, the diagram (3.5) is commutative. Let (x1, x2, ..., X,—1, ) € C®=1 @ L. Then

S(X1, %2, o Xp—1,Y)
= (=x1,h(x1) —x2, h(x2) — x3, ..., h(xp—2) — Xp—1, h(Xp—1) + A(})).
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118 H. Xu et al.

If S(x1,x2, ..., x0-1,y) =0, we get x; = --- = x,_1 =y = 0 because A is injective.
Hence, S is injective. Let m € M. Then there exists x,’1 € C such that n(x;,) = m. Obviously,
0,...,0,x,) € C¥"and T (0, ..., 0, x},) = m. Hence, T is surjective. We calculate

TS(x1,x2, ..., Xn—1,Y)
=T (=x1, h(x1) — x2, h(x2) — x3, ..., h(xp—2) — Xu—1, h(xp—1) + A())
= —8"r(x1) + 8" 2wh(x1) — 8" 2w (x2) 4 - - + Swh(xXp_2) — 87 (Xp_1)
+mh(x,—1) +0=0.
Hence, ImS € KerT. Let (z1,...,2,) € C®"and T (2, ..., z;) = 0. Then we can get

0=T(z1,...,2n)
=8""nz) +8" 2w (z2) + - + 67 (zn1) + 7 (zn)
=h" ' (21) + Th"2(22) + - - + Th(ze—1) + 7 (20)
=" @) +h" @) + A hEae) + 20).
Hence, h"~'(z1) + W""2(z2) + - -+ + h(zn_1) 4 2z € Kerm = ImA. So there exists y € L
such that

A =" @)+ R T2 (@) - A1) + 2

Set
X1 =—21
x2 = —(h(z1) + 22)
x3 = —(h*(z1) + h(z2) + 23)
Xno1 = —(h""2 @) + h" (@) + -+ h(@a-2) 4+ 201
It is easy to check S(x1, x2, ..., xX,—1, —y) = (21, ..., 2Z»). Hence, KerT C ImS. So
0scelgr S con Loy o, (3.6)
is exact. For any (x1, x2, ..., X;) € C®", we calculate
To(xy,x2,...,xp) = T(x1,x2,...,xp)A

=T(x2,x3,...,%x,,0)
= 8" (x2) + 8" 2w (x3) 4 - - + 87 (xp).
ST (X1, X2, ., xn) = 88" ' (x)) + 8" 2 (x2) + - - - + 87T (Xn—1) + 7(xn))
= 8" (x2) + 8" 2w (x3) 4 - - - + 87 (xp).
That is, T € HomDiff(R’n)((CeB”, a,n), (M, 5y, n)). Similarly, it is easy to check that

S e HomDiff(R’n)((C‘B"’1 @ L,Scon-1gr, 1), (C®", a, n)). Therefore, the sequence (3.4)
is an exact sequence.

(i) LetC’ € F.ThenHomg(C’, 7) is an epimorphism. We consider the following sequence

Hom(c’,s) Hom(c’, 1)
—_— —_—

0 — Homg(C',C®" ' L) Hompg (C/, C®)
Homg(C', M) — 0 (3.7

For any ¢ € Homg(C’, M), there exists g € Homg(C’, C) such that 7g = ¢. Set ¥ =
0,...,0,2). Thenyy T = mg = ¢. Hence, Homg (C’, T) is surjective and Hompg (C’, (3.6))
is exact. By Proposition 3.3, we get HomDiff(R,n)((C/’ a,n), (3.4))is exact.
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Gorenstein theory for n-th differential modules 119

(i) (=) Let X € R-mod. Assume that Hompg ((3.2), X) is exact. By Proposition 3.3, it is
enough to prove that

Homyg (T, x)

Hompg(s.,
0 — Homg(M, X) —2TX) Homp(C®, x) —2MRGEX),

Homgz(C¥" '@ L, X)—0
is exact. Since Hom functors are left exact, it suffices to prove that Hompz (S, X) is an epi-
morphism . Let ¢ = (py, - - ,pn—l,q)T :CO"=1 @ [ — X.Then there exists 6 : C — X
such that OA = ¢. Set

" v =0n""! — p, W2 — . — poh — py,
v :
Y= : , Where § Vn-3 = Oh® — py_1h* = pp-ah — pp_3,
Vo1 Vn—2 = th - pn—lh — Pn-2,
ng Vo1 =0h — Pn—1,
v, = 6.

It is easy to check ¢ = Sy. Hence, Homg (S, X) is an epimorphism. By Proposition 3.3, we
get that Hompfg g ) ((3.4), (X®", @, n)) is exact.
(<) Suppose that HomDiff(R,n) ((3.4), (X®", a, n)) is exact. By Proposition 3.3, we
know that
0 — Homg(M, X) — Homg(C®", X) — Homg(C®*" '@ L, X) — 0
is exact. It is enough to show Homp (X, X) is an epimorphism if we want to show

0 = Homp(M. X) FORCX) Homp(C. X) TOMEX) p oL, X) — 0

is an exact sequence. Let ¢ € Hompg(L, X). Then (0,0, ...,0, (p)T S HomR(C@”_1 (&)
L, X).

So there exists an R-modules homomorphism (p1, p2, -, Pu—1, p,l)T CO 5 X
such that S(p1, p2, ..., Pu—1, pn)T = (0,0,---,0, (p)T. Hence, p,» = ¢. That is,
Hompg (X, X) is an epimorphism. The proof is finished. O

Obviously, Diff (R, n)-mod >~ R[t]/(t")-mod. So we have
Proposition 3.5 Diff(R, n)-mod is an abelian category with enough projective objects.

Proof Here we prove in another way. It is easy to check that Diff(R, n)-mod is an abelian cat-
egory. Secondly, thank to Lemma 3.2, the n-th differential module (X®", «, n) is a projective
objectin Diff(R, n)-mod if X is projective as an R-module. If F is taken to be the subcategory
consisting of projective R-modules in Lemma 3.4, for any (M, 8,7, n), there exists C € F
such that (3.2) is exact. It follows that (3.4) is exact. This means that Diff(R, n)-mod has
enough projective objects. O

Lemma 3.6 Let (M, 5y, n) be an n-th differential module and F be a family of R-modules
which is closed under direct sums. Assume that

0>M5cEh L0 (3.8)

is an exact sequence of R-modules, where C € F. And assume that Homg ((3.8), C') is exact
for any C' € F. Then there exists an exact sequence of n-th differential modules

0= (M, 8, n) > (C®" a,n) B> (L& C", 8,0 con1,n) — 0 3.9)
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120 H. Xu et al.

where

S= (28,282, .. a8" Y, T = R ,

h O
-1 n

h € EndgC such that

(i) HomDiﬁ’(R,n) ((3.9), (C'®" «, n)) is exact for any C' € F.
(ii) Hompg (X, (3.8)) is exact if and only ifHomDiﬁc(R,n)((X@”, o, n), (3.9)) is exact for any
X € R-mod.

Proof The proof is similar to Lemma 3.4. O

By Lemma 3.6, it is easy to see that Diff(R, n)-mod has enough injective objects.
In the following we denote by F? the family of n-th differential modules (C®", «, n) with
CeF.

Lemma 3.7 Let (M, §p,n) € Diff(R, n)-mod and F be a family of R-modules which is
closed under direct sums.

s 03205 S Moo (3.10)

is a proper F-resolution of the R-module M. Denote M; = Imc; fori > 0. Then there exists
a proper FP-resolution of the n-th differential module (M, 8y, n)

e (0% o) B (0% ) D (02" a,n) B (M, Sy, n) > 0 (3.11)

such that

i
(i) Qi ~ Cy, Kerqi =~ Q; & Mi41 foralli > 0.
k=0
(ii) Hompg ((3.10), X) is exact if and only ’fHomDiﬁ‘(R,n) ((3.11), (X®", a, n)) is exact for
any R-module X.

Proof We can get My = Imcg = M by the exactness of the sequence (3.10). On the other
hand, we have following commutative diagram

2 1 &)

- —>Ch Cq Co
o ""\M et
0

M 0 (3.12)

M; M
where A; are embeddings, ; = ¢; and A;_17; = ¢;. Obviously,
0— My 25 ¢; B M; — 0 (3.13)
are exact. Let C € F. Itis easy to get that

H i H s T0j
0 — Hom(C, Mi11) —2C2), Hom(C, C;) —22CT0, Hom(C, M) — 0 (3.14)
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Gorenstein theory for n-th differential modules 121

are exact. In particular, we have the following exact sequence

0— M 2% Co 2% My =M — 0. (3.15)
By Lemma 3.4, there exists an exact sequence of n-th differential modules

0— (C" '@ M, n) — (C", a,n) - (M, 8py,n) > 0 (3.16)

CSB”_IQBMI s

such that HomDiff(R’n)((C‘D", a, n), (3.16)) is exact for any (C®", a, n) € F°. Moreover,
Homp ((3.13), X) is exact if and only if Hompyiff g ) ((3.16), (X®", a, n)) is exact for any
X € R-mod. It is easy to see that the sequence

10
©.01) 0
0= M, 2% ComwC) ——5 Co® My — 0 (3.17)

is exact. Let C € F, ¢ = (ﬁl) € Homg(C, Coy @ My). There exists g : C — C
2
such that gr; = pp by the epimorphism of Hompg(C, 71). Set v = (pgl ) . Obviously,

v ( (1) 7'(r) ) = ¢. Hence, we get the exact sequence
1

0 — Hom(C, M) — Hom(C, Co & C;) - Hom(C, Cyp & M) — O. (3.18)
Repeating the same process for (3.16) as (3.15), we can obtain the exact sequence
0= (Co®CN® '@ M2, 8,n) = (Co® CD®",a,n) — (Co ® My, 8,n) — 0.
Take this process successively, we get the exact sequence of n-th differential modules

0= (Co®--—-®CHP" T ®Mi11,8,n) = (Co®---CH®",a,n)
- (Co®---®Ci—1 ®M;,,n) — 0.

Set Q; = Co @ - - - @ Cj, then the above exact sequence becomes
0= (¥ '@ Mip1.8.n) — (O a.n) — (Qi—1 ® M;,8,n) — 0 (3.19)

and satisfies HomDiff(R,n)((C”, o, n), (3.19)) is exact for any C € F, Homg ((3.10), X)
is exact if and only if HomDiff(R,n) ((3.19), (X®", a, n)) is exact for any X € F. Since

(Qi1 ® My, 8,n) = (027" @ M;, 8,n), we get
= (O ) > (O n) —> (O a,n) = - — (M, 8,n) —> 0
is exact. This completes the proof. O

Lemma 3.8 Let (M, §p,n) € DIiff(R, n)-mod and F be a family of R-modules which is
closed under direct sums.

0->MSco o 30— (3.20)

is a proper F-coresolution of the R-module M. Denote M; = Imc; for i > 0. Then there
exists a proper F3_coresolution of the n-th differential module (M, Syr, n)

0— (M, 8u,n) 2 (02", a,n) &> (0%, a,n) B (02", a,n) — -+ (321)

such that
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i
(i) Q; ~ Cy, Cokerq; >~ Q; ® M| foralli > 0.
k=0
(ii) Hompg (X, (3.20)) is exact if and only ifHole-ﬁc(R’n)((X@”, o, n), (3.21)) is exact for
any R-module X.

Proof The proof is similar to Lemma 3.7. O

Theorem 3.9 Let (M, 5y, n) € Diff(R, n)-mod, X € R-mod. Then the following conclu-
sions hold

(i) Exf'Dl.ﬁ(R o (M. 8y, 1), (X®", @, m)) = 0 = Ext' (M, X) =0 foralli > 1.
(ii) Exf'Dl.ﬁ(R ")((X‘B", a,n), (M, 8y, n)) =0 & Extiy(X, M) =0 foralli > 1.
Proof Let

o> PP > P> P> M—0 (3.22)

be a projective resolution of R-module M. By Lemma 3.7, there exists a projective resolution
of n-th differential module (M, 7, n)

= (05" an) = (QF" a,n) = (QF", an) = (M, 8y.n) - 0 (3.23)
such that Hompg, ((3.22), X) is exact if and only if Hompiff g ((3.23), (X®", &, n)) is exact.
Hence, we can get

Extpyise gy (M, 831, 1), (X", @, m)) = 0
<= Hompjffg , ((3.23), (X®" &, n)) is exact
<— Hompg((3.22), X) is exact
& Exthp(M, X) =0,
wherei > 1. We finish the proof of statement (i). (ii) is similar to prove. The proof is finished.
O

Next we will give the first main theorem of this paper.

Theorem 3.10 Let (M, 8y, n) be an n-th differential module. Then we have the following
results

(i) (M, ép,n) is Gorenstein projective if and only if M is Gorenstein projective as an
R-module.

(ii) (M, dpm,n) is Gorenstein injective if and only if M is Gorenstein injective as an
R-module.

Proof We first prove the statement (i).
(=) Assume that (M, §37, n) is a Gorenstein projective n-th differential module. Then
there exists an exact sequence of projective n-th differential modules

<o = (P2, 82,n) = (P1,81,n) = (Py,80,n) = (P_1,6_1,n) — -~ (3.24)

such that (M, ép,n) =~ Im((Po,80,n) — (P-1,8-1,n)) and Homp;ff g,y ((3.24),
(P®" a, n)) is exact for any projective n-th differential module (P®", «, n). By Proposi-
tion 3.3, we get Homp, ((3.24), P) is exact for projective R-module P. Hence, M is Gorenstein
projective by the definition.
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(<) Assume that M is Gorensten projective. We can get an exact sequence of projective
modules

coio>Ph—>P —>Ph—>P | —>Pyr— .- (3.25)

such that M >~ Im(Pyp — P_;) and Hompg ((3.25), P) is exact for any projective R-module
P. Hence, we get the following two exact sequences

cii> Py > P> Pp—> M —0 (3.26)
O->M—->P | —>P,r,—>P3—--- (3.27)

and Hompg ((3.26), P), Hom ((3.27), P) are exact for any projective R-module P. By
Lemma 3.7 and Lemma 3.8, we can get the following exact sequences

cee > (Q?",ot, n) — (Q?B”,a,n) — (an”,ot,n) — (M, 8py,n) —> 0 (3.28)
0— (M, 8y, n) = (0%, o, n) » (0%, 0, n) — (O%, a,n) — -+ (3.29)

where Q; are projective, Hompifr(r,») ((3.28), (P®" &, n)) and Hompjfr(r,n) ((3.28),
(P9 a, n)) are exact for any projective n-th differential module (P®", o, n). By the exact
sequences (3.28) and (3.29), we get an exact sequence of projective n-th differential modules

= (09" a,n) - (0%, o n) — (QF", a,n) — (0%, a,n)

— (0%, a,n) — - (3.30)

such that (M, 8y, n) =~ Im((QY",a,n) — (0%, @, n)) and Hompigr . ((3.30),
(P®" «,n)) is exact for any projective n-th differential module (P®" «, n). Hence,
(M, 5y, n) is a Gorenstein projective n-th differential module.

The statement (ii) is similar to prove. This finishes the proof of the theorem. m}

Let M be an R-module. The Gorenstein projective dimension of M, denoted by GpdM, is
defined to be the minimal integer n such that there is an exact sequence 0 — P, — --- —
Py — M — 0 with all P;’s Gorenstein projective, or oo if no such exact sequence exists.
The Gorenstein injective dimension of M, denoted by GidM, is defined dually. Moreover, the
supresum of Gorenstein projective dimensions of all R-modules coincides with the supresum
of Gorenstein injective dimensions of all R-modules, which is called the Gorenstein global
dimension of R and is denoted by GgdR [2].

We have the following result for these Gorenstein homological dimensions.

Theorem 3.11 Let (M, 8y, n) be an n-th differential module, and p € 7.".

(i) Gpd (M, 8y,n) < p <= Gpd M < p.
(ii) Gid (M,8p,n) < p <= Gid M < p.
(iii) Ggd Diff(R,n) < p <= Ggd R < p.

Proof We first prove the statement (i).
(=) Assume that Gpd (M, §p7, n) < p. There exists an exact sequence of n-th differential
modules
= My, 8m,,n) = (P an) = - — (Pg" o, n)

— (M, d8p,n) — 0 (3.31)
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where (Pl.@", a, n) are projective n-th differential modules, (M, §pr,, n) is a Gorenstein
projective n-th differential module. It is easy to get the following exact sequence of R-
modules

0> M, > P - ... P> > P¥ > M—0 (3.32)

By Theorem 3.9, we can get M, is Gorenstein projective. Hence, Gpd M < p.
(<) Assume that Gpd M < p. Then there exists an exact sequence

O—-P,—>P_1—>--—>P—>Ph—>M-—0 (3.33)

where P, is Gorenstein projective, P,_1, ..., Py are projective. By Lemma 3.7, there exists
the following exact sequence of n-th differential modules
0= (N, oy, n) = (O a,n) = -+ = (QF", &, n) = (QF", ., n)

— (M, dy,n) -0 (3.39)

where Q; are projective, and N, is Gorenstein projective. So we can get that (N, 8y, n) is
a Gorenstein projective n-th differential module. Hence, Gpd (M, &7, n) < p. This finishes
@).

The statement (ii) can be proved in a way similar to (i).

The statement (iii) can be gotten from the definition of Gorenstein global dimension.

This finishes the proof. O
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